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This paper focuses on a stochastic differential game played between two insurance companies, a big one and a small one. In our
model, the basic claim process is assumed to follow a Brownian motion with drift. Both of two insurance companies purchase the
reinsurance, respectively. The big company has sufficient asset to invest in the risky asset which is described by the constant
elasticity of variance (CEV) model and acquire new business like acting as a reinsurance company of other insurance companies,
while the small company can invest in the risk-free asset and purchase reinsurance. The game studied here is zero-sum where there
is a single exponential utility. The big company is trying to maximize the expected exponential utility of the terminal wealth to
keep its advantage on surplus while simultaneously the small company is trying to minimize the same quantity to reduce its
disadvantage. In this paper, we describe the Nash equilibrium of the game and prove a verification theorem for the exponential
utility. By solving the corresponding Fleming-Bellman-Isaacs equations, we derive the optimal reinsurance and investment

strategies. Furthermore, numerical examples are presented to show our results.

1. Introduction

Recently, most insurance companies manage their business
by means of reinsurance and investment, which are effective
way to spread risk and make profit. Therefore, these have
inspired hundred researches. For instance, Schmidli [1],
Promislow and Young [2], and Bai and Guo [3] investigated
the optimal problems for an insurance company in the case
of minimizing the ruin probability. Yang and Zhang [4],
Wang [5], and Cao and Wan [6] studied the optimal re-
insurance and investment problems of expected utility
maximization. The latest researches on insurance and in-
vestment management problem can be referred to Yu et al.
[7], Zhang et al. [8], Peng et al. [9], Yu et al. [10], Ruan et al.
[11], Yu et al. [12], Huang et al. [13], Zeng et al. [14], Li et al.
[15] and references therein.

However, most of the literature mentioned above only
considered one insurance company, while there are many
insurance companies in the market in reality and they

compete with each other. Thus, two insurance companies, a
big one and a small one, are focused on in this paper. This
competition between the two insurance companies can be
formulated as a stochastic differential game. In previous
researches, Suijs et al. [16] showed that problems in non-life
insurance and non-life reinsurance can be modeled as co-
operative games. Zeng [17] discussed the competition be-
tween two companies and contrasted a single payoff function
which depended on both insurance companies’ surplus
processes. Taksar and Zeng [18] investigated stochastic
differential games between two insurance companies who
employed the reinsurance to reduce risk exposure. Some
papers focus on the relative performance of two insurance
companies under a nonzero sum stochastic differential game
framework, such as Bensoussan et al. [19], Meng et al. [20],
Pun and Wong [21], and Siu et al. [22]. However, some
literatures related to stochastic differential games ignore the
problem of investment in insurance companies. Nowadays,
investment plays a significant role in the insurance business,
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especially for those big insurance companies who have
enough ability to invest in the risky asset for more profits.

Another aspect worthy to be further explored is that the
price processes of risky assets in most of literature about the
optimal reinsurance and investment problems in frame-
works of stochastic differential games are assumed to follow
a geometric Brownian motion (GBM), which implies that
the volatilities of risky assets are constant and deterministic.
This is contrary to practice according to the empirical re-
sults. Therefore, many works proposed various stochastic
volatility models, such as constant elasticity of variance
(CEV) model (Cox and Ross [23]), Stein-Stein model (Stein
and Stein [24]), Heston model (Heston [25]) and so on.
Among these stochastic volatility models, the CEV model is
a natural extension of the GBM model and has the ability of
capturing the implied volatility skew and explaining the
volatility smile. There is a great deal of literature doc-
umenting the CEV model in assets’ return for the optimal
investment problem. For example, Gu et al. [26] considered
the proportional reinsurance and investment problem for
the diffusion risk model under the CEV model. Liang et al.
[27] and Lin and Li [28] used the CEV model to study the
proportional reinsurance and investment problem for an
insurance company with the jump-diffusion risk model. Gu
et al. [29] derived the excess-of-loss reinsurance and in-
vestment strategies with the risky asset’s price following the
CEV model. Zheng et al. [30] considered the robust optimal
portfolio and proportional reinsurance for an insurer under
a CEV model.

As far as we know, there is few research investigating
more than one insurance company under the CEV model.
Therefore, in this paper, we consider a stochastic differential
game played between two insurance companies, a big one
and a small one. In our model, the basic claim processes is
assumed to follow a Brownian motion with drift. Both of two
insurance companies purchase the reinsurance, respectively.
The big insurance company has more initial surplus than the
small one, so the big company has sufficient asset to invest in
the risky asset which is described by the CEV model and
acquire new business like acting as a reinsurance company of
other insurance companies, while the small company can
only invest in the risk-free asset and purchase reinsurance.
The game studied here is zero-sum where there is a single
exponential utility. The big company is trying to maximize
the expected exponential utility of the terminal wealth to
keep its advantage on surplus while simultaneously the small
company is trying to minimize the same quantity to reduce
its disadvantage. Firstly, we describe the Nash equilibrium of
the game and prove a verification theorem for the expo-
nential utility. By solving the corresponding Fleming-Bell-
man-Isaacs equations, we derive the optimal reinsurance
and investment strategies. Finally, numerical simulation are
proposed to illustrate the impacts of the model parameters
on the strategies. Through this paper, we find that (1) for
such a game the small insurance company takes extreme or
trivial strategy, i.e., the optimal reinsurance strategy of the
small company is either 1 or 0; (2) the optimal reinsurance
and investment strategies of the big company are inde-
pendent of the wealth process X“* (t); (3) the effects of
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some model parameters on the big company’s optimal re-
insurance strategy are related to the correlation coeflicient
between the big and small companies’ risk processes.

This paper proceeds as follows. In Section 2, we intro-
duce the formulation of our model, describe the Nash
equilibrium of the game, and prove a verification theorem
for the exponential utility under the CEV model. Section 3
provides the optimal reinsurance and investment strategies
of the big insurance company and the optimal reinsurance
strategy of the small one in the stochastic differential game.
In Section 4, numerical simulations are presented to illus-
trate our results. Section 5 concludes this paper.

