
Research Article
Positive and Negative Integrable Hierarchies: Bi-Hamiltonian
Structure and Darboux–Bäcklund Transformation
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Two integrable hierarchies are derived from a novel discrete matrix spectral problem by discrete zero curvature equations. -ey
correspond, respectively, to positive power and negative power expansions of Lax operators with respect to the spectral parameter.
-e bi-Hamiltonian structures of obtained hierarchies are established by a pair of Hamiltonian operators through discrete trace
identity. -e Liouville integrability of the obtained hierarchies is proved. -rough a gauge transformation of the Lax pair, a
Darboux–Bäcklund transformation is constructed for the first nonlinear different-difference equation in the negative hierarchy.
Ultimately, applying the obtained Darboux–Bäcklund transformation, two exact solutions are given by means of
mathematical software.

1. Introduction

It is well known that the study of nonlinear integrable
differential-difference equations (NIDDEs) has attracted
much attention in recent decades [1–14]. Many problems in
mathematical physics may be modeled by NIDDEs. Up to
now, many important NIDDEs have been presented such as
the Ablowitz–Ladik lattice [1], the Toda lattice [2], the
relativistic Toda lattice [3], the modified Toda lattice [4, 5],
the Merola–Ragnisco–Tu lattice [6], and the deformed re-
duced semidiscrete Kaup–Newell lattice [7–14]. Now,
finding new NIDDEs, in lattice soliton theory, is still an
important and complicated task. In general, we choose an
appropriate discrete matrix spectral problem and a list of
auxiliary spectral problems:

Eφn � φn+1 � Un un, λ( φn,

φntm
� V

(m)
n un, λ( φn,

(1)

where for a lattice function fn � f(n), the shift operator E

and the inverse of E are defined by

Efn � fn+1, E
− 1

fn � fn− 1, n ∈ Z, (2)

Un(un, λ) is a square matrix, V(m)
n (un, λ) is a list of the same

order square matrices of Un(un, λ), un is a potential vector
function, φn is the eigenfunction vector, λ is the spectral
parameter, and λt � 0. -e integrability condition of (1) is
E((φn)tm

) � (Eφn)tm
, and it is equivalent to

Untm
� EV

(m)
n Un − UnV

(m)
n , m≥ 0. (3)

Here, (3) is called a discrete zero curvature equation.
Usually, (3) determines a hierarchy of NIDDEs (or lattice
soliton equations):

untm
� K un, un− 1, un+1, . . .( . (4)

One of the important problems in the lattice soliton
theory is to search for a Hamiltonian operator J1 and a

hierarchy of conserved densities H
(m)

m 
∞

m�0
so that (4) has

the following Hamiltonian structures:

untm
� J1

δ H
(m)

n

δun

, m≥ 0, (5)
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where the Hamiltonian functionals H
(m)

n � n∈ZH(m)
n

(m≥ 1) and the variational derivative (δ H
(m)

n /δun) �

m∈ZE− m(zH(m)
n /zun+m). Furthermore, if there is another

operator J2 so that J1 and J2 form a pair of Hamiltonian
operators and

untm
� J1

δ H
(m)

n

δun

� J2
δ H

(m− 1)

n

δun

, m≥ 1, (6)

then the integrable hierarchy (4) possess a bi-Hamiltonian
structure. According to the theory of Hamiltonian operators,
if J1 is reversible, then the hierarchy (4) is integrable in
Liouville sense ([4, 13] and their references). As is known to
all, staring from a continuous matrix spectral problem, we
only derive one integrable hierarchy, but for some suitable
discrete matrix spectral problems, we can get two hierarchies
of the NIDDEs [13]. In this paper, we are going to present
two integrable hierarchies from a discrete matrix spectral
problem. -ey, respectively, apply positive power and
negative power expansions of Lax operators with respect to
the spectral parameter.-eory is, respectively, called positive
and negative integrable hierarchies. Moreover, as is known
to all, Bäcklund transformation is a powerful method to
obtain exact solutions of NIDDEs [15, 16]. -is transfor-
mation is a relation between the new solution and the old
solution of the NIDDEs. Based on a known solution, ap-
plying this transformation, a new solution may be derived.
According to [15], Bäcklund transformation is usually di-
vided into three types: the Wahlquist–Estabrook (WE) type
[16, 17], the Hirota type [18], and the Darboux–Bäcklund
type [19–22]. In the Darboux–Bäcklund type, the Lax pair
plays a key role. A gauge transformation of the Lax pairs is
called a Darboux–Bäcklund transformation if it transforms
the Lax pair into another Lax pair of the same form.

-is paper is organized as follows. In Sections 2 and 3, we
introduce a novel discrete spectral problem:

Eφn � Un un, λ( φn,

Un un, λ(  �
pnλ 1

qnλ 1
 ,

(7)

where φn � (φ1
n,φ2

n) is the eigenfunction vector,
un � (pn, qn)T is the potential vector, and pn � p(n, t) and
qn � q(n, t) depend on integer n ∈ Z and real t ∈ R. Staring
from spectral problem (7), positive and negative integrable
hierarchies of NIDDEs are, respectively, presented by dis-
crete zero curvature equations. -en, the Hamiltonian
structure and bi-Hamiltonian structure of the obtained
hierarchies are established by means of the discrete trace
identity [11]. Afterwards, infinitely many common com-
muting conserved functionals of the obtained positive hi-
erarchy are worked out. -e Liouville integrability of the
obtained positive hierarchy is proved. For the obtained
negative integrable hierarchy, the same results can be
similarly obtained. In Section 4, a Darboux–Bäcklund
transformation is established though the gauge transfor-
mation of the Lax pair for the first NIDDE in the negative
integrable hierarchy. In Section 5, using obtained Dar-
boux–Bäcklund transformation, two exact solutions are

given with the help of the mathematical software “Mathe-
matica.” Finally, in Section 6, there will be some conclusions
and remarks.

2. Positive Integrable Hierarchy and Its Bi-
Hamiltonian Structure

Now, we want to deduce a hierarchy of NIDDEs associated
with eigenvalue problem (7). For this purpose, we first solve
the following stationary discrete zero curvature equation:

E Mn( ( Un − UnMn � Mn+1Un − UnMn � 0. (8)

Let us set

Mn �
An Bn

Cn − An

 . (9)

We find that equation (8) implies

pn An+1 − An(  − Cn + qnBn+1 � 0,

pnBnλ − An+1 + An(  − Bn+1 � 0,

pnCn+1λ − qn An+1 + An(  − Cn � 0,

Cn+1 − qnBn( λ + An − An+1(  � 0.

