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Taking the carbon emissions per unit product as the standard to measure the low-carbon technology level of the enterprise, this
article analyzed how the technology supplier enterprises realize low-carbon production and achieve a win-win situation for both
supply and demand through technology sharing through technology research and development. Based on the positive effect of
low-carbon technology level on product demand, we studied the optimal pricing strategy and the optimal low-carbon technology
level in the technology supply enterprises under the Stackelberg game in 3 conditions (i.e., without technology research and
development or technology sharing, with technology research and development but no technology sharing, and with both
technology research and development and technology sharing). We also drew a comparative analysis of the optimal product price,
the optimal low-carbon technology level, and the optimal profit in the three scenarios. Besides, by constructing a delayed
differential price game model, we studied the equilibrium strategy of price competition between technology supply and demand
companies and the local asymptotic stability of the game system at the equilibrium point. In addition, the effects of delay strategy
on game equilibrium strategy, the influence of the degree of adjustment of decision variables on the stability of the game system,
and the stability of the game system on the evolution trend of the game are also explored. By comparing and analyzing the game
results of the oligopoly enterprises in the stable system and the unstable system, it confirmed that the system instability usually
causes serious harm to the enterprise.

1. Introduction

Most of the research studies on the development of low-
carbon products focus on low-carbon investment [1], green
supply chain [2–4], green product design [5], consumers’
purchase awareness of green products [6, 7], green product
pricing strategy [8], etc. However, resource sharing among
enterprises also contributes to the green level of products.
(erefore, it is of great practical significance to study the
evolutionary behavior of the game and the complex char-
acteristics of the system in the context of resource sharing
among oligopolies.

In order to maintain the continuity of production and
operation, enterprises need to purchase raw materials, con-
sumables, production equipment, and other resources, but
enterprises often face the double pressure of procurement

cycle and capital cost. On the one hand, if the enterprise does
not purchase in advance, it may cause untimely supply, or
even resource shortages, and business interruption; on the
other hand, if the enterprise purchases ahead of time, it will
occupy funds and pay heavy financial costs. Because of the
uncertainty of whether or not to use in the future and how
much to use, it also often forms precipitated assets and re-
dundant resources, resulting in waste. (e dilemma faced by
enterprise resource management is mainly due to the un-
certainty of resource usage requirements. For this reason,
enterprises that need resources can establish a resource
sharing mechanism with other enterprises through resource
sharing contracts, and by paying a sharing fee that is far less
than the amount of direct purchases. (ey can obtain
guarantees for resource purchases or leases provided by the
other party. No need to directly purchase new resources. If the
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enterprise does not need to use the resource in the future, it
can abandon the purchase. (e enterprise loses only a small
amount of sharing fees, but it obtains the same use guarantee
as the resource purchased by itself; if the enterprise needs to
use the resource in the future, the enterprise can directly
purchase or lease the resource at the agreed price, saving
inventory management costs and capital costs. Enterprises
with relatively redundant resources can share their redundant
resources through resource sharing contracts while ensuring
their own resource supply. In the process of resource sharing,
factors such as the amount of resource sharing, sharing fee,
and sharing form directly affect the income of the supply and
demand enterprises. (erefore, how to adjust the above
parameters to ensure themaximumprofit of each enterprise is
a topic worthy of study. Low-carbon technology is an im-
portant core resource for enterprises. Enterprises with this
technology can provide it to other enterprises through a
sharingmechanism, thereby obtaining additional benefits and
improving the low-carbon production level of the entire
industry. Low-carbon technology sharing can be described as
a process in which enterprise A with the technology to reduce
carbon emissions per unit product obtains transfer benefits by
transferring part or all of the low-carbon technology to en-
terprise B for a fee and improves the low-carbon production
level of enterprise B [9, 10]. Based on the developmental
concept of the sharing economy, this paper attempts to study
low-carbon production of products through low-carbon
technology sharing among oligopolistic enterprises with
coopetition relationship.

With regard to research on technology sharing, Her-
mosilla and Wu [11] proposed that a larger downstream
market can enable enterprises to increase investment in
research and development to promote technological inno-
vation and clarified that a larger market can increase the
degree of cooperation between upstream innovators and
downstream businessmen based on technology sharing and
improve complementary capabilities of the enterprise. Fan
et al. [12] studied the optimal technology licensing problem
when enterprises faced multiple competitors, and designed a
dynamic mechanism to implement license auctions. Ghosh
and Saha [13] analyzed the strategy of price competition
between two companies in a third country and gave the two
companies optimal policies based on technology licensing.
Huang and Wang [14] analyzed the benefits of information
sharing among manufacturers, distributors, and third
parties in a closed-loop supply chain under technology li-
censing and used the Stackelberg game to obtain an equi-
librium strategy under whether information is shared.
Blohmke [15] combined technology licensing with sus-
tainable development and proposed incorporating tech-
nology complexity assessment into technology transfer
mechanisms. Chen et al. [16] constructed a mixed oligopoly
model consisting of a public enterprise and two private
enterprises, explored the licensing strategy considered by
innovative private enterprises, and analyzed the patentees
and listed companies, public enterprises, and private en-
terprises patent licensing relationship. Chen et al. [17]
established a Cournot duopoly game model involving two
countries and discussed the impact of tariff levels on

international technology licensing. Bolatan et al. [18] studied
the key factors of technology transfer performance and
explored its impact on quality performance and total quality
management. Petroni et al. [19] analyzed the research results
on space technology transfer strategies and determinants
since 2008, explored the space agency’s policies and strat-
egies for technology transfer, and discussed the determi-
nants of the operation mechanism and the transfer of space
technology to other industrial sectors. Zhang et al. [20]
identified the main factors affecting the transfer and dif-
fusion of photovoltaic technology by studying the case of the
solar photovoltaic industry. Zhao et al. [21] studied the best
technology licensing contract with network effects and
analyzed the impact on social welfare when the product
innovator was the leader of the game. Huang andWang [22]
studied the closed-loop supply chain model composed of
manufacturers, distributors, and third parties under tech-
nology licensing and discussed the impact of remanu-
facturing capacity on supply chain members and
environmental sustainability. In addition, Chang et al. [23]
and Hattori [24] studied the impact of government incen-
tives and penalties such as taxes and subsidies on techno-
logical innovation and technology sharing. Wu and Kao [25]
and Zhang et al. [26] studied the technical cooperation
research and development, technology sharing, and tech-
nology investment issues between original equipment
manufacturers, independent remanufacturers, and contract
manufacturers. Hong et al. [27] analyzed technology transfer
mechanisms such as fixed fees, royalties, and royalties.

Research on the application of delayed decision in the
economic field has become more common. (e phenome-
non of delay inevitably appears in systemic problems.
Scholars at home and abroad have considered the effect of
delay in economic game models. Ma and Tu [28] applied
complex dynamics to a macroeconomic model with time
delays and found the effects of changes in time-delay pa-
rameters on system stability and Hopf bifurcation. Ma and
Wu [29] established a triopoly price game model with delay,
analyzed the relationship between the number of time-delay
decision-makers and system stability, and explored the effect
of time-lag parameters on system stability. Chern et al. [30]
considered the positive effect of delay on demand and the
negative effect on cost and default risk and obtained suffi-
cient and necessary conditions for the optimal solution of
the Nash equilibrium between the supply and demand sides.
Li andMa [31] considered the issue of price decision of dual-
channel retailers through online channels and traditional
channels and analyzed the impact of delayed decision-
making of dual-channel retailers on the entire system. Ding
et al. [32] and Matsumoto and Szidarovszky [33] established
a nonlinear Cournot game model based on bounded ra-
tionality for nonlinear time-delay dynamics and found that
the appropriate time-delay parameters for local and global
stability of the system play an important role. Bao and Ma
[34] studied the complex dynamic characteristics of the
oligopoly game considering delayed decision-making and
product quality and proposed a feasible operation strategy
for the enterprise. Gori et al. [35] studied the duopoly output
game model with delay strategy and analyzed the impact of
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delay decision on the oligopoly game strategy. Ma and Si
[36] studied the stability of the duopoly price game model in
two stages and analyzed the effects of parameters such as
delay variables on the stability of the game system. Wang
et al. [37] studied the influence of delay decision variables on
the stability and complexity of the energy supply and de-
mand system and give the evolutionary trajectory and sta-
bility region of the system.

From the literature, it is evident that

(1) Previous research studies on technology sharing
rarely focus on specific technological types, not to
mention cost dynamic adjustment mechanisms with
regard to low-carbon technology R&D, low-carbon
technology sharing, and technology sharing. To this
end, based on the sharing economy concept, this
paper analyzes the low-carbon technology R&D and
technology sharing strategies between duopoly
companies and proposes a dynamic adjustment
mechanism for production costs, in which carbon
emission reduction per unit product is used as a
standard to measure the low-carbon technology level
of the enterprise. (is paper then studies the price
game behavior of duopoly companies with and
without technology research and development and
sharing and explores the impact of decision variables
on optimal strategies, system stability, and system
evolution behavior.

