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,e optimization of high-dimensional functions is an important problem in both science and engineering. Particle swarm
optimization is a technique often used for computing the global optimum of a multivariable function. In this paper, we develop a
new particle swarm optimization algorithm that can accurately compute the optimal value of a high-dimensional function. ,e
iteration process of the algorithm is comprised of a number of large iteration steps, where a large iteration step consists of two
stages. In the first stage, an expansion procedure is utilized to effectively explore the high-dimensional variable space. In the
second stage, the traditional particle swarm optimization algorithm is employed to compute the global optimal value of the
function. A translation step is applied to each particle in the swarm after a large iteration step is completed to start a new large
iteration step. Based on this technique, the variable space of a function can be extensively explored. Our analysis and testing results
on high-dimensional benchmark functions show that this algorithm can achieve optimization results with significantly improved
accuracy, compared with traditional particle swarm optimization algorithms and a few other state-of-the-art optimization al-
gorithms based on particle swarm optimization.

1. Introduction

In both science and engineering, the particle swarm opti-
mization (PSO) algorithm [1] is an important optimization
technique that has been extensively used to find the global
optima of multivariable functions. ,e PSO algorithm
searches the variable space of a multivariable function by
simulating the social behaviors of a group of animals. ,e
animals in the group act cooperatively to find the potential
location of the global optimum point, and the search pattern
of each particle in the group is adjusted based on the ex-
ploring experiences of its own and other particles in the
group.

Although the PSO algorithm can effectively search the
variable space of a large number of multivariable functions
and accurately determine their global optima, it has two
disadvantages that may adversely affect its performance on
some multivariable functions. Specifically, the speed of

convergence is slow, especially in cases where the function
that needs to be optimized is defined on a high-dimensional
space. In addition, the algorithm is not guaranteed to find a
global optimum andmay converge to a local minimum point
when the dimensionality of the function is large. A large
number of techniques thus have been developed to further
improve the performance of the PSO algorithm in the past
two decades.

One strategy to improve the performance of the tradi-
tional PSO algorithm is to divide the individuals in the
swarm into subgroups. In [2], the concept of subpopulation
and a reproduction operator is introduced into the PSO
algorithm. In [3], a dynamic multiswarm PSO algorithm is
developed. Recently, a symbiotic particle swarm optimiza-
tion (SPSO) algorithm is developed in [4] to optimize the
neural fuzzy networks. In [5], the traditional PSO algorithm
is modified to solve multimodal function optimization
problems. In [6], the particles in the swarm are divided into
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mentors, mentees, and independent learner groups based on
differences in fitness values and the Euclidian distances from
the particle with the best fitness value. As a result, a new
dynamic mentoring and self-regulation-based particle
swarm optimization (DMeSR-PSO) algorithm is developed.
Testing results show that DMeSR-PSO algorithm can
achieve excellent and reliable performance on a number of
benchmark datasets.

Another technique often used to improve the perfor-
mance of PSO algorithms is to develop new rules for
updating the positions of the particles. In [7], the cognitive
and social behaviors of the swarm are randomized based on
chaotic sequences and Gaussian distribution. Particles can
thus search in a much broader area than the traditional PSO
algorithm. In [8], a chaotic PSO algorithm is developed
based on a virtual quadratic objective function constructed
from the optimum point of an individual particle and the
global optimum point. Recently, in [9], an improved PSO
algorithm is developed to improve the performance of the
traditional PSO by using a new strategy to move each
particle. Specifically, particles in the PSO fly to their own
predefined target instead of the location of the global op-
timum that has been found so far.

A third class of methods improves the performance of
optimization by designing new strategies to update the
velocities of particles. In [10], a self-adaptive PSO algorithm
(SAPSO-MVS) that uses a novel velocity updating strategy
to balance the exploring and exploiting capabilities of the
PSO algorithm is developed to improve the performance. In
[11], a new PSO-based optimization algorithm that can
adaptively adjust the particle velocities in each step of it-
eration is developed. ,e adjustment is based on the current
distance of each particle from the location with the best
fitness found so far by all particles. Recently, in [12], a mode-
dependent velocity updating approach is developed to
balance the capabilities of the PSO algorithm for local search
and those for the global search, which can effectively reduce
the chance to be trapped within local minima.

Recently, in addition to the methods discussed above, a
large number of other techniques [2, 3, 6, 8, 13–31] have been
developed to further enhance the performance of PSO-based
optimization algorithms, and a comprehensive survey of these
methods is available in [31]. In general, most of the existing
techniques require sophisticated processing of the locations
and fitness values of particles to determine the location and
velocity of each particle for the next step of iteration [32, 33].
,ese approaches thusmay become computationally inefficient
when the function to be optimized is of a large dimensionality
[34]. In practice, the optimization of these functions is often
important [35]. For example, a protein sequence generally
contains a few hundred amino acids. An amino acid usually
consists of around 10 atoms. A protein sequence of moderate
length is thus comprised of a few thousand atoms. ,e native
folding of a protein sequence is generally predicted by mini-
mizing the free energy of the system formed by the atoms in the
sequence. ,e free energy of a protein sequence is thus often a
function of a few thousand variables, and the accuracy of its
minimization is crucial for determining the native folding of a
protein sequence.

