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In this paper, an optimal portfolio control problem of DC pension is studied where the time interval between the implementation
of investment behavior and its effectiveness (hereafter input-delay) is particularly focused. )ere are two assets available for
investment: a risk-free cash bond and a risky stock with a jump-diffusion process. And the wealth process of the pension fund is
modeled as a stochastic delay differential equation. To secure a comfortable retirement life for pension members and also avoid
excessive risk, the fund managers in this paper aim to minimize the expected value of quadratic deviations between the actual
terminal fund scale and a preset terminal target. By applying the stochastic dynamic programming approach and the match
method, the optimal portfolio control problem is solved and the closed-form solution is obtained. In addition, an algorithm is
developed to calculate the numerical solution of the optimal strategy. Finally, we have performed a sensitivity analysis to explore
how the managers’ preset terminal target, the length of input-delay, and the jump intensity of risky assets affect the optimal
investment strategy.

1. Introduction

In recent decades, the analysis and optimal control of
pension investment strategy have become a hot topic as
people have paid more attention on the security of retire-
ment life. )ere are two major ways to manage pension
funds [1]. One is the DB (defined-benefit) plans, whose
pension is predetermined, and the financial risk is borne by
the sponsor of the plan; the other is the DC (defined-con-
tribution) schemes, whose contributions are preset and
benefits determined by the returns on fund’s portfolio.
Compared to the DB pension plan, the advantage of DC
plans is to transfer longevity risk and financial risk from the
sponsor to the member. Due to the development of stock
market and a fact that the population ageing is threatening
the solvability of Pay-as-you-go public pension systems, the
management of pensions is increasingly leaning towards DC
plans rather than DB schemes [2, 3].

)e stochastic optimal control theory has been exten-
sively used to obtain the optimal investment strategy of DC

pension. In [4], the stochastic optimal dynamic program-
ming method was applied by Merton (1969) to solve the
portfolio problem. In [5], with the salary risk and the in-
flation risk considered, the optimal investment proportion
for DC pension in the stochastic interest framework was
obtained by the help of the stochastic dynamic programming
approach. In [6], an optimal asset allocation problem for DC
pension was investigated where the price process of risky
assets followed the Heston model, and the optimization
problem was then solved via the stochastic dynamic pro-
gramming method. It is worth noting that the price pro-
cesses of risky assets have been described as a continuous
process in the above literature.

In fact, emergencies such as Corona Virus Disease 2019,
plunge in oil prices, policy intervention, and so on will cause
that the price processes of the risky assets discontinuous and
have jumps [7]. However, the sudden jumps in the price
process of available assets could not be described by
Brownian motion. To cope with the jumps, scholars grad-
ually pay attention to the jump-diffusion model. In [8], an
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optimal portfolio policy and consumption problem was
proposed under the environment where the price process of
the stock was modeled as a log-normal jump-diffusion
process. )eir optimal portfolio fraction and optimal con-
sumption were obtained with the help of the stochastic
dynamic programming method. In [9], an optimal pre-
commitment and equilibrium investment strategies problem
was presented for DC pension, where the dynamics of the
risky asset was modeled as a jump-diffusion process. )e
precommitment strategy was then found by the stochastic
dynamic programming approach, while the equilibrium
strategy was derived under the framework of game theory. In
[10], Walter Mudzimbabwe investigated an optimal port-
folio policy problem of DC pension under a special case of
the market environment in [9], and he obtained the optimal
numerical solution by applying the stochastic dynamic
programming method and the bisection method. In [10], the
impacts of the jump intensity and jump amplitude on the
optimal portfolio policies were displayed. In [11], an optimal
consumption and portfolio strategy problem was analyzed
where the CPI, interest rate, index bonds and stocks were
both modeled as jump-diffusion processes. And their op-
timal fraction of consumption and investment strategy was
obtained by adopting the stochastic dynamic programming
approach. Lately, in [12], taking into account that the reserve
level of an insurance company can only be observed at
discrete time points, periodic capital injection and barrier
dividend strategy was considered in the compound Poisson
risk model. )e explicit expression of the Gerber–Shiu
function in [12] was derived by means of the integral and
differential method, and the expected discounted capital
injection function and the expected discounted dividend
function was derived on condition that the observation
interval and claim amount are exponentially distributed.