2. Model Formulation

In this paper, we model the surplus process of the insurance
company as

dR(t) = adt + bdW (1), (1)

where a, b are positive constants and W (¢) is a standard
Brownian motion. To reduce the risk exposure, the insur-
ance company is allowed to purchase the reinsurance and
p(t) represents the proportion of each claim paid by the
insurance company. Assume A (1 — p(t)) is the rate at which
the premiums are diverted to the reinsurance company. As
usual, we have A > a. Otherwise the insurance company will
make a full reinsurance to receive a positive return with any
risk. Considering the reinsurance, the surplus process of the
insurance company becomes

dR(t) = (a— (1 - p(O)V)At +bp(HAW (1) (2)

In this paper, we consider a stochastic differential game
played between two insurance companies, a big one and a small
one. The big insurance company has more initial surplus than
the small one, so the big company has sufficient asset to invest
in the risky asset and acquire new business like acting as a
reinsurance company of other insurance companies, while the
small company can only invest in the risk-free asset and
purchase reinsurance, i.e., the reinsurance strategies of the big
and small companies p;(t) and p,(t) satisfy
0< p, (1),0< p, (t) < 1. The game considered here is zero-sum
where there is a single exponential utility. The big company is
trying to maximize the expected exponential utility of the
terminal wealth to keep its advantage on surplus while si-
multaneously the small company is trying to minimize the
same quantity to reduce its disadvantage. One company’s
decision is assumed to be completely observed by its opponent.

Let (Q, &, (%,), P) be a complete probability space with
filtration (&,) and two standard Brownian motions W (¢)
and W, (1), adapted to (¥,) with & = F, where T is a fixed
and finite time horizon. The surplus processes of the two
insurance companies associated with the proportional re-
insurance p; (t),i = 1,2 are given by

dR; (t) = (a; (1 = p; ())A,)dt + b;p; (AW, (), i=1,2,
(3)
where A;>a;>0,b;>0,i =1,2 are constants, E[W, ()W,
(B)] = pyot.
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In this paper, the big insurance company is allowed to
invest in a risk-free asset whose price process satisfies

dS, () = r,S, (Ddt, Sy (0) =1, (4)

and a risky asset whose price process is described by the CEV
model (cf. Cox [31]):

ds(t) = S(t) (udt + 08 (AW, (1)), (5)

S(0) = sy, where r, is the interest rate and y, 0S? (t), and B
are the appreciation rate, the instantaneous volatility, and
the elasticity parameter of the risky asset. W (¢) is a standard
Brownian motion independent of W, () and W, (t). As
usual, we assume that y>r, and f satisfies the general
condition f>0. Meanwhile, the small one can invest in a
risk-free asset to avoid risk. Strategies u; == (7 (), p, (t)) and

u, = p,(t) are said to be admissible
(F,)—progressively measurable and

(ul)uz) = ((ﬂ(t), P1 (t))) Pz (t)) € H:
T T
n={(u1,u2): E“ ﬂz(t)dt] <oo,E“ pf(t)dt] <00,
0 0

if they are
satisfy

0<p, (1), Ospz(t)sl]»,
(6)

where 7 () represents the amount invested in the risky asset
by the big insurance company at time t. Here II is called the
admissible set. Corresponding to an admissible strategy and
the initial wealth x, > x,, the wealth processes of the big and
small insurance companies X} () and X5' (t) are

{ dX(8) = [ro XY (&) + m(8) (= 1) +a; — (1 = py ()N, ]dt + w(£)aSP (AW 5 (£) + by p, (AW, (8),

X’fl (0) = x])

(7)

{ dX52 (1) = [re X5 (1) + a, — (1 = py(1)A,]dt + b, p, (AW, (1),

X5 (0) = x,.

Let X*“v*2 (t) = X' (t) — X5° (¢); then X" (t) follows
the following stochastic differential equation:

dX (t) = [ro X" (£) + 7 (t) (u—19) + D+ py (DA, — po (DA, ]dE + n(t)oSP ()dW, (t)

+b,p, (HAW, (1) — byp, (1)dW, (1),

X**2(0) = x; — x, = X,

where D =a, -1, - (a, —1,). Here, we usually assume
x>0, which describes that one of the two insurance com-
panies is big, and the other is small. That is, this model is
suitable for the case that x is positive and we can distinguish
the big and small companies easily. If x is very small, we will
choose the insurance company with larger initial wealth as
the big one, and the other is the small one. If it is difficult to
distinguish the big company and small company from the
initial wealth, this framework may not be suitable.

Remark 1. 1f the elasticity parameter 3 = 0 in equation (1),
the CEV model reduces to the GBM model.

In this paper, we consider the exponential utility which is
given by

Ux) = —e 7, 9)
Y

where y > 0. The exponential utility has the constant absolute
risk aversion parameter y, which plays an important role in
insurance mathematics and actuarial practice.

(8)

Definition 1. Let
]ul,uz (t, s, x) — E[U (Xupuz (T)) |S(t) =5, Xul,uz (t) = X],
(10)

the strategy (u,u;) is said to achieve a Nash equilibrium or
equivalently a saddle point for the game, if the following
inequalities are satisfied. For all (u,,u,) € II,

T4 (85, x) < T2 (¢, s, x) < U2 (8, 8, x). (11)

In addition, let
J(t,s,x) = sup in%]”””z (t,s,%),

u, €l %€ (12)
J(t,s,x) = inf sup JUe(t, s, x),

ety Tt

denote the lower and upper values of the game respectively.
If J(t,s,x) = J(t,s,x), the value function of the game is
given by G(x) = J(t,5,x) =] (t, s, x).