In this paper, we develop a new efficient PSO algorithm
for the optimization of high-dimensionality functions. ,e
algorithm performs optimization by a number of large it-
eration steps. Each large iteration step consists of two stages.
In the first stage, an expelling force field is applied to each
particle in the swarm to significantly enlarge the area the
particles can explore. In the second stage, the standard PSO
algorithm is applied to the swarm to converge to a global
optimum. After a large iteration step is completed, a
translation procedure is applied to each particle in the
swarm to further expand the region explored by the swarm.
An iteration step in this new algorithm can be efficiently
performed, and the algorithm thus can be applied to the
optimization of high-dimensional functions. Our analysis
and testing results on high-dimensional benchmark func-
tions show that this new algorithm can achieve significantly
improved performance on optimization, compared with the
traditional PSO algorithm and its a few existing variants.

2. The Proposed Algorithm

,e standard PSO algorithm performs the optimization of a
function by simulating the social behavior of a swarm of
animals. Specifically, a swarm of particles with randomly
generated initial locations is created in the variable space of
the function. ,e fitness of a location in the variable space of
the function is defined to be the function value of the lo-
cation. Each particle is also assigned a randomly generated
velocity. In each iteration step, the location with the best
fitness value that has been found by all individuals in the
swarm is determined. In addition, the location with the best
fitness in the trajectory of each individual is also determined.
,e velocity of each particle is adjusted based on the location
with the globally best fitness value and the one with the best
fitness value in its own trajectory. ,e location of each
particle is then updated based on the current velocity of the
particle.

Given a swarm of mparticles, let xi,1, xi,2, . . . , xi,m be the
locations of the particles in the ith step of iteration and
vi,1, vi,2, . . . , vi,n be their velocities, respectively. gb,i denotes
the location with the globally best fitness value that has been
found by the swarm after i steps of iteration and bk is the
location with the best fitness value in the trajectory of
particle k(1≤ k≤m). ,e velocity of particle k in the i + 1th
step of iteration can be computed as follows:

vi+1,k � ωvi,k − c1r1 xi,k − gb,i  − c2r2 xi,k − bi , (1)

where c1 and c2 are two positive constants and r1 and r2 are
two randomly generated numbers between 0 and 1; ω is a
positive constant between 0 and 1. ,e location of particle k

in the i + 1th step of iteration can be computed from vi+1,k as
follows:

xi+1,k � xi,k + vi+1,k. (2)

To effectively enhance the ability of a PSO algorithm to
explore within the variable space of a high-dimensional
function, we propose to perform the procedure of opti-
mization by a number of large iteration steps. Each large
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iteration step contains two stages. In the first stage, the
particles in the swarm are expelled from the center of mass
for the particles in the swarm to explore a wider area in the
variable space. ,is stage is the exploring stage of the op-
timization procedure. After the exploring stage is com-
pleted, the standard PSO algorithm is then applied to
compute the global optimum of the function. ,e second
stage is thus the converging stage of the optimization
procedure.

In the exploring stage, the velocity of particle k in the
i + 1th step of iteration can be computed from its location
xi,k and velocity vi,k in the ith step of iteration as follows:

vi+1,k � ωvi,k − c1r1 xi,k − gb,i  − c2r2 xi,k − bi  + c3r3 βxi,k − yi ,

(3)

where c1, c2, r1, r2, andω are the same as those shown in
equation (1); c3 and β are positive numbers and r3 is a
random number between 0 and 1. yi is the center of mass for
the particles in the swarm for the ith iteration step and can be
conveniently computed as follows:

yi �


m
h�1 xi,h

m
. (4)

,e exploring stage executes for a certain number of
iteration steps to perform an extensive exploration of the
variable space. ,e converging stage starts execution after
the exploring stage is completed. In the converging stage,
equations (1) and (2) are used to update the velocity and
location of each particle in the swarm until the specified
number of iterations has been executed.

Before a new large iteration step starts, a translation
procedure is applied to the particles in the swarm such that
each particle is relocated to a different position. ,e ve-
locity of each particle remains unchanged after the
translation occurs.,e translation of particle i is performed
as follows:

zi � pi + c4r4, (5)

where pi is the location of particle i before the translation is
applied and zi is its location after the translation; c4 is a
positive constant and r4 is a random vector of the same
dimensionality as pi, and each component of r4 is a random
number between− 1.0 and 1.0.

3. Analysis of the Algorithm

In this section, we show that the algorithm can effectively
explore the variable space of a high-dimensional function in
the exploring stage when appropriate values are selected for
parameters c1, c2, and c3 and the population size. From
equations (3)–(5), no coupling exists between any two
different dimensions in the coordinate of a particle in the
swarm. Each individual dimension can thus be analyzed
independent of others. ,e analysis of the algorithm can be
simplified by choosing one particular dimension in the space
and analyzing the behavior of the swarm in this dimension.
In the rest of this paper, we assume that r1, r2, and r3all
follow a uniform distribution in interval [0, 1].

Definition 1. Given positive constants c1, c2, c3,ω, and β and
a positive integerm, let Im be the m × m identity matrix and
Am be an m × m matrix where every element in Am is 1. ,e
partial transition matrix P(c1, c2, c3,ω, β, m) is defined as
follows:

P c1, c2, c3,ω, β, m(  � 1 + ω +
1
2

c3β − c1 − c2(  Im −
c3

2m
Am.