(2) Most of the research studies apply delayed decision-
making to discrete game systems, but only consider
the influence of the decision-making behaviors in the
previous period on those in the next. (e delay
parameter is not set as the key subject in system
bifurcation and chaos study. For this reason, this
paper analyzes the effect of delay variables on the
complexity and evolutionary behavior in the con-
tinuous differential price game system.

(3) Findings concentrate on the optimal strategies of
enterprises in a single-period static game and analyze
the impact of decision variables on the optimal
strategies thereafter. However, the price game of an
enterprise is a multicycled and iterative strategy-
adjusting process, in which the two players gradually
converge to an equilibrium state after a long time
iteration from the initial state of the game.(erefore,
this paper simulates the dynamic game process,
examines the trajectories of the game, and figures out
the reasons for bifurcation and chaos in the game
process of oligopoly companies, which contributes to
the existing literature.

In addition, based on the differences of low-carbon
technology in oligopolistic enterprises, this paper further
studies the product pricing strategies of duopolistic enter-
prises in low-carbon technology R&D and sharing, by
comparing and analyzing the optimal pricing in four con-
ditions, i.e., +/− low-carbon technology R&D and technology
sharing and +/− the delay strategy. Based on the limited
rational expectation rules, we construct a delay differential

price game model of Stackelberg duopoly and analyze the
effects of decision variables such as technology sharing
proportion and unit technology sharing fee on the optimal
pricing strategy and game system stability from the per-
spective of system evolution behavior, system stability, and
system complexity, as well as analyzing both the optimal game
of enterprises under the complete rational expectation rules
and the relationship between game strategy and the evolu-
tionary result of enterprise game under the rule of limited
rational expectation. We illustrate the chaotic state of the
system, the harm of system instability is described, and the
relationship between system stability and system evolution
behavior, by means of bifurcation graph, attractor graph, time
series graph, maximum Lyapunov exponent graph, entropy
graph, and other tools.

(e rest of this paper is organized as follows. In Section
2, we construct a duopoly game model based on low-carbon
technology sharing. In Section 3, we discuss the optimal
game strategy in single-period Stackelberg game and the
influence of decision variables on the optimal strategy. In
Section 4, we analyze the local asymptotic stability and Hopf
bifurcation of the multiperiod game model with delay at the
equilibrium point and explore the complex dynamic char-
acteristics of the game model. By comparing with the single-
period game model, the stability region and evolution trend
of the system are given. Finally, conclusions are drawn in
Section 5.

2. Modelling

(is paper explores the pricing strategy of duopoly enter-
prises based on low-carbon technology sharing. Let duopoly
enterprises be Enterprise 1 and Enterprise 2, and their
products Product 1 and Product 2, respectively. We assume
that Enterprise 1 makes its low-carbon production capacity
stronger than Enterprise 2 via low-carbon technology re-
search and development and that both of the two enterprises
maximize their profits by sharing low-carbon technology,
while effectively improving the green level of tier products.

Before the implementation of low-carbon technology,
the production cost per unit of product in Enterprise 1 is c1
(including raw material cost, processing cost, and carbon
cost), and the carbon emission per unit of product is e10.
After the implementation of low-carbon technology, the
carbon cost per unit of product is e1 (e1 < e10). Let e be
carbon emission reduction per unit product that is used to
measure the level of carbon emission reduction technology
of Enterprise 1, so e � e10 − e1. When the value of e grows
bigger, the low-carbon production technology in Enterprise
1 is relatively stronger; otherwise, the technology is weaker.

Say Enterprise 1 is willing to share part of the low-carbon
technology θe with Enterprise 2 for profit, in which θ is the
low-carbon technology sharing ratio (0≤ θ≤ 1). Enterprise 1
adjusts technology sharing fee in accordance with the
amount of products produced by Enterprise 2, and tech-
nology sharing fee for the unit in Product 2 is θepc, where pc

is the unit technology sharing fee of Product 2. (e pro-
duction cost of the unit product after technology R&D of
Enterprise 1 is c1 − η1e [6, 38], where η1 is the influence
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coefficient of unit product carbon emission reduction on
cost. (e R&D cost of Enterprise 1 is μe2/2 [1, 7], where μ is
the R&D cost coefficient. Only the one-time R&D cost of
Enterprise 1 is considered here, and the unit product that
contains technology R&D cost is not considered.(e price of
the unit Product 1 after Enterprise 1 technology develop-
ment is p1.

Before technology sharing, the production cost per
unit of Product 2 in Enterprise 2 is c2 (including raw
material cost, processing cost, and carbon cost); the
carbon emission per unit Product 2 is e20. Enterprise 2 has
not implemented low-carbon technology research and
development. After accepting technology sharing pro-
vided by Enterprise 1, the carbon emission per unit of
Product 2 is e2 � e20 − φθe, where φ is the influence co-
efficient of unit low-carbon technology on per unit
Product 2 to reduce carbon emission. After technology
sharing, the production cost of per unit Product 2 is
c2 − η2φθe, where η2 is the influence coefficient of per unit
Product 2 to reduced unit carbon emission on cost. (e
price of unit Product 2 after Enterprise 2 completes
technology sharing is p2.

Due to the guiding role of the government in the de-
velopment of low-carbon economy and enhanced con-
sumers’ recognition of low-carbon products, carbon
emission reduction in unit products has a positive effect on
product demand, and carbon emission reduction in unit
competitive products has a negative effect. Hence, the de-
mand functions of the two enterprises are as follows:

q1 � a − α1p1 + β1p2 + c1e − δ1φθe, (1)

q2 � a − α2p2 + β2p1 + c2φθe − δ2e, (2)

where a (a> 0) is the maximum potential demand for the
product; αi is the sensitivity of the product demand to its
own price; βi is the sensitivity coefficient of product demand
to competitive product price; ci is the influence coefficient of
carbon emission reduction in unit product on product
demand; and δi is the influence coefficient of carbon
emission reduction in unit competitive product on demand,
i � 1, 2.

For the ease of analysis and calculation, the following
assumptions are made considering the actual situation:

(1) Enterprise 1 only considers production cost and low-
carbon technology R&D cost, and Enterprise 2 only
considers production cost and technology sharing
cost paid to Enterprise 1, other costs of both en-
terprises eliminated.

(2) Before Enterprise 1 carries out low-carbon tech-
nology R&D and Enterprise 2 completes accept
technology sharing, carbon emission per unit
product for the two enterprises is the same, i.e.,
e10 � e20 � e0 > 0.

(3) For the ease of calculation, we assume α1 � α2 � α,
β1 � β2 � β, c1 � c2 � c, δ1 � δ2 � δ, and
η1 � η2 � η, so based on the impact on demand,
α> β> c> δ > 0.

(4) Since two enterprises produce homogeneous prod-
ucts, we assume the impact of unit low-carbon
technology on the reduction of carbon emissions per
unit Product 1 and per unit Product 2 is the same,
i.e., φ � 1.

3. Research on Characteristics of Stackelberg
Price Game of Duopoly in a Single Period

Enterprise 1 has invested in low-carbon technology R&D
and shared technology with Enterprise 2. (e two enter-
prises are in an unequal decision-making position, and
Enterprise 1 is dominating decision-making in the price of
Product 1, low-carbon technology level, and technology
sharing proportion. Enterprise 2 is the follower, basing the
price of Product 2 on Enterprise 1 decision. Based on the fact
that duopoly enterprises are completely rational decision-
makers, this section studies the optimal strategy of single-
period Stackelberg game and makes a comparative analysis
of the situation-specific strategies to explore the impact of
decision variables on the optimal price and optimal profit.

3.1. Without Technology R&D and Technology Sharing.
(is situation is called Case 1, where the demand for
products is only related to their prices. According to
equations (1) and (2), the demand functions of the two
enterprises are as follows:

q1 � a − αp1 + βp2, (3)

q2 � a − αp2 + βp1. (4)

(e profits of Enterprise 1 and Enterprise 2 are as
follows:

π1 p1(  � p1 − c1( q1, (5)

π2 p2(  � p2 − c2( q2. (6)

Proposition 1. In Case 1, there are only the following op-
timal prices p∗1.n and p∗2.n that maximize the profits of En-
terprise 1 and Enterprise 2:

p
∗
1.n �

2aα + aβ + 2α2c1 − β2c1 + αβc2

2 2α2 − β2 
, (7)

p
∗
2.n �

a 4α2 + 2αβ − β2  + 2α2 − β2 βc1 + 4α2 − β2 αc2

8α3 − 4αβ2
,

(8)

where the subscript n represents the strategy without tech-
nology R&D and technology sharing, and the superscript ∗
represents the optimal strategy.