In this paper, the goal of the big insurance company is to
maximize the above expected exponential utility function
while simultaneously the small one wants to minimize it. For



convenience, we first provide some notations. Let O, ¢ R?
be an open set and O = [0,T] x O,. Denote that

ct? (O) ={¢(t,s,x)| §(t,-,) is once continuously differentiable on[0, T']
and ¢ (-, s, x)is twice continuously differentiable on O},

and define a variation operator: for any ¢ (¢, s, x) € C*(O),
let

Uy ,U 1
A (t,s,x) = ¢+ [rox +m(u—1y) + D+ piAy —pz)tz]¢x+£[n o’s
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(13)

28 4
(14)

1, 2p3+2 2 2B+1

+ pébi - 2P1p2b1b2p12]¢xx + [’l5¢s t50s (/553 T 7o ¢xs'

For any given strategy u, by the small insurance com-
pany, let V*:(t,s,x) be the optimal expected exponential
utility function of the big insurance company, i.e.,

V(t,5,%) = sup J“"* (t, 5, x). (15)

u, €Il

Then V"2 (t, s, x) satisfies the following Hamilton-Jacobi-
Bellman (HJB) equation

sup A"V (t,5,x) = 0,

u, €Il

0<t<T. (16)

Similarly, let V" (t,s,x) be the optimal expected ex-
ponential utility function of the small insurance company
with any strategy u; given by the big insurance company,
then V"' (¢, s, x) satisfied another HJB equation

inf /""" V" (t,5,x) =0,

u, €Il

0<t<T. (17)

Denote

u
1;[1 = arg sup dul)uzzz(ty S5 X),
u, €Il . (18)
ih, = arg inf &/“"V" (t,5, x).
u, €Il

Assume that a saddle point exits, then the game have a
value function .V (t,s,x) = V¥* (t,5,x) = V¥ (t,5,x) =
Vi (t,s,x) = V' (t, s, X).

Let (uj,u;) be the solution to the following equations:

1,
1;[1 = arg Sllp d”huzzz(t: S5 -x)’
u, €Il (19)

_ . PR
i, = arg inf """V (8,5, x),
u, €Il

and substitute them into equations (16) and (17), respec-
tively, we obtain the following equations:

sup APV (1 5,x) =0, 0<t<T, (20)
u, €Il
inf "IV (f s x) =0, 0<t<T, (21)

u, €Il

2

with the boundary condition V (T, s, x) = U (x).

Theorem 1 (Verification theorem). If there exists a con-
tinuously differential function H (t,s, x) € C*(O) and

* Uy, U5 7 Uy Us
u, =argsup & "2H™" (t,5,x),
u, €Il

u; = arg Jfgl AUEHN (L s, x),

satisfy equations (20) and (21) with the following moment
properties

Jt E[Hf (n, s, x)]dv< 00,

5 (23)
J E[Hi [v,s, x]]dv< 00.

0

In addition, the parameters satisfy one of the following
conditions:

(a) ro> (1= (1/V6)us;
(b) ro< (1= (1/v/6)uT < (1/(B6 (—1,4)* — 4 ))arctan

(= ((\J6(uy=10)* —43)/u,)), then (ut,ul) is the
optimal strategy and the optimal value function is
V(t,s,x)=H(t,s,x).

Proof. See Appendix A.
The above theorem guarantees the solution to equations
(20) and (21) is the value function for the game. O

3. Solution to the Model

In this section, we solve the game under the expected ex-
ponential utility. The big company is trying to maximize the
expected exponential utility of the terminal wealth to keep its
advantage on surplus while the small company is trying to
minimize the same quantity to reduce its disadvantage, i.e.,
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]ul,uz (t,s,x) = E[U(Xu“uz (T)) | S(t) =s, XHth () = x].
(24)

Assume the Nash equilibrium exits and let H(¢,s, x)
satisty

H(t,s,x) = sup inf J*""(t,s,x) = inf sup J*"" (¢, s, x),
u,ell u,€ll u, €Il u,ell

(25)

then H (¢, s, x) is the solution to equations (20) and (21) with
the boundary condition H(T,s,x) = (x) and H(t,s,x) is
the optimal value function according to Theorem 1.

The following theorem gives the optimal reinsurance and
investment strategies of the big company and the reinsur-
ance strategy of the small company in the game under the
CEV model with the expected exponential utility.

Theorem 2. For the problem of maximizing the expected
exponential utility for the big company while minimizing it for
the small company under the CEV model, the optimal re-
insurance and investment strategies are given as follows:

(1) If ((Aby = p1pAiby)/ (063 (1= p3)))) > — (y/2) and
P12 =0, the optimal reinsurance and investment
strategies of the big company and the reinsurance
strategy of the small company are

(pi (1), p3 () = A—lze"o(T‘szﬁJ , 0<t<T,
by b,

(26)

. (u—ry)e " p—"1o —2rB(T—1)
* (t) = o257y 1+ 2 (l—e 0 ) >

0<t<T.

(27)

The value function is given by equation (B.21).

(2) If ((Aby = pAiby)/ (byb3 (1 - p1))) = — (¥/2), pra
<0 and —(A,/yb,b,p,,) <1, the optimal reinsurance
strategies of the big and small companies are

(py (1), p3 (1) =(0,1), 0<t<T, (28)

while the optimal investment strategy of the big
company is the same as that in equation (11) and the
value function is given in equation (B.25).

GV (b, —pihby) (b5 (1-p2)) = — (1/2),
P12 <0, —(A/ybbypy,)>1 and el < — (A,/ybb,
p12)» the optimal reinsurance strategies of the big and
small companies are the same as those in equation
(26). The optimal investment strategy of the big
company is expressed as that in equation (27) and the
value function is given by equation (B.20).

@) If (4,0, _Plzklbz)/(blb% (1 _Piz))) > = (y/2), pi
<0, —=(A,/ybibypy,) > 1, and 0T > — (A/ yb,bypyy),

the optimal reinsurance strategies of the big and small
companies are

(0, 1), 0<t<ty,

(pi (1), p3 (1) =

<%e_m(T_t)+%’l>’ t1<tST,
Yo1 1

(29)

while the optimal investment strategy of the big
company is the same as that in equation (11) and the
value function is given in equation (B.28).

(5) If ((Aby = pioAby)/ (115 (1 = p3,))) < — (y/2) and
el < — (2(Aby — phby)/ (Y003 (1= p2))),  the
optimal reinsurance strategies of the big and small
companies are

(p; (1), p3 (1)) = (%e"o‘”), 0), 0<t<T. (30)
1

The optimal investment strategy of the big company is
expressed as that in equation (11) and the value
function is given by equation (B.32).