(6)

Definition 2. Given positive constants c1, c2, c3,ω, and βand
a positive integerm, let Im be the m × m identity matrix. ,e
complete transition matrix C(c1, c2, c3,ω, β, m) is a 2m × 2m

square matrix and it can be determined from the partial
transition matrix P � P(c1, c2, c3,ω, β, m) as follows:

C c1, c2, c3,ω, β, m(  �
P − ωIm

Im 0
 . (7)

We assume that the variable space of a high-dimen-
sional function is a “cubic” region in a multidimensional
space, where the value of the lth dimension is within in-
terval [Ll, Ul] and both Ll and Ul are positive numbers. ,e
following theorem shows that, for certain values of
c1, c2, c3,ω, β, and m, the expected value of the lth di-
mension of each particle explores the corresponding di-
mension of the cubic region with a function of exponential
order.

Theorem 1. Given a “cubic” region in an m-dimensional
space, where the value of the lth dimension is within interval
[Ll, Ul] and both Ll and Ul are positive numbers, xl(i, k) is
the lth dimension of particle k in iteration step i, and el(i, k) is
the expected value of xl(i, k). Let λ1, λ2, . . . , λ2mbe the ei-
genvalues of the complete transition matrix constructed from
c1, c2, c3,ω, and β and the population sizem, λ1, λ2, . . . , λ2m

are mutually different, and both |λ1|≤ |λ2|≤ |λ3|≤ . . . ≤ |λ2m|

and |λ2m|> 1 hold for λ1, λ2, . . . , λ2n. 8ere exist nonnegative
constants M1 andN1 such that N1|λ2m|i ≤ |el(i, k)−

el(i − 1, k)|≤M1|λ2m|i holds for large enough i.

Proof. Let vl(i, k) be the lth dimension of the velocity of
particle k in iteration step i, gl(i) be the lth dimension of the
best location found by the swarm in iteration step i, and
bl(i, k) be the lth dimension of the best location in the
trajectory of particle k in iteration step i. From equations (4)
and (5), when i> 1, xl(i, k) can be written as follows:

xl(i, k) � 1 + c3r3 − c1r1 − c2r2 −
c3r3
m

 xl(i − 1, k)

−
c3r3

m

h≠k

xl(i − 1, h) + rl(i − 1, k),

(8)

where rl(i, k) is defined to be

rl(i, k) � ωvl(i, k) + c1r1gl(i) + c2r2bl(i, k). (9)

Taking the expected value for equation (8), we have
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el(i, k) � 1 +
1
2

c3 − c1 − c2(  −
c3

2m
 el(i − 1, k)

−
c3

2m

h≠k

el(i − 1, h) + Rl(i − 1, k),

(10)

where Rl(i − 1, k) is the expected value of rl(i − 1, k).
Define Sl(i, k), Tl(i), and Hl(i, k) as follows:

Sl(i, k) � 
i

s�1
ωi− s

el(s, k), (11)

Tl(i) � 
i

s�1
ωi− s

Gl(s), (12)

Hl(i, k) � 
i

s�1
ωi− s

Bl(s, k). (13)

Equation (10) can then be written as follows:

el(i, k) � el(i − 1, k) + C1Sl(i − 1, k)

−
c3

2m

h≠k

Sl(i − 1, h) + Fl(i − 1, k),
(14)

where C1 and Fl(i − 1, k) are defined as follows:

C1 �
1
2

c3 − c1 − c2 −
c3

m
 , (15)

Fl(i − 1, k) �
c1

2
Tl(i − 1) +

c2

2
Hl(i − 1, k) + ωi− 1

v(1, k).

(16)

From the fact that

el(i, k) � Sl(i, k) − ωSl(i − 1, k). (17)

Equation (14) can be further written as

Sl(i, k) � 1 + ω + C1( Sl(i − 1, k) − ωSl(i − 2, k)

−
c3

2m

h≠ k

Sl(i − 1, h) + Fl(i − 1, k).
(18)

Let Ul(i, k) � Sl(i − 1, k), equation (18) can be written as

Sl(i, k) � 1 + ω + C1( Sl(i − 1, k) − ωUl(i − 1, k)

−
c3

2m

h≠k

Sl(i − 1, h) + Fl(i − 1, k).
(19)

Define 2m-dimensional vectors Xl(i) and Ql(i) as
follows:

Xl(i) � Sl(i, 1), . . . , Sl(i, m), Ul(i, 1), . . . , Ul(i, m) 
T
,

(20)

Ql(i) � Fl(i, 1), Fl(i, 2), . . . , Fl(i, m), 0, . . . , 0 
T
. (21)

Equation (19) can be written as follows:

Xl(i) � C c1, c2, c3,ω, m( Xl(i − 1) + Ql(i − 1). (22)

Since C(c1, c2, c3,ω, m) has 2m different eigenvalues, it
can be decomposed into a form as follows:

C c1, c2, c3,ω, m(  � ΨΛΨ− 1
, (23)

whereΛ is a 2m × 2m diagonal matrix with λ1, λ2, . . . , λ2m on
its diagonal positions and the columns of Ψ are the cor-
responding eigenvectors of C(c1, c2, c3,ω, m). Based on
equation (23), equation (22) can be further written as
follows:

Yl(i) � ΛYl(i − 1) + Vl(i − 1), (24)

where Xl(i) � ΨYl(i) and Ql(i) � ΨVl(i). Let Yl(i, j) be the
jth (1≤ j≤ 2m) dimension of Yl(i), it is clear that the
following can be obtained for Yl(i, j):

Yl(i, j) � 
i− 1

s�1
λi− 1− s

j Vl(s, j). (25)

From equation (25), we are able to obtain the following
equation:

Yl(i, j) − Yl(i − 1, j) � λi− 2
j Vl(i − 1, j) + 

i− 1

s�2
λi− 1− s

j Vl(s, j)(

− Vl(s − 1, j).