(e proof process of Proposition 1 is shown in Appendix
A. In addition, the proof processes of Propositions 2 and 3
are similar to that of Proposition 1, so this paper will not give
the proof process thereafter.
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We bring equations (7) and (8) into equations (3) and (6)
and obtain the optimal profits of Enterprise 1 and Enterprise
2 as follows:

π ∗1.n �
a(2α + β) + c1 β2 − 2α2  + αβc2 

2

16α3 − 8αβ2
, (9)

π ∗2.n �
a − 4α2 − 2αβ + β2  + c2 4α3 − 3αβ2  + c1 β3 − 2α2β  

2

16α β2 − 2α2 
2 .

(10)

3.2. With Technology R&D and without Technology Sharing.
(is situation is called Case 2, where Enterprise 1 has im-
proved low-carbon production capacity through technology
R&D. (e carbon emission per unit product decreases by e

units, and the enhancement of low-carbon production ca-
pacity increases with the market demand of Product 1.
Enterprise 2 has neither technology R&D nor technology
sharing, so low-carbon production capacity has not changed,
and the demand for products 2 is negatively affected by the
low-carbon technology of Enterprise 1. Based on this, the
demand functions of the products of the two enterprises are
as follows:

q1 � a − αp1 + βp2 + ce, (11)

q2 � a − αp2 + βp1 − δe. (12)

(e profit functions of the two enterprises are as follows:

π1 p1, e(  � p1 − c1 + ηe( q1 −
μe

2

2
, (13)

π2 p2(  � p2 − c2( q2. (14)

Proposition 2. In Case 2, when
(2αc + 2α2η − β(δ + βη))2 + 4α(β2 − 2α2)μ< 0, there are
only the following optimal prices p∗1.d and p∗2.d and the optimal
low-carbon technology level e∗d that maximize two enter-
prises’ respective profits, where the subscript d indicates the
optimal strategy in the case of technology R&D without
technology sharing. p∗1.d, e∗d , and p∗2.d are shown in equations
(B.1)–(B.3) in Appendix B.

In Case 2, the optimal profit expression of Enterprise 1
and Enterprise 2 is complex, so Proposition 2 no longer gives
the final analytic expression, but in the numerical simulation
part, the optimal profit will be calculated according to
equations (11)–(14) and equations (B.1)–(B.3).

3.3. With Technology R&D and Technology Sharing. (is
situation is called Case 3, and the product demand is related
to the product price and low-carbon technology level. (e
demand function of the products of the two enterprises is as
follows:

q1 � a − αp1 + βp2 + ce − δθe, (15)

q2 � a − αp2 + βp1 + cθe − δe. (16)

(e profit functions of the two enterprises are as follows:

π1 p1, e(  � p1 − c1 + ηe( q1 + pcθeq2 −
μe

2

2
, (17)

π2 p2(  � p2 − c2 + ηθe − pcθe( q2. (18)

Proposition 3. In Case 3, when Δ2 < 0, there are unique
optimal prices p∗1.s and p∗2.s and the optimal low-carbon
technology level e∗s that maximize the profits of the two
enterprises, where

Δ2 � − 2α2η + β(δ + βη − cθ) + α(− 2c + 2δθ + βηθ) 
2

+ 4α − 2α2 + β2 μ

+ 8α2θpc βc − αδ + αc + α2η − β(δ + βη) θ

+ − α2 + β2 θpc,

(19)

and the subscript s indicates the optimal strategy in the case of
technology R&D and technology sharing. p∗1.s, p

∗
2.s, and e∗s are

shown in equations (C.1)–(C.3) in Appendix C.
In Case 3, the optimal profit expression of the two en-

terprises in Proposition 3 is more complex. In this paper, the
final analytical expression will not be given again. In the
numerical simulation part, the optimal profit is calculated
according to equations (15)–(18) and equation (C.1)–(C.3).

3.4. Comparative Analysis of Optimal Strategies. In order to
analyze the difference of the optimal strategy in Propositions
1–3, on the basis of satisfying the constraints in the prop-
osition, the parameter values are as follows: a � 5, α � 0.6,
β � 0.4, c � 0.2, δ � 0.1, c1 � 0.6, c2 � 0.8, θ � 0.5, pc � 0.25,
μ � 0.1, and η � 0.1.

Estimates for the optimal price, the optimal low-carbon
technology level, and the optimal profit are shown in Table 1.

Comparing data in Case 1, Case 2, and Case 3 (pc � 0.25
and θ � 0.5) in Table 1, it is evident that the price of unit
Product 1 increases gradually. On the one hand, since
Enterprise 1 has increased the investment in research and
development of low-carbon technology, the increase in
production cost has led to the rise of price; on the other
hand, the two enterprises have jointly improved the low-
carbon level of products via technology sharing, a situation
that is similar to the formation of a monopoly of green
products, which also has led to the rise in the price.(e price
of Product 2 is the lowest when Enterprise 1 implements
low-carbon technology research and development without
technology sharing. Because consumers have low-carbon
preferences, improvement in the low-carbon level of
Product 1 will inevitably drive Enterprise 2 to maintain
market share by lowering the price.

Mathematical Problems in Engineering 5



Profits of Enterprise 1 and Enterprise 2 are the largest
in Case 3. (erefore, Enterprise 1 will increase technology
research and development efforts to improve low-carbon
production capacity. At this time, the two enterprises will
also have strong willingness to share technology. (e
profit of Enterprise 2 is the lowest in Case 2. In other
words, when the competitors improve the low-carbon
production capacity, the enterprise itself must improve
the low-carbon level of the products by means of tech-
nology research and development or technology sharing;
otherwise, the income will drop significantly. Comparing
the profit growth rate of the two enterprises, we can find
that the profit growth rate of Enterprise 1 is 164.88%, and
the profit growth rate of Enterprise 2 is 17.50%. In ad-
dition, the profit of Enterprise 1 is initially smaller than
that of Enterprise 2, which is much larger than that of
Enterprise 2 after technology research and development
or technology sharing, and the gap between the profits of
the two enterprises is widening. In a word, the imple-
mentation of low-carbon technology R&D and technology
sharing in Enterprise 1 is beneficial to both sides of the
enterprise, and Enterprise 1 has greater benefits. In the
process from Case 1 to Case 3, the overall profits of the two
enterprises have been increasing. Although the profits of
the two enterprises are the largest in Case 3, it must be
guaranteed by the strong low-carbon production capacity
of Enterprise 1, which puts forward higher requirements
for the technological research and development ability
and economic strength of Enterprise 1.

In addition, when the unit technology sharing fee is
low (pc � 0.02), with the increase of technology sharing
proportion of Enterprise 1, the profit of Enterprise 1
shows a downward trend while that of Enterprise 2 shows
a significant increase. It can be seen that low sharing fee is
very unfavorable for Enterprise 1. In this case, Enterprise 1
must implement technology protection policy and refuse
or reduce technology sharing. When the unit technology
sharing fee is appropriate (pc � 0.25), the increase of
technology sharing proportion will cause the profits of the
two enterprises to increase at the same time. In this case,
the two enterprises achieve a win-win situation through

technology sharing. When the unit technology sharing fee
is relatively high (pc � 0.45), the increase of technology
sharing proportion leads to a significant increase in the
profits of Enterprise 1, while Enterprise 2 decreases first
and then increases with a small increase, which is not
acceptable to Enterprise 2. In short, the two enterprises
need to negotiate and coordinate the unit technology
sharing fee and technology transfer ratio to maximize
their profits. (rough the above analysis, we can see that
the two enterprises are willing to accept the moderate
technology sharing fee and the high technology sharing
proportion.

Based on the above analysis, the following conclusions
can be drawn:

(1) Enterprises want to obtain high profits through low-
carbon technology R&D and sharing, and they must
increase investment in technology R&D. At this
time, rising product prices are not good for con-
sumers but beneficial for enterprises.

(2) Whether it is a technology supply enterprise or a
technology demand enterprise, each gains the
most profit in low-carbon technology R&D and
sharing, and the technology supply enterprise’s
profit is far greater than the technology demand
enterprise.

(3) (rough low-carbon technology R&D and sharing
among enterprises, not only can their profits be
increased, but also the profits of the entire industry
can be promoted.

(4) When low-carbon technology is being shared among
enterprises, it is affected by two key factors: unit
technology sharing fee and technology sharing de-
gree. When the unit technology sharing fee is too low
or too high, only one enterprise makes a significant
profit. At this time, the unprofitable enterprise will
terminate the technology sharing. Only when it is
moderate, technology supply and demand enter-
prises are profitable, and the higher the degree of
technology sharing, the greater the profits of both
sides.

Table 1: Optimal strategies in different cases.