)e current international financial situation is changing
rapidly, leading to the inevitable time interval from knowing
the change in the economic situation to formulating the
relevant investment strategies and, finally, the investment
strategy taking effect [13]. To deal with the time interval, the
optimal portfolio problem with delay was gradually focused
by scholars. )is can be found in [13–15]. In [14], an optimal
portfolio and consumption problem was considered where
the dynamics of the risky asset is modeled as a stochastic
delay differential equation whose coefficients vary according
to a stochastic factor. And their problem was solved by
applying a dynamic programming approach. In [15], the
wealth process of the insurer was modeled as a stochastic
delay differential equation under which an optimal rein-
surance and portfolio problem with jump-diffusion was
investigated. )e closed-form expression for the optimal
strategy was then obtained by solving the derived HJB
equation. For investors, with the time interval between the
implementation of investment behavior and its effect
(hereafter the input-delay) considered, the obtained optimal
investment strategy will be more in line with the actual
investment environment so that the investment risk can be
reduced. )erefore, it is necessary to consider input-delay in
solving the investment portfolio problem. In [13], the
portfolio problem with input-delay was studied to maximize

the expected return and the explicit expression of the optimal
solution is obtained by applying the maximum principle. In
terms of the optimal investment strategy for DC pension, af-
fected by the input-delay, the duration that the investment
behavior actually plays a role (hereafter acting duration) is
shorter than the nominal management duration of DC pension
(hereafter management duration). )us, the fund manager of
DCpension should formulate the optimal portfolio fractionwith
input-delay considered to make sure that the managers’ preset
terminal target could be achieved within the acting duration.
However, one seldom studies the optimal asset allocation forDC
pension with input-delay put into consideration.

In the optimal asset allocation problem of DC pension,
scholars commonly aim to maximize the expected utility of
terminal wealth [1, 5, 16, 17]. Especially, to satisfy the basic
requirement of fund members’ retirement life, in [18], a
minimum guarantee of the final wealth was calculated where
the date of members’ death was considered as a constant.
)eir objective was to maximize the expected utility of the
final wealth exceeding the guarantee. A similar form of the
objective in [18] can be found in [3, 19]. In this circumstance,
a large positive value of difference also means excessive risks,
which may be unacceptable to some fund members. In [20],
with the mortality considered, the managers aimed to
minimize the accumulated deviations between a benefit
outgo target and the actual benefit outgo during the whole
distribution period and their optimal solution was obtained
by applying the variational inequality method.

In this paper, we consider an optimal portfolio problem
for DC pension with input-delay and jump-diffusion pro-
cess. )e financial market consists of a risk-free cash bond
and a risky stock. During the nominal management duration
of DC pension, the pensionmembers are required to provide
continuous contribution to managers. Fundmanagers invest
pension wealth into available assets so that the pension fund
scale is affected by the investment return. We assume that
the pension fund is fully invested in cash bond after
members’ retirement (i.e., after the terminal time) and
converted into annuities.

To obtain the numerical solution of the optimal in-
vestment strategies in the above situation, the main con-
tributions of this paper are listed as follows:

(i) Put into consideration both the input-delay (i.e., the
time interval between the implementation of in-
vestment behavior and its effectiveness) and the
jump-diffusion process. )e dynamics of DC pen-
sion fund is modeled as a stochastic delay differ-
ential equation (SDDE).

(ii) A target of the terminal fund scale (hereafter the
preset terminal target) is calculated with the mor-
tality and the inflation considered. It reflects the
required fund scale at retirement time to maintain
high standard retirement life for members. To se-
cure a comfortable retirement life for fundmembers
while avoiding excessive risk, the goal in our model
is to minimize the expected value of quadratic
deviation between the actual terminal fund and the
preset terminal target.
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(iii) An optimization algorithm is given for calculating
the numerical solution of the optimal strategy with
input-delay. Meanwhile, sensitivity analysis is per-
formed to show the impact of the preset terminal
target, the length of input-delay, and jump intensity
on the optimal investment strategies.

)e remainder of this paper is organized as follows. In
Section 2, we introduce the price processes of available assets
and model the dynamics of the pension fund as a SDDE. In
Section 3, the optimal asset allocation problem of DC
pension with input-delay and jump-diffusion process is
presented. In Section 4, the stochastic dynamic program-
ming approach and the match method are applied to solve
the optimization problem. An algorithm is developed to
obtain the numerical solution of the optimal strategies. In
Section 5, the numerical simulation and sensitivity analysis
are provided.