(6) If ((Ayby = Py by)/ (B,03 (1 = p1y) < = (¥/2),
el > — (2(Aby — pMib,)/ (Yb B3 (1 - p3)))  and
P12 20, the optimal reinsurance strategies of the big
and small companies are

</\blzero(Tt> +%, 1), 0<t<t,
Yo1 1

(p1 (D), p5 (1) =
t,<t<T,

(31)

while the optimal investment strategy of the big
company is the same as that in equation (11) and the
value function is given in equation (B.36).

(7) If (A0, _P12/11b2)/(b1b%(1 —P%Z))) < = (y/2),
¢l = (2(0by - piodiby)/ (v 153 (1 - i),
P12 <0 and —(A,/yb,b,p,,) <1, the optimal reinsur-
ance strategies of the big and small companies are

(0,1), 0<t<t,,

(i P 0)=1 /
(y—ée‘““‘”,o), t,<t<T.
1

(32)

§e optimal investment strategy of the big company is
expressed as that in equation (11) and the value
function is given by equation (B.39).

B If (b - pihiby)/ (bB2(1- L)) < — (y/2),
el > — (2(A,b) — i by)/ (pbi B3 (1= p1))), pi1a <
0, —(A,/yb,b,p1,) > 1, and e < — (A,/yb,b,p,,), the
optimal reinsurance strategies of the big and small
companies are the same as those in equation (29),
while the optimal investment strategy of the big



company is the same as that in equation (27) and the
value function is given in equation (B.39).

(9) If (A = p1adiby)/ (byB3 (1 = pi))) < = (y/2), "
> = (2(4b) = Py by)/ (v, b3 (1 = p1))), P, <O,
—(My/ybibypy,) > 1, and €T > — (A /yb; bypyy), the
optimal reinsurance strategies of the big and small
companies are

(0,1), 0<t<t,,
M —rr-p | bapiy >

. « —e "’ +—=—"51), t3<t<t,,

@A&pﬂm=<<W% b, e
A

<yblzef°(T”,0>, t,<t<T.
L 1

(33)

The optimal investment strategy of the big company is
expressed as that in equation (11) and the value function is
given by equation (B.42).

Proof. See Appendix B. |

Remark 2. From Theorem 2 we conclude that the wealth has
no influence on the optimal investment strategy. This can be
explained by the risk tolerance of the exponential utility
function. The risk tolerance is -U,/U,, = 1/y, which is
independent of the wealth. Thus, the optimal strategy is
independent of the wealth. In addition, the optimal rein-
surance strategy of the big company is not related to the
wealth as well and that of the small company is either 1 or 0,
i.e., the small insurance company takes extreme or trivial
strategy in this game.

Remark 3. In the case that the risky asset’s price follows the
GBM model, the optimal strategy of the big insurance
company is

_ —ro(T-t)
w' (34)

" (t) =

(®) e

Compared with equation (34), we see that the optimal

investment strategy under the CEV model can be decom-
posed into two parts. One is

_ -1y (T—1t)
M(t) — (!’t rO)e

o, (35)
which is similar to the optimal strategy under the GBM
model, but the volatility is stochastic. Thus, we call M (¢) as
the moving GBM strategy. The other one is

_ U=To o —2rB(T-1)
N(t)— 1+2—r0(1 e ), (36)

which reflects the insurance company’s decision to hedge the
volatility risk and we regard it as a correction factor.

The following corollary discusses the property of the
correction factor.
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Corollary 1. The correction factor N (t) is a monotone de-
creasing function with respect to time t and satisfies

—e ZrOﬂT] )

="y
I<N({#)<1l+——|1
<N(@)<1+ re [ (37)

Proof. According to u>r, and f>0, we derive
N, = =B —ry)e” P T=9 <0, It implies that the correction
factor is a monotone decreasing function with respect to
time t. Since

—r L
N(O)=1+[1—2 O[1-e2f, (38)

To
and N (T) = 1, we obtain inequality (37). O

Corollary 1 shows that the correction factor advises the
big insurance company to invest more wealth in the risky
asset at the beginning of the investment horizon and steadily
decrease the amounts as time goes on.

Remark 4. We find that the optimal investment strategy is
independent of the optimal reinsurance strategies. The main
reason is that in this model, we assume that the financial
market is not affected by the insurance market, which is used
in a great deal of existing literature, such as Bai and Guo [3],
Gu et al. [26], Gu et al. [29], and so on.

4. Numerical Examples

In this section, we provide some numerical simulations to
illustrate our results. Because the optimal reinsurance
strategy of the small company is either 1 or 0, we analyze the
optimal reinsurance and investment strategies of the big
company here. Throughout numerical analysis, unless
otherwise stated, the basic parameters are given by a, = 1.5,
a,=05 b,=3b,=1, ,,=2, ,, =1, r,=0.3, u=0.5,
c=1,8=1,s=67,p,= £059=05T=10,and t = 5.

4.1. Numerical Simulations of the Big Company’s Optimal
Reinsurance Strategy. Figure 1 illustrates the influence of the
risk averse coeflicient y on the optimal reinsurance strategy
pi (t). The relationship between p; (¢) and y is negative. This
can be attributed to the fact that a larger y means the big
insurance company is a more risk-averse individual. With
the increase of y, the big company wants to purchase more
reinsurance to avoid risk and undertake less risk itself.

Figure 2 shows the effect of r, on the optimal reinsurance
strategy pj (f). As r, increases, the big insurance company
will obtain more profit from investment in the risk-free
asset. Therefore, it has more money to purchase the rein-
surance and bear less risk itself, so pj (t) decreases with r.

Figure 3 indicates the impact of A; on the optimal re-
insurance strategy pj (t). We can see that a greater A, yields a
greater reinsurance strategy. This is because that as A, in-
creases, the cost of reinsurance will become more expensive
and the big insurance company prefers to maintain a stable
revenue by purchasing less reinsurance and undertake more
by itself.
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(a)

7
0.35
0.3
0.25
02}
= 015
0.1
0.05
0 I 1 1
0 2 4 6
t
— y=05
<<<<<< y=0.6
—— y=07

(®)

FIGURE 1: (a) The effect of y on the big company’s optimal reinsurance strategy p; () when p;, > 0. (b) The effect of y on the big company’s

optimal reinsurance strategy pj (t) when p;, <0.