θ p1 p2 e π1 π2 π1 + π2
Case 1 — 7.61429 7.10476 — 22.9601 23.8500 46.8101
Case 2 — 11.3691 5.92268 29.2045 44.8106 15.7451 60.5557

Case 3

pc � 0.02
θ � 0.2 10.6944 6.62843 25.9145 41.6484 23.3855 65.0339
θ � 0.5 9.93341 7.43304 22.2382 38.0953 33.9534 72.0487
θ � 0.8 9.36829 8.04135 19.5511 35.4735 43.2747 78.7482

pc � 0.25
θ � 0.2 12.0274 7.46115 31.8474 49.7254 19.5332 69.2586
θ � 0.5 13.5539 10.535 38.6767 60.8158 28.0243 88.8401
θ � 0.8 16.3573 15.7242 51.8651 80.8998 45.4185 126.318

pc � 0.48
θ � 0.2 13.4892 8.61767 37.1158 58.58 14.9812 73.5612
θ � 0.5 17.703 15.1923 49.7329 86.4667 14.6601 101.127
θ � 0.8 23.487 25.3541 64.1506 125.23 15.3154 140.545
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4. ResearchontheCharacteristicsofStackelberg
Model with Delay and Price Game of
Duopoly in Multiperiod

Table 1 shows the optimal price, the optimal low-carbon
technology level, and the optimal profit of the two enterprises
as fully rational decision-makers in Case 3 when pc � 0.25
and θ � 0.5. In the real market, because the enterprise cannot
grasp all the market information, this section constructs the
multiperiod Stackelberg price game model with delay in Case
3 based on the limited rational decision-making of enter-
prises, studies the local asymptotic stability of the game

system at the equilibrium point and its long-term repeated
strategy adjustment process, analyzes the influence of the
system stability on the evolutionary behavior of the game, and
explores the influence of decision variables on system stability
and game strategy.

4.1. Game Model Construction. According to the above
analysis, we can get the marginal profit of Enterprise 1 about
price p1 and low-carbon technology level e and Enterprise 2
about price p2 as follows:

zπ1

zp1
�

1
2α

a(2α + β) + e 2αc − 2α2η − α(2δ + βη)θ + β(− δ + βη + cθ) 

+ 2α2 − β2 c1 + αβc2 − 4α2p1 + 2β2p1 + 2eαβθpc

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

zπ2

zp2
� a − eδ + ecθ + βp1 − αp2 − α eηθ − c2 + p2 − eθpc( 

zπ1

ze
�

1
2α

(a(2α + β)η − 2eη(β(δ − cθ) + α(− 2c + 2δθ + βηθ)) − 2eαμ

+ 2αc − α(2δ + βη)θ + β(− δ + βη + cθ) − 2α2η p1

+ αθ a + 2e(− δ + βη + cθ + αηθ) + 2βp1( pc − 2eα2θ2p2
c

+c1 β(δ − cθ) + α(− 2c + 2δθ + βηθ) − αβθpc(  + αc2 βη − αθpc( ,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(20)

(e decisions of Enterprise 1 and Enterprise 2 on price
and Enterprise 1 on low-carbon technology level are usually
based on their marginal profits, _pi � kipizπi/zpi, i � 1, 2
and _e � k3e zπ1/ze, where ki is the adjustment speed,

i � 1, 2, 3. If equation (20) is introduced into the above two
equations, the dynamic adjustment process of price and low-
carbon technology level can be described as follows [39]:

_p1 � k1p1
1
2α

a(2α + β) + eΔ6 + 2α2 − β2 c1 + αβc2 − 4α2p1 + 2β2p1 + 2eαβθpc  ,

_p2 � k2p2 a − eδ + ecθ + βp1 − αp2 − α eηθ − c2 + p2 − eθpc( ( ,

_e � k3e
1
2α

a(2α + β)η − 2eη Δ5 + αΔ4(  + αθ a + 2e Δ3 + αηθ( ( + 2βp1pc − 2eα2θ2p2
c + αc2 βη − αθpc( 

+ c1 Δ5 + αΔ4 − αβθpc(  + Δ6p1 − 2eαμ,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(21)
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where

Δ3 � − δ + βη + cθ,

Δ4 � − 2c + 2δθ + βηθ,

Δ5 � β(δ − cθ),

Δ6 � 2αc − 2α2η − α(2δ + βη)θ + βΔ3.

(22)

Enterprise 1 and Enterprise 2 will adopt a delay strategy
when making price decisions. (ey will refer to the current
price pi(t) and the historical price pi(t − τi) to decision. τi is
a delay parameter. (e enterprise i refers to the current
period price in the decision-making proportion of wi, and
the proportion of reference historical price is 1 − wi, i � 1, 2.

According to this description, the delayed decision price of
the two products is as follows:

p
d
1 � w1p1(t) + 1 − w1( p1 t − τ1( ,

p
d
2 � w2p2(t) + 1 − w2( p2 t − τ2( ,

⎧⎨

⎩ (23)

Here, the superscript d indicates the price with delay
strategy. In order to facilitate the analysis and calculation, it
is assumed that two enterprises refer to the price of the same
historical time, that is, τ1 � τ2 � τ. Because the price of the
current period is not easy to obtain in time and accurately,
only the case of delayed decision-making of the enterprise is
considered here, that is, w1 � w2 � 0. So far, the Stackelberg
differential game model with delay is as follows:

_p1 � k1p1
1
2α

2β2 − 4α2 p1(t − τ) + Δ6 + 2αβθpc( e + a(2α + β) + 2α2 − β2 c1 + αβc2  ,

_p2 � k2p2 βp1(t − τ) − 2αp2(t − τ) + cθ − δ + αθpc − αηθ( e + a + αc2( ,

_e � k3e
1
2α
Δ6 + 2αθβpc( p1(t − τ) + 2αθpc Δ3 + αηθ(  − 2α2θ2p2

c − 2αμ + aαθpc − 2η Δ5 + αΔ4(   e

+a(2α + β)η + αc2 βη − αθpc(  + c1 Δ5 + αΔ4 − αβθpc( .

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(24)

4.2.LocalAsymptoticStabilityofEquilibriumPoint. (e local
asymptotic stability of the equilibrium point can be de-
scribed as follows: when the system moves from the initial
state to the final state, although there is disturbance that
causes the initial state of the system to deviate within a
small range, the final state of the system can return to
equilibrium point [40, 41]. After calculation, the system’s
positive equilibrium point is E(p∗1 , p∗2 , e∗), which is the
same as the optimal strategy in Proposition 3. In this
section, we study the bifurcation conditions and local
asymptotic stability of system (24) at this equilibrium
point.

By linearization, the stability of system (24) at the
equilibrium point E(p∗1 , p∗2 , e∗) is transformed into the
stability at the point (0, 0, 0). (e linearized system is as
follows:

_p1 � k1p
∗
1 Δ10p1(t − τ) + k1p

∗
1 Δ7e,

_p2 � k2p
∗
2 βp1(t − τ) − 2k2p

∗
2 αp2(t − τ) + k2p

∗
2 Δ8e,

_e � k3e
∗Δ7p1(t − τ) + k3e

∗Δ9e,

⎧⎪⎪⎨

⎪⎪⎩

(25)

Rewrite as

Δ7 �
1
2α
Δ6 + 2αθβpc( ,

Δ8 � cθ − δ + αθpc − αηθ,

Δ9 �
1
2α

2αθpc Δ3 + αηθ(  − 2α2θ2p2
c − 2αμ − 2η Δ5 + αΔ4(  ,

Δ10 �
1
α

β2 − 2α2 ,

(26)

(e characteristic equation of system (25) is as follows:

λ − k1p
∗
1 Δ10e

− λτ 0 − k1p
∗
1 Δ7

− k2p
∗
2 βe

− λτ λ + 2k2p
∗
2 αe

− λτ
− k2p
∗
2 Δ8

− k3e
∗Δ7e

− λτ 0 λ − k3e
∗Δ9





� 0,

(27)

Rewrite as

λ3 + A2λ
2

+ B2λ
2

+ B1λ e
− λτ

+ C1λ + C0( e
− 2λτ

� 0,

(28)

where

8 Mathematical Problems in Engineering



A2 � − k3Δ9e
∗
,

B2 � 2αk2p
∗
2 − k1Δ10p

∗
1 ,

C1 � − 2αk1k2Δ10p
∗
1 p
∗
2 ,

B1 � k1k3Δ9Δ10e
∗
p
∗
1 − k1k3Δ

2
7e
∗
p
∗
1 − 2αk2k3Δ9e

∗
p
∗
2 ,

C0 � − 2αk1k2k3Δ
2
7e
∗
p
∗
1 p
∗
2 + 2αk1k2k3Δ9Δ10e

∗
p
∗
1 p
∗
2 ,

(29)

Proposition 4. When τ � 0, system (24) is locally asymp-
totically stable if condition (1) is satisfied, where

Condition (1): A2 + B2 > 0, B1 + C1 > 0, C0 > 0, and
(A2 + B2)(B1 + C1)>C0.

(eproof process of Proposition 4 is shown inAppendixD.

Proposition 5. When τ � τ0 > 0, the characteristic equation
(28) has a pair of pure imaginary root ± iω0 when condition
(2) is satisfied, where

Condition (2): a polynomial equation x6 + a1x
5 + a2x

4 +

a3x
3 + a4x

2 + a5x + a6 � 0 has six positive roots; a1...a6 is a
positive constant, respectively.