2. The Financial Market

In this section, the financial market environment is intro-
duced under which the optimization problem is proposed.
We consider two financial assets available for investment: a
risk-free cash bond and a single risky stock.

As in [10], the instantaneous risk-free rate of the cash
bond is assumed to be a constant in this paper.)us the price
process of cash bond can be described by the following:

dM(t) � rM(t)dt, M(0) � M0, (1)

where M(t) describes the price of risk-free cash bond at t

and M(0) indicates the initial price of risk-free cash bond.
t ∈ [0, T] and T is a given positive finite constant denoting
the investment time horizon of DC pension plan. r denotes
the instantaneous risk-free interest rate.

In this paper, the jumping behavior of stock is focused
and described as a compound Poisson process. )us, the
stochastic dynamics of stock can be expressed by a jump-
diffusion process:

dS(t) � S(t) cdt + σdW(t) + d 

N(t)

i�1
Vi

⎡⎣ ⎤⎦, S(0) � S0,

(2)

where S(t) is the price of stock at time t and S(0) represents
the initial price of stock. c and σ are the expected return and
the volatility of the stock, respectively. In order to capture
the features of the real market, we assume that c> r [21]. As
in [10], all processes and random variables are assumed to be
defined on a filtered probability space (Ω, F, P). W(t), t≥ 0{ }

denotes a standard Brownian motion. 
N(t)
i�1 Vi is a com-

pound Poisson process to describe the jumping behavior of
stock. N(t) is a Poisson process with jump intensity λ.
Vi(i � 1, . . . , N(t)) are i.i.d variables denoting the jump
amplitude with mean μv � E(Vi) and variance
σ2v � Var(Vi). Considering that the occurrence of Brownian
motion and jump-diffusion process is independent, we as-
sume that W(t), N(t), and Vi(i � 1, . . . , N(t)) are mutually
independent.

We consider the investment fraction in stock as the
control variable. )e short sale of the financial assets (the
cash bond and stock) is both permitted, so the admissible
range of the investment fraction in stock (Π) is not re-
stricted, i.e., Π � (− ∞, +∞) [20]. In this paper, the pension
members are required to provide continuous contribution
during the nominal management duration of DC pension.

)en, based on the dynamics of available assets, the
stochastic dynamics of the pension fund can be written by
the following stochastic differential equation (SDE):

dX(t) � [X(t) − X(t)π(t)]
dM(t)

M(t)
+ X(t)π(t)

dS(t)

S(t)

+ l(t)dt, X(0) � X0,

(3)

where t ∈ [0, T]. X(t) represents the fund scale of DC
pension at time t and X(0) is the initial pension fund scale.
l(t) means the contribution rate at t. π(t) is the investment
fraction in stock at t, with π(t) ∈ Π.

From the investment behavior, the optimal
asset allocation problem of DC pension can be regarded as a
sort of optimal investment strategy problem. In optimal
investment strategy problems, SDE with a similar compo-
sition to SDE (3) is commonly used to describe the wealth
process, especially the dynamic of pension fund scale. )is
can be found in [19, 22–25]. However, considering the time
interval between the implementation of investment behavior
and its effect, the acting duration of investment behavior is
shorter than the nominal management duration of DC
pension. )erefore, in order to make sure that the preset
terminal target could be achieved within the acting duration,
the fund manager should formulate the optimal portfolio
fraction with input-delay considered.)us, we introduce the
input-delay into SDE (3). )e input-delay is denoted as τ
which is an exogenous variable determined in advance.
)en, the investment strategy that acts at a time t is actually
the investment strategy carried out at time t − τ. Corre-
spondingly, the actual amount invested in stock and cash
bond at t is X(t − τ)π(t − τ) and X(t) − X(t − τ)π(t − τ).
)erefore, we have the following:

X(t) � X0 + l(t)dt, t ∈ [0, τ). (4)

)e dynamics of the pension fund in [τ, T] could be
rewritten as a SDDE as follows:

dX(t) � [X(t)r + X(t − τ)π(t − τ)(c − r) + l(t)]dt

+ X(t − τ)π(t − τ)σdW(t)

+ X(t − τ)π(t − τ)d 

N(t)

i�1
Vi, t ∈ [τ, T].