(a)

(0

#
1

(®)

FIGURE 2: (a) The effect of r; on the big company’s optimal reinsurance strategy pj (t) when p,, > 0. (b) The effect of , on the big company’s

optimal reinsurance strategy pj (t) when p;, <0.

As is shown in Figure 4, we find that p () is a decreasing
function of b;. This can be explained by that b, implies the
fluctuation of the big insurance company’s claim process.
When b, increases, the insurance company wants to pur-
chase more reinsurance while undertaking less risk by itself.

From Figure 5, we can see if p;, >0, b, exerts a positive
effect on the optimal reinsurance strategy pj (t) and if
P12 <0, the effect is opposite. This can be attributed to that

the fluctuations of the big and small companies’ claim
processes are more serious with b, rising when p;,>0.
Therefore, the big company will take more risk, while when
P12 <0, the fluctuation of the big insurance company’s claim
process is weaker with the volatility of the small company
becoming stronger. So the big company will face less risk.

In Figure 6, we demonstrate the effect of the correlation
coeflicient between the big and small insurance companies’
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optimal reinsurance strategy pj (t) when p;, <0.
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FIGURE 4: (a) The effect of b, on the big company’s optimal reinsurance strategy pj (t) when p, > 0. (b) The effect of b, on the big company’s

optimal reinsurance strategy pj (t) when p;, <0.

risk processes p;, on the optimal reinsurance strategy p; (t).
We find that no matter p,, is positive or negative, the higher
p1, is, the bigger p7 (t) is. This is because that for the big
company, the more relevant the relationship between two
companies is, the greater the influence of the small company
on the big company is. So the big company has to undertake
more risk with p,, rising.

4.2. Numerical Simulations of the Big Insurance Company’s
Optimal Investment Strategy. Figure 7(a) plots the evolu-
tion of the risky asset’s price over time under the CEV
model. According to the change trend of the risky asset’s
price, we plot the dynamic behaviors of the optimal in-
vestment strategy of the big insurance company in
Figure 7(b) and we can see that the change trend of the
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FIGURE 5: (a) The effect of b, on the big company’s optimal reinsurance strategy p; (t) when p;, > 0. (b) The effect of b, on the big company’s

optimal reinsurance strategy pj (t) when p;, <0.
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FIGURE 6: (a) The effect of p;, on the big company’s optimal reinsurance strategy p; (t) when p;, >0. (b) The effect of p,, on the big

company’s optimal reinsurance strategy p; (t) when p,, <0.

optimal investment strategy is opposite to that of the risky
asset’s price, which can be attributed to the expression of
the CEV model. When the price of risky asset is high, the
big company should be cautious to invest, for the reason
that the higher the risky asset’s price is, the higher risk they
will undertake.

In Figure 8(a), we find that the rate of the risky asset’s
return p exerts positive effect on the optimal investment
strategy 7* (t). This is consistent with intuition. As y in-
creases, the big company will obtain more from investment.
Therefore, it will increase the amounts invested in the risky
asset. As shown in Figure 8(b), the optimal investment
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FiGure 7: (a) Evolution of risky asset’s price over time. (b) Evolution of optimal investment strategy of the insurer 7* () over time.
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FIGURE 8: (a) The effect of 4 on the optimal investment strategy of the big insurance company 7* (f). (b) The effect of r, on the optimal

investment strategy of the big insurance company 7* (t).

strategy 7* (t) is a decreasing function of the interest rate r,,.
When the interest rate r, increases, the risk-free asset is
more attractive. Then the big company will invest more in
the risk-free asset and reduce investment in the risky asset.

Figure 9(a) indicates the impact of the risk averse co-
efficient y on the optimal investment strategy 7 (). We see
that p exerts negative effect on 7* (¢), which means that the

big company with the higher risk averse level will invest less
in the risky asset to avoid risk. Figure 9(b) illustrates the
effect of the elasticity coefficient § on the optimal investment
strategy * (¢). There is a negative relationship between 7* (t)
and f. This can be attributed to that a higher f3 leads to a
larger expected drop in volatility and increased probability
of a large adverse movement in the risky asset’a price. Thus,
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FIGURE 9: (a) The effect of y on the optimal investment strategy of the big insurance company 7* (¢). (b) The effect of  on the optimal
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the big company will invest less in the risky asset as 8 in-
creases to reduce the risk from the investment in the risky
asset.

5. Conclusion

This paper considers a stochastic differential game played
between two insurance companies, a big one and a small
one. In our model, the basic claim process is assumed to
follow a Brownian motion with drift. Both of two in-
surance companies purchase the reinsurance, respec-
tively. The big insurance company has more initial surplus
than the small one, so the big company has sufficient asset
to invest in the risky asset which is described by the CEV
model and acquire new business like acting as a rein-
surance company of other insurance companies, while the
small company can only invest in the risk-free asset and
purchase reinsurance. The game studied here is zero-sum
where there is a single exponential utility. The big com-
pany is trying to maximize the expected exponential
utility of the terminal wealth to keep its advantage on
surplus while simultaneously the small company is trying
to minimize the same quantity to reduce its disadvantage.
Firstly, we describe the Nash equilibrium of the game and
prove a verification theorem for the exponential utility. By
solving the corresponding Fleming-Bellman-Isaacs
equations, we derive the optimal reinsurance and in-
vestment strategies. Finally, numerical simulation is
proposed to illustrate the impacts of the model parameters
on the strategies. Through this paper, we find that (1) for
such a game, the small insurance company takes extreme
or trivial strategy, i.e., the optimal reinsurance strategy of

the small company is either 1 or 0; (2) the optimal re-
insurance and investment strategies of the big company
are independent of the wealth process X“1* (t); (3) the
effects of some model parameters on the big company’s
optimal reinsurance strategy is related to the correlation
coefficient between the big and small companies’ risk
processes. In future work, we will consider more complex
models, such as both two insurers can invest in the risky
asset, or n insurers will participate in the game.