Ge proof process of Proposition 5 is shown in Appendix E.

Proposition 6. When condition (3) is satisfied, system (24)
satisfies the transversality condition of the Hopf bifurcation,
where

Condition (3): QRPR + QIPI ≠ 0.
(e proof process of Proposition 6 is shown in Appendix

F.
Based on Propositions 4–6, we can get the following

conclusion [42, 43].

Conclusion 1. According to Propositions 4–6, then when
τ ∈ [0, τ0), system (24) is locally asymptotically stable at
equilibrium point E(p∗1 , p∗2 , e∗); when τ � τ0, system (24)
experiences Hopf bifurcation; when τ > τ0, system (24) is
unstable.

4.3. Analysis of Dynamic Game Characteristics. In order to
describe the evolutionary behavior of the game system and
the impact of decision variables on system stability, the
parameters are as follows: k1 � 0.5, k2 � 0.5, and k3 � 0.5,
while the rest parameter value in Section 3.4 does not
change. However, it is necessary to ensure that the set of
parameter values must meet the constraints in Propositions
4–6. At this point, the equilibrium point of system (24) is
(p∗1 , p∗2 , e∗)� (13.5539, 10.5350, 38.6767).

4.3.1. In Case Both Enterprises Do Not Adopt a Delay
Strategy. After calculation, A2 + B2 � 14.0506> 0, B1 + C1
� 55.0497> 0, C0 � 39.1326> 0, and (A2 + B2)(B1 + C1) �

773.4814>C0. According to Proposition 4, system (24) is
locally asymptotically stable at the equilibrium point E when
τ � 0.(e time series diagrams of the system about price and
low-carbon technology level are shown in Figure 1; the
attractors’ diagrams of profits are shown in Figure 2.

Figure 1 shows that when Enterprise 1 and Enterprise
2 do not adopt the delay strategy, the price and low-
carbon technology level converge to the equilibrium so-
lution after a short adjustment, and the system is stable at
this time. Figure 2(a) describes the evolutionary game
trajectory of the profits of two enterprises in a stable
system. (ey all converge to the optimal solution in Ta-
ble 1. (is shows that the optimal strategy in Proposition 3
is obtained by two enterprises after long-term and un-
interrupted strategy adjustment and is the result of a
repeated game. Figure 2(b) describes the evolution of
enterprises’ profits when the sensitivity of low-carbon
technology increases, from which we can see that enter-
prises’ profits increase significantly with the increase of
sensitivity. (e evolution process from initial profit to
equilibrium profit described in Figure 2 is an effective
supplement to Proposition 3.

4.3.2. In Case Both Enterprises Adopt a Delay Strategy.
When τ > 0, there are two positive roots in equation (E.5),
namely, s1 � 39.0174 and s2 � 39.9550. So we get
ω0 � 6.2464, τ0 � 0.25, and QRPR + QIPI � 152.3378≠ 0.
According to Conclusion 1, τ � τ0 is the bifurcation critical
value of system (24).

(1) (e bifurcation diagram and the largest Lyapunov
exponent (LLE for short) diagram of the system with
respect to the delay parameter τ are shown in
Figure 3.
Figure 3 shows that the system changes from stable
state to unstable state with the increase of τ, and the
price and low-carbon technology level converge to
equilibrium solution in stable state. It can also be
found that the price of Enterprise 2, which is in the
position of follower in the game, is prior to the price
of Enterprise 1 and the level of low-carbon
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Figure 1: Time series diagram of system when τ � 0.
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technology. It can be seen that the stability of en-
terprises in leading position is stronger under the
same conditions. (e largest Lyapunov exponent

diagrams of the system further show that the critical
value of price bifurcation of Enterprise 2 is τ0 � 0.25
in Figure 3(b) [36, 37].
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Figure 2: Attractors of enterprises’ profit when τ � 0. (a) c � 0.2 and (b) c � 0.25.
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Figure 3: (e influence of τ on the stability of the system; (a, c, d) bifurcation diagrams; (b) the largest Lyapunov exponent diagrams. (a)
a � 5, α � 0.6. (b) a � 5, α � 0.6. (c) a � 5, α � 0.65. (d) a � 4, α � 0.6.
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(e comparison between Figures 3(a) and 3(c) shows
that the more sensitive consumers are to the product
price (α increases), the larger the stability region of
the system with respect to the delay parameter τ is
when other conditions are constant. (at is to say,
the more concerned consumers are about the price of
products, the earlier historical price can be referred
to for enterprise decision-making on the premise of
ensuring the stability of the system. By comparing
Figures 3(a) and 3(d), it can be found that the re-
duction of market demand for products under other
conditions will also increase the stability region of
delay parameters, and the chaos degree of the system
will be weaker. However, the reduction of product
demand will have a negative impact on the profits of
enterprises, as shown in Figure 4.
From Figure 4, it can be seen that in a stable system
(τ � 0.2< τ0, the same below), when the market
demand of low-carbon products a gradually in-
creases from 0 to 6, the profits of both enterprises will
increase, and the profit of Enterprise 1 will increase
faster. But when the demand exceeds 6, the profits of
both enterprises decrease, and the profit of Enter-
prise 2 decreases more obviously. (e reason is that
the demand for low-carbon products affects the R&D
for low-carbon technology level of Enterprise 1.
When the demand increases more, Enterprise 1 will
improve the R&D low-carbon technology level
(according to equation (C.3) in Appendix C). When
other conditions remain unchanged, the R&D cost of
Enterprise 1 will rise significantly, and the fee that
Enterprise 2 needs to pay Enterprise 1 for technology
sharing will also increase, so the profits of both
enterprises will decrease.

(2) (e influence of system stability on evolution be-
havior of enterprises is shown in Figure 5.
Figure 5 shows that when the game system is stable
(as shown in Figures 5(a) and 5(c)), the product
price, low-carbon technology level, and enterprises’
profit will eventually converge to the equilibrium
solution, which is the same as the optimal strategy
value in Table 1. (e comparison of Figures 1, 5(a),
2(a), and 5(c) shows that, as long as the system is
stable, whether the enterprises adopt the delay
strategy or not does not affect the equilibrium state of
the system evolution, and the evolution trajectory of
the profits of the two enterprises is basically the
same. But when the system is unstable (as shown in
Figures 5(b) and 5(d)), the final result of the system
game will tend to be chaotic, which cannot qualify
the strategy to satisfy both sides of the game. (is
shows that maintaining the stability of the system is
the basis of the correct decision-making of the en-
terprise, and the selection of the reference historical
price is very important.

(3) In the stable system, the influence of technology
sharing fee pc and technology sharing proportion θ
on price p1 and p2 is shown in Figure 6.

Comparing Figures 6(a) and 6(b), it is found that the
increase of technology sharing fee pc and technology
sharing proportion θ will cause the increase of
product price, but the adjustment speed of price p1 is
slow and the adjustment range is relatively uniform.
(e reason is that at the beginning of the period,
because there are no low-carbon technology R&D
and low-carbon technology sharing in Enterprise 2,
it can only improve its competitiveness at a lower
price. When technology sharing ratio θ increases,
Enterprise 2 obtains more low-carbon production
technologies and the increase of product green de-
gree will inevitably lead to the increase of price. At
the same time, Enterprise 1 will also increase the
price, so the price of them both will rise. In addition,
the continuous increase of technology sharing fee pc

will also cause the price of the two products to rise
because Enterprise 2 needs to pay more for tech-
nology sharing, especially when technology sharing
proportion θ increases, and Enterprise 2 has to in-
creases the price p2 as compensation. (erefore,
when pc is large and the share ratio is high, the price
p2 is larger than the price p1.
In a word, although increasing technology sharing
fee and increasing technology sharing proportion is
beneficial to Enterprise 2, the high product sales
price is not good for the consumers. (e price of the
two products has the same change trend, but the
adjustment speed of the price p1 is slow and the
adjustment range is even. (e adjustment speed of
price p2 is first slow then fast, and the adjustment
range is first large then small, especially when pc and
θ are large, and the adjustment speed is the fastest,
but the adjustment range is the smallest.

