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By using the sub- and supersolutions concept (Schmitt, 2007), we prove in this paper the existence of positive solutions of quasi-
linear Kirchhoff elliptic systems in bounded smooth domains. This work is an extension of the recent work of Boulaaras

et al., 2020.

1. Introduction

The scope of nonlinear partial differential equations is quite
wide. One of the main advances in the development of
nonlinear PDEs has been the study of wave propagation,
then comes the equations related to chemical and biological
phenomena, and later, the equations related to solid me-
chanics, fluid dynamics, acoustics, nonlinear optics, plasma
physics, quantum field theory, and engineering.

Studying these equations is a daunting task because there
are no general methods for solving them. Each problem
requires an appropriate approach depending on the type of
linearity ([1-10]).

The p-Laplacian operator is a model of quasi-linear
elliptic operators which makes it possible to model physical
phenomena such as the flow of non-Newtonian aids, re-
action flow systems, nonlinear elasticity, the extraction of
petroleum, astronomy, through porous media, and glaci-
ology. Several authors in this field obtained many results of
existence (see, for example, [1, 3, 5, 11, 12]).

In this work, we consider the following quasi-linear
elliptic system:

—A(J |Vu|2dx>Au=/\u"‘vV, inQ,
Q

—B( |Vv|2dx>Av=)Lu8vﬁ, inQ, (1)
Q

v=u=0, ondQ,

where Q c RY(N=>3) is a bounded domain and its
boundary 0Q. Also, A and B are two continuous functions
on R*, and the parameters «, 3, §, and y satisfy the following
conditions:

0<a<l,

0<p<l,

8,y>0,
0=(1-a)(1-pB)—yd>0foreachA>0.

(2)

Within previous studies [13-15], some nonlocal elliptical
problems of the Kirchhoff type of the following model were
extensively studied:

M(JQWulzdx)Au =h(x,u), inQ, 3)

u=0, inoQ,
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where Q) is a bounded open domain of R" with a smooth
boundary 0Q) and h(x, u) the right hand side is defined for
some exceptional functions similar to those in [13-16]. In
addition, M is a defined and continuous function on R, with
values in R}. In recent years, various Kirchhoff or
p (x)-Kirchhoft-type problems have been widely studied by
many authors due to their theoretical and practical im-
portance. Such problems are often referred to as nonlocal
due to the presence of a full term on Q or in R". It is well
known that this problem is analogous to the stationary
problem of a model introduced by Kirchhoft [17].

du (P, E (Ljouf, \ou
S e “too. 4
Por (h+2LJO dx) 0 @)

0x ox2

More specifically, Kirchhoff proposed this model as an
extension of the wave equation of the Alembert classic by
considering the effects of variations in the length of the
strings during vibration. The parameters of the above
equation have the following meanings: E is Young’s modulus
of the material, p is the mass density, L is the length of the
chain, h is the section area, and P, is the initial tension.

In recent work in [18], we have discussed the existence of
the weak positive solution for the following Kirchhoff elliptic
systems:

—A(IquIILz(Q))Au =0u® +uvP, inQ,

—B(||Vu||L2(Q))Av =L +u?,  inQ, (5)
onoQ,

where A, yy, A,, and y, are positive parameters, a +c< 1,
and f+d< 1.

Motivated by the recent work in [13, 14, 18, 19] and by
using the sub- and supersolution method which is defined in
[20], existence of positive solutions of quasi-linear Kirchhoft
elliptic systems is shown in bounded smooth domains.

The paper outline is as follows: some assumptions and
definitions related to problem (1) are given in Section 2.
Finally, our main result is given in Section 3.

u=v=0,

2. Preliminaries and Assumptions

We assume the following hypothesis:

(H1): we assume that M: R* — R* is a nonin-
creasing and continuous function which satisfies

Tim M (1) = g, (6)

where m; >0, and there exists a;,b;,>0,i = 1,2 such
that

a,<A(t)<ay, b, <B(t)<b, forallte R".  (7)

(H2): and
a,BeC(Q),

(8)
a(x)=a,>0,B(x)=p,>0

for all x € Q.
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(H3): f, g, h,and 7 are C! on (0, +00) and increasing
functions, where

{ lim, . f(t)=+0o,lim, ,, g(t)=+co, ©)
lim, ,,  h(t) =+c0 =lim,_,, 7(t) = +0o0.
(H4): 3y >0 such that

y
lim w =0, forallk>0,
—+00

(10)
T(kt?)

