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Power split hybrid electric vehicle (HEV), which enables free adjustment of the engine, shows excellent performance in energy
saving. -e fuel economy of HEV is influenced by the battery charging/discharging. In order to maintain the exact battery
sustainability, dynamic programming, a kind of global optimization strategy, is applied offline to derive the optimal solutions with
minimal engine fuel consumption and exact battery SOC balance. -e mode switching rules are further extracted and used to
decide the operation modes for real-time control applications. -e operation efficiencies of different components are analyzed,
and the system transmission efficiency for the operation mode that both the engine and electric machines are engaged in is
obtained. -en, the optimal problem based on model predictive control scheme is constructed with the objective of maximal
powertrain transmission efficiency. -e optimal problem in the prediction horizon is solved by dynamic programming to obtain
the optimal control sequence. Finally, simulation studies are made. Simulation results demonstrate that the transmission efficiency
oriented predictive strategy can maintain the battery charging sustainability and improve the equivalent fuel economy of the HEV
effectively. -e results validate the feasibility and superiority of the proposed controller.

1. Introduction

Hybrid electric vehicle (HEV) demonstrates good solutions
in dealing with the environmental pollutions and oil crisis
due to the added electric source.-eHEV configurations are
mainly categorized as parallel, series, and series-parallel type
(usually power split configuration) [1, 2]. -e series type
HEV can reduce fuel consumption for low velocities by
preventing the engine from operating at low efficiency re-
gions. However, at high velocities, the energy losses of series
type HEV increase because the mechanical output energy of
the engine is converted in twice, and the engine prefers to
drive the wheels directly. -e parallel HEV, in contrast,
shows good fuel economy for medium and high velocity
scenarios with appropriate transmission ratio, but bad re-
sults at low velocities, because of the mechanical connection
between the wheel and engine [3]. -e series-parallel type

HEV, also known as the power split ones, inherits the ad-
vantages of both series and parallel type HEVs. -ey are
dominating the markets, such as Toyota Prius, Ford Fusion,
Chevrolet Volt, and Buick Velite [4, 5].

-e energy management strategy is the core to the
powertrain in deciding the output power of different power
sources, on which abundant research studies have been
conducted. -e strategies can be classified as rule-based and
optimization-based types [1–3]. Although rule-based strat-
egies demonstrate bad robustness which means that the
mode switching rules predefined for certain driving cycles
may behave badly for other scenarios, they are widely used in
practical applications because of easy implementation and
the advantages in real-time capability. Besides, the pre-
defined rules can be independent of the driving cycle. By
optimizing the rules for certain driving cycles with optimal
algorithms, such as particle swarm optimization, genetic
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algorithm, and so on, rule-based strategies can even gain
near-optimal results [6, 7]. Optimization-based strategies are
used to derive the global or instantaneous optimal solutions
with different kinds of optimization algorithms. For ex-
ample, dynamic programming, a kind of global optimization
strategy, can be used to obtain the optimal control sequence
by minimizing certain cost functions in the whole time
history, while equivalent consumption minimization strat-
egy (ECMS) and Pontryagin’s minimal principle (PMP) deal
with energy management at each moment and can be run in
real time [8–10]. Model predictive control (MPC) makes full
use of future information and solves the optimal problem in
a finite time horizon. -erefore, MPC proves to be a good
compromise between the global and instantaneous solutions
[11, 12].

By reviewing the existing optimal energy management
strategies, it can be found that most of them have focused on
the minimization of engine fuel consumption, which often
leads to the crude consideration of powertrain energy losses,
such as the energy conversion losses that occur in the battery
and electric machines [13]. Lowest energy consumption
instead of engine fuel consumption can be maintained by
maximizing the energy conversion efficiency [14]. -e HEV
powertrain efficiency has been studied in depth to reveal the
energy flows and energy losses for different energy paths in
some works [15–18]. Aiming at improving the operation
efficiency of hybrid powertrain, Schouten et al. analyzed the
component efficiency of a parallel HEV and derived the
heuristic control rules [19]. Shabbir and Evangelou con-
sidered the efficiency of engine-generator set, the battery,
and power electronics. On this basis, a control map was
produced to ensure the maximum powertrain efficiency for a
series HEV [13]. As for power split HEV, the planetary
power coupling configuration has the mechanical point at
which all the engine power flows to wheels and the battery
power equals zero. According to this mechanical point, the
engine speed can be decided for certain vehicle velocity to
maintain high powertrain efficiency [20–22]. Wang et al.
proposed the separation factor which is related to the engine
and vehicle speed and further designed the instantaneous
optimal strategy to improve the economical efficiency [23].
However, the mechanical point oriented strategy just fo-
cused on the vehicle speed and ignored the effects of engine
torque on the transmission efficiency. -e engine torque
should also be accounted for the system efficiency.

-is paper investigates the energy management strategy
of a power split HEV based on optimal transmission effi-
ciency when the engine is start up. When the engine is shut
down, the vehicle is solely driven by the motor as pure
electric driving. It is important to identify whether the
engine should be started up or shut down during the driving
process. -erefore, the laws that are beneficial to judge the
engine operation states are extracted based on the global
optimal results derived by dynamic programming (DP). In
the operation mode that the engine works, the system
transmission efficiency is derived based on the efficiencies of
different components. Model predictive control which is
capable of dealing with constrained optimal problems in
finite time horizon is further applied to construct the energy

distribution problem, and DP is implemented to derive the
optimal engine operation point. -e proposed transmission
efficiency oriented predictive strategy (TEOPS) is bench-
marked against the rule-based strategy and the ECMS which
have shown the real-time capability and easy
implementation.