(10)

Substituting expansions

An � 
∞

m�0
A

(m)
n λ− m

,

Bn � 

∞

m�0
B

(m)
n λ− m

,

Cn � 

∞

m�0
C

(m)
n λ− m

,

(11)

into (10) and comparing each power of λ in equation (10), we
obtain the initial conditions:

pn A
(0)
n+1 − A

(0)
n  � C

(0)
n − qnB

(0)
n+1, B

(0)
n � 0, C

(0)
n+1 � 0,

(12)

and the recursion relations:

pn A
(m+1)
n+1 − A

(m+1)
n  � C

(m+1)
n − qnB

(m+1)
n+1 , m≥ 0

pnB
(m+1)
n � A

(m)
n + A

(m)
n+1  + B

(m)
n+1 , m≥ 0,

pnC
(m+1)
n+1 � qn A

(m)
n + A

(m)
n+1  + C

(m)
n , m≥ 0.

(13)

Proposition 1. We take that

A
(0)
n �

1
2
,

C
(0)
n � 0,

(14)

then A(m)
n , B(m)

n , C(m)
n (m≥ 0), which are solved by equation

(13), are all local, and they are just rational functions in the
two dependent variables pn and qn.
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Proof. According to second and third equations in (13), we
get that B(m+1)

n and C(m+1)
n can be shown locally by means of

A(m)
n , B(m)

n , and C(m)
n (m≥ 0). In order to derived

A(m+1)
n (m≥ 0) from first equation in (13), we require to apply

operator D− 1 � (E − 1)− 1 to solve the related difference
equation. Next, we will show that A(m+1)

n (m≥ 0) may be also
deduced through an algebraic method rather than by solving
the difference equation. Based on (8), we obtain that

(E − 1)tr M
2
n  � 2(E − 1) A

2
n + BnCnλ  � 0. (15)

So (A2
n + BnCnλ) � c(t), c(t) is an arbitrary function of

time variable t only. Furthermore, we take that c(t) � 0.
-en, we obtain a recursion relation for A(m)

n :

A
(m+1)
n � 

m

j�1
A

(j)
n A

(m− j+1)
n − 

m+1

j�1
B

(j)
n C

(m− j+2)
n , m≥ 0.

(16)

-erefore, A(m+1)
n (m≥ 0) can be derived locally by

A(m)
n , B(m)

n , and C(m)
n (m≥ 0) and then

A(m)
n , B(m)

n , andC(m)
n (m≥ 0) are all local; they are just ra-

tional functions in the two dependent variables pn and qn.
-e proof is completed.
Specially, we have

A
(1)
n �

− qn− 1

pn− 1pn

, B
(1)
n �

1
pn

, C
(1)
n �

qn− 1

pn− 1
, A

(2)
n �

q
2
n− 1

p
2
n− 1p

2
n

+
qn− 1qn

pn+1p
2
npn− 1

+
qn− 1qn− 2

pnp
2
n− 1pn− 2

−
qn− 1

pnpn+1pn− 1
−

qn− 2

pnpn− 1pn− 2
,

B
(2)
n � −

qn

pn+1p
2
n

−
qn− 1

p
2
npn− 1

+
1

pnpn+1
, C

(2)
n � −

q
2
n− 1

p
2
n− 1pn

−
qn− 1qn− 2

p
2
n− 1pn− 2

+
qn− 2

pn− 1pn− 2
· · · .

(17)

Let us denote

M
(m)
n � 

m

i�0
A

(i)
n λm− i


m

i�0
B

(i)
n λm− i


m

i�0
C

(i)
n λm− i+1

− 
m

i�0
A

(i)
n λm− i⎛⎝ ⎞⎠, m≥ 0.

(18)

By means of (13), we get

EM
(m)
n Un − UnM

(m)
n �

0 pnB
(m+1)
n

− pnC
(m+1)
n+1 λ A

(m)
n − A

(m)
n+1 

⎛⎝ ⎞⎠.

(19)

Obviously, (19) is not compatible with (Un)tm
. So, we

choose a correction term

Δ(m)
n �

− B
(m)
n − A

(m)
n 0

0 A
(m)
n

⎛⎝ ⎞⎠, (20)

and set

M
(m)

n � M
(m)
n + Δ(m)

n , m≥ 0. (21)

We consider the following auxiliary spectral problems
associated with the spectral problem (7):

φntm
� M

(m)

n φn, m≥ 0. (22)

-en, the compatibility condition of equations (7) and
(22)

Eφn( tm
� E φn( tm( , (23)

is equivalent to the discrete zero curvature equations

Untm
� E M

(m)

n Un − Un
M

(m)

n , m≥ 0, (24)

which give rise to the hierarchy of NLDDEs:

pntm
� pn(1 − E) A

(m)
n + B

(m)
n ,

qntm
� qnB

(m)
n − C

(m)
n ,

⎧⎪⎨

⎪⎩
m≥ 0. (25)

Remark 1. Owing to the entries in matrix M
(m)

n (m≥ 0) only
has nonnegative power powers of the eigenvalue λ, then the
integrable hierarchy (25) is called a positive integrable hi-
erarchy associated with the discrete matrix spectral problem
(7).

When m � 0, (25) becomes a trivial linear system:

pnt0
� 0,

qnt0
� 0.

⎧⎨

⎩ (26)

When m � 1 in (25), we obtain the first NIDDE in hi-
erarchy (25):

pnt1
�

pn pn− 1 − qn− 1( 

pn− 1pn

−
pn pn − qn( 

pnpn+1
,

qnt1
�

qn

pn

−
qn− 1

pn− 1
.

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(27)

Furthermore, it is easy to derive the time part of the Lax
pair of (27) is

φnt1
� M

(1)

n φn �

λ
2

−
1

pn

1
pn

qn− 1

pn− 1
λ −

λ
2

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

φn. (28)
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Next, we are going to establish the Hamiltonian structure
for the hierarchy of NLDDE (25) by means of the discrete
trace identity [11].

First, let us introduce some notions for further discus-
sion. -e Gateaux derivative and the inner product are
defined, respectively, by

J′ un(  vn  �
z

zε
J un + εvn( |ε�0,

〈fn, gn〉 � 
n∈Z

fn, gn( R2,
(29)

where fn andgn are demanded to be rapidly vanished at the
infinity. -e standard inner product of fn and gn in the
Euclidean space R2 is given by (fn, gn)R2. Operator J∗ is
defined by 〈fn, J∗gn〉 � 〈Jfn, gn〉, and it is called the ad-
joint operator of J. If an operator J possesses the property
J∗ � − J, then J is called to be a skew-symmetric. A linear
operator J is called a Hamiltonian operator if J is a skew-
symmetric operator and fulfills the Jacobi identity, i.e.,

〈fn, Jgn〉 � − 〈Jfn, gn〉,

〈J′ un(  Jfn gn, hn〉 + Cycle fn, gn, hn(  � 0.