Appendix

A. Proof of Theorem 1

Proof. By 1t6’s formula, we have
dH™"™ (£, S(t), X" (¢)) = """ H""™ (¢, S(¢), X" (¢))dt
+ H" 7 ()0 (1)dW, (1)
+ H py (Db, dW (2)
- H""2 p, (1)b,dW, (2)
+ H*2 g8 (1)dW, (1),
(A1)

Take a sequence of bounded open sets O,, O,, O;,...,
with O;cO;,;, cO, i=12,..., and U;0;=0. For
(s,x) € Oy, let 7; be the exiting time of (s, x) from O;. Then
;AT — T when i — o00. Integrating from two sides of
equation (A.1), we have
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2D (Ti /\T,S(Ti A T)) Xt (‘[1- /\T))

AT ;AT

= H""" (0,5, x) + j LM HM (y, S (v), XU (9))dy + j CHY"" 1 (1)eSP (v)dW, () (A2)
0 0 .
;AT ;AT AT
[ 0w, 0) - [, (W, 0+ [ 08 ), o),
0 0 0
then
H*“* (Ti AT,S(1; AT), X" (1; A T))
. T, ANT . . . ;AT .
= HE s+ [ S HE (S0, X W) [ HES (0o ()W, 0) (A3)
0 0 .
AT . ;AT . ;AT .
w7 bW, )= [ HE g 0w, 0+ [ 08 (a0
0 0 0
Since the last five terms are square-integrable martin-  given (t, s, x) on both sides of the above formula and taking

gales with zero expectation, taking conditional expectation  equation (21) into account results that

E[H”””;(ri AT, (1 AT), XU (1, AT)) [ S (1) = 5, X% (1) = x]

nAT . . . .
= H"" (0,5, %) + E“ A HE (7,8 (9), XM (9))d [ S (1) = 5, X4 (8) = x (A.4)
0

<H""* (0, s, x).

By virtue of Lemma B.1, H“* (1;AT,S(1;AT),
X" (1;AT)), i = 1,2,.. are uniformly integrable. It is easy
to see that the equality holds for u; = u]. Thus, we have

VI (2, x) = E[U(x“v”%‘ (1)) [S(t) =5, X" (1) = X]

= lim E[H“T’”;(Ti AT, S(1;AT), X" (1,AT)) |S(t) =5, X" (f) = x] < H""'" (0, s, x)

1—>00

(A.5)
= H""(0,5,x) = lim E[H”r’”g(ri AT, S(7; /\T),X”f’”; (T,J\T)) |S(t) =5 X" (1) = x
1—>00
= E[U(X”T’”; (1)) [S(t) =5, X" (1) = x] = V' (8,5, %),
VY (8 s, x) < VH (8 s, x). (A.6)

ie, Vi (t,5,x) < VU4 (t, 5, x). Similarly, we can prove
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Hence, (u],u3) is a saddle point for the game by Def-
inition 1 and according to

E[H“"”;(Ti AT,S(7,AT), X" (1,AT)) 'S(t) =5, X" () = x]

5T ) ) " s
= H"" (8,5, x) + E“ A HY (1,8 (), X () dv | S(8) = 5, X (1) = x (A7)
t

<H"™ (s, x),

we can derive B. Proof of Theorem 2

VA (45,0 = B[U(X (1) [S(8) = 5, X4 (6) = x

Proof. According to the exponential utility described by
E[H""“5 (7, AT, S(;AT), X" (1A T)) | equation (9), we try to find the optimal value function in the
following way:

=lim;_,

S(£) = 5, X" (1) = x| <H"™ (8,5, x).

1 [ero @0 (5o
(A.8) H () = eIl )

When u, = u], the inequality in the above formula becomes

L~ 5 ] X with the boundary condition given by g(T) = 1. Then
an equality, i.e., H (¢, s, x) is the optimal value function. O

H, = —y[-re" " (x—d () - d,e""" + g,|H,H, = -yg H,H, = (y’g. - yg,,)H

(B.2)
Hx _ _yero (T- t)H, Hxx _ y2elr0 (T- t)H, st _ y2er0 (T- t)ggH~
. . . . * (t) _ )Lle + bzPuPZ (t)
From equation (B.2), we obtain H,, <0, the infumum in p 1) = v H b,
equation (21) is reached at p;‘ (t)=0or p5(t) =1. Let (B.4)
P12/1 b Hx ® _ (Au B rO)Hxx SHxs
_ . t) = — .
2( ) b bZ (1 _p12) Hxx. (B3) § ( ) GZSZBHxx Hxx
The first-order maximizing conditions for the optimal Substituting 7* (), p} (), and pj (t) into equations (20)
reinsurance and investment strategies of the big company  and (21) yields
give
(u-ro)’H
Hy +roxH, == — ng +DH +—p1 )’V H,, + p2 (t)’b3H ., + pi (DM H, — p5 (DA,H,
(B.5)
e x 1 s(u-ro)H.H,, o*s?P?H2,
- D (t)PZ (t)b1b2P12Hxx + ‘MSHS + EJZSZﬁJrZHss - I_;xx 2 2Hxx =0.
Inserting derivatives in equation (B.2) into equation
(B.5), we obtain
1 5 212 (u- ro)z ro (T—1) ro (T—1) ro(T—t) | = ro (T—1)
s + 1S9, + 20 sTg+ W + 1€ d(t)—d.e + De + p; (HAe
(B.6)
-P (t)Azero(T g P1 (1) bﬂ’ezro =0 Pz (t) bzyleo =0 + p; (t)p; ()b, bzyezru =0 =

In the following section, we try to find the solutions to Case B.1. ((A,by — plzllbz)/(blbg (1- pfz))) > — (y/2).
equations (20) and (21) in the following cases. O
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(1) If p;, >0, we derive the optimal reinsurance strate-
gies of the big and small companies

(p; (1), p3 (1) = (:ljzew’) + —bszlz, 1>, 0<t<T.
1 1

If  ((Aby — piohby)/ (b1b5(1 = p3,))) > — (y/2), then
D, () < (1/2). We have the optimal reinsurance strategies of
the small and big company p; () = 1 and