(4) (e impact of low-carbon technology level e of
Enterprise 1 on product price and profit is shown in
Figure 7.
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Figure 4: (e effect of a on the profit of enterprises when τ � 0.2
and α � 0.6.
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Figure 5: Attractors for the influence of τ on game strategy. (a, b) price and low-carbon technical level and (c, d) profit. (a) τ � 0.2, (b)
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Figure 6: (e influence of pc and θ on price. (a) p1 and (b) p2.
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Figure 7 shows that there is an optimal value of low-
carbon technology level of Enterprise 1, which makes
the profit of Enterprise 1 the largest, and is the same as
the analysis result of Figure 1. In addition, the increase of
low-carbon technology level will cause the price and
profit to change from stable state to unstable state and
the profit will be greatly reduced. (e critical value of
state change is e � 57. Obviously, the best value of R&D
low-carbon technology level of Enterprise 1 is e � 38.68.
When e ∈ (0, 38.68), the profits of both enterprises
gradually increasewith the increase of e, and at this time,
Enterprise 1 has a strong desire to increase low-carbon
R&D, and the two enterprises are full of confidence in
technology sharing. When e ∈ (38.68, 57), if Enterprise
1 continues to increase e, it will be beneficial to En-
terprise 2, but Enterprise 1’s own interests will be
damaged. At this time, Enterprise 1 will lose the power
of low-carbon technology R&D; when e> 57, the profits
of the two enterprises will fall precipitously and enter a
disordered state together with the price. At this time, the
two enterprises will lose the willingness to cooperate.
In a word, Enterprise 1 cannot adjust the low-carbon
technology level blindly, which will not only damage
the interests of the enterprise, but also cause the
instability of the game system, and will bring harm to
the stable development and scientific decision-
making of the enterprise.

(5) (e effect of price adjustment speed k1 on system
stability and complexity:
In order to maximize profits, enterprises often adjust
the sales price of products according to the changes
of market conditions. But too frequent price ad-
justment will also lead to stable market shocks, which
will lead to chaos. (e influence of the price ad-
justment speed k1 of Enterprise 1 on the stability and
complexity of game system is shown in Figure 8.

Figure 8(a) shows that when k1 increases from 0 to
0.015, the price and low-carbon technology level
will quickly adjust from the initial state of the game
to the equilibrium state, but when k1 � 0.6583, the
system will start to produce Hopf bifurcation, and
the system will enter the chaotic state of disorder,
and the faster the price adjustment speed is, the
greater the system vibration amplitude is. In ad-
dition, the complexity of the system is also an
important factor affecting enterprise decision-
making. (e more stable and simple the system is,
the more conducive it is to enterprise decision-
making. In this paper, entropy diagram is used to
describe the complexity of the system. When the
entropy value is zero, it means the system is stable;
when the entropy value is greater than zero, it
means the complexity of the system begins to
increase. (e larger the entropy value is, the more
complex the system is [44]. From Figure 8(b), we
can see that the system begins to become complex
when k1 � 0.6583, and then the system complexity
shows a straight-line rising trend; when k1 � 0.72,
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Figure 8: (e influence of k1 on system stability and complexity.
(a) Bifurcation diagram and (b) entropy diagram.
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there is a turning point, and then the increase of
the system complexity tends to moderate.
In a word, the speed of price adjustment should not
be too fast; otherwise, the system will lose stability
and become more complex. In an unstable system,
the prices of Product 1 and Product 2 are disorderly
interlaced with each other, which makes it difficult
for enterprises to grasp the relationship between the
decision-makers inside the system and the interac-
tion between the system and the external environ-
ment, which brings difficulties to the enterprise
decision-making. (e influence of k2 and k3 on the
stability of the system is similar to that of k1, so we
will not discuss it in detail in this paper.

5. Conclusions

(is paper studies the sharing of low-carbon technology
between duopoly enterprises, takes carbon emission re-
duction per unit product as the standard to measure the
R&D level of low-carbon technology, and analyzes the
Stackelberg game model in a single cycle. (e optimal
strategies in three cases are compared and analyzed; there
are no technology R&D and technology sharing, with
technology R&D and no technology sharing, and with
technology R&D and technology sharing. (e research
shows that a high technology sharing ratio and a moderate
technology sharing fee between the two enterprises are most
beneficial to the two enterprises.

By constructing a differential price game model based on
delay decision, this paper discusses the evolution behavior of
enterprise game, gives the conditions of system stability, and
studies the influence of delay variables, price adjustment
speed, low-carbon technology level, and other factors on
system stability and game evolution track. (e research
shows that the price game is a long-term, dynamic process
with repeated adjustment of strategy; in a stable system, the
change of the initial value of the game does not affect the
final equilibrium state of the system; the stable region of the
follower enterprise is smaller than that of the leading en-
terprise, and the follower enterprise first loses stability under
the influence of the same parameter change; the more
sensitive consumers are to the price of products or the less
demand for low-carbon products under the premise of
ensuring the stability of the system, the earlier the reference
historical price is; in the stable system, the evolution track of
the enterprise profit is not affected by the delay strategy;
blindly improving the level of low-carbon technology is not
only unable to profit, but also easy to cause system

instability; changing the speed of price adjustment has a
significant impact on the profit of Enterprise 1.

Using the differential game model constructed in this
paper, the enterprise can predict the price, low-carbon
technology level, and profit at the next moment based on the
initial value of the price and low-carbon technology level on
the premise of ensuring the stability of the system and adjust
the decision variables according to the actual situation, so
that the enterprise can get more profits. However, this paper
does not take control measures for the unstable system, so
we will use the delayed variable feedback control method to
effectively control the unstable system in the future and
make it return to the stable state.

Appendix

A

(e proving process of Proposition 1

Proof. According to the inverse solution method, the second
partial derivatives of π2(p2) about p2 can be obtained by
equations (3), (4), and (6). It is zπ22(p1, p2)/zp2

2 � − 2α< 0.
(erefore, π2(p2) is a concave function about p2, and there
is a unique optimal solution p∗2 to make π2 maximum,
according to zπ2(p2)/zp2 � 0:

p2 �
a + αc2 + βp1

2α
. (A.1)

Taking equation (A.1) into equations (3)–(5), we can get
the second partial derivative of π1(p1) about p1 as follows:
zπ2

1(p1)/zp2
1 � (β2 − 2α2)/α< 0. Similarly, π1(p1) is a con-

cave function about p1, that is, there is a unique optimal
solution p∗1 to make π1 maximum. According to
zπ1(p1)/zp1 � 0, we can get

p
∗
1 �

2aα + aβ + 2α2c1 + αβc2 − β2c1
2 2α2 − β2 

. (A.2)

Taking equation (A.2) into (A.1) to get

p
∗
2 �

a 4α2 + 2αβ − β2  + 2α2 − β2 βc1 + 4α2 − β2 αc2

8α3 − 4αβ2
.

(A.3)

So far, Proposition 1 has been proved. □

B

(e optimal strategy of Proposition 2

p1.d
∗

�
1
Δ1

(2αc − βδ) 2αc + 2α2η − β(δ + βη)  + 2α β2 − 2α2 μ c1

+ η 2αc + 2α2η − β(δ + βη)  − 2αμ  a(2α + β) + αβc2( 

⎛⎜⎜⎜⎜⎜⎝
⎞⎟⎟⎟⎟⎟⎠, (B.1)

e
∗
d � −

1
Δ1

2αc + 2α2η − β(δ + βη)  a(2α + β) + β2 − 2α2 c1 + αβc2  , (B.2)

14 Mathematical Problems in Engineering



p
∗
2.d �

1
Δ1

a 2α3η2 + 2α2(η(2c + δ + βη) − 2μ)  + β(− (δ + βη)(c + δ + βη) + βμ)

+ α 2c
2

+ 2c(δ + βη)  − β(η(δ + βη) + 2μ)

+ − (βc − αδ) − 2αc − 2α2η + β(δ + βη) + β β2 − 2α2 μ c1

+ α (c + αη) 2αc + 2α2η − β(δ + βη)  + β2 − 4α2 μ c2,

(B.3)

where Δ1 � (2αc + 2α2η − β(δ + βη))2 + 4α(β2 − 2α2)μ. C

(e optimal strategy of Proposition 3

p
∗
1.s �

1
Δ2

αc2 − βη − 2α2η + β(δ + βη − cθ)  + α(− 2c + 2δθ + βηθ)   − 2αβμ

+ αθ − 2α2η + β(− 3δ + βη + 3cθ) + α(2c − 2δθ + βηθ) pc

+ a

(2α + β) η 2αc + 2α2η − α(2δ + βη)θ − β(δ + βη − cθ)  − 2αμ  + αθpc

(− β(δ + βη − cθ) + 2α2(η + 2ηθ) + α(2δ(− 2 + θ) + 3βηθ + c(− 2 + 4θ)) − 4α(α + β)θpc

+c1 β2(δ − cθ (δ + βη − cθ) + α2 4c
2

 

− 2βδη − 2c(4δ + βη)θ +(2δ + βη)
2θ2  − 2α3((− 2cη + η(2δ + βη)θ + 2μ)

+ αβ 4c
2θ +(2δ + βη 

2
θ − 2c (2δ + βη)(1 + θ)

2
+ 2βμ  + αθpc 4α3ηθ − β2δ + βη − cθ) 