(30)

For a Hamiltonian operator J, we may define a corre-
sponding Poisson bracket [4]:

fn, gn J �〈
δfn

δun

, J
δgn

δun

〉 � 
n∈Z
〈
δfn

δun

, J
δgn

δun

〉R2. (31)

According to [11], we write

Sn � Mn Un( 
− 1

�

An − qnBnλ
pn − qn( λ

−
An − pnBnλ

pn − qn( λ

An + qnCn

pn − qn( 
−

An + pnCn

λpn − qn

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (32)

and 〈Y, Z〉 � Tr(YZ), where Y and Z are the same order
square matrices. We have

zUn

zλ
�

pn 0

qn 0
⎛⎝ ⎞⎠,

zUn

zpn

�
λ 0

0 0
⎛⎝ ⎞⎠,

zUn

zqn

�
0 0

λ 0
⎛⎝ ⎞⎠.

(33)

Hence,

〈Rn,
zUn

zλ
〉 �

An

λ
,

〈Rn,
zUn

zpn

〉 �
An − qnBnλ

pn − qn

,

〈Rn,
zUn

zqn

〉 �
− An + pnBnλ

pn − qn

.

(34)

By virtue of the discrete trace identity [11],

δ
δpn


n∈Z
〈Sn,

zUn

zλ
〉 � λ− ε z

zλ
λε〈Sn,

zUn

zpn

〉,

δ
δqn


n∈Z
〈Sn,

zUn

zλ
〉 � λ− ε z

zλ
λε〈Sn,

zUn

zqn

〉.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

(35)

Substituting expansions An � 
∞
m�0 A(m)

n λ− m, Bn �


∞
m�0 B(m)

n λ− m, andCn � 
∞
m�0 C(m)

n λ− m into (35) and
comparing the coefficients of λ− m− 1, we arrive at

δ
δpn

δ
δqn

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠


n∈Z

A
(m)
n  � (ε − m)

A
(m)
n − qnB

(m+1)
n

pn − qn

− A
(m)
n + pnB

(m+1)
n

pn − qn

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

(36)

When m � 0 in equation (36), by means of a direct
confirmation, we get that ε � 0. -us, equation (36) can be
written as

δ
δpn

δ
δqn

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠


n∈Z

−
A

(m)
n

m
  �

A
(m)
n − qnB

(m+1)
n

pn − qn

− A
(m)
n + pnB

(m+1)
n

pn − qn

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, m> 0.

(37)

Moreover, we have
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− pn 1 − E
− 1

  pnB
(m+1)
n − A

(m)
n 

− pnC
(m+1)
n+1 + qnE

− 1
pnB

(m+1)
n − A

(m)
n  + qnA

(m)
n+1

⎛⎜⎜⎜⎜⎜⎜⎝
⎞⎟⎟⎟⎟⎟⎟⎠ � J1

A
(m)
n − qnB

(m+1)
n

pn − qn

− A
(m)
n + pnB

(m+1)
n

pn − qn

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

� J2

A
(m− 1)
n − qnB

(m)
n

pn − qn

,

− A
(m− 1)
n+1 + pnC

(m)
n

pn − qn

.

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, m≥ 1,

(38)

where

J1 �
0 − p

2
n + pnqn + pnE

− 1
pn − qn( 

− pnqn + p
2
n − pn − qn( Epn − pn − qn( Eqn + qnE

− 1
pn − qn( 

⎛⎝ ⎞⎠,

J2 �
E

− 1
pn − qn(  − pn − qn( E pn − qn − pn − qn( E

− pn + qn + E
− 1

pn − qn(  0
⎛⎝ ⎞⎠.

(39)

Furthermore, we can get

J
− 1
1 �

Q1 − p
2
n + pnqn + pnE pn − qn( 

− pnqn + p
2
n − pn − qn( Epn − pn − qn( Eqn + qnE

− 1
pn − qn( 

⎛⎝ ⎞⎠, (40)

where Q1 � − (1/pn)(1 − E− 1)− 1E(qn/(pn − qn))(1 − E)− 1

(1/pn) − (1/pn)(1 − E− 1)− 1(qn/(pn − qn))E− 1(1 − E)− 1(1/
pn) and

J
− 1
2 �

0 −
1

pn − qn

1 − E
− 1

 
− 1

(1 − E)
− 1 1

pn − qn( 
Q2

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

(41)

In above matrix, Q2 � − (1 − E)− 1(1/ (pn − qn))

(1 − E)− 1 +(1 − E− 1)− 1(1/(pn − qn))(1 − E− 1)− 1.

Proposition 2. For all values of two arbitrary constants α
and β,

J(α, β) � αJ1 + βJ2, (42)

is a Hamiltonian operator.
Expressly, J1 � J(1, 0) and J2 � J(0, 1) constitute a pair

of Hamiltonian operators.

Proof. Obviously, the operator J(α, β) is a skew-symmetric
operator, i.e., J(α, β) � − J(α, β)∗. Furthermore, by a direct

and tedious calculation, we can prove that the operator
J(α, β) fulfills the Jacobi identity (30).

-e proposition is proved.
So we obtain the following proposition.

Proposition 3. Equation (25) possesses the following
Hamiltonian structure:

untm
�

pn

qn

⎛⎜⎜⎜⎜⎜⎝
⎞⎟⎟⎟⎟⎟⎠

tm

� J1

A
(m)
n − qnB

(m+1)
n

pn − qn

,

A
(m)
n+1 + C

(m+1)
n

pn − qn

.

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

� J1
δ H

(m)

n

δun

, m≥ 1,

(43)

where H
(m)

n � n∈Z(H(m)
n ) andH(m)

n � (A(m)
n /m)(m≥ 1).

According to equation (13), we get the recursion relation:

δHn

(m+1)

δun

� Φ
δ H

(m)

n

δun

, (m≥ 0),Φ � J
− 1
1 J2. (44)

Furthermore, we have
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un,tm
�

pn

qn

⎛⎝ ⎞⎠

tm

� J1
δ H

(m+1)

n

δun

� J2
δ H

(m− 1)

n

δun

, (m> 0).

(45)

-at is, (25) is a hierarchy of discrete bi-Hamiltonian
systems.

Using the operator Φ, the positive integrable hierarchy
(25) can be written as follows:

untm
�

pn

qn

⎛⎝ ⎞⎠

tm

� J1
δ H

(m)

n

δun

� J1Φ
δ H

(m− 1)

n

δun

· · · � J1Φ
m− 1δ H

(1)

n

δun

, m> 0.