P, (1) = /1_126—70 (-1 , b2P12. (B.7)
by b, (B.9)
Equation (B.7) shows that p,(t) € (0,00) is

equivalent to

1 A
t>t, =T ——In[ — ) (B.8)
' Ty ( Yb1b2p15

Inputting equation (B.9) into equation (B.6) implies

. (T AMb 1 (T
e t){rod(t)—d(t)+D—)L2+l I;plz—ibgy(l—pfz)e"q t>]»
1

(B.10)

1 -1 A
+ g, +1o5g, + Eazszﬁ”gss + M 41

=0.
2y0%s2f  2yb}

Equation (B.10) can be decomposed into two
equations by separating variables

Ab 1 _
d,—ryd(t) =D+, - %”” #30p(1-ph)e 0 =0,
1
(B.11)
1 5 242 (u-ro)’ M
gt+rosgs+§o s +W+2Yb% =0.
(B.12)

Taking the boundary condition d(T) =0 into ac-
count, the solution to equation (B.11) is

1

d(t) = — (D +M;ﬂ—)tz)(1 —e )
0 1

(B.13)

2 2
+ Yo (1-p1,) (erg(T’t) _ efro(Tft))'
4r,
In order to solve equation (B.12), we define

g(t,s) =m(t,v), v=s 7, (B.14)

and the boundary condition is m (T, v) = 0. Then
g =My,
g.=-2ps ¥ 'm, (B.15)
G = 2B+ Vs F 2m, + 4> 2m,,
Substituting these derivatives into equation (B.15)
yields

m, = 2rofvm, + (2B + 1)o"m, + 2B°c"vm,,

(B.16)

2
plesnv A
20%y 2yb3

We try to find a solution to equation (B.16) with the
following structure:

m(t,v) = A(t) + B(t)v, (B.17)

and the boundary conditions are A(T) =0 and
B(T) = 0. Plugging equation (B.17) into equation
(B.15), we derive

2

> A
A, +B(2B+1)0"B(t) + 207

(B.18)

2
+ V{Bt —2rofB() + %} - 0.

By matching coeflicients, A(t) and B(t) satisty the
following equations:
2

A
A +B(2B+1)d*B(t) + 2ylb% =0,

(B.19)

2
H-r
B, - 2roBB(t) +(202y°) =0.

Considering the boundary conditions A(T) = 0 and
B(T) = 0, the solutions to equation (B.19) are
2

/‘,1 2 T
AW =505 (T-0)+ B+ Do Jt B()dv,

(ﬂ ) ? —2ryB(T—1)
B(t)=- 5 2 (1-e ).

)
a*yrof
(B.20)

Thus, we obtain
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H(t s x) = e [e07 (=i )+ 0B 0]

(B.21)

where

1 Mbapiy ~1o(T—1)
dl(t):—r—<D+b——)t2 (l—e )

0 1

" Yb% (1 - P%z) (erO(T—t) B e—rU(T—t))
4r,

>

2

)Ll 2 T
A0 =5 (T=0)+ B+ o Jt B()dv,

(B.22)

and B(t) is given by equation (B.20).
(2) Ifp;, <0and — (A, /yb,b,p,,) < 1, we have the optimal
reinsurance strategies of the big and small companies

(pr(t), p3 (1)) =(0,1), 0<t<T. (B.23)

Putting equation (B.23) into equation (B.6), we
derive

1
T rd (@) - d+ D=y - bive” ) 4 g,
(u- ro)z

W,

1
+19Sgs + Eozszﬁ+2

(B.24)

We can solve equation (B.24) like Case B.1 (1) and get

H(ts,x) = _le—y [e00°0 (-, )+, (B0 ]

(B.25)
where
d,(t) = L (D-2 )(1 - eirO(T*t)) + y—b%(er‘)(T*” - eir"(Tft))
2 o 2 4r,
T
A, (1) = BB+ 1)d? J B(v)dv,
t
(B.26)

with B(t) given in equation (B.20).

(3) If p;, <0, —=(A/ybybyp,)>1 and el <— (A,/y
b,b,p,,), the optimal reinsurance strategies of the big
and small companies are the same as those in
equation (B.9) and the expression of H (t,s,x) is
given by equation (B.21).

(4) If p;, <0, —(A,/ybbypy,) >1 and el >~ (A,/yb,
b,p;,), when 0<t<t,, the optimal reinsurance
strategies of the big and small companies are
expressed as those in equation (B.23) and when
t, <t<T, pj (t) and p; (t) are the same as those in
equation (B.9), i.e.,

15

(0,1), 0<t<ty,

(pr (), p, (1) =
(*gewmbzpu,l), {<t<T.
yby b,
(B.27)

By similar derivatives, noting that H (¢, s, x) is contin-
uous at t =t; and taking the boundary conditions into
account, we obtain

le_ P[0T (x-dy () +A; (1B (1)s ]

_ 0<t<t,
Y
H(t,s,x) =
Ly [en ™0 (x-d, ()44, ()+B(0)s ) b <t<T
4
(B.28)
where
1 (6 Mbyp
dy(t) = — (DA (1—e o f))—M
3( ) o ( 2) robl

2
_ (e-rg (t-1) _ e—ro(T—t)> + Y_bz(ero(T—t) B e—ro(T—t))
4r,

2 2
~ yb3p1, (ero (T+=21) _ ro (T—t))
4r, ’

22 , (T
A (t) = T;ﬁ (T-t,)+p(2B+1)o L B(v)dv,

(B.29)

and B(t), d, (t) and A, (t) are given in equations (B.20) and
(B.21).

Case B.2. ((A,b; — pioAiby)/ (b1B5(1 - p3,))) < — (y/2) and
el < —(2(A,b, = p1yd,by)lybyb3 (1 - p1)).
If (b, = pahiby)/ (byB3 (1 - p2))) < — (y/2)  and

T e < —(2(Aby - prodiby)/yb b2 (1 - p2)), then P, ()=

1/2. The optimal reinsurance strategies of the big and small
companies are as following:

(pr (1), p5 (1) = (%ew”, 0), 0<t<T, (B.30)
1

and equation (B.6) is simplified into
e T r d(t) - d, + D} + g, + 1,59,

(B.31)
1 5 212 (u- r0)2 /ﬁ
+ = +——+ =0.
208 s 2y02s2P " 2yb?
Thus, H (t, s, x) satisfies
H(ts,x) = 1 1[0 (- ()4, OB (O] (B.32)

where
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d, (1) = —?(1 —e ),
0

(B.33)
2

A4 (t) = /\1

oy (T-t)+B(2B+1)d" JT B(v)dy,
1 t

with B(t) given by equation (B.20).