-e rest of the paper is presented as follows. -e
powertrain model is established in Section 2, followed by the
analyses of powertrain transmission efficiency in Section 3.
Section 4 gives the optimal energy management strategy. In
Section 5, comparative simulations are conducted, and the
conclusions are drawn in Section 6.

2. Modeling of the Powertrain

Figure 1 gives the configuration of the HEV powertrain,
where the power coupling device with planetary gear sets
(PG1 and PG2) is used to connect the engine and electric
machines (MG1 andMG2). Electric machines are connected
to the sun gears of PG1 and PG2. -e engine is connected to
the carrier gear of PG1. -e carrier gear of PG2 is connected
to the ring gear of PG1 and transmits the power to the final
drive. By controlling the operation states of the engine and
electric machines, the vehicle can realize different modes,
including the charging while standstill, pure electric driving,
hybrid driving, regenerative braking, and mechanical
braking.

-e dynamic equations of the planetary power coupling
device can be derived based on lever analogy [24]. Since each
planetary gear set has both translational and rotational
degrees of freedom (DOF), four dynamic torque relations of
the configuration are established. Due to the mechanical
connections between different parts of the planetary gear
sets, the system torque and speed constraints are obtained.
Consequently, the powertrain dynamic relations with the
engine speed ωE and the rotational speed ωout of the second
carrier as state variables are described as

_ωE

_ωout
  �

Igt 1 + K1( 
2

+ Iet −IgtK1 1 + K1( 

Igt 1 + K1(  + Iet −K1Igt + 1 + K1( 
2
Imt + Ioutt

⎡⎢⎢⎢⎢⎣ ⎤⎥⎥⎥⎥⎦

·
1 + K1( TG + TE

1 + K2( TM + TE + TG + Tout
 ,

(1)

where K1 and K2 are the ratio between the radius of the ring
gear and the sun gear for PG1 and PG2, respectively. TE is
the engine torque, while TG and TM denote the torque of
MG1 and MG2, respectively. Tout is the load torque and is
written as

Tout �
Tbrk +[mg(f cos θ + sin θ)]Rw

id

+
0.5ρairAfCd ωout/id( 

2
R3
w

id
,

(2)

where Tbrk is the friction torque; id is the ratio of final drive; θ
is the road slope; m is the vehicle mass; f is the coefficient of
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rolling resistance; Af and Cd are the vehicle frontal area and
air drag coefficient, respectively; ρair is the air density; and Rw
is the inertia of the wheel.

Iet, Igt, Imt, and Ioutt are lumped rotational inertias. -ey
are given by

Iet � IE + IC1,

Igt � IG + IS1,

Imt � IG + IS2,

Ioutt � IR1 + IC2 + Ifd +
mR2

w + 4Iw( 

i2d
,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(3)

where IG, IE, and IM are rotational inertias of different power
sources; IC1, IS1, IC2, and IS2 are rotational inertias of the
planetary gears; and Ifd and Iw are the inertia of the final
drive and the wheel.

-e parameters of the power split HEV are shown in
Table 1.

3. Analysis of the Operation Efficiency

-e proposed power coupling device can act as an electric
continuous variable transmission (ECVT) to regulate the
engine torque and speed continuously, which is similar to
the Toyota Prius. -erefore, the transmission which in-
cludes the hydraulic torque converter and clutch is re-
moved from the powertrain. -e other mechanical
efficiency mainly lies in the final drive and the planetary
gear set. Once the vehicle speed and acceleration are de-
cided, the required torque and speed at the output shaft of
the planetary gear set are also certain, leading to certain
final drive efficiency. -erefore, the efficiency caused by
the final drive has the same influence on different energy
management strategies. Consequently, by referring to the
modeling method in ADVISOR, constant efficiency of the
final drive is applied, which is set to be 97%. It is pointed
out that gear loss was assumed to be 1% of the transmitted
torque used in the automotive industry [25]. For simpli-
fication of the controller design, the transmission effi-
ciency of the planetary gear set is assumed to be 100%.

3.1. Efficiency Model of Different Components. During
braking process, the engine is shut down and the energy
management strategy can be designed to fully recuperate the
braking energy under the premise of safety. In pure electric
driving mode, the system efficiency is also certain due to the
ultimate electric source, i.e., the battery and MG2. -erefore,
this paper focuses on the system transmission efficiency for the
operation modes that the engine participates in the driving.

-e engine operation efficiency ηE reflects the energy
conversion efficiency between chemical energy Pche and
mechanical energy PE. -e conversion efficiency is

Pche � _mf ωE, TE( Hlhv,

PE � TEωE,

ηE �
Pche

PE

,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

(4)

whereHlhv is the fuel lower heating value and the engine fuel
flow rate _mf relates to the engine speed and torque. -e
efficiencies ofMG1 andMG2 denote the conversion between
electrical energy and mechanical energy and relate to their
torques and speeds.

ηG � φG ωG, TG( ,

ηM � φM ωM, TM( ,
 (5)

where ηG and ηM denote efficiencies of MG1 and MG2,
respectively, and φG and φM are experimental efficiency
maps of MG1 and MG2. Both the engine fuel flow rate and
efficiencies of the electric machines are described as static
look-up tables.

Due to the internal resistance, there are energy losses of
the battery during the conversion between chemical energy
and electrical energy. -e internal resistance Rint is deter-
mined by the battery state of charge (SOC), temperature tb,
and the battery operation states, which is defined as λ. λ � 1
and λ � −1 represent that the battery operates in discharging

Table 1: Parameters of the powertrain.