(5)

3. The Optimization Problem

3.1. (e Preset Terminal Target. In DC plans, there is a
principal-agent relationship between pension members and
managers. In this paper, we assume that managers preset a
target of the terminal fund scale which reflects the required
wealth at retirement time to maintain high standard
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retirement life for members. Since the value of the preset
terminal target directly affects the optimal proportion in
different assets, its formulation has become a key part of the
optimal portfolio control problem. In this paper, we present
the calculation of the terminal target with both the mortality
credit and the inflation considered.

L0 � 
∞

0
NP · e

gs
e

− rs
spx0+Tds, (6)

where L0 represents the preset terminal target of the pension
fund. NP is an exogenous variable which means the re-
quirement benefit outgo per unit of time to maintain a high
standard retirement life at time T. g denotes the inflation.
spx0+T is an actuarial symbol which means the conditional
probability that a person is alive at the age x0 + T and still
alive at x0 + T + s. )e De Moivre Model in [26] is intro-
duced in this paper to describe the force of mortality
function and calculate spx0+T.

μ(x) �
1

ω − x
, (7)

where μ(x) is the force of mortality function at the age of x.
ω is the maximum age of an alive person.

)en, we have the following:

L0 � 
∞

0
NP · e

gs
e

− rs
spx0+Tds

� 
∞

0
NP · e

(g− r)s
e

− 
s

0
μ x0+T+v( )dvds

�
NP

r − g
1 +

1
ω − x0 − T

 .

(8)

3.2. (e Optimal Portfolio Control Problem (OPCP). )e
comfortable retirement life of fund members would lose
guarantee when the value of the actual terminal fund is much
lower than the preset terminal target. Conversely, if the value
of the actual terminal fund scale is much higher than the
target, the fund members will bear excessive risk. )erefore,
the absolute deviation between the value of the actual ter-
minal fund scale and the preset terminal target should not be
too large. For the sake of simplicity, the goal of the optimal
asset allocation problem in this paper is decided as mini-
mizing the expected value of quadratic deviation between
the actual terminal fund scale and the preset terminal target,
i.e.,

min
π(t− τ)∈Π

E X(T) − L0 
2

 . (9)

Due to the existence of input-delay, the duration for
carrying out an investment strategy and the duration of its
effect are [0, T − τ] and [τ, T], respectively. )en, we have
t ∈ [τ, T] in (9).

)en, the optimal portfolio control problem for DC
pension with input-delay and jump-diffusion process
(OPCP) can be expressed by the following equation:

(OPCP):
min

π(t− τ)∈Π
, E X(T) − L0 

2
 ,

s.t., (4),

⎧⎪⎨

⎪⎩
(10)

where t ∈ [τ, T].

4. The Optimal Solution and
Optimization Algorithm

4.1. (e Optimal Solution of OPCP. In this paper, we define
the value function as follows:

H(t, x) � min
π(t− τ)∈Π

E X(T) − L0 
2

| X(t) � x , (11)

where H(t, x) is assumed to be at least twice continuously
differentiable in x and once in t.

In order to derive the HJB equation for (OPCP), based
on [27], we decompose the SDDE (5) into continuous
changes d(cont)X(t) and discontinuous changes d(jump)X(t).
From SDDE (5), d(cont)X(t) and d(jump)X(t) can be
expressed by the following:

d(cont)X(t) � [X(t)r + X(t − τ)π(t − τ)(c − r) + l(t)]dt

+ X(t − τ)π(t − τ)σdW(t),

(12)

while

d(jump)X(t) � X(t − τ)π(t − τ)d 

N(t)

i�1
Vi. (13)

)us, the dynamics of H(t, x) can also be decomposed
into continuous changes and jump changes as follows:

d(cont)H(t, X(t))≃Ht(t, X(t))dt

+ Hx(t, X(t))d(cont)X(t) +
1
2
Hxx(t, X(t))

d(cont)X(t) 
2
,

d(jump)H(t, X(t)) � H t, X(t) + X(t − τ)π(t − τ)V1( 

− H(t, X(t))]dN(t).

(14)

)en, we have the following:

dH(t, X(t)) � d(cont)H(t, X(t)) + d(jump)H(t, X(t))

� Ht(t, X(t))dt + Hx(t, X(t))d(cont)X(t)

+
1
2
Hxx(t, X(t)) d(cont)X(t) 

2

+ H t, X(t) + X(t − τ)π(t − τ)V1( 

− H(t, X(t))]dN(t).