(46)

Obviously, the integrable NLDDE (27) possesses
Hamiltonian structure:

un,t1
�

pn

qn

⎛⎝ ⎞⎠

t

� J1
δ H

(1)

n

δun

. (47)

Next, we prove the Liouville integrability of the discrete
bi-Hamiltonian systems (25). It is crucial to make known the
existence of infinite involutive conserved functionals.

Proposition 4. H
(m)

n 
∞

m�0
are conserved functionals of the

whole family (25) or (45). And they are in involution in pairs
with respect to the Poisson bracket (31).

Proof. -ough a direct calculation, we have

J1Φ( 
∗

� J
∗
2 � − J2 � − J1Φ, (48)

namely,

Φ∗J1 � J1Φ. (49)

-erefore,

H
(m)

n , H
(l)

n 
J1

�〈
δ H

(m)

n

δun

, J1
δ H

(l)

n

δun

〉 �〈Φm− 1δ H
(1)

n

δun

, J1Φ
l− 1δ H

(1)

n

δun

〉

�〈Φm− 1δ H
(1)

n

δun

,Φ∗J1Φ
l− 2δ H

(1)

n

δun

〉 �〈Φmδ H
(1)

n

δun

, J1Φ
l− 2δ H

(1)

n

δun

〉

� H
(m+1)

n , H
(l− 1)

n 
J1

� · · · � H
(m)

n , H
(l)

n 
J1

� H
(m+l− 1)

n , H
(1)

n 
J1

.

(50)

Repeating the above argument, we can obtain

H
(l)

n , H
(m)

n 
J1

� H
(m+l− 1)

n , H
(1)

n 
J1

. (51)

By equations (51) and (52), we have

H
(m)

n , H
(l)

n 
J1

� 0, m, l≥ 1, (52)

H
(m)

n 
tl

�〈
δ H

(m)

n

δun

, utl
〉 �〈

δ H
(m)

n

δun

, J1
δ H

(l)

n

δun

〉 � H
(m)

n , H
(l)

n 
J1

� 0, m, l≥ 1.

(53)

-e proposition is proved.
Based on (45) and the Propositions 3 and 4, we can

obtain the following theorem. □

Theorem 1. <e integrable NLDDE in hierarchy (25) is all
Liouville integrable discrete bi-Hamiltonian systems.

3. Negative Integrable Lattice Hierarchy and Its
Bi-Hamiltonian Structure

In this section, we would like to derive the negative inte-
grable hierarchy associated with matrix spectral problem (7).
To this end, we first consider the following stationary dis-
crete zero curvature equation:

ENn( Un − UnNn � Nn+1Un − UnNn � 0, (54)

with

Nn �
an bn

cn − an

 . (55)

On the basis of equation (54), we arrive at

pn an+1 − an(  − cn + qnbn+1 � 0,

bn+1 + an+1 + an(  − bnλpn � 0,

cn + qn an+1 + an(  − pncn+1λ � 0,

cn+1 − qnbn( λ + an − an+1(  � 0.

(56)
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Here, we expand an, bn, cn by the nonnegative power
power of λ:

an � 
∞

m�0
a

(m)
n λm

,

bn � 
∞

m�0
b

(m)
n λm

,

cn � 
∞

m�0
c

(m)
n λm

.

(57)

Substituting the above expansions into (56), we get the
following initial conditions:

pn a
(0)
n+1 − a

(0)
n  − c

(0)
n + qnb

(0)
n+1 � 0,

b
(0)
n+1 � − a

(0)
n + a

(0)
n+1 ,

cn � − qn a
(0)
n + a

(0)
n+1 ,

(58)

and recursion relations

a
(m+1)
n+1 − a

(m+1)
n  � c

(m)
n+1 − qnb

(m)
n , m≥ 0,

b
(m+1)
n+1 � − a

(m+1)
n+1 − a

(m+1)
n + pnb

(m)
n , m≥ 0,

c
(m+1)
n � − qn a

(m+1)
n + a

(m+1)
n+1  + pnc

(m)
n+1 , m≥ 0.

(59)

If the initial values are chosen as

a
(0)
n �

1
2
, (60)

then we get that

b
(0)
n � − 1,

c
(0)
n � − qn.

(61)

Similar to Proposition 1, we can obtain that
a(m)

n , b(m)
n , c(m)

n (m≥ 1) are all local, and they are just poly-
nomial functions in the two dependent variables pn and qn,
and a(m)

n m≥ 1 may be deduced through an algebraic method
rather than by solving the difference equation.

-e first few terms are given by

a
(1)
n � − qn,

b
(1)
n � qn + qn− 1 − pn− 1,

c
(1)
n � qnqn+1 + q

2
n − pnqn+1,

. . . .

(62)

Set

N
(m)
n � 

m

i�0
a

(i)
n λ− m+i− 1



m

i�0
b

(i)
n λ− m+i− 1



m

i�0
c

(i)
n λ− m+i

− 
m

i�0
a

(i)
n λ− m+i− 1⎛⎝ ⎞⎠, m≥ 0, (63)

At this point,

EN
(m)
n Un − UnN

(m)
n �

0 − pnb
(m)
n

pnc
(m)
n+1λ c

(m)
n+1 − pnb

(m)
n 

⎛⎝ ⎞⎠.

(64)

It is obvious that (64) is not also compatible with (Un)tm
.

So, we choose the following correction term:

η(m)
n �

pn− 1b
(m)
n− 1 − a

(m+1)
n− 1 0

0 − a
(m+1)
n

⎛⎜⎝ ⎞⎟⎠. (65)

-en, we introduce auxiliary matrix spectral problem:

N
(m)

n � N
(m)
n + η(m)

n , m≥ 1. (66)

-rough a direct calculation, we obtain that

Un( tm
� E Nn( Un − Un

Nn, n≥ 0, (67)

it is equivalent to

pn,tm
� pn 1 − E

− 1
  pnb

(m)
n − a

(m+1)
n ,

qn,tm
� pnc

(m)
n+1 − qn pn− 1b

(m)
n− 1 − a

(m+1)
n− 1  − qna

(m+1)
n+1 ,

⎧⎪⎨

⎪⎩

m≥ 0.

(68)

Remark 2. Because the entries in matrix N
(m)

n (m≥ 1) only
have negative powers of the eigenvalue λ, then the integrable
hierarchy (68) is called a negative integrable hierarchy as-
sociated with the discrete matrix spectral problem (7).

When m � 0, (68) becomes

pn,t0
� pn pn− 1 − pn(  − pn qn− 1 − qn( ,

qn,t0
� qn qn+1 − qn− 1(  + pn− 1qn − pnqn+1.