Parameter Value Unit
Vehicle mass m 12980 kg
Wheel radius Rw 0.47 m
Air density ρair 1.23 g/m3

Coefficient of rolling resistance f 0.0135 —
Ratio of the final drive id 4.875 —
Air drag coefficient Cd 0.65 —
Vehicle front area Af 7.1 m2

K1, K2 2.11, 2.11 —
Maximal engine speed ωE

max 2500 r/min
Maximal engine torque TE

max 650 Nm
Maximal speed of MG1 ωG

max 5000 r/min
Maximal torque of MG1 TG

max 400 Nm
Maximal speed of MG2 ωM

max 7500 r/min
Maximal torque of MG2 TM

max 700 Nm
Rate voltage of the battery Uocr 530 V
Rate capacity of the battery Qbatr 70 Ah

Sun gear Ring gear Carrier gear

Engine

MG1

PG1 PG2

MG2

Final
drive

Figure 1: Configuration of the powertrain.
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and charging state, respectively. -e battery resistance is
described as

Rint �
Rdis tb, soc( , λ � 1,

Rchg tb, soc( , λ � −1.

⎧⎨

⎩ (6)

Various modeling methods have been proposed to
model the battery SOC [26]. -e Rint model of the battery is
applied in the paper, i.e.,

s _oc � −
Uoc tb, soc(  −

����������������������������
U2

oc tb, soc(  − 4PbatRint tE, soc, λ( 



2Qbat tb( Rint tb, soc, λ( 
,

(7)

where Pbat is the battery power; Uoc denotes the open-circuit
voltage, which is influenced by the battery temperature and
SOC; and Qbat is the battery capacity.

-e battery efficiency ηbat is defined as

ηbat �
ηchg, Pdc > 0,

ηdis, Pdc < 0,


Pdc � PGdc + PMdc,

(8)

where ηchg and ηdis are the battery efficiencies during
charging and discharging process, respectively; Pdc is the
DC-link power which is affected by the power of MG1 and
MG2; and PGdc is the power transmitted to or from the
DC-link related to the mechanical power PG of MG1.
When MG1 acts as a generator to generate electricity
(c �1, c denotes the state of the electric machine), the
power is transmitted from MG1 to DC-link. When MG1
acts as a motor and consumes electrical energy (c � −1),
the power flows from the DC-link to MG1. -erefore, we
have

PGdc � PGη
c

G � TGωGη
c

G. (9)

Similar definitions are applied toMG2. PMdc is calculated
by

PMdc � PMη
c

M � TMωMη
c

M. (10)

Consequently, the battery charging and discharging
efficiencies are given by

ηbat �

ηchg �
Pbat

Pdc
�

UocIbat

UoutIbat
, Pdc < 0,

ηdis �
Pdc

Pbat
�

UoutIbat

UocIbat
, Pdc > 0,
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⎪⎪⎪⎪⎪⎪⎩

(11)

where Uout is the battery output voltage and Ibat is the
current of DC-link. According to the battery model, Uout is
calculated by

Uout �

2PdcRdis

Uoc −
������������
U2

oc − 4PdcRdis
 , Pdc > 0,

2PdcRchg

Uoc −
������������
U2

oc − 4PdcRchg

 , Pdc < 0.
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(12)

-en, the battery charging and discharging efficiencies
are

ηbat �

ηchg �
Uoc Uoc −

������������
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(13)

For any given power of the DC-link, the battery SOC,
and temperature, the battery efficiency can be derived. -e
battery efficiency for different SOC from 0.2 to 0.8 and DC-
link power from −80 kW to 80 kW when the battery tem-
perature is 25°C is derived and is shown in Figure 2. It is
obvious that the battery efficiency is lower at high power
levels. With the increase of DC-link power, the battery SOC
shows more obvious influence on the efficiency.

3.2. Powertrain Transmission Efficiency. Based on the
aforementioned component efficiencies, the powertrain
transmission efficiency which is mainly discussed among
the operation modes that the engine is start up is further
derived.

For the charging while standstill mode, the fuel is the
original source and the battery is the terminal of the energy
flow. -e powertrain transmission efficiency is written as

ηpow �
Pbat

Pche
� ηEηGηbat. (14)

-e engine and MG1 are viewed as engine-generator
set. -e power of MG2 is zero. Figure 3 describes the
powertrain efficiency for the charging while standstill
mode when the battery SOC is 0.55 and the temperature is
25°C. It can be seen that the maximal powertrain efficiency
is about 0.34, where the operation efficiencies of the
engine, MG1, and battery during charging process are
counted. Due to the physical limitations of MG1 and
engine, some engine operation regions cannot be
achieved, as shown by the blank space in Figure 3. By
comparing Figures 3 and 4, it is shown that the highest
transmission efficiency region corresponds to the region
of the engine map with low fuel consumption rate.
However, this region also results in large battery charging
power, which contributes to the rapid rise of battery SOC.
Consequently, the charging while standstill mode is
recommended to be activated when the SOC is at a relative
low level, for example, below 0.4.

As for hybrid driving mode, the origin and terminal of the
energy flow vary with the battery states. When the battery
assists the engine to drive the vehicle (Pbat > 0), it acts as a
power source. All the energy that originates from the engine
fuel and battery flows to the vehicle output shaft. However,
when the battery is charged, the energy that originates from
the engine fuel flows to the battery and the vehicle output
shaft. Depending on the battery state in hybrid driving mode,
the powertrain transmission efficiency is
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ηpow �

Pout

Pche + Pbat
, Pdc > 0,

Pout − Pbat

Pche
, Pdc < 0.