(26)

We assume that all particles in the swarm are within the
“cubic” region in the iteration steps from 1 to i. From
equations (12) and (13), we have

Ll

1 − ω
≤ Tl(i)


≤

Ul

1 − ω
, (27)

Ll

1 − ω
≤ Bl(i, k)


≤

Ul

1 − ω
. (28)

From equation (16), the following equation holds for
Fl(i − 1, k) when i is sufficiently large:
max c1Ll − c2Ul, c2Ll − c1Ul 

3(1 − ω)
≤Fl(i − 1, k)≤

c1 + c2 + 1
2(1 − ω)

Ul,

(29)

where c1 and c2 are selected to guarantee that c1Ll > c2Ul

or c2Ll > c1Ul holds. Since |λ2m|> 1,
|λ1|≤ |λ2|≤ |λ3|≤ . . . ≤ |λ2m|, both Ψ and Λ are constant
matrices and Xl(i) � ΨYl(i) and Ql(i) � ΨVl(i). We im-
mediately obtain from equations (17), (26), and (29) that
when i is large enough, there exist positive constants
M1 andN1 such that N1|λ2m|i ≤ |el(i, k)− e(i − 1, k)|≤
M1|λ2m|i holds for each k(1≤ k≤ 2m). ,e theorem thus
follows.

Next, we show that c1, c2, c3,ω, β, and m can be selected
to guarantee that |λ2m|> 1 holds. ,e proof is based on the
following well-known Gershgorin circle theorem. □
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Theorem 2. Let A be an n × n matrix and Ri(1≤ i≤ n)

denotes the circle in the complex plane with center aii and
radius j≠i,1≤j≤n|aij|, that is,

Ri � z ∈ C | z − aii


≤ 

j≠i,1≤j≤n
aij





⎧⎪⎨

⎪⎩

⎫⎪⎬

⎪⎭
, (30)

where C denotes the set of complex numbers. 8e eigenvalues
of A are contained within R � ∪1≤i≤nRi. Moreover, the union
of any k of these circles that do not intersect the remaining
contains precisely k (counting multiplicities) of the
eigenvalues.

Theorem 3. Let λ2mbe the eigenvalue of C(c1, c2, c3,ω, β, m)

with the largest magnitude, |λ2m|> 1, if c3(β − 1)> c1 + c2.

Proof. LetC � C(c1, c2, c3,ω, β, m) and r0 � 1 + ω + (1/2)

(βc3 − c1 − c2) − (c3/2m), from Definition 2 and,eorem 2,
there exist two circles R1 and R2 such that all eigenvalues of
C are contained in R � R1 ∪R2. R1 is centered at (r0, 0) in
the complex plane and its radius is r1 � ω + ((m − 1)c3/2m)

and R2 is centered at (0, 0) in the complex plane and its
radius is 1.

It is clear that whenc3(β − 1)> c1 + c2, r0 > r1 + 1 holds
and R1 and R2 are thus disjoint and there is thus at least one
eigenvalue λr contained in R1. We have

λr|≥ |r0


 − r1 � 1 +
1
2

(β − 1)c3 − c1 − c2( > 1. (31)

,e lemma thus follows.
From,eorems 1 and 3, it is clear that when appropriate

values are selected for c1, c2, c3,ω, and β, each particle in the
swarm is able to enlarge its searched area with the order of an
exponential function and the entire “cubic” region can thus
be extensively explored by the swarm in a logarithmic
number of steps. In practice, the value of |λ2m|should be
appropriate to guarantee a both efficient and extensive
search in a desired region. ,eorem 3 only provides a
sufficient condition for |λ2m|> 1 to hold, and experiments
are often needed in practice to determine the appropriate
values for c1, c2, c3,ω, β, and m. □

4. Testing Results

We have implemented this new PSO-based optimization
algorithm into a computer program PSOTS in MATLAB
and evaluated its performance on the minimization of a few
high-dimensional functions in the Benchmark Dataset for
PSO functions, which can be downloaded for free from the
website at https://www.cil.pku.edu.cn/resources/somso/
271214.htm. Its performance is also compared with that
of a few other PSO-based algorithms, including the tradi-
tional PSO algorithm, the AsynLnPSO algorithm [14], the
LinWPSO algorithm [13], the GPSO algorithm [19], the
CCAS algorithm [21], and the VPSO algorithm [30]. GPSO,
CCAS, and VPSO are state-of-the-art PSO-based algorithms
particularly designed for the optimization of high-dimen-
sional functions. A large amount of testing has been per-
formed to determine the parameters that can optimize the

performance of each of the four algorithms. For PSOTS, the
population size is determined to be 200, the values of c1,c2,
and c3 are set to be 0.7, 0.5, and 0.9, respectively. β is 1.0 and
ω is 0.8.