⎧⎨

⎩ (69)

If we set pn � 0, (69) is reduced to the well-known
Volterra lattice qnt

� qn(qn+1 − qn− 1); namely, (69) is a
generalized Volterra lattice.

In next section, we are going to establish a Dar-
boux–B€acklund transformation of (69). It is easy to get the
time part of the Lax pair of (69) is
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φnt1
� N

(1)

n φn �

1
2λ

− pn− 1 + qn− 1 −
1
λ

− qn −
1
2λ

+ qn

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
φn. (70)

In the discrete variational identity (35), we replace Mn

with Nn; at this point, the following equations hold:

δ
δpn


n∈Z
〈Sn,

zUn

zλ
〉 � λ− ε z

zλ
λε〈Sn,

zUn

zpn

〉,

δ
δqn


n∈Z
〈Sn,

zUn

zλ
〉 � λ− ε z

zλ
λε〈Sn,

zUn

zqn

〉,

⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

(71)

where Sn � Nn(Un)− 1.
Substituting expansions

an � 

∞

m�0
a

(m)
n λm

,

bn � 
∞

m�0
b

(m)
n λm

,

cn � 
∞

m�0
c

(m)
n λm

,

(72)

into (71), we get

δ K
(m)

n

δpn

δ K
(m)

n

δqn

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

�

a
(m+1)
n − qnb

(m)
n

pn − qn

− a
(m+1)
n + pnb

(m)
n

pn − qn

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, m≥ 0, (73)

where K
(m)

n � n∈Z(− a(m+1)
n /m)(m≥ 0). -ere is the re-

cursion relation as follows:

δ K
(m)

n

δpn

δ K
(m)

n

δqn

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

� Φ− 1

δ K
(m− 1)

n

δpn

δ K
(m− 1)

n

δqn

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, m≥ 0, (74)

where Φ− 1 � J− 1
2 J1.

Based on (56), we get

pn 1 − E
− 1

  pnb
(m)
n − a

(m+1)
n ,

pnc
(m)
n+1 − qn pn− 1b

(m)
n− 1a

(m+1)
n− 1 + a

(m+1)
n+1 

⎛⎜⎜⎜⎜⎜⎜⎝
⎞⎟⎟⎟⎟⎟⎟⎠ � − J2

a
(m+2)
n − qnb

(m+1)
n+1

pn − qn

,

− a
(m+2)
n + pnb

(m+1)
n

pn − qn

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

� − J1

a
(m+1)
n − qnb

(m)
n+1

pn − qn

,

− a
(m+1)
n + pnb

(m)
n+1

pn − qn

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, m≥ 0.

(75)

-en, we have

untm
�

pn

qn

⎛⎝ ⎞⎠

tm

� − J2
δ K

(m)

n

δun

� − J1
δ K

(m− 1)

n

δun

, m> 0.

(76)

-us, the integrable hierarchy (68) has a bi-Hamiltonian
structure (76). Furthermore, similar to integrable hierarchy
(25), we can prove that integrable hierarchy (68) is also
Liouville integrable.

With the help of the operator Φ− 1, the negative inte-
grable hierarchy (68) can be written as follows:

untm
�

pn

qn

⎛⎝ ⎞⎠

tm

� − J2
δ K

(m)

n

δun

� − J2 Φ
− 1

 
δ K

(m− 1)

n

δun

· · · � − J2 Φ
− 1

 
m− 1δ K

(1)

n

δun

, m> 0. (77)

8 Mathematical Problems in Engineering



4. Darboux–Bäcklund Transformation

We introduce a gauge transformation of spectral problem
(7):

φn � Tnφn. (78)

Under this transformation, two spectral problems (7)
and (70) become

E φn � φn+1 � Unφn,

φnt
� N

(1)

n φn,
(79)

with

Un � Tn+1Un Tn( 
− 1

,

N
(1)

n � Tnt
+ TnN

(1)
n  Tn( 

− 1
.

(80)

Here, we suppose

Tn �
T

(a)
n λ + 1  1 − T

(b)
n  T

(b)
n

T
(c)
n λ T

(d)
n λ + 1

⎛⎝ ⎞⎠, (81)

where T(a)
n , T(b)

n , T(c)
n , andT(d)

n are undetermined functions
of variables n and t and n ∈ Z, t ∈ R. Next, we are going to
solve T(a)

n , T(b)
n , T(c)

n , andT(d)
n such that Un and N

(1)

n in
equation (80) are provided with the same form with Un and
N(1)

n , i.e.,

Un �

pnλ 1

qnλ 1
⎛⎝ ⎞⎠,

N
(1)

�

1
2λ

− pn− 1 + qn− 1 −
1
λ

− qn −
1
2λ

+ qn

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

(82)

For two different reals λ1 and λ2, we can get that yn �

(y(1)
n , y(2)

n )T and zn � (z(1)
n , z(2)

n )T are two real linear inde-
pendent solutions of equations (7) and (70):

ωn �
y

(1)
n z

(1)
n

y
(2)
2 z

(2)
n

⎛⎝ ⎞⎠. (83)

Let ωn � Tnωn, and we get

ωn �
T

(a)
n λ + 1  1 − T

(b)
n y

(1)
n + T

(b)
n y

(2)
n T

(a)
n λ + 1  1 − T

(b)
n z

(1)
n + T

(b)
n z

(2)
n

T
(c)
n λy

(1)
n + T

(d)
n λ + 1 y

(2)
n T

(c)
n λz

(1)
n + T

(d)
n λ + 1 z

(2)
n

⎛⎜⎝ ⎞⎟⎠. (84)

We consider

T
(a)
n λi + 1  1 − T

(b)
n y

(1)
n + T

(b)
n y

(2)
n � κi T

(a)
n λi + 1  1 − T

(b)
n z

(1)
n + T

(b)
n z

(2)
n ,

T
(c)
n λy

(1)
n + T

(d)
n λi + 1 y

(2)
n � κi T

(c)
n λiz

(1)
n + T

(d)
n λi + 1 z

(2)
n .

(85)

In the above equation, set i � 1, 2, κj(j � 1, 2), are
nonzero constants.

Solving equation (85) for T(a)
n , T(b)

n , T(c)
n , andT(d)

n , we
obtain that

T
(a)
n �

σ1[n] − σ2[n]

λ1σ2[n] − λ2σ1[n]
,

T
(b)
n � −

λ1 − λ2
λ1 − λ2 + λ2σ1[n] − λ1σ2[n]( 

,

T
(c)
n � −

σ1[n]σ2[n] λ1 − λ2( 

λ1λ2 σ1[n] − σ2[n]( 
,

T
(d)
n �

λ1σ2[n] − λ2σ1[n]

λ1λ2 σ1[n] − σ2[n]( 
.