(15)
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)erefore, the HJB equation for (OPCP) can be derived
and expressed as follows:

0 � min
π(t− τ)∈Π

Ht + Hx[X(t)r + X(t − τ)π(t − τ)(c − r)

+ l(t)] +
1
2
HxxX

2
(t − τ)π2(t − τ)σ2+λE H t, X(t)([

+X(t − τ)π(t − τ)V1 − H(t, X(t)).

(16)

With the boundary condition of the value function

H(T, x) � x − L0( 
2
, (17)

we try a form of the value function

H(t, x) � P(t)x
2

+ Q(t)x + R(t), (18)

where P(T) � 1, Q(T) � − 2L0, R(T) � L2
0. P(t), and R(t)

are both positive while Q(t) is negative.
)en, we can derive that

Ht � Pt(t)x
2

+ Qt(t)x + Rt(t),

Hx � 2P(t)x + Q(t),

Hxx � 2P(t).

(19)

Combining (16), (18), and (19), the HJB equation can be
rewritten as follows:

0 � min
π(t− τ)∈Π

Pt(t)X
2
(t) + Qt(t)X(t) + 2P(t)X(t)

X(t)r + X(t − τ)π(t − τ)(c − r) + l(t)][

+ Rt(t) + Q(t)[X(t)r + X(t − τ)π(t − τ)(c − r)

+ l(t)] + P(t)X
2
(t − τ)π2(t − τ)σ2

+ 2λP(t)X(t)X(t − τ)π(t − τ)V1

+ λQ(t)X(t − τ)π(t − τ)V1

+λP(t)X
2
(t − τ)π2(t − τ)V

2
1.

(20)

By the match method, we transform (20) into the fol-
lowing form:

0 � min
π(t− τ)∈Π

X(t − τ)

�������������

σ2 + λV2
1( P(t)



π(t − τ) +
c − r + λV1( (2X(t)P(t) + Q(t))

2
�������������
σ2 + λV2

1( P(t)


⎡⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎦

2
⎧⎪⎨

⎪⎩

+Pt(t)X
2
(t) + QtX(t) + Rt(t) + 2P(t)X(t)l(t) + Q(t)l(t)

+2P(t)rX
2
(t) + Q(t)rX(t) −

c − r + λV1( 
2
(2X(t)P(t) + Q(t))2

4 σ2 + λV2
1( P(t)

.

(21)

)us, the solution of the HJB equation can be described
as follows:

π∗(t − τ) � −
c − r + λV1( (2X(t)P(t) + Q(t))

2 σ2 + λV2
1( P(t)X(t − τ)

, t ∈ [τ, T].

(22)

Combining with (21) and (22), we obtain the following:

0 � Pt(t)X
2
(t) + QtX(t) + Rt(t) + 2P(t)rX

2
(t) + Q(t)rX(t)

+ 2P(t)X(t)l(t) + Q(t)l(t) −
c − r + λV1( 

2

4 σ2 + λV2
1( 

· 4X
2
(t)P(t) +

Q2(t)

P(t)
+ 4X(t)Q(t) .

(23)

Letting the coefficient of the quadratic factor be zero in
(23), we get the following ordinary differential equation
related to P(t):

Pt(t) + P(t)(2r + k) � 0,

P(T) � 1,
 (24)

where k � − (c − r + λV1)
2/(σ2 + λV2

1).
Letting the coefficient of the linear factor be zero in (23),

the following ordinary differential equation related to Q(t) is
obtained:

Qt(t) + Q(t)(r + k) + 2P(t)l(t) � 0,

Q(T) � − 2L0.
 (25)

)rough the separating variables method and the con-
stant variation method, we can easily obtain the solution of
(24) and (25), i.e.,

P(t) � e
(2r+k)(T− t)

,

Q(t) � − 2 
T

t
e

(3r+2k)(T− t)
l(s)ds + L0 e

− (r+k)(T− t)
.

(26)

Since P(t), Q(t) are enough to describe π∗(t − τ) in (22),
we omit the calculations of R(t) here. Substituting the
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obtained P(t) and Q(t) into (22), then we have the
following:

π∗(t − τ) �
c − r + λV1

σ2 + λV2
1

− X(t){

+ 
T

t
e

(3r+2k)(T− s)
l(s)ds + L0 e

− (3r+2k)(T− t)


1
X(t − τ)

,

(27)

where t ∈ [τ, T].
)rough the closed-form of the optimal investment

strategy in (27), we learn that the manager will formulate the
current optimal portfolio fraction (π∗(t)) based on the
current state (X(t)) and the effect generated by previous
strategies (i.e.,X(t + τ)). It is obvious that our result is
different from previous research results once the input-delay
is not 0.