=0, forallk>0.

m
t—stoo (V71

Lemma 1 (see [14]). Under assumption (H1),we suppose
further that function H (t): = tM (t*) is increasing on R.

We assume that u and v are couple nonnegative functions,
where

{ M J |Vu|2dx>Auz - M(J |Vv|2dx>Av, inQ,
Q Q
u=v=0, ondQ,

(11)

and then u>v a.e. in Q.

Lemma 2 (see [1]). If M verifies the conditions of Lemma 1,
then for each f € L*(Q), there exists a unique solution
u € H} (Q) to the M-linear problem:

—M(J [Vuldx )au = £ (x)inQandu=0ind0.  (12)
Q

Lemma 3 (see [1]). Let w solve Aw = ginQ. If g € C(Q),
then w € C"*(Q) for any a € (0,1), so particularly, w is
continuous in Q.

Definition 1. Let (u,v) € (H}(Q)NL®(Q)x H{(Q)NL®
(Q)), and (u,v) is said a weak solution of (1) if it satisfies

A(J IVuIde>J Vqubdx:)tJ u“v¢dx, inQ,
Q Q Q
B<J- |VV|2dX>J Vth//dxz)tj u5vﬁwdx, inQ,
Q Q Q
(13)

for all (¢,v) € (H)(Q) x H}(Q)).

Definition 2. We call the following nonnegative functions
(u,v), respectively; (#,v) in (H(Q)NL®(Q)x HL(Q)N
L* (Q))) are a weak subsolution (respectively, upersolution)
of (1) if they verify (u,v) and (%, %) = (0,0) in 0
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A<J \% gIde>J VuVedx < AJ u"v'¢dxin Q,
Q Q Q
B(J [V y| dx)J Vy x < J géyﬁwdxinQ,
Q
(14)
A<J vl dx)J VuV¢dx>AI "B gdxin O,
B(J |vv|2dx>j vvwdxzaj 7% ydxin Q,
Q Q Q
for all (¢,y) € (H}(Q) x Hy (Q)).
Before proving our main result, we need to prove the
existence of weak supersolution and subsolution in the
following section.

3. Weak Existence Results

3.1. Existence of Weak Supersolution. The existence of a
positive weak supersolution for system (1) is established such
that each component belongs to C%* (Q), for p € (0,1).

Lemma 4. Suppose that (H1) holds, 0<«,3< 1,6,y >0, and
0= (1-a)(1-pB)—y6>0. Then, system (1) possesses a
positive weak supersolution

(@7) € L*(0,T,C™ (Q)) x L*(0,T,C™ (), (15)

for p; € [0,1],i = 1,2 and 1> 0.

Proof. Lete; € C*i(Q), fori = 1,2, p, >0, be the solution of
the following problem:

-Ne; =1,
e; =0,
Then, by the strong maximum principle, we get e; > 0 in

O, i=1,2.
We define

in Q,

16
on 0Q). (16)

(1,7) = (Cie;,Cyey), (17)

where C; and C, are positive constants which we will fix
them later.

Let (¢, v) C (H)(Q) x H} (Q)), with (¢, ) >0.

Then, we obtain

A(ngaﬁdxﬂgvav(pdx = A(Igwafdx)cljowlwdx

- A(ngafdx)clIQ(pdx

ZaICIJngdx,
(18)

and similarly,

3
B<J |vv|2dx)J VVVu/dx=B<J |vv|2dx>czj ydx
Q Q Q Q
zblczj ydx.
Q
(19)
If
=lel L=l
0<a<l, 0<p<1, (20)
A>0, 6>0,

and (H1) holds, it is easy to prove that there exist positive
constants C; and C, such that

a,C ™% = A\CYI*LY,
1 5 5 (21)
b,C, " =ACII°L”.
Thus, from (21), we obtain for all x € Q
Ay < ACACI*LY < a,C,,
(22)

N9 < AC3CEPIF <b,C,.

Therefore, by using (18), (19), and (22), we conclude that
in Q,

A(jo|va|2dx)JQvav¢dx2AIQa“ o

B(I |V7|2dx>J VVdeszI PPydx, inQ.
Q Q Q

v ¢dx,

Hence, (%, 7) € C%1(Q) x C%2(Q) is a positive weak
supersolution of system (1). O

3.2. Existence of Weak Subsolution. Existence of a positive
weak subsolution for system (1) is proved such that each
component belongs to C° (Q).

Lemma 5. We assume that (H1) holds:
0<a,<1,6,y>0,

24
O=1-a)(1-p)- (29

y6 > 0.