(86)

In equation (86),

σi[n] �
z

(2)
n λi(  − κiy

(2)
n λi( 

z
(1)
n λi(  − κiy

(1)
n λi( 

, i � 1, 2. (87)

-rough direct calculation, we have

Det Tn  � 1 − T
(b)
n 

λ − λ1(  λ − λ2( 

λ1λ2
. (88)

Proposition 5. <e matrix Un defined by (80) has the same
form as Un in equation (7), and the original potentials
pn and qn are changed into new potentials pn and qn by means
of

pn � −
T

(d)
n pn

pnT
(b)
n + T

(a)
n T

(b)
n − T

(a)
n

,

qn �
qn − T

(c)
n

1 − T
(b)
n

.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

(89)

Mathematical Problems in Engineering 9



Proof. We know that T∗n is the adjoint matrix of Tn; from
equations (7) and (87), we obtain that

σi[n + 1] �
ζ i(n)

τi(n)
, i � 1, 2, (90)

with

ζ i(n) � λiqn + σi[n], τi(n) � λipn + σi[n], i � 1, 2.

(91)

From equations (90) and (91), we arrive at

T
(a)
n+1 �

ζ1(n)τ2(n) − ζ2(n)τ1(n)

λ1ζ2(n)τ1(n) − λ2ζ1(n)τ2(n)
,

T
(b)
n+1 �

λ1 − λ2( τ1(n)τ2(n)

λ1 − λ2( τ1(n)τ1(n)τ2(n) + λ1ζ2(n)τ1(n) − λ2ζ1(n)τ2(n)
,

T
(c)
n+1 �

λ1 − λ2( ζ1(n)ζ2(n)

λ1λ2 ζ1( ( n)τ2(n) − ζ2(n)τ1(n)
,

T
(d)
n+1 �

λ1λ2 λ1ζ2τ1(n) − λ2ζ1(n)τ2(n)( 

λ1λ1λ2 ζ1(n)τ2(n) − ζ2(n)τ1(n)( 
.

(92)

As a result, we have

Tn+1UnT
∗
n �

f11(λ, n) f12(λ, n)

f21(λ, n) f22(λ, n)
 , (93)

where

f11(λ, n) � T
(a)
n+1 1 − T

(b)
n+1 T

(d)
n pnλ

3
+(− T

(a)
n+1 1 − T

(b)
n+1 T

(c)
n + T

(a)
n+1 1 − T

(b)
n+1 pn+

+ 1 − T
(b)
n+1 T

(d)
n pn + T

(b)
n+1Dnqnλ2 +(− )T

(c)
n + 1 − T

(b)
n+1 pn + qnT

(b)
n+1λ,

f12(λ, n) � T
(a)
n+1 T

(b)
n+1 − 1  T

(a)
n T

(b)
n − 1  + pnT

(b)
n λ2 + T

(a)
n  1 − T

(b)
n  − T

(a)
n+1 1 − T

(b)
n  T

(b)
n+1 − 1 

+ T
(b)
n T

(b)
n+1 − 1 pn − T

(b)
n+1qnλ + 1 − T

(b)
n ,

f21(λ, n) � pnT
(d)
n T

(c)
n+1 + qnT

(d)
n T

(d)
n+1 λ3 + T

(c)
n T

(d)
n+1 − T

(c)
n+1T

(c)
n + pnT

(c)
n+1 + qnT

(d)
n+1 + qnT

(d)
n λ2 + qn − T

(c)
n λ,

f22(λ, n) � T
(a)
n T

(c)
n+1 − qnT

(b)
n T

(d)
n+1 − T

(a)
n T

(b)
n T

(c)
n+1 + T

(a)
n T

(d)
n+1 − T

(a)
n T

(b)
n T

(d)
n+1 − pnT

(b)
n T

(c)
n+1 λ2

+ T
(a)
n − T

(a)
n T

(b)
n + T

(c)
n+1 − T

(b)
n T

(c)
n+1 + T

(d)
n+1 − T

(b)
n T

(d)
n+1 − qnT

(b)
n λ + 1 − T

(b)
n .

(94)

-en, we find that f11(λ, n) and f21(λ, n) are two 3th-
order polynomial in λ and f12(λ, n) and f22(λ, n) are two
2th-order polynomial in λ. By a tedious but direct com-
putation or by a mathematical software, we get that λ1, λ2 are
two roots of fij(λ, n)(1≤ i, j≤ 2). -us, we may assume

Tn+1UnT
∗
n � Det Tn αn, (95)

with

αn �
α(1)
11 λ + α(0)

11 α(0)
12

α(1)
21 λ + α(0)

21 α(0)
22

⎛⎝ ⎞⎠, (96)

where α(1)
i1 , α(0)

ij (1≤ i, j≤ 2) are all independent of λ. -us,
we obtain

Tn+1Un � αnTn. (97)
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By comparing the coefficients of λi(i � 0, 1), in both
sides of equation (97), we get that

α(1)
11 � −

T
(d)
n pn

pnT
(b)
n + T

(a)
n T

(b)
n − T

(a)
n

,

α(0)
11 � 0,

α12 � 1,

α(1)
21 �

qn − T
(c)
n

1 − T
(b)
n

,

α(0)
21 � 0, α(0)

22 � 1.

(98)

Hence, we obtain that αn � Un.
-e proof is finished.

Proposition 6. <e matrix N
(1)

n given in (80) has the same
form as N(1)

n in (70) by means of the transformation (89).

Proof. Let us denote

Tn( t + TnN
(1)
n T
∗
n �

g11(λ, n) g12(λ, n)

g21(λ, n) g22(λ, n)
 , (99)