4.2. An Optimization Algorithm for OPCP. To obtain the
numerical solution of the optimal investment strategy and
show its sample trajectory, in this paper, an algorithm
(OPCPA) is developed, and the split-step algorithm (see [28]
for details) is adopted to calculate the numerical solution of
(27). )e detailed design procedure of OPCPA is as follows:

Step 1: set the value of the parameters (r, c, σ, λ, μv, σv,
T, X0, l(t), τ, g, x0, ω, NP) and give the distribution
function of the jump amplitude (V).
Step 2: let t � 0, h � 0.01.
Step 3: calculate π∗(t) by (4), (5) and (27).
Step 4: substitute the obtained π∗(t) into (5) and
combine with the split-step algorithm to give a nu-
merical approximation of X(t + τ + h). Let t � t + h.
Step 5: if 0≤ t≤ τ, return to Step 3; else if τ < t<T − τ,
substitute X(t) and X(t + τ) into (27) to calculate
π∗(t) and return to Step 4; else if t>T − τ, go to Step 6.
Step 6: draw the sample trajectory of the optimal in-
vestment strategy where t ∈ [0, T − τ].

5. Numerical Simulation

In this section, a numerical simulation is performed to
demonstrate the effectiveness of our model. Consider a DC
pension with T � 20 (years). )e pension contribution rate
is assumed to be constant l(t) � 0.15. )e other parameters
are X0 � 1(ten thousand dollars), r � 0.02, c � 0.065,
σ � 0.4, λ � 0.1, μv � 0.1, σv � 0.4, τ � 0.2, g � 0.015,
x0 � 35, ω � 110, NP � 0.03122. As in [9], we assume that
the jump amplitude of stock is simulated with log-normal
distribution, i.e.,

Vi � Ri − 1, lnRi ∼ N μ, θ2 , i � 1, 2, 3, . . . , (28)

where μ � 2 ln(1 + μv) − 1/2 ln(1 + 2μ v + σ2v), θ2 � ln(1+

2μv + σ2v) − 2 ln(1 + μv).
From the expression of the optimal investment strategy

in (27), in addition to the parameters of the market model,
we know that the optimal investment strategy carried out at

time t is also dependent on the pension fund at t and the
pension fund at t + τ. We adopt the OPCPA algorithm to
simulate the evolution process of the pension fund and the
trajectory of the optimal investment strategy.

With step length h � 0.05, we perform numerical sim-
ulation in two parts: simulating the trajectory of optimal
investment strategy and the accumulation process of DC
pension fund; sensitivity analysis including the impact of
managers’ preset terminal target, the length of input-delay,
and jump intensity on the optimal investment strategies.

In order to facilitate the observation of the evolution
process of the actual fund scale, we assume that the preset
terminal target is the value of a risk-free asset at time T. )e
value of the risk-free asset at time t can be expressed as
Y(t) � X0 · eδt + 

t

0 l(s)eδ(t− s)ds, Y(T) � L0 and
Y(0) � X0. )e dynamics of Y(t) describes the cumulative
process of investing all of the pension fund in a risk-free
asset with an instantaneous interest rate δ. Combining with
(8), we have δ � 0.035. In the numerical simulation, we will
compare the evolution process of Y(t) with X(t).

Figure 1 shows the evolution process of pension fund
under the obtained optimal investment strategy in our
model. Due to the input-delay, the duration of carrying out
investment strategy is [0, T − τ] while the duration of its
effect is [τ, T]. )e results show a relatively larger increase of
fund scale in the first two years and a relatively gentle in-
crease in the later stage. From Figure 1, we know that the
optimal investment strategy obtained via our model can
satisfy the manager’s goal; that is, the DC pension fund scale
is close to the managers’ preset terminal target at the ter-
minal moment.

Figure 2 shows the trajectory of the optimal investment
strategy obtained in our model. )e duration of carrying out
the optimal investment strategies is [0, T − τ]. It is clear that
π∗(t) presents a wave-like decline over time. )e relatively
high proportion investing in stock in the initial stage has
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Figure 1: X(t) is the pension fund scale at t; Y(t) represents the
cumulative process of investing all of the pension fund in a risk-free
asset with instantaneous interest rate δ. l(t) � 0.15, r � 0.02,
c � 0.065, σ � 0.4, λ � 0.1, μv � 0.1, σv � 0.4, τ � 0.2, g � 0.015,
x0 � 35, ω � 110, NP � 0.03122.
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resulted in a significant increase of pension fund, which has
led to less demand for stock in the later stages to avoid
unnecessary risks.