+α2(− 4δ + 2βη + 4cθ) + αβ(6c − 6δθ − 5βηθ) + 4α − α2 + β2 θpcz

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

(C.1)

p∗2.s �
1
Δ2

a 2α3 η2(1 + θ)  + α2 4cη − η βη − 2 + θ + θ2  + 2δ(− 1 + θ(2 + θ))  − 4μ 

− β βcη(1 − 2θ) + cδ(θ − 1)
2

+ c
2
(θ − 1)θ +(δ + βη)(δ + βη − δθ) − βμ 

− α 2c
2
(θ − 1) − 2δ2(θ − 1)θ + β2η2(1 + 2θ) + βδη(1 − (θ − 4)θ 

− 2c δ(θ − 1)
2

+ βη 1 + θ2   + 2βμ + αθpc(− 2α(c + δ) + 2α2η(− 1 + 3θ)

+ α(2(c + δ) + 5βη)θ + β (2c + δ + βη − (c + 2δ + 2βη)θ) − 2(3α − β)(α + β)θpc(  + c1 α3η βηθ2 + 2δ θ2 − 1   

· − 2α4η2θ + αβ(− 2c(3δ + βη))θ  + c
2 2 + θ2  + δ δ + 2δθ2 + βη 1 + θ2   + β2((δ + βη − cθ)(δθ − c) + βμ)

+ αθpc 2α3η − αβ(3δ + βη − 3cθ) + α2(2c − 2δθ + βηθ) − 2β2(− c + δθ + βηθ) + 2β(− α + β)(α + β)θpc  + αc2 2α3 η2

+ α 2c
2

− βη(δ + βη) − 4cδθ + δ(2δ + βη)θ2  − α2(η(4δ + βη)θ + 4μ − 4cη)

+ β ((δ + βη − cθ)(− c + δθ) + βμ) + θpc 2α3 ηθ − 2α2(3δ + βη − 3cθ) + β2(δ + βη − cθ) − αβ(− 4c + 4δθ + βηθ)

+ 2α β2 − α2 θpc

+ α2 2c
2θ + 2δ2θ − 2c δ − βη +(δ + βη)θ2  + β βη2θ − 2μ  ,

(C.2)

e
∗
s � −

1
Δ2

2αc + 2α2η − α(2δ + βη)θ − β(δ + βη − cθ)  a(2α + β) + − 2α2 + β2 c1 + αβc2  + 4α2(α + β)θ a +(− α + β)c2( pc( .

(C.3)
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D

(e proving process of Proposition 4

Proof. When τ � 0, the characteristic equation (28) of
system (24) can be simplified as follows:

λ3 + A2 + B2( λ2 + B1 + C1( λ + C0 � 0. (D.1)

According to the Routh criterion, system (24) is locally
asymptotically stable when condition (1) is satisfied.

So far, Proposition 4 has been proved. □

E

(e proving process of Proposition 5

Proof. (e two sides of the characteristic equation (28) are
multiplied by eλτ to get

B2λ
2

+ B1λ + λ3 + A2λ
2

 e
λτ

+ C1λ + C0( e
− λτ

� 0. (E.1)

Suppose λ � iω(ω> 0) is a root of equation (E.1), which
is brought into it, the following can be obtained:

ω3
+ C1ω sin(ωτ) + C0 − A2ω

2
 cos(ωτ) � B2ω

2

C1ω − ω3
 cos(ωτ) − C0 + A2ω

2
 sin(ωτ) � − B1ω,

⎧⎪⎪⎨

⎪⎪⎩
(E.2)

sin(ωτ) � −
− ω3

A2B1 − ω5
B2 + ωB1C0 + ω3

B2C1

ω6
+ ω4

A
2
2 − ω2

C
2
1 − C

2
0

,

cos(ωτ) � −
− ω4

B1 + ω4
A2B2 + ω2

B2C0 − ω2
B1C1

ω6
+ ω4

A
2
2 − ω2

C
2
1 − C

2
0

,

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(E.3)

ω12
+ D10ω

10
+ D8ω

8
+ D6ω

6
+ D4ω

4
+ D2ω

2
+ D0 � 0,

D10 � 2A
2
2 − B

2
2,

D8 � A
4
2 − A

2
2B

2
2 − B

2
1 + 2B

2
2C1 − 2C

2
1,

D6 � 4B1B2C0 − A
2
2B

2
1 − 2A2B

2
2C0 − 2C

2
0 − 2B

2
1C1 + 4A2B1B2C1 − 2A

2
2C

2
1 − B

2
2C

2
1,

D4 � 2A2B
2
1C0 − B

2
2C

2
0 − 2A

2
2C

2
0 − B

2
1C

2
1 + C

4
1,

D2 � 2C
2
0C

2
1 − B

2
1C

2
0,

D0 � C
4
0.

(E.4)

Let s � ω2, then equation (E.4) is simplified into

s
6

+ D10s
5

+ D8s
4

+ D6s
3

+ D4s
2

+ D2s + D0 � 0. (E.5)

According to condition (2), there are 6 positive roots sk

in equation (E.5), k � 1, 2, · · · , 6. (en equation (E.4) also
has 6 positive roots ωk �

��
sk

√ . (en, for each ωk, there is a
series of τ(j)

k | k � 1, 2, . . . , 6; j � 0, 1, . . .  satisfaction
equation (E.1), where j represents the periodic solution of τ.
(us, the result is as follows:

τ(j)

k �
1
ωk

arccos −
− ω4

kB1 + ω4
kA2B2 + ω2

kB2C0 − ω2
kB1C1

ω6
k + ω4

kA
2
2 − ω2

kC
2
1 − C

2
0

 

+
2jπ
ωk

, k � 1, 2, . . . , 6, j � 0, 1, . . . .

(E.6)

Let τ0 � min τ(j)

k | k � 1, . . . , 6; j � 0, 1, . . .  � min
τ(0)

k | k � 1, . . . , 6  � τk0
, ω0 � ωk0

, then we can get

τ0 �
1
ω0

arccos −
− ω4

0B1 + ω4
0A2B2 + ω2

0B2C0 − ω2
0B1C1

ω6
0 + ω4

0A
2
2 − ω2

0C
2
1 − C

2
0

 ,

(E.7)

that is, when τ � τ0, equation (E.1) has a pair of pure
imaginary roots ± iω0.

So far, Proposition 5 has been proved. □

F

(e proving process of Proposition 6

Proof. (e derivative of λ with respect to τ in equation (E.1)
is obtained as follows:

dλ
dτ

 

− 1

�
2B2λ + B1 + 3λ2 + 2A2λ e

λτ
+ e

− λτ
C1

− λ4 + A2λ
3

 e
λτ

+ C1λ
2

+ C0λ e
− λτ −

τ
λ
.

(F.1)

Bring λ � iω0 into equation (F.1), we have
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Re
dλ
dτ

 

− 1

λ�iω0

� Re
QR + iQI

PR + iPI

  �
QRPR + QIPI

P
2
R + P

2
I

, (F.2)
where QR and PR are the real parts of the numerator and
denominator, respectively; QI and PI are the imaginary parts
of the numerator and the denominator, respectively:

QR � B1 − 3ω2
0 cos ω0τ0(  − 2A2ω0 sin ω0τ0(  + C1 cos ω0τ0( ,

QI � 2B2ω0 − 3ω2
0 sin ω0τ0(  + 2A2ω0 cos ω0τ0(  − C1 sin ω0τ0( ,

PR � − ω4
0 cos ω0τ0(  − A2ω

3
0 sin ω0τ0(  − C1ω

2
0 cos ω0τ0(  + C0ω0 sin ω0τ0( ,

PI � − ω4
0 sin ω0τ0(  + A2ω

3
0 cos ω0τ0(  + C1ω

2
0 sin ω0τ0(  + C0ω0 cos ω0τ0( ,

(F.3)

If condition (3) is satisfied, system (24) satisfies the
transversality condition of the Hopf bifurcation.

So far, Proposition 6 has been proved. □

Data Availability

(e numerical simulation data used to support the findings
of this study are included within the article.

Conflicts of Interest

(e authors declare no conflicts of interest.

Authors’ Contributions

Fengshan Si proposed research ideas and constructed game
models based on low-carbon technology sharing; Zhengkun
Yan is responsible for numerical calculation and drawing;
Jing Wang suggested research methods and analyzed on the
optimal strategy of single-period game model; and Daoming
Dai performed the complex characteristics of multiperiod
game model with delay. All authors have read and approved
the final manuscript.

Acknowledgments

(is work was supported by the Humanities and Social
Sciences Research Project of Education Department in
Anhui Province (SK2020A0025), the School-level Science
Research Project of Anhui University of Finance and Eco-
nomics (ACKYC20033), and the Natural Science Research
Project of Education Department in Anhui Province
(KJ2019A0662).

References

[1] Z. Luo, X. Chen, and X.Wang, “(e role of co-opetition in low
carbon manufacturing,” European Journal of Operational
Research, vol. 253, no. 2, pp. 392–403, 2016.

[2] A. Hafezalkotob, “Competition, cooperation, and coopetition
of green supply chains under regulations on energy saving
levels,” Transportation Research Part E: Logistics and Trans-
portation Review, vol. 97, pp. 228–250, 2017.

[3] Z. Hong and X. Guo, “Green product supply chain contracts
considering environmental responsibilities,” Omega, vol. 83,
no. 3, pp. 155–166, 2019.