where

g11(λ, n) � T
(a)
n,t 1 − T

(b)
n T

(d)
n  − T

(a)
n T

(b)
n,t T

(d)
n pn− 1 − qn− 1(  λ2 + T

(a)
n,t 1 − T

(b)
n  − T

(a)
n T

(b)
n,t

+ T
(a)
n 1 − T

(b)
n T

(c)
n − T

(b)
n,t T

(c)
n +

1
2
T

(a)
n 1 − T

(b)
n T

(d)
n − T

(b)
n,t T

(d)
n − T

(a)
n (1 − T

(b)
n pn− 1 − (1) − T

(b)
n T

(d)
n pn− 1

+ T
(a)
n 1 − T

(b)
n qn− 1 + 1 − T

(b)
n T

(d)
n qn− 1 − T

(b)
n T

(c)
n qn − T

(b)
n T

(d)
n qn λ +

1
2

T
(a)
n 1 − T

(b)
n 

− T
(b)
n T

(c)
n + T

(d)
n 1 − T

(b)
n  + T

(c)
n − T

(b)
n,t − 1 − T

(b)
n pn− 1 + 1 − T

(b)
n qn− 1 − T

(b)
n qn +

1 − T
(b)
n

2λ
,

g12(λ, n) � (− T
(a)
n 

2
+ 2 T

(a)
n 

2
T

(b)
n − T

(a)
n,t T

(b)
n − T

(a)
n 

2
T

(b)
n 

2
+ T

(a)
n,t T

(b)
n 

2
+ T

(a)
n T

(b)
n,t

+ T
(a)
n T

(b)
n pn− 1 − qn− 1(  − T

(a)
n T

(b)
n 

2
pn− 1 − qn− 1(  + T

(a)
n T

(b)
n 1 − T

(b)
n qnλ + T

(a)
n (3T

(b)
n

− 2 − T
(b)
n 

2
 + T

(b)
n,t + T

(b)
n 1 − T

(b)
n  pn− 1 − qn− 1(  + T

(b)
n qn −

1 − T
(b)
n

λ
,

g21(λ, n) � T
(c)
n,t T

(d)
n − T

(c)
n T

(d)
n,t − T

(c)
n T

(d)
n pn− 1 − qn− 1(  − T

(c)
n T

(d)
n qn − T

(d)
n 

2
qnλ

2
+ T

(c)
n 

2
+ T

(c)
n,t

+ T
(c)
n T

(d)
n − T

(c)
n pn− 1 − qn− 1(  − T

(c)
n qn − 2T

(d)
n qnλ + T

(c)
n − qn.

g22(λ, n) � T
(a)
n T

(d)
n,t − T

(a)
n T

(b)
n T

(d)
n,t + T

(a)
n T

(d)
n 1 − T

(b)
n qn λ2 +

T
(a)
n T

(d)
n T

(b)
n − 1 

2
⎛⎝ ⎞⎠

+ T
(a)
n T

(c)
n T

(b)
n − 1  − T

(b)
n T

(c)
n,t (1) − T

(b)
n T

(d)
n,t + T

(b)
n T

(c)
n pn− 1 − qn− 1(  + T

(a)
n 1 − T

(b)
n qn

+ T
(d)
n qnλ +

1
2

T
(a)
n T

(b)
n − 1  + T

(b)
n − 2 T

(c)
n + T

(d)
n T

(b)
n − 1  + 2qn  +

T
(b)
n − 1
2λ

.

(100)

Based on (70) and (87), we get

σi,t(n) � − qn + qn −
1
λi

+ pn− 1 − qn− 1 σi[n] +
1
λi

σi[n])
2
, i � 1, 2.

(101)

-rough tediously long calculation, we can find that
gij(λi, n) � 0(i, j � 1, 2). So, we have

Tn,t + TnN
(1)
n T
∗
n � Det Tn( βn, (102)

where
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βn �

β(0)
11 +

β(− 1)
11
λ

β(− 1)
12
λ

β(0)
21 β(0)

22 +
β(− 1)
22
λ

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (103)

and β(0)
11 , β(− 1)

11 , β(− 1)
12 , β(0)

21 , β(0)
22 , and β(− 1)

22 are all independent
of λ.

By means of equation (102), we obtain

Tn,t + TnN
(1)
n  � βnTn. (104)

Comparing the coefficients of λi(i � − 1, 0) in (104), we
have

β(0)
11 � qn− 1 − pn− 1,

β(− 1)
11 �

1
2
,

β(− 1)
12 � − 1,

β(1)
21 � − qn,

β(0)
22 � qn,

β(− 1)
22 � −

1
2
.

(105)

-us,

Tn,t + T.N
(1)
n T

− 1
n � N

(1)

n . (106)

-e proof is finished.
-e transformations (78) and (89), namely, from

(ψn; pn, qn) to (ψn; pn, qn) constitute a Darboux–Bäcklund
transformation of the NIDDE (69).

In conclusion, according to the Propositions 5 and 6, we
have the theorem.

Theorem 2. Every solution (pn, qn)T of the NLDDE (69) is
changed into a new solution (pn, qn)T under the Dar-
boux–Bäcklund transformation (89).

5. Exact Solutions

Next, we will use the Darboux–Bäcklund transformation
(89) to find two solutions of equation (69).

First, we consider a seed solution of (69) (a simple special
solution) (pn, qn)T � (1, 0)T. Substituting this solution into
the corresponding Lax pair (7) and (70), we have

Eψn �
λ 1

0 1
⎛⎝ ⎞⎠ψn,

ψnt
�

1
2λ

− 1 −
1
λ

0 −
1
2λ

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
ψn.

(107)

Solving above two equations, we arrive at the solutions

ψn �
ψ(1)

n (λ, t)

ψ(2)
n (λ, t)

⎛⎜⎜⎜⎝ ⎞⎟⎟⎟⎠ �

λn exp λ − 2λ2 t / 2λ2   − exp(− t/2λ)

λ − 1

exp −
t

2λ
 

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

ϕn �
ϕ(1)

n (λ, t)

ϕ(2)
n (λ, t)

⎛⎜⎜⎜⎝ ⎞⎟⎟⎟⎠ �

− λn exp λ − 2λ2 t / 2λ2   − exp(− t/2λ)

λ − 1

− exp −
t

2λ
 

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

(108)

-en, we obtain

σi[n] �
ψ(2)

n λi, t(  − κiϕ
(2)
n λi, t( 

ψ(1)
n λi, t(  − κiϕ

(1)
n λi, t( 

�
1 + κi( λn

i exp − t/2λi(  1 − λi( 

1 − κi( λn
i exp λi − 2λ2i / 2λ2i   + 1 + κi( exp − t/2λi( 

, i � 1, 2. (109)
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Using the Darboux–B€acklund transformation (89) and
with the help of mathematical software ”Mathematica,” we
obtain an exact solution of (69):

pn � −
T

(d)
n

T
(b)
n + T

(a)
n T

(b)
n − T

(a)
n

� −
λ1σ2[n] − λ2σ1[n]( 

2 λ1 − λ2 − λ1σ2[n] − λ2σ1[n]( ( 

λ1λ2 σ1[n] − σ2[n](  λ1 − λ2(  λ1σ2[n] − λ2σ1[n](  + σ1[n] − σ2[n](  λ1 − λ2 − 1( ( 
,

qn �
T

(c)
n

1 − T
(b)
n

�
λ1( − λ2 − λ1σ2[n] − λ2σ1[n](  λ1 − λ2( 

σ1[n] − σ2[n](  λ2σ1[n] − λ1σ2[n]( λ1λ2 σ1( [n] − σ2[n]
.