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(15)

-e mechanical output power at the shaft is

Pout � Toutωout. (16)

When the battery assists in driving the vehicle, it is
obvious that the more assistance power the battery provides,
the higher the powertrain transmission efficiency is because
the battery and motor efficiencies are much higher than the
engine. However, it ignores the fact that the consumed
electrical energy must be replenished by the engine power in
the future. -e energy loss will occur in the engine, MG1,
and battery during the future charging process. Meanwhile,
the power charged in the battery should also discharge in the
future to maintain the battery charging sustainability [27].
Consequently, in order to account for the battery charging
and discharging in the future, the battery power is corrected
and calculated by

Pbat �
Pdc ηbatηav_chgp 

− 1
, Pdc > 0,

Pdcηbatηav_disp, Pdc < 0,

⎧⎪⎨

⎪⎩
(17)

where ηav_disp and ηav_chgp denote the estimated average
efficiencies for the future discharging and charging process.
-ey are defined as

ηav_chgp � ηEηelechgηbchg,

ηav_disp � ηeledisηbdis,
⎧⎨

⎩ (18)

where ηE, ηelechg, and ηbchg represent the average efficiencies
of the engine, electric machine, and the battery when the
battery is charged by part of the engine energy, while ηeledis
and ηbdis represent the average efficiencies of the electric
machine and the battery when the battery discharges in the
future. Although the efficiencies of different components are
time varying, they are difficult to be estimated in real time
and constant average values can be adopted for simplifi-
cation [13]. In combination of Figures 2 and 3, the average
charging efficiency ηav_chgp and discharging efficiency
ηav_disp are chosen to be 0.33 and 0.96, respectively.

4. Optimization of Energy
Management Strategy

-e operation mode of the power split HEV should be
decided and the output torque of different power sources is
further calculated. -e powertrain control scheme is de-
scribed in Figure 5. -e controller calculates the desired
engine torque T∗E , MG1 torque T∗G , MG2 torque T∗M, and the
braking torque T∗brk according to the required torque Treq
and velocity vreq, as well as the system states, such as the
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actual velocity v, the battery SOC, and engine speed. -e
mode decision module is used online to identify the oper-
ation mode of the HEV according to some predefined
thresholds. -en, model predictive control module designed
for the operation mode that the engine is start up is applied
online to obtain the engine speed and torque with optimal
powertrain transmission efficiency as objective function.-e
torque distribution module calculates the torque of electric
machines and the friction braking. It is worth noting that
when the engine is shut down, the torque distribution
module directly calculates the torques of MG1, MG2, and/or
the friction braking torque without activating the MPC
module.

-e predefined thresholds in the mode decision module,
such as the vehicle speed and acceleration, strongly affect the
HEV mode switching. -erefore, the global optimal control
sequences under different driving cycles that ensure exact
battery charging sustainability are firstly derived offline.
Based on the offline optimized results, the thresholds are
derived and stored in the mode decision module to guide the
online mode switching.

4.1. Mode Decision Module. When the vehicle speed and
acceleration are within an appropriate range during driving
process, MG2 can provide enough torque and the HEV
operates in pure electric driving mode. -erefore, if the
battery SOC is higher than a certain value SOClo, the vehicle
is just driven by MG2 and the engine is shut down. Oth-
erwise, the engine engages in the driving. When the vehicle
stops, the engine will drive MG1 if the battery SOC is smaller
than a certain value SOCch. During braking, the regenerative
braking strategy is also certain for maximal energy
regeneration.

DP algorithm, based on the Bellman principle of opti-
mality, is implemented offline to derive the global optimal
solutions. -e principle of DP algorithm is shown in Fig-
ure 6. -e time horizon is discretized into N steps and the
optimal policy of DP is obtained by solving the multistage
decision-making problems of backward optimization from
the terminal stage.

For any stage (time step), the state relies on the former
state and relevant control variable, that is,

x(k + 1) � f(x(k), u(k)). (19)

In our study, the state variable is the battery SOC, and
control variables include the engine torque and speed.

x � [soc],

u � TE ωE .
(20)

In the backward direction, the cost-to-go function that
starts from the Nth stage is defined as

J
∗
N(x(N)) � 0, (21)

J
∗
k (x(k)) � min

u(k)
L(x(k), u(k)) + J

∗
k+1(x(k + 1)) , (22)

where J∗ k(x(k)) is the optimal cost-to-go function from
the kth stage to the final stage and L(x(k), u(k)) is the cost-
to-go function from the kth stage to the (K + 1)th stage for
certain state and control variables. By converting the global
optimal problem into a series of staged suboptimal prob-
lems, the global optimal solutionsΠ∗ should ensure minimal
J∗ (x(1)), i.e.,


∗

� argmin J∗1(x(1)). (23)

For a complete cycle, the best operation state is that the
initial SOC equals to the final value, which means that exact
battery sustainability ismaintained. In practical applications, the
vehicle future velocities cannot be predicted precisely. Without
a priori knowledge of the velocity profile, the exact battery
balance condition is difficult to realize. However, for offline
applications, the global optimization strategy for certain cycles
can be analyzed and applied as benchmarks to evaluate other
instantaneous optimal strategies.-e exact battery sustainability
can also be ensured. Consequently, minimal engine fuel con-
sumption is selected as the objective.

L(x(k), u(k)) � _mf(x(k), u(k))ΔT, (24)

where ΔT is the time step.
-e exact battery SOC balance is set as constraints.