Figure 3 shows the impact of the managers’ preset
terminal target on the optimal investment fraction in stock.
)e results show that increasing the preset terminal target
(L0) increases the optimal investment fraction in stock. )is
result is in line with reality. )e higher the preset terminal
target, the more the stock needed to significantly increase the
pension fund scale and meet the preset terminal target.

Figure 4 shows the effect of the length of input-delay on
the optimal investment fraction in stock. )e results show
that the longer the length of input-delay, the higher the

optimal investment proportion in stock. Due to the existence
of input-delay, the acting duration of investment behavior is
[τ, T]. Increasing the length of input-delay reduces the
length of acting duration. In this situation, the investment
proportion of stock should be increased to meet the man-
agers’ preset terminal target at the terminal time.

Figure 5 shows the influence of the jump intensity of
stock on optimal investment proportion in stock. From
Figure 5, we know that the increasing jump intensity de-
creases the optimal investment proportion in stock. Large λ
implies great uncertainty of financial market and also un-
known risk that fundmembers have to bear, that is, the great
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Figure 2: )e optimal investment fraction in stock obtained in our
model. l(t) � 0.15, r � 0.02, c � 0.065, σ � 0.4, λ � 0.1, μv � 0.1,
σv � 0.4, τ � 0.2, g � 0.015, x0 � 35, ω � 110, NP � 0.03122.
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Figure 3: )e impact of managers’ preset terminal target on the
optimal investment strategy π∗(t). l(t) � 0.15, r � 0.02, c � 0.065,
σ � 0.4, λ � 0.1, μv � 0.1, σv � 0.4, τ � 0.1, g � 0.015, x0 � 35,
ω � 110, NP � 0.03122. Li(i � 1, 2, 3) represents the level of the
different preset terminal target.
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Figure 4: )e impact of the length of input-delay τ on optimal
investment strategy π∗(t). l(t) � 0.15, r � 0.02, c � 0.065, σ � 0.4,
λ � 0.1, μv � 0.1, σv � 0.4, g � 0.015, x0 � 35, ω � 110,
NP � 0.03122.
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Figure 5: )e impact of the jump intensity λ on an optimal in-
vestment strategy. l(t) � 0.15, r � 0.02, c � 0.065, σ � 0.4, μv � 0.1,
σv � 0.4, τ � 0.1, g � 0.015, x0 � 35, ω � 110, NP � 0.03122.
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investment risk. )erefore, in this circumstance, the pro-
portion invested in stock should be reduced to avoid un-
known great risk.

6. Conclusion

In this paper, we studied an optimal DC pension plan, where
the input-delay is considered and the price process of the
risky asset is modeled as a jump-diffusion process. Due to
the input-delay, the accumulation process of DC pension
fund is expressed as a SDDE. Considering the principal-
agent relationship between pension members and managers,
we present the calculation of a terminal target with both the
mortality credit and the inflation included, which reflects the
required fund scale at the terminal time to provide high
standard retirement life for members. To secure a com-
fortable retirement life for pension members and avoid
excessive risk, the management goal of our model is to
minimize the expected value of the quadratic deviations
between the actual terminal fund and the preset terminal
target. In order to solve the optimal portfolio control
problem, the stochastic dynamic programming method is
adopted.)en, the closed-form solution of the resulting HJB
equation is obtained by applying the match method. In
addition, an algorithm is given in this paper to calculate the
numerical solution of the optimal investment strategy. With
the help of the optimization algorithm, we simulated the
trajectory of the optimal investment strategy and the ac-
cumulation process of the DC pension under the optimal
strategy. )e results show that our model could satisfy the
management goal. And we also conducted a sensitivity
analysis to explore the impact of the preset terminal target,
the length of the input-delay and the jump intensity of stock
on the optimal investment strategy.

Our findings show that the increasing preset terminal
target increases the optimal investment proportion of stock
to satisfy the management goal. )e longer the length of
input-delay, the shorter the acting duration of investment
behavior, the larger the optimal investment fraction of stock
to improve the performance of pension fund in a shorter
duration and managers should decrease the proportion of
investing in stock when jump intensity of stock is high to
avoid unknown great risk.
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