Therefore, system (1) possesses a positive weak sub-
solution (u,v) € C°(Q) x C°(Q), for all 1> 0.

Proof. We assume that A, is the first eigenvalue of —A with
Dirichlet condition with ¢, which is its corresponding
eigenfunction and ¢, belongs to C*1 (Q) x C*1 (Q), ¢, >0
in Q and |V¢,| > o, on 9Q, for some positive constants o, y;,
and p;,.

We define
(wv) =(c¢1,c¢7) (25)

which belongs to (C°(Q)NC!(Q))x (C°(Q)NC'(Q)),
with ¢ >0 to be fixed later, and



i<k<l_a

1-8
because 6>0, 1-a>0, and 1->0. Then, for all
(¢, y) € (Hy(Q) x Hy (), with ¢, >0, we have

(26)

A(JQW g|2dx)JQVg Vodx = 2cA<JQ|V g|2dx>JQ¢1V¢1V¢,

_ ZCA(LJV glzdx)JQ [,67 - |V, [*] pdx.
(27)

Similarly,

B(JQW y|2dx>JQVwadx = ZCkB<JQ|V y|2dx>JQ

: [A1¢% _|V¢1|2]de-
(28)

Since ¢, = 0 and |V¢, | > 0, on 9Q, there exists > 0 such
that, for every x € Q, = {x € Q: d(x,0Q) <7}, we have

IN

[Lg? - |Ve, )] <0,

(29)

IN

[AIW% _|V‘/’1|2] 0.

Then, for each A >0, we get
A<J |Vg|2dx>J VngbdeOS/lJ' u®u'¢dx, (30)
Q Q, Q,

for all ¢ € Hy(Q), ¢>0, and
B(J |V1_/|2dx>J Vwadxsos/\J g‘sgﬁwdx, (31)
Q 0 0’7

for all y € H} (Q) and y >0.

Now, as ¢, >0 in Q and ¢, is continuous, then there
exists ¢>0 such that ¢, (x)>u>0 for all x e O\Q,.
Therefore, from (26), we obtain a,>0 such that the fol-
lowing inequalities hold:

_ Q
2b,)1, P08 () <1 <P (x), Vx € =
n
(32)

Q
ZaZAICI_a_k]}(/ﬁ_Z“ (x) S)WZV SA(/’%)’ (x), Vxe ﬁ_’ (33)
n

for each c € (0, ay).
Then,

2e( | [vulax)[r,1 - |94, o
<2a,cd, 4, (34)

1-a-ky 2-2a[ ky a2
=2a,Mc T “[c Yc“qﬁl“].

By (33), we have
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2cA<J |Vg|2dx> [M67 -V, ] < A7 Ve i
Q

=Au®v".

(35)

And similarly, from (32), we have

zckB(jQw odx ) (1,97 [V, ]

<Au’of

(36)

in Q/ﬁn and each c € (0,a,).
Therefore,

A<JQ|Vg|2dx>J'Q/5 Vuvedx SAJQ/@ uyigdx  (37)

n "

B(J |Vy|2dx)j _Vwadxs/\J Cwpdx. (38)
Q Q/IQ

) 0/,

Hence, from (30), (31), (37), and (38), it follows that

A<JQ|Vg|2dx>[JQ VuVedx + J B VgV(/)dx]

) /o,

= A(JQW g|2dx>JQV uVedx < Jﬂg"‘zy(/)dx,
(39)

B<J |V1_/|2dx>“ Vth//dx+J _VyVl//dx]
Q Q, o/

"

:B<J |Vy|2dx>J VszdeAJ ud uPydx.
Q Q Q
(40)

Then, by (39) and (40), (u,v) is a positive weak sub-
solution of system (1), for each c € (0, ay). O

4. Main Result

In this section, we give the result of the existence of the
positive weak solution to quasi-linear elliptic system (1) by
using the sub- and supersolution method which has been
already used for some classical elliptic equations by known
authors (see [1, 4, 11, 19, 21]).

Theorem 1. Suppose that (H1) holds, 0<a,<1,6,y>0,
and 0 = (1 — &) (1 — ) — yd >0 as well as under the results of
Lemma 4 and 5. Then, system (1) possesses a weak solution
(u,v) € (Hy(Q) x H} (Q)), where each component is positive
and belongs to C™ (Q)NC™ (Q) for some p € [0,1], u>0,
and each A > 0.