Besides, the physical constraints of the engine and electric
machines should also be addressed. -e constraints for the
global optimization problem is

x (k)

u (k) u (k + 1)

x (1) x (N)

x (k + 1)

L (x(k), u(k))
f (x(k), u(k))

J∗k+1(x(k + 1))
J∗k+2(x(k + 2))J∗k (x(k))

J∗2 (x(2)) J∗N (x(N))

J∗1 (x(1))

u (1) u (N)

Figure 6: -e schematic diagram of DP implementation.
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soc(0) � soc(N),

ωE
min ≤ωE ≤ωE

max,

TE
min(k)≤TE ≤TE

max,

ωG
min ≤ωG ≤ωG

max,

TG
min(k)≤TG ≤TG

max,

ωM
min ≤ωM ≤ωM

max,

TM
min(k)≤TM ≤TM

max,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(25)

where ωE
min and ωE

max are the minimal and maximal engine
speed. Similar definitions are applied to other maximal and
minimal torques and speeds.

Some driving cycles that are common for heavy-duty
buses, such as the CTBCDC (China Transit Bus City Driving
Cycle), the OCC (Orange County Bus Cycle), and theWLTC
(Worldwide harmonized Light vehicles Test Cycle) for Class
1 vehicle, are tested with DP to analyze the engine operation.
-e velocity profiles of different cycles are shown in Figure 7.

-e road grade is ignored. -e required torque ulti-
mately depends on the vehicle speed and acceleration.
Figure 8(a) gives the vehicle operation modes for different
velocities and accelerations under the combined cycle of
CTBCDC, OOC, and WLTC, where the yellow squares
represent the conditions that the engine is start up and the
blue squares denote the conditions that the engine is shut
down. -e probability cloud that the HEV operates in pure
electric driving mode during driving process is also intro-
duced and given in Figure 8(b) to better determine the
thresholds. In the figure, the color means the probability that
the vehicle operates in pure electric driving mode for the
whole combined driving cycle, and the value is shown by the
color bar in the figure. It can be concluded that the larger the
probability is, the vehicle is more likely to operate with the
corresponding acceleration and velocity, and the HEV is also
more likely to operate in pure electric driving mode.
Figure 8(b) reflects the degree of the vehicle operation with
certain acceleration and velocity. By combing the two fig-
ures, the critical points for the mode switching during
driving are obtained. -e coordinates of these points are A
(0, 1.1), B (12, 1.1), C (12, 0.45), D (24, 0.45), E (24, 0.2), F (44,
0.2), and G (44, 0). It is seen that there are some points
beyond the boundary which indicates that the vehicle should
have been in pure electric driving mode, as shown in
Figure 8(a). However, since the appearance frequency of
these points is small, as shown by the corresponding
probability in Figure 8(b), these points can be attributes to
the region that the engine is started up.

4.2.MPCModule. When the engine is start up,MPC is used to
derive the engine torque and speed.-e required vehicle torque
and velocity in the prediction horizon are necessary to be
predicted. Different kinds of prediction methods, such as
neural network and exponential prediction rules, have been
used to predict the torque and/or velocity. One-step Markov is
applied to predict the required torque. -en, the vehicle ve-
locity sequence is obtained. -e solving method presented in
ADVISOR is adopted to calculate the prediction velocity:

av � 0.5ρairCdAf,

bv �
2m

ΔT
,

cv � mg(f cos θ + sin θ) −
2mvcur

ΔT
−

Treq

Rw

,

vavg �
−bv +

�����������
bv2 − 4av · cv

√
( 

2av
,

vnext � 2vavg − vcur,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(26)

where vcur and vnext are the vehicle velocities for the current
and next moment, respectively, and vavg denotes the average
speed for the current step.

-e torque is predicted according to the current torque
and the one-step Markov matrix which describe the tran-
sition probability from the torque state Treqi to the other one
Treq j. -e one-step Markov matrix is constructed using
optimal nearest neighbor and maximum likelihood method
after the continuous required torque for certain driving
cycles is discretized into finite elements [28].

mi � 
N

j�1
mij,

Pij(1) �
mij

mi

,

(27)

where mi is the total transition numbers start from the
torque state Treqi; mij represents the transition frequency
from Treqi to Treq j; and Pij(1) is the one-step torque tran-
sition probability.

-e objective of the MPC is to maximize the powertrain
transmission efficiency. -e actual battery SOC should also
be controlled within an acceptable range to maintain the
battery charging sustainment. -erefore, the maximization
of the powertrain transmission efficiency and the minimi-
zation of the deviation between the actual and reference
battery SOC are chosen as the control targets. -e optimal
problem is described as

J � min 
Nt−1

k�0

rref ηpow(k) − ηref 
2

+rsoc soc(k) − socref 
2

⎡⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎦,

s.t.

ωE
min ≤ωE ≤ωE

max,

TE
min(k)≤TE ≤TE

max,

ωG
min ≤ωG ≤ωG

max,

TG
min(k)≤TG ≤TG

max,

ωM
min ≤ωM ≤ωM

max,

TM
min(k)≤TM ≤TM

max,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(28)

where Nt is the prediction horizon; ηref is defined as the
reference efficiency and is set to be 0.4 which is larger than
the maximal powertrain transmission efficiency ηref because
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ηpow needs to be maximized; and reff and rsoc are weighting
factors of the transmission efficiency and the battery SOC,
respectively.

-en, the optimal control sequence in the prediction
horizon is derived according to equations (19)∼(28). Only
the first engine torque and speed are implemented into the
plant. For the next receding horizon, the calculation of the
optimal results is repeated. -e solving process of MPC
controller using DP algorithm is shown in Figure 9.