[4] H. Song and X. Gao, “Green supply chain game model and
analysis under revenue-sharing contract,” Journal of Cleaner
Production, vol. 170, no. 1, pp. 183–192, 2018.

[5] W. Zhu and Y. He, “Green product design in supply chains
under competition,” European Journal of Operational Re-
search, vol. 258, no. 1, pp. 165–180, 2017.

[6] H. Yang and W. Chen, “Retailer-driven carbon emission
abatement with consumer environmental awareness and
carbon tax: revenue-sharing versus cost-sharing,” Omega,
vol. 78, no. 7, pp. 179–191, 2018.

[7] J. Ji, Z. Zhang, and L. Yang, “Carbon emission reduction
decisions in the retail-/dual-channel supply chain with con-
sumers’ preference,” Journal of Cleaner Production, vol. 141,
no. 10, pp. 852–867, 2017.

[8] D. Yang and T. Xiao, “Pricing and green level decisions of a
green supply chain with governmental interventions under
fuzzy uncertainties,” Journal of Cleaner Production, vol. 149,
no. 4, pp. 1174–1187, 2017.

[9] C. Wu, “Price competition and technology licensing in a
dynamic duopoly,” European Journal of Operational Research,
vol. 267, no. 6, pp. 570–584, 2018.

[10] M. Wang, Y. Li, M. Li, W. Shi, and S. Quan, “Will carbon tax
affect the strategy and performance of low-carbon technology
sharing between enterprises?” Journal of Cleaner Production,
vol. 210, no. 2, pp. 724–737, 2019.

[11] M. Hermosilla and Y. Wu, “Market size and innovation: the
intermediary role of technology licensing,” Research Policy,
vol. 47, no. 6, pp. 980–991, 2018.

[12] C. Fan, B. Heon Jun, B. H. Jun, and E. G. Wolfstetter,
“Optimal licensing of technology in the face of (asymmetric)
competition,” International Journal of Industrial Organiza-
tion, vol. 60, no. 9, pp. 32–53, 2018.

[13] A. Ghosh and S. Saha, “Price competition, technology li-
censing and strategic trade policy,” Economic Modelling,
vol. 46, no. 4, pp. 91–99, 2015.

[14] Y. Huang and Z. Wang, “Information sharing in a closed-
loop supply chain with technology licensing,” International
Journal of Production Economics, vol. 191, no. 9, pp. 113–
127, 2017.

[15] J. Blohmke, “Technology complexity, technology transfer
mechanisms and sustainable development,” Energy for Sus-
tainable Development, vol. 23, no. 12, pp. 237–246, 2014.

[16] Y.-W. Chen, Y.-P. Yang, L. F. S. Wang, and S.-J. Wu,
“Technology licensing in mixed oligopoly,” International
Review of Economics & Finance, vol. 31, no. 5, pp. 193–204,
2014.

[17] H.-L. Chen, H. Hwang, A. Mukherjee, and P.-C. Shih, “Tariffs,
technology licensing and adoption,” International Review of
Economics & Finance, vol. 43, no. 5, pp. 234–240, 2016.

Mathematical Problems in Engineering 17



[18] G. I. S. Bolatan, S. Gozlu, L. Alpkan, and S. Zaim, “(e impact
of technology transfer performance on total quality man-
agement and quality performance,” Procedia-Social and Be-
havioral Sciences, vol. 235, no. 11, pp. 746–755, 2016.

[19] G. Petroni, C. Verbano, B. Bigliardi, and F. Galati, “Strategies
and determinants for successful space technology transfer,”
Space Policy, vol. 29, no. 4, pp. 251–257, 2013.

[20] F. Zhang, K. S. Gallagher, and K. S. Gallagher, “Innovation
and technology transfer through global value chains: evidence
from China’s PV industry,” Energy Policy, vol. 94, no. 7,
pp. 191–203, 2016.

[21] D. Zhao, H. Chen, X. Hong, and J. Liu, “Technology licensing
contracts with network effects,” International Journal of
Production Economics, vol. 158, no. 12, pp. 136–144, 2014.

[22] Y. Huang and Z. Wang, “Closed-loop supply chain models
with product take-back and hybrid remanufacturing under
technology licensing,” Journal of Cleaner Production, vol. 142,
no. 1, pp. 3917–3927, 2017.

[23] R.-Y. Chang, H. Hwang, and C.-H. Peng, “Technology li-
censing, R&D and welfare,” Economics Letters, vol. 118, no. 2,
pp. 396–399, 2013.

[24] K. Hattori, “Optimal combination of innovation and envi-
ronmental policies under technology licensing,” Economic
Modelling, vol. 64, no. 8, pp. 601–609, 2017.

[25] C.-H. Wu and Y.-J. Kao, “Cooperation regarding technology
development in a closed-loop supply chain,” European
Journal of Operational Research, vol. 267, no. 2, pp. 523–539,
2018.

[26] Q. Zhang, J. Zhang, G. Zaccour, and W. Tang, “Strategic
technology licensing in a supply chain,” European Journal of
Operational Research, vol. 267, no. 1, pp. 162–175, 2018.

[27] H. Xianpei, K. Govindan, X. Lei, and D. Peng, “Quantity and
collection decisions in a closed-loop supply chain with
technology licensing,” European Journal of Operational Re-
search, vol. 256, no. 2, pp. 820–829, 2017.

[28] J. Ma and H. Tu, “Analysis of the stability and hopf bifurcation
of money supply delay in complex macroeconomic models,”
Nonlinear Dynamics, vol. 76, no. 1, pp. 497–508, 2014.

[29] J. Ma and K. Wu, “Complex system and influence of delayed
decision on the stability of a triopoly price game model,”
Nonlinear Dynamics, vol. 73, no. 3, pp. 1741–1751, 2013.

[30] M.-S. Chern, Y.-L. Chan, J.-T. Teng, and S. K. Goyal, “Nash
equilibrium solution in a vendor-buyer supply chain model
with permissible delay in payments,” Computers & Industrial
Engineering, vol. 70, no. 1, pp. 116–123, 2014.

[31] T. Li and J. Ma, “Complexity analysis of the dual-channel
supply chain model with delay decision,” Nonlinear Dy-
namics, vol. 78, no. 4, pp. 2617–2626, 2014.

[32] Z. Ding, X. Zhu, and S. Jiang, “Dynamical Cournot game with
bounded rationality and time delay for marginal profit,”
Mathematics and Computers in Simulation, vol. 100, no. 6,
pp. 1–12, 2014.

[33] A. Matsumoto and F. Szidarovszky, “Nonlinear cournot
duopoly with implementation delays,” Chaos, Solitons &
Fractals, vol. 79, no. 10, pp. 157–165, 2015.

[34] B. Bao and J. Ma, “Dynamic game behavior of retailers
considering the quality of substitute products based on delay
decision,” International Journal of Bifurcation and Chaos,
vol. 27, no. 13, pp. 1–21, 2017.

[35] L. Gori, L. Guerrini, and M. Sodini, “A continuous time
cournot duopoly with delays,” Chaos, Solitons & Fractals,
vol. 79, no. 10, pp. 166–177, 2015.

[36] J. Ma and F. Si, “Complex dynamics of a continuous bertrand
duopoly game model with two-stage delay,” Entropy, vol. 18,
no. 266, pp. 1–16, 2016.

[37] J.Wang, F. Si, Y.Wang et al., “Entropy and stability analysis of
delayed energy supply-demand model,” Entropy, vol. 18,
no. 434, pp. 1–21, 2016.

[38] C. D’Aspremont and A. Jacquemin, “Cooperative and non-
cooperative R&D in duopoly with spillovers,” American
Economic Association, vol. 78, no. 5, pp. 1133–1137, 1988.

[39] W. Xu and J. Ma, “Study on the dynamic model of a duopoly
game with delay in insurance market,”Wseas Transactions on
Mathematics, vol. 11, no. 7, pp. 599–608, 2012.

[40] H. Huijberts and C. Withagen, “Local asymptotic stability of
optimal steady states,” Economics Letters, vol. 40, no. 1,
pp. 7–11, 1992.

[41] P. Pucci and S. James, “Local asymptotic stability for dissi-
pative wave systems,” Israel Journal of Mathematics, vol. 104,
no. 12, pp. 29–50, 1998.

[42] D. D. Hassard, N. D. Kazarinoff, and Y. H. Wan, Geory and
Applications of Hopf Bifurcation, Cambridge University Press,
Cambridge, UK, 1981.

[43] Y. A. Kuznetsov, Elements of Applied Bifurcation Geory,
Springer, New York City, NY, USA, 1998.

[44] J. S. Cánovas and M. Muñoz-Guillermo, “On the complexity
of economic dynamics: an approach through topological
entropy,” Chaos, Solitons & Fractals, vol. 103, no. 10,
pp. 163–176, 2017.

18 Mathematical Problems in Engineering