,e performance of all four algorithms is then evaluated
and compared. To evaluate the performance of a given al-
gorithm on a function, the algorithm is executed 10 times on
a randomly rotated version of the function. For a fair
comparison, the number of iterations in each execution of an
algorithm is set to be 3000. ,e minimum function value
obtained in all 10 executions and the distribution of the
minimized function values in all 10 executions is obtained.
Tables 1 and 2 show the minimum function values, the mean
values, and standard deviations of the minimized function
values obtained with the seven algorithms on 9 functions
when the dimensionality of each function is 100 and 150,
respectively. It is clear from both tables that PSOTS out-
performs the other six algorithms in both the best and mean
of the minimized function values on 8 out of the 9 functions.
,e minimized function values obtained with PSOTS on
Ackley, Cigar, Rastrigin, and Noncon-rastrigin are signifi-
cantly lower than those obtained with the other six algo-
rithms. On the other hand, all other algorithms outperform
PSOTS on function Schwefel.

It is also interesting to observe that the best minimized
function value obtained with PSOTS on Ellipse is less than
that obtained with the traditional PSO algorithm when the
dimensionality is 100. However, the mean of the minimized
function values obtained with PSOTS is larger than that
obtained with the traditional PSO algorithm in the same
dimensionality. When the dimensionality increases from
100 to 150, PSOTS outperforms the traditional PSO al-
gorithm in both the best and mean of minimized function
values. ,is particular example suggests that the explora-
tion ability of PSOTS is stronger than that of the traditional
PSO, and the advantage of its exploring ability over the
traditional PSO algorithm is further enhanced when the
dimensionality of the function that needs to be optimized
increases.

We then increase the dimensionality of the functions to
higher values and tested the performance of all seven al-
gorithms on the same set of functions when the dimen-
sionality is 200, 300, and 500, respectively. Tables 3–6 show
the performance of the seven algorithms on 10 functions
from the benchmark dataset when the dimensionality is
selected to be 200, 300, 500, and 1000, respectively. It is clear
from the tables that PSOTS significantly outperforms the
other six algorithms in 9 tested functions in both the best
and mean of minimized function values. Although the other
six algorithms still outperform PSOTS on function Schwefel,
the relative performance of PSOTS is improved significantly
when the dimensionality increases. Table 5 shows that
PSOTS outperforms the traditional PSO and AsynLnPSO in
the best of the minimized function values of Schwefel when
the dimensionality of the function reaches a value of 500.

Compared with other PSO-based optimization algo-
rithms, a certain portion of the iteration steps of PSOTS is
dedicated to the exploration of the variable space of a
function. ,is exploring process may not always lead to

Mathematical Problems in Engineering 5

https://www.cil.pku.edu.cn/resources/somso/271214.htm
https://www.cil.pku.edu.cn/resources/somso/271214.htm


improved performance of optimization. As a direct result of
the exploration, fewer iteration steps are available for the
convergence process. ,e convergence rates of PSOTS thus
may be lower than those of other PSO-based algorithms on
functions that do not have a large number of local optima.
Function Schwefel in the benchmark set is an example of
such functions. In addition, the global minimum of Schwefel
is located in a straight line with small gradient values in the

variable space. ,e existence of this straight line may further
slow down the convergence process of PSOTS. Specifically,
in the converging process of any PSO-based algorithm,
particles tend to move toward the straight line rapidly while
converging slowly along the direction of the straight line to
the global minimum. In PSOTS, since particles are expelled
apart from one another during the exploring process, the
converging process first moves them to points that have

Table 2: ,e performance of PSOTS, the traditional PSO algorithm (PSO), the AsynLnPSO algorithm (APSO), the LinWPSO algorithm
(LPSO), GPSO, CCAS, and VPSO on 9 functions in the benchmark dataset when the dimensionality is 150.

Function Ackley Cigar Griewank Rastrigin Rosenbrock Noncon-rast Schwefel Tablet Ellipse

PSOTS
Best 0.425 5116.750 0.005 90.681 190.554 92.819 91.398 0.717 73.556
Mean 0.481 6324.494 0.007 116.478 205.230 121.122 99.691 1.200 220.456
STD 0.040 1068.823 0.001 20.753 12.054 34.780 3.756 0.336 77.121

PSO
Best 0.511 7021.059 0.008 469.011 224.680 695.866 78.957 1.479 137.010
Mean 0.618 9136.416 0.011 546.090 255.356 872.599 89.771 1.782 250.101
STD 0.057 1282.803 0.001 39.747 22.179 101.196 6.417 0.230 66.171

APSO
Best 0.605 7502.959 0.008 479.003 230.769 686.900 82.957 1.367 127.008
Mean 0.679 9991.976 0.011 551.005 251.660 818.986 90.327 1.839 310.903
STD 0.061 1541.439 0.002 48.771 14.570 81.069 5.341 0.321 93.523

LPSO
Best 0.521 5367.866 0.008 472.005 217.039 788.823 75.947 1.367 106.011
Mean 0.598 8151.604 0.011 542.003 231.982 872.196 83.736 1.711 275.302
STD 0.052 1557.269 0.001 56.972 10.096 56.059 4.234 0.240 91.931

GPSO
Best 0.474 6025.012 0.008 295.561 239.459 577.883 89.198 1.145 96.957
Mean 0.577 7641.640 0.012 450.332 300.165 743.809 110.752 1.708 247.262
STD 0.064 1539.431 0.002 67.280 14.744 74.040 5.309 0.241 80.445