4.3. Torque Distribution Module. When MG2 is the only
power source of the vehicle, the torque of MG2 is

TM �
Tout

1 + K2
. (29)

When the engine is start up, the torques of two electric
machines are calculated by

TG � −
1

1 + K1
TE,

TM �
Tout

1 + K2
−

K1TE

1 + K1(  1 + K2( 
.

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(30)

During braking, for simplification, the mechanical
braking mode is incorporated in the regenerative braking
mode. -e friction braking torque is

Tbrk � Tout − 1 + K2( TM. (31)

5. Simulation Analysis

-e weighting factors of the powertrain efficiency and the
battery SOC are set to be 1 and 1500, respectively. -e
prediction horizon is set to be 6 s. -e step size of the
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Figure 8: Operation modes of the HEV for different velocities and accelerations. (a) Operation modes during driving. (b) -e probability
cloud that the HEV operates in pure electric driving.
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simulation model is 0.1 s, which is enough to evaluate the
vehicle fuel economy, while the step size of the MPC
controller is 1 s. -e thresholds that determine the HEV
operations modes are illustrated in Section 4.1.

Simulations under the CTBCDC, WLTC, and OOC
driving cycles are performed to evaluate the effectiveness of
the proposed transmission efficiency oriented predictive
strategy (TEOPS). -e proposed strategy is compared with a
kind of rule-based strategy inspired by the Toyota Prius
control strategy [29, 30]. In the rule-based controller, the
battery charging sustainability is maintained by introducing
the battery balancing power which is obtained by a PI
controller. -e inputs of the PI controller are the actual and
reference SOC values. -e proportional and integral coef-
ficients are 4×106 and 2×103, while the reference SOC is
0.55. For brevity, only the time responses under CTBCDC
and OOC scenarios are presented.

Figure 10 presents the battery trajectories under
CTBCDC and OOC. Since the battery SOC is constrained by
the objective function in TEOPS and the PI controller in the
rule-based strategy, the battery SOC fluctuates along the
reference value for both driving cycles. Good battery
charging sustainability is maintained. Consequently, the
battery operates in high efficiency regions. Since the rule-
based strategy applies hard SOC constraints with the PI
controller for the whole time history, while the proposed
TEOPS only constrains the SOC for the operation modes
that the engine is start up (the battery SOC in TEOPS is

strongly affected by the operations modes for the whole time
history), the change of the battery SOC with TEOPS is larger
than the SOC change with the rule-based strategy.

Figures 11 and 12 give the time responses of different
powertrain components. -e ring gear of PG2 is fixed. As a
result, the rotational speed of MG2 is proportional to the
vehicle speed shown in Figure 7 and is not presented in this
section. From the figures, it can be seen that all components
are controlled to be within their physical limitations.
Compared with rule-based strategy, the proposed strategy
leads to larger torque and speed of the engine for CTBCDC.
Based on the thresholds derived through global optimiza-
tion, there is more rest time of the engine with TEOPS.
However, since the OOC consists of frequent acceleration
and deceleration, while CTBCDC is modal type cycle which
is determined through statistical analysis of numerous static
data, there are more frequent engine starts and stops under
OOC. When the engine is shut down, the rotational di-
rection of MG1 is contrary to the wheel rotation direction
due to the mechanical connection between MG1 and the
vehicle output shaft, as shown in Figures11(b) and 11(d),
12(b) and 12(d). More specifically, it can be concluded by the
static torque and speed relations within the power coupling
device, as described in equations (30) and (32). When the
engine is start up and the vehicle speed is not high, the
rotational directions of the engine andMG1will be the same,
as described by equation (32). -erefore, the power of MG1
is negative and MG1 mainly converts part of the engine
output energy into electric energy. -e torque of MG2 is
either positive or negative, while the rotational direction of
MG2 is always the same as that of the output shaft. During
braking, MG2 acts as a generator to recycle the braking
energy. In the driving process, when the engine torque is
large enough and the required driving torque at the output
shaft is small, the torque of MG2 will be negative. Since the
rotational speed of MG2 is always positive (without con-
sidering the reverse scenario), the power of MG2 is negative
and MG2 works as a generator. Otherwise, MG2 consumes
electrical energy to drive the vehicle as the assisted power
source of the engine.

1 + K1( ωE � ωG + K1ωout,

1 + K2( ωout � ωM.
 (32)

-e powertrain transmission efficiencies for CTBCDC
and OOC are shown in Figure 13. It is obvious that the
proposed TEOPS ensures larger powertrain transmission
efficiency for most time regions. However, there are still
some time regions that higher transmission efficiency is
achieved by the rule-based strategy. It is because that the
first control variable derived by MPC is used to maintain
the optimal transmission efficiency for the prediction
horizon, but the transmission efficiency for the current
moment may not be optimal. Besides, the results are also
influenced by the discrete grids of state and control
variables in the DP optimization. In order to ensure good
real-time capability, the number of discrete grids is not
large and thus affects the accuracy of the optimal
solutions.

Discretize the prediction horizon
and the battery SOC

Predict the required torque and speed
based on one-step Markov matrix

Discretize the engine torque and speed and
calculate the torque and peed of MG1 and MG2

Calculate the optimal cost-to-go-function

Decide the optimal engine
operation point

Select the first engine torque and speed

Parameters initialization

Start

k = k – 1
No

No

k = 0?

Yes

Yes

Move the prediction
horizon forward

The end of
the cycle?