Proof 3. In order to obtain a weak solution of problem (1),
we shall use the arguments by Azzouz and Bensedik [13]. For
this purpose, we define a sequence {(u,,v,)} ¢ (H}(Q) x
H} (Q)) as follows: u, : = u, v, = v, and (u,, v,,) is the unique
solution of the system



Mathematical Problems in Engineering

—A(J |Vun|2dx>Aun=)Lugflvz,l, inQ,
o

—B(J |an|2dx>Avn = Augflvﬁ_l, inQ, (41)
Q
u,=v,=0, ondQ.
Problem (41) is (A, B)-linear in the sense that if
(#4015 Vo) € (Ho (Q) x Hy (Q)) (42)
is given, the right-hand sides of (41) are independent of
Uy, V.
Set
A(t) = tA(t),
(43)
B(t) = tB(¢*).
Then, since
A(R) =R, B(R) =R,
F (1 V) = vy vy € L2(Q), (44)

(U1 V) = U Vo € L2 (90).

According to the result in [1], we can deduce that system
(41) admits a unique solution

(4,5 v,,) € (Hg (Q) x Hy (). (45)

By using (41) and the fact that (1, ;) is a supersolution
of (1), we have

_A<J |Vu0|2dx)Au0 > Augvy = —A(J |Vu1|2dx)Au1,
0 o

—B(J |Vv0|2dx>Av02/\ugv§ :—B<J |Vv1|2dx>Av1.
Q Q
(46)

Also, by using Lemma 1, u, >u, and v, >v,, and since
Uy> u, vy > v, and the monotonicity of f (u,v) = u*" and
gu,v) = u%v8, one has

—A(J qullzdx>Au1 :Augvngﬁz —A(J |Vg|2dx)Ag,
Q Q

op
—B(J |Vv1|2dx)Av1 =)Lugv§ >Auv > —B(J |Vy|2dx>Ay,
Q Q
(47)

from which, according to Lemma 1, u; > u and v, > v. For
Uy, V5, We write

—A(j |Vu1|2dx)Au1 = dugvy 2 vl = —A(J |Vu2|2dx)Au2,
o Q
—B(J IVv1|dx)Av1 = /\ugvgzkufvlf = —B(J |Vv2|2dx)sz,
Q Q
(48)

and then u; >u, and v, >v,. Similarly, u, > u and v, > v
because

—A(j |Vu2|2dx>Au2 = vl > dujvl > — A(J \Y g|2dx>A u,
Q Q

—B(J |Vv2|2dx)Av2 = /\u?v/f 2/1@31/1; > - B(J |Vy|2dx>Ay.
Q Q
(49)

Repeating this argument, we get a bounded monotone
sequence {(u,,v,)} € (H{(Q) x Hj (Q)) satisfying

U=uy>u, >u,> ... 2u,>...>u>0, (50)

V=vy2v 21,2 ... 2v,>...2v>0. (51)

Using the continuity of the functions f and g and the
definition of the sequence {u,},{v,}, there exist constants
C;>0,i=1,...4, independent of n such that

|f (un—l’ Vn—l)l < Cl’

52
lg(un—l’vn—l)l <G, 52

foralln.

From (52), we multiply the first equation of (41) by u,; in
addition, by using the Holder inequality combined with
Sobolev embedding, we have

alj |Vun|2deA(J |Vun|2dx>J |Vun|2dx
Q Q Q
=AJ f(un—hvn—l)undx
o
SAJQlf(Mn—l’Vn—l)”unldx

5\ (172)
§C1A(J |ut, | ) dx
Q

= C3””n”H5 )

(53)

or ”u””Hé(Q) <C;,Vn,

where C; > 0 is a constant independent of n. Similarly, there
exists C, >0 independent of n such that

"Vn”H(l)(Q) <CypVn. (54)

From (53) and (54), we deduce that the couple {(u,,v,)}
converges weakly in H}(Q,R?) to the couple
(u, v)withu> u >0 and v>v>0.

By using a standard regularity argument, {(u,,v,)}
converges to (u,v). Thus, when n — +00 in (41), we can
see that (u,v) is a positive solution of system (1).

The proof is completed. O

5. Conclusion

As a conclusion of this contribution, we have proved the
existence of positive solutions of quasi-linear Kirchhoft elliptic
systems in bounded smooth domains by using the sub- and
super-solution method [20], which is an extension of our recent
works of Boulaaras et al. in [18]. In the next work, some other
methods such as variational and Galerkin methods (see, for
example, [15]) will be used for this problem, and some nu-
merical examples will also be given [9, 22].
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