(110)

-en, it easy to verify that (pn, qn)T � (1, − 1)T is another
seed solution of (69). Substituting it into the corresponding
Lax pair, it is found that

Eψn �

1 1

− λ 1
⎛⎝ ⎞⎠ψn,

ψnt
�

1
2λ

− 2 −
1
λ

1 −
1
2λ

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
ψn.

(111)

Set

χ1(λ, t) � exp
t(− 3λ −

���������
λ2 − 6λ + 1



2λ
⎛⎝ ⎞⎠,

χ2(λ, t) � exp
t(− )3λ +

���������
λ2 − 6λ + 1



2λ
⎛⎝ ⎞⎠,

h1(λ, n) �

2− n− 1 1 − λ +

���������

λ2 − 6λ + 1


  1 + λ −
���������
λ2 − 6λ + 1


 

n

���������
λ2 − 6λ + 1

 +

2− n− 1
− 1 + λ +

���������

λ2 − 6λ + 1


  1 + λ +
���������
λ2 − 6λ + 1


 

n

���������
λ2 − 6λ + 1

 ,

h2(λ, n) �
2− nλ

���������
λ2 − 6λ + 1

 1 + λ −
���������
λ2 − 6λ + 1


 

n

− 1 + λ +
���������
λ2 − 6λ + 1


 

n

 ,

l1(λ, n) �
2n

���������
λ2 − 6λ + 1

 1 + λ −
���������
λ2 − 6λ + 1


 

n

− 1 + λ +
���������
λ2 − 6λ + 1


 

n

 ,

l2(λ, n) �

2− n− 1
− 1 + λ +

���������

λ2 − 6λ + 1


  1 + λ −
���������
λ2 − 6λ + 1


 

n

���������
λ2 − 6λ + 1

 +

2− n− 1 1 − λ +

���������

λ2 − 6λ + 1


  1 + λ +
���������
λ2 − 6λ + 1


 

n

���������
λ2 − 6λ + 1

 .

(112)
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By means of mathematical software “Mathematica,” we
may get that two real linear independent solutions as follows:

ψn �
ψ(1)

n (λ, t)

ψ(2)
n (λ, t))

⎛⎝ ⎞⎠,

ϕn �
ϕ(1)

n (λ, t)

ϕ(2)

n (λ, t)

⎛⎝ ⎞⎠,

(113)

where

ψ(1)
n (λ, t) � h1(λ, n)

(λ − 1)χ1(λ, n) +(λ + 1)χ2(λ, n)

2
���������
λ2 − 6λ + 1

 +
χ1(λ, n) + χ2(λ, n)

2
  + h2(λ, n)

χ1(λ, n) − χ2(λ, n)

2
���������
λ2 − 6λ + 1

 ,

ψ(2)
n (λ, t) � h1(λ, n)

λχ1(λ, n) − λχ2(λ, n)

2
���������
λ2 − 6λ + 1

  + h2(λ, n)
(1 − λ)χ1(λ, n) − (λ − 1)χ2(λ, n)

2
���������
λ2 − 6λ + 1

 +
χ1(λ, n) + χ2(λ, n)

2
 ,

ϕ(1)

n (λ, t) � l1(λ, n)
(λ − 1)χ1(λ, n) +(λ + 1)χ2(λ, n)

2
���������
λ2 − 6λ + 1

 +
χ1(λ, n) + χ2(λ, n)

2
  + l2(λ, n)

χ1(λ, n) − χ2(λ, n)

2
���������
λ2 − 6λ + 1

 ,

ϕ(2)

n (λ, t) � l1(λ, n)
λχ1(λ, n) − λχ2(λ, n)

2
���������
λ2 − 6λ + 1

  + l2(λ, n)
(1 − λ)χ1(λ, n) − (λ − 1)χ2(λ, n)

2
���������
λ2 − 6λ + 1

 +
χ1(λ, n) + χ2(λ, n)

2
 .

(114)

Based on (87), we have

σi[n] �
ψ(2)

n λi, t(  − ci
ϕ(2)

n λi, t( 

ψ(1)
n λi, t(  − ci

ϕ(1)

n λi, t( 
, i � 1, 2. (115)

-ough the Darboux–Bäcklund transformation (89), we
arrive at another exact solution of (69):

pn � −
T

(d)
n

T
(b)
n + T

(a)
n T

(b)
n − T

(a)
n

�
λ1σ2[n] − λ2σ1[n](  − λ1 + λ2 + λ1σ2[n] − λ2σ1[n]( 

λ1λ2 σ1[n] − σ2[n](  λ1 − λ2 + σ1[n] − σ2[n]( 
,

qn � −
1 + T

(c)
n

1 − T
(b)
n

�
λ1 − λ2 + λ2σ1[n] − λ1σ2[n](  λ1λ2 σ1[n] − σ2[n](  − λ1 − λ2( σ1[n]σ2[n]( 

λ1λ2 σ1[n] − σ2[n]( 
.

(116)

6. Conclusions and Remarks

In this paper, we have deduced two hierarchies of NIDDEs
from a discrete matrix spectral problem by the discrete zero
curvature equation. -e obtained hierarchies, respectively,
work in concert with positive power and negative power
expansions of Lax operators with respect to the spectral
parameter. Two bi-Hamiltonian forms for the obtained
integrable hierarchies are given by the discrete trace
identity. And then, the Liouville integrability of the ob-
tained hierarchies is demonstrated. Furthermore, by the aid
of a gauge transformation of the Lax pair, a Dar-
boux–Bäcklund transformation for the first NIDDE in the
negative integrable hierarchy was presented. Applying the
obtained Darboux–Bäcklund transformation and “Math-
ematica,” we get two exact solutions. -ese solutions also

are called one-fold solutions. -is Darboux–Bäcklund
transformation is continuously done N times, then N-fold
solution of (69) can be derived. Besides, we can get the
Darboux–Bäcklund transformation of the first NIDDE (27)
in the positive hierarchy in a similar way. Recently, in the
soliton theory, some new types of explicit solutions for the
continuous soliton equations have been found, for in-
stance, abundant lump solutions and interaction solutions
[23–26]. For the NIDDE (69), explicit solutions of these
types can also be researched. -ese results will appear in
later papers.

In addition, many interesting problems deserve further
investigation for the NIDDEs in the obtained hierarchies
(25) and (68), such as symmetries constraint, integrable
coupling systems by semidirect sums of Lie algebra, sym-
metries, and master symmetries.
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