End

Figure 9: -e solving process of MPC controller using DP
algorithm.
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-e proposed TEOPS is also compared with the
equivalent consumption minimization strategy (ECMS)
which is capable of realizing instantaneous optimization.

In the ECMS, the minimization of the engine fuel con-
sumption is substituted with the instantaneous mini-
mization of the cost as shown in the following equation:
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Figure 10: Battery SOC under different cycles. (a) CTBCDC. (b) OCC.
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Figure 12: Time responses under OOC. (a) Engine torque. (b) Engine speed. (c) Torque of MG1. (d) Speed of MG1. (e) Torque of MG2.
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Figure 13: Powertrain transmission efficiency under different cycles. (a) CTBCDC. (b) OOC.
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_mf total � _mf + fpen _mbatt, (33)

fpen � 1 − x
3
SOC  + cSOC − 

tf

0
xSOCdt , (34)

xSOC �
0.5soc − SOCmax + SOCmin( 

SOCmax − SOCmin( 
, (35)

where _mf total is the cost; fpen is the penalty related to the
battery equivalent fuel consumption rate _mbatt; SOCmax and
SOCmin are the upper and lower SOC limits; and cSOC is the
coefficient. -e derivation of the battery equivalent fuel
consumption rate is detailed in Ref. [9].

Time responses of the battery and the engine under
CTBCDCwith ECMS and TEOPS are given in Figure 14. It can
be seen that the ECMS can also maintain the battery charging
sustainability well because the actual battery SOC is introduced
into the penalty fpen to penalize the electrical energy con-
sumption, as shown in equations (34) and (35). However, since
it is the upper and lower SOC limits instead of the deviation
between the actual and reference SOC that are used to con-
strain the battery variation, the change degree of the SOC with
ECMS is larger than the value with TEOPS. It is observed that
ECMS also ensures the engine to operate within the physical
limitations. Compared with TEOPS, there are less starts and
stops of the engine when ECMS is applied. Especially after
800 s, the vehicle is solely driven byMG2. In such amanner, the
final battery SOC is controlled to be within a certain range.

-e powertrain transmission efficiency is shown in
Figure 15. It is observed that the engine output torque is
large with ECMS and the powertrain transmission efficiency

for these time regions is also high because the engine with
larger torque demonstrates higher operation efficiency. -e
powertrain transmission efficiency with TEOPS is lower
than the value with ECMS in some time regions. -is is
because the first control variable derived by the MPC-based
TEOPS only maintains the optimal efficiency for the pre-
diction horizon instead of the current moment. Meanwhile,
the larger average output torque of the engine with ECMS
ensures high efficiency. However, larger average output
torque when the engine is engaged in the driving also results
in longer operation of pure electric driving because of the
requirements for battery charging sustainability. It can be
seen from Figures 14(b) and 15 that when the engine torque
is zero during driving process (pure electric driving), the
powertrain transmission efficiency is in a low level due to the
consideration of future charging efficiency. -erefore, al-
though the instantaneous powertrain transmission efficiency
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Figure 14: Time responses under CTBCDC with ECMS and TEOPS. (a) Battery SOC. (b) Engine torque. (c) Engine speed.
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with ECMS is higher than the efficiency with TEOPS in some
time regions, in terms of the whole time history, the TEOPS
shows better performance in improving the system trans-
mission efficiency.

Table 2 compares the vehicle fuel economy with different
strategies, where SOCfin is the SOC at the end of the driving
cycle. mf and mequ represent the engine fuel consumption
and the equivalent fuel consumption for 100 kilometers. -e
equivalent fuel consumption treats the electric energy
consumption of the battery as equivalent engine fuel. As
illustrated by Table 2, the engine shows less fuel con-
sumption with higher initial SOC values. Because the ref-
erence SOC is set to 0.55, when the initial SOC value is
larger, for example, 0.6, there is larger discharging energy of
the battery, which leads to less consumption of the engine
fuel. It can also be inferred that, compared with the dis-
charging scenario, there will be more engine fuel con-
sumption when the battery is charged. When the battery
initial SOC value is 0.6, although the engine fuel con-
sumption with TEOPS is slightly reduced, the equivalent fuel
consumption is increased due to more battery energy
consumption (the finial battery SOC with TEOPS is 0.535
while that with rule-based strategy and ECMS is 0.545 and
0.557, respectively). -e engine fuel consumption alone is
not adequate to reflect the actual vehicle fuel economy.
-erefore, the equivalent fuel consumption which accounts
for the battery discharging and charging is also compared
in the paper. As shown in Table 2, compared with the rule-
based strategy, both the engine fuel consumption and the
equivalent fuel consumption are reduced to different de-
grees for most simulation scenarios with the proposed
TEOPS, except for when the battery initial SOC is 0.6 under
OOC. -e rule-based strategy in our study imposes the
battery SOC correction and the engine start/stop logic and
can realize good fuel economy with well-tuned parameters
[29, 30]. By comparing the rule-based strategy and the
ECMS, it can be observed that ECMS does not demonstrate
obvious benefits in reducing engine fuel consumption and
improving the equivalent fuel economy than the well-tuned
rule-based strategy. In general, the proposed TEOPS
strategy demonstrates favourable control effects by com-
paring the simulation results of the three different
strategies.