CCAS
Best 0.469 5396.279 0.007 337.274 211.787 522.905 78.234 1.173 125.268
Mean 0.534 7310.747 0.010 510.999 292.134 630.278 94.943 1.712 257.922
STD 0.073 1607.475 0.002 99.349 17.176 89.913 6.630 0.272 88.161

VPSO
Best 0.438 5077.673 0.007 211.627 207.912 322.436 67.878 1.073 126.744
Mean 0.490 7205.705 0.013 389.462 241.185 549.318 89.587 1.568 238.459
STD 0.043 1766.442 0.003 83.077 17.642 80.935 7.567 0.213 74.187

Table 1: ,e performance of PSOTS, the traditional PSO algorithm (PSO), the AsynLnPSO algorithm (APSO), the LinWPSO algorithm
(LPSO), GPSO, CCAS, and VPSO on 9 functions in the benchmark dataset when the dimensionality is 100.

Function Ackley Cigar Griewank Rastrigin Rosenbrock Noncon-rast Schwefel Tablet Ellipse

PSOTS
Best 0.267 1514.120 0.003 46.419 115.979 27.432 46.644 0.510 43.013
Mean 0.365 2926.385 0.005 54.378 127.799 53.147 54.476 0.720 93.883
STD 0.078 828.050 0.001 6.993 12.423 14.221 4.598 0.161 28.614

PSO
Best 0.329 2592.790 0.005 186.276 119.860 379.094 36.258 0.732 53.693
Mean 0.470 3733.502 0.007 250.535 138.929 491.466 42.399 1.033 89.141
STD 0.068 664.997 0.002 32.151 10.426 82.755 4.212 0.169 24.346

APSO
Best 0.411 3565.981 0.006 175.738 133.197 413.469 35.950 0.902 65.058
Mean 0.478 4494.736 0.007 241.698 143.726 497.665 44.798 1.137 104.126
STD 0.040 679.345 0.001 44.640 7.900 72.039 4.644 0.238 26.315

LPSO
Best 0.333 2522.980 0.005 161.634 127.660 385.249 35.380 0.798 73.928
Mean 0.449 3742.696 0.007 252.637 138.899 467.999 43.031 1.131 107.747
STD 0.070 1030.457 0.001 43.480 9.272 67.804 5.211 0.194 29.712

GPSO
Best 0.312 2221.012 0.005 121.513 131.571 227.312 44.372 0.735 55.721
Mean 0.427 3251.760 0.008 203.624 168.632 359.351 53.921 1.129 95.463
STD 0.071 943.279 0.002 41.531 11.212 65.231 5.137 0.134 23.461

CCAS
Best 0.308 2013.537 0.004 124.249 121.326 195.272 42.681 0.683 52.381
Mean 0.392 3121.583 0.007 227.515 173.625 293.422 51.732 1.127 91.272
STD 0.068 856.863 0.001 52.234 10.521 74.321 4.928 0.183 25.641

VPSO
Best 0.281 1923.361 0.004 93.627 126.731 143.368 33.291 0.654 49.728
Mean 0.353 3251.672 0.008 182.676 165.472 252.431 43.562 0.972 88.362
STD 0.042 943.612 0.002 45.572 9.837 78.635 5.138 0.136 26.732
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longer distances from the global minimum along the di-
rection of the straight line and then let them converge to the
global minimum. ,e longer distances to the global mini-
mum clearly lead to optimization performance inferior to
that of other PSO-based algorithms.

,e performance of PSOTS on functions with a di-
mensionality of a few thousand is also tested and evaluated.

,e dimensionality of two functions, including Ellipse and
Sphere, is selected to be 5000, and all seven algorithms are
used to minimize them. Each algorithm is executed 10 times.
Table 7 shows the result of minimization obtained with the
seven algorithms. It is clear from the table that PSOTS
significantly outperforms the other six algorithms on both
functions when the dimensionality is 5000.

Table 4: ,e performance of PSOTS, the traditional PSO algorithm (PSO), the AsynLnPSO algorithm (APSO), the LinWPSO algorithm
(LPSO), GPSO, CCAS, and VPSO on 9 functions in the benchmark dataset when the dimensionality is 300.

Function Ackley Cigar Griewank Rastrigin Rosenbrock Noncon-rast Schwefel Tablet Ellipse

PSOTS
Best 0.480 11239.310 0.007 270.220 435.735 243.118 236.858 1.757 768.211
Mean 0.551 16700.500 0.010 304.659 460.780 309.250 245.861 2.642 1044.533
STD 0.052 2864.634 0.002 25.149 20.493 40.135 8.772 0.626 199.579

PSO
Best 0.725 26182.680 0.016 797.438 558.017 1958.180 218.271 3.607 1087.085
Mean 0.837 29781.450 0.017 1558.475 581.011 2144.747 230.463 4.063 1383.916
STD 0.071 3263.52 0.002 277.037 19.795 93.044 9.453 0.347 199.579

APSO
Best 0.792 26675.420 0.015 506.867 569.283 622.970 225.835 3.506 1164.937
Mean 0.872 30096.930 0.019 1530.612 604.836 2103.667 234.035 4.481 1444.022
STD 0.054 2666.445 0.002 363.651 23.546 527.097 3.823 0.511 196.814

LPSO
Best 0.676 21480.700 0.014 499.562 510.421 1961.123 210.576 3.263 1058.076
Mean 0.751 24369.240 0.017 1575.189 559.471 2243.721 223.646 4.070 1214.656
STD 0.053 2254.595 0.002 454.681 33.480 167.328 9.551 0.558 105.178