6. Conclusions

-e operation efficiency of the engine, electric machines,
and the battery for a power split HEV with planetary gear

sets are analyzed. On this basis, the powertrain trans-
mission efficiency considering future battery charging
and discharging when the engine is start up is derived.
-e controller that yields better mode decision and
powertrain transmission efficiency is designed and in-
vestigated. In the controller, the mode decision thresh-
olds are optimized offline based on global optimization
results derived by DP algorithm. Model predictive
control, which also applies DP algorithm in the finite
prediction horizon, is used online to calculate the op-
timal solutions which can maximize the powertrain
transmission efficiency for the operation modes that the
engine is start up.

-e rule-based strategy which is inspired by the Toyota
Prius control principle and the ECMS which can realize
instantaneous optimization is adopted as comparisons to
highlight the advantages of the proposed strategy. Simula-
tion studies under different driving cycles are conducted
which validate the superiorities of proposed TEOPS.
Compared with rule-based strategy and the ECMS, the
proposed strategy ensures high powertrain transmission
efficiency. As a result, the equivalent fuel economy of the
power split HEV with the proposed strategy can be effec-
tively improved. Commendable benefits of the transmission
efficiency oriented predictive energy management strategy
are highlighted.
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Table 2: Fuel economy of the vehicle for different initial SOC values.

Driving cycle Initial SOC
Rule-based strategy ECMS TEOPS

SOCfin m f/L m equ/L SOCfin m f/L m equ/L SOCfin m f/L m equ/L

CTBCDC 0.60 0.550 14.45 24.30 0.565 17.08 23.94 0.557 13.57 22.04
0.55 0.556 22.08 20.90 0.530 18.35 22.29 0.541 17.82 19.59

WLTC-Class 1 0.60 0.548 13.53 20.98 0.569 15.06 19.50 0.554 13.20 19.79
0.55 0.551 19.24 19.10 0.535 17.22 19.37 0.554 18.04 17.47

OOC 0.60 0.545 21.28 27.34 0.557 23.23 27.97 0.535 21.26 28.32
0.55 0.552 27.68 27.46 0.525 24.11 26.86 0.535 24.24 25.89

Mathematical Problems in Engineering 13



References

[1] J. Hu, B. Mei, H. Peng, and X. Jiang, “Optimization design and
analysis for a single motor hybrid powertrain configuration
with dual planetary gears,” Applied Sciences, vol. 9, no. 4,
p. 707, 2019.

[2] D. Shi, P. Pisu, L. Chen, S. Wang, and R. Wang, “Control
design and fuel economy investigation of power split HEV
with energy regeneration of suspension,” Applied Energy,
vol. 182, pp. 576–589, 2016.

[3] K. Ç Bayindir, M. A. Gözüküçük, and A. Teke, “A compre-
hensive overview of hybrid electric vehicle: powertrain con-
figurations, powertrain control techniques and electronic
control units,” Energy Conversion and Management, vol. 52,
no. 2, pp. 1305–1313, 2011.

[4] F. Wang, J. Zhang, X. Xu, Y. Cai, Z. Zhou, and X. Sun, “New
method for power allocation of multi-power sources con-
sidering speed-up transient vibration of planetary power-split
HEVs driveline system,” Mechanical Systems and Signal
Processing, vol. 128, pp. 1–18, 2019.

[5] J. M. Miller, “Hybrid electric vehicle propulsion system ar-
chitectures of the e-CVT type,” IEEE Transactions on Power
Electronics, vol. 21, no. 3, pp. 756–767, 2006.

[6] Z. Chen, R. Xiong, and J. Cao, “Particle swarm optimization-
based optimal power management of plug-in hybrid electric
vehicles considering uncertain driving conditions,” Energy,
vol. 96, pp. 197–208, 2016.

[7] F. Wang, J. Zhang, X. Xu, Y. Cai, Z. Zhou, and X. Sun, “A
comprehensive dynamic efficiency-enhanced energy man-
agement strategy for plug-in hybrid electric vehicles,” Applied
Energy, vol. 247, pp. 657–669, 2019.

[8] S. H. Wang, S. Zhang, D. H. Shi et al., “Research on in-
stantaneous optimal control of the hybrid electric vehicle with
planetary gear sets,” Journal of the Brazilian Society of Me-
chanical Sciences and Engineering, vol. 41, no. 1, p. 51, 2019.

[9] P. Pisu and G. Rizzoni, “A comparative study of supervisory
control strategies for hybrid electric vehicles,” IEEE Trans-
actions on Control Systems Technology, vol. 15, no. 3,
pp. 506–518, 2007.

[10] H. Li, Y. Zhou, H. Xiong, B. Fu, and Z. Huang, “Real-time
control strategy for CVT-based hybrid electric vehicles
considering drivability constraints,” Applied Sciences, vol. 9,
no. 10, p. 2074, 2019.

[11] H. Borhan, A. Vahidi, A. M. Phillips et al., “MPC-based
energy management of a power-split hybrid electric vehicle,”
IEEE Transactions on Control Systems Technology, vol. 20,
no. 3, pp. 593–603, 2011.

[12] L. Johannesson, M. Asbogard, and B. Egardt, “Assessing the
potential of predictive control for hybrid vehicle powertrains
using stochastic dynamic programming,” IEEE Transactions
on Intelligent Transportation Systems, vol. 8, no. 1, pp. 71–83,
2007.

[13] W. Shabbir and S. A. Evangelou, “Real-time control strategy
to maximize hybrid electric vehicle powertrain efficiency,”
Applied Energy, vol. 135, pp. 512–522, 2014.

[14] N. Kim, S. Cha, and H. Peng, “Optimal control of hybrid
electric vehicles based on Pontryagin’s minimum principle,”
IEEE Transactions on Control Systems Technology, vol. 19,
no. 5, pp. 1279–1287, 2010.
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