GPSO
Best 0.610 14351.613 0.013 386.601 578.391 290.975 248.015 2.805 837.559
Mean 0.730 21013.471 0.020 1204.562 702.838 735.345 276.637 4.017 1290.958
STD 0.083 2958.214 0.002 295.832 24.869 83.056 9.544 0.529 188.628

CCAS
Best 0.564 13233.792 0.011 566.908 512.184 179.650 215.826 2.632 941.745
Mean 0.690 21699.961 0.016 1365.832 671.090 721.552 242.225 3.930 1207.535
STD 0.103 2854.312 0.003 121.696 27.090 193.967 8.806 0.481 173.677

VPSO
Best 0.574 13157.77 0.014 550.812 507.583 164.3968 180.937 2.272 888.696
Mean 0.652 20398.05 0.019 1024.967 578.245 677.9356 234.522 3.389 1159.823
STD 0.042 2905.144 0.004 181.691 21.837 189.815 5.169 0.557 220.522

Table 3: ,e performance of PSOTS, the traditional PSO algorithm (PSO), the AsynLnPSO algorithm (APSO), the LinWPSO algorithm
(LPSO), GPSO, CCAS, and VPSO on 9 functions in the benchmark dataset when the dimensionality is 200.

Function Ackley Cigar Griewank Rastrigin Rosenbrock Noncon-rast Schwefel Tablet Ellipse

PSOTS
Best 0.431 8313.319 0.006 125.642 266.531 142.388 135.922 1.145 213.868
Mean 0.510 10573.300 0.009 190.698 291.663 180.543 148.872 1.749 426.983
STD 0.059 1297.349 0.001 44.402 15.715 28.069 8.772 0.394 157.209

PSO
Best 0.623 13592.310 0.011 828.157 330.324 1162.641 129.083 1.924 442.334
Mean 0.733 15953.110 0.013 908.032 360.406 1258.925 137.839 2.415 567.524
STD 0.095 2141.955 0.001 65.745 25.679 57.524 6.567 0.290 87.083

APSO
Best 0.628 13927.090 0.012 761.458 333.122 1168.319 125.760 2.115 374.350
Mean 0.728 16153.560 0.016 911.018 363.264 1284.167 137.659 2.590 615.184
STD 0.063 1431.241 0.002 69.228 22.187 51.557 8.961 0.287 153.836

LPSO
Best 0.540 11784.830 0.010 766.147 287.388 1230.984 119.961 2.078 411.546
Mean 0.651 13929.390 0.012 880.708 337.612 1375.003 130.168 2.392 548.331
STD 0.055 2044.389 0.002 73.132 25.340 110.808 8.568 0.212 92.605

GPSO
Best 0.502 10276.490 0.011 513.656 345.566 922.450 142.323 1.765 320.551
Mean 0.620 13015.940 0.017 746.526 432.668 1113.325 166.486 2.458 549.419
STD 0.087 1986.996 0.002 109.377 20.7677 101.249 11.501 0.283 108.289

CCAS
Best 0.483 9755.112 0.010 523.218 302.989 782.621 126.101 1.574 386.631
Mean 0.627 12079.051 0.013 841.210 422.458 944.007 144.237 2.459 523.554
STD 0.114 1665.608 0.002 206.596 26.121 120.584 13.762 0.292 102.498

VPSO
Best 0.464 9264.162 0.010 353.963 298.692 541.078 102.796 1.436 370.183
Mean 0.552 12345.613 0.017 641.174 347.596 829.347 138.759 2.130 502.851
STD 0.045 1925.664 0.003 156.169 34.864 138.683 10.812 0.246 97.771
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5. Conclusions

In this paper, a new efficient PSO algorithm is developed for
the optimization of high-dimensional functions. Based on a
simple expelling force field and a translational procedure,
the algorithm can explore in a significantly enlarged area in
the variable space of a high-dimensional function and the
performance of optimization can thus be significantly

improved for functions that have a large number of local
minima. Our analysis and testing results on high-dimen-
sional benchmark functions also show that this new algo-
rithm can achieve significantly improved performance on
the optimization of high-dimensional functions, compared
with the traditional PSO algorithm, a few of its variants, and
a number of state-of-art algorithms for the optimization of
high-dimensional functions.

Table 5: ,e performance of PSOTS, the traditional PSO algorithm (PSO), the AsynLnPSO algorithm (APSO), the LinWPSO algorithm
(LPSO), GPSO, CCAS, and VPSO on 9 functions in the benchmark dataset when the dimensionality is 500.

Function Ackley Cigar Griewank Rastrigin Rosenbrock Noncon-rast Schwefel Tablet Ellipse

PSOTS
Best 0.492 25412.630 0.009 478.891 706.558 493.205 414.928 3.475 1496.384
Mean 0.581 29691.450 0.012 553.646 803.327 557.334 435.652 4.947 2092.524
STD 0.051 3513.855 0.002 70.573 51.248 50.482 10.066 1.145 320.057

PSO
Best 0.829 45422.870 0.019 999.299 1022.024 3829.275 423.314 5.766 2244.141
Mean 0.886 56384.080 0.022 2780.208 1111.354 4051.348 433.986 7.550 3255.934
STD 0.052 5545.354 0.002 916.323 47.555 167.972 7.313 0.963 199.579

APSO
Best 0.833 50024.720 0.019 1126.165 1000.456 3746.506 418.279 6.807 2937.273
Mean 0.929 56943.480 0.023 3075.081 1084.608 4065.724 433.210 8.100 3627.655
STD 0.049 4846.618 0.003 691.812 48.341 217.894 8.016 1.265 422.285

LPSO
Best 0.742 43541.120 0.017 920.020 943.407 3905.713 411.002 5.975 2373.675
Mean 0.806 48230.900 0.020 2685.457 985.057 4112.780 422.941 7.051 3115.352
STD 0.043 3195.987 0.002 933.487 44.286 135.469 10.654 0.603 443.890

GPSO
Best 0.697 28284.351 0.015 768.416 1048.064 924.820 441.750 4.485 1907.092
Mean 0.775 38520.982 0.024 2072.027 1253.445 1278.837 503.868 7.090 3093.015
STD 0.061 4961.206 0.002 740.987 36.754 112.2568 15.367 1.076 769.6676

CCAS
Best 0.602 26503.243 0.013 1169.143 852.805 890.7993 423.028 4.560 1809.055
Mean 0.738 39164.056 0.020 2645.188 1270.997 1264.482 462.079 6.907 2947.759
STD 0.076 4060.912 0.004 301.950 50.363 132.752 12.689 0.606 274.5918

VPSO
Best 0.599 27384.475 0.012 776.843 901.369 860.366 434.518 4.089 1731.14
Mean 0.691 38449.613 0.022 1961.521 1062.914 1363.843 455.697 6.049 2571.514
STD 0.038 4278.437 0.005 357.148 46.818 136.64 4.991 1.399 720.7601

Table 6: ,e performance of PSOTS, the traditional PSO algorithm (PSO), the AsynLnPSO algorithm (APSO), the LinWPSO algorithm
(LPSO), GPSO, CCAS, and VPSO on 9 functions in the benchmark dataset when the dimensionality is 1000.

Function Ackley Cigar Griewank Rastrigin Rosenbrock Noncon-rast Sphere Tablet Ellipse

PSOTS
Best 0.551 58336.090 0.013 1049.727 1583.446 1036.363 5.691 7.021 4561.731
Mean 0.654 66590.620 0.017 1206.143 1695.683 1224.481 6.641 8.866 6034.033
STD 0.066 8530.537 0.003 108.670 80.271 122.191 0.872 1.767 1089.670

PSO
Best 0.883 101581.400 0.022 1856.572 2091.178 2176.873 10.588 12.760 8299.737
Mean 0.959 119206.001 0.030 3752.308 2202.001 7460.916 12.395 13.751 9268.079
STD 0.052 10297.240 0.004 2558.991 100.112 2777.144 1.500 1.345 1063.982

APSO
Best 0.903 114610.100 0.019 2051.027 2102.363 2168.402 11.284 12.864 8528.893
Mean 0.976 126324.800 0.029 3395.736 2268.229 8025.089 12.318 16.518 10217.47
STD 0.044 5550.201 0.005 2225.827 119.697 2069.662 0.623 1.783 1131.887

LPSO
Best 0.840 96167.060 0.022 1844.305 1959.617 8590.621 9.892 12.613 6859.916
Mean 0.864 105884.300 0.028 4760.095 2053.572 8861.428 10.804 15.071 8193.032
STD 0.029 7576.268 0.003 3024.811 75.338 135.469 0.814 1.484 916.128

GPSO
Best 0.671 63817.053 0.018 1630.047 2305.846 1779.136 6.781 9.207 6002.318
Mean 0.827 84967.952 0.031 4267.252 2552.418 2407.985 8.051 13.506 8425.598
STD 0.052 10801.034 0.003 1479.187 85.12814 132.854 0.833 2.204 1820.534

CCAS
Best 0.676 58706.483 0.013 1363.015 1847.001 1681.628 6.632 9.931 6127.127
Mean 0.820 82986.121 0.027 4717.921 2528.346 2605.835 7.767 15.745 7943.676
STD 0.092 9234.537 0.007 843.3347 113.5974 1637.341 0.825 1.039 755.427

VPSO
Best 0.657 57804.753 0.014 1330.581 1915.181 1661.348 6.568 8.420 5118.947
Mean 0.741 85502.262 0.029 3187.537 2146.646 2969.365 7.753 12.515 7077.191
STD 0.027 8076.055 0.008 676.163 93.69879 1248.472 0.848 1.956 672.217
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Since a large number of PSO-based algorithms have been
developed for the optimization of multivariable functions, it
remains unknown whether this approach can outperform
the PSO-based algorithms that have not been tested in our
experiments on high-dimensional functions or not. A much
more comprehensive testing and comparison is thus needed
to evaluate the performance of this algorithm.

Recently, due to the rapid growth in the amounts of
datasets with dimensionalities larger than ten thousand, the
extraction of crucial features from such datasets has become
an important problem in the area of data mining. Such
datasets are often called ultrahigh-dimensional datasets. ,e
exploring ability of the proposed approach may deteriorate
significantly in such ultrahigh-dimensional spaces, which
may adversely affect the application of this approach to the
accurate processing of ultrahigh-dimensional datasets. Im-
proving the optimization performance of this approach on
ultrahigh-dimensional functions thus constitutes an im-
portant part of our future work.
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