Case B.3. ((Aby — piaAiby)/ (byb3 (1 - p3))) < —(y/2) and
el > —(2(A;b — piyAiby)/ybi b5 (1 - pih)).

If  ((Aby — pradiby)l (b2 (1 - p3)) < —(y/2)  and
el > — (2(Aby — poAiby)Iyb b3 (1 - p2,)), we derive the
optimal reinsurance strategy of the small company

. 1, 0<t<t,,
pi(t) = (B.34)

0, t,<t<T,

where t, =T — (Uryn(-(2(A,b, — p1aA;by)Iyb b3 (1-
p2,)). Let t5 = min (£, t,).

(1) If p;, >0, when 0<t<t,, the optimal reinsurance
strategies of the big and small companies are
expressed as those in equation (B.9) and when
t, <t<T, pj (t) and p; (t) are the same as those in
equation (B.30), i.e.,

-by”“ﬁ”+g£%1, 0<t<t,,
ybi b,

(p1 ), p5 (1) =
Ao
Sl o), t,<t<T.
ybi
(B.35)
Similarly, the expression of H (t, s, x) is
—le’?’ [0 (x-ds (1)) +As (‘)+B(t)5’w], 0<t<t,,
14
H(t,s,x) =
_le—y[e'U(T’” (x— d4(t))+A4 (t)+B(t)s’zﬁ] , tz <t< T,
14
(B.36)
where
ds () = —B(l _ e—rg(T—t)) _A1b2P12 -Aby (1 _ e—r[,(tz—t))
) roby
201 _ 2
" yb; (1 P12) (erO(T—t) el (T+t—2t2)>’
4r,
A 2 (7
Ag(t) = m (T-t)+p2B+ 1o L B(v)dv,
(B.37)

and B(t), d, (), A, (t) are given in equations (B.20)
and (B.33).

(2) If p;, <0 and — (A, /ybbyp;,) <1, when 0 <t <t,, the
optimal reinsurance strategies of the big and small
companies are expressed as those in equation (B.23)
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and when t, <t <T, p; (¢) and p; (t) are the same as
those in equation (B.30), i.e.,

(0, 1), 0<t<t,,

(Pi®:p; 1) =1
(—le_r"(T_t),O), t,<t<T,

ybt
(B.38)
while H (t, s, x) is
_Ly[en 0 (x-d, O) A OBOSF] gy oy
Y
H(t,s,x) =
_L -y [0 (x-a, )44, B0y o)
Y
(B.39)
where
dg (1) = —2(1 —e ) +Q<1 - e"ﬂ(“‘f)>
¢ o o
+ V_b§ (erﬂ (T=6) _ o (T+t- 2t2)>
4r, ’
22 T
Ag(t) = —12 (T—-t,)+p2B+ 1)d* J B(v)dv,
2)/191 t

(B.40)

with B(t), d, (t) and A, (t) are given by equations
(B.20) and (B.33).

(3)If p;, <0, —(A/ybibypy,)>1 and el < —(A/
yb,b,p,,), the optimal reinsurance strategies of the
big and small companies are expressed as those in
equation (B.20) and H(t,s, x) is given in equation
(B.36).

4)If  p;,<0, —(A/ybibyp,)>1  and el >-—
(A, /yb bypy,), when 0<t<t;, the optimal reinsur-
ance strategies of the big and small companies are the
same as those in equation (B.23), when #; <t <t,,
pi (t) and pj; (t) are expressed as those in equation
(B.9) and when t, <t <T, pj (t) and p3 (¢) are shown
in equation (B.30), i.e.,

((0,1), 0<t<ts,
Ay (T-1) b,py, )
« , —e '’ + =51, t3<t<t,,
(P} (), p3 (1)) = 1 (yb% b, P
A
L\ V01
(B.41)

Through the above derivatives, we obtain
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1 [0 (x-dy () +A, ()+B(0)s ] 0<t< with B(t), d,(t), A,(t), ds(t), and A;(t) are given by
_;e » Oststs, equations (B.20), (B.33), and (B.39).
To proof Theorem 1, we first introduce a lemma. For

1 convenience, denote O := [0, +00) X [0, +00) X [0, +00).
e [e0 T (x—ds (1)) +As ()+B(£)s7%]

H(t,s, x) =1 _)/ t;<t<t,,
Lemma B.1. Take a sequence of bounded open sets O, O,,
1 (o000 (xd, (0) A, (04 B(1)s Os,..., with O; C Oy, C 0,i=12,... and U;0; = O. Let 7;
—;e 'l ( Jrbater ] t<t<T, be the exiting time of (X"1*2 (t),S(t)) from O,. If one of the
conditions (a) and (b) in Theorem 1 holds, then we have
(BA2)  plHwisi (2, AT, S(1; AT), X4 (1, AT))? | S(t) =
where s, X" () = x] <oo fori=1,2,....
A
A PR T CRp (o) e .
d; (t) = ro ( ) o ( ) Proof. We first denote H*1*2 (t) = H*1*2 (t, S(t), X*1*2 (t))
for simplicity. Applying Itd’s formula, we have
_Mbopyy <e—r0 (t=1) _ g0 (tz—t))
roby
+Vb2< ro(T=0) _ ro (T+= 2t2)> (B.43)
4r, '

_ Yot <er0 (T4t=283) _ jro (T4t 2t2)>

4r,

2

/1 T
A0 =505 (T 1) + B+ o’ Jt B()dv,

d(Huf,ué‘ (t))2 — QY (t){ [Hzf,uin* ()aS" (t) + Hsuf,ug‘asﬁﬂ (t)]dW3 (t) + Hz;‘,u;pl* (Db, dW, (1)
ul s * ul Ul Ul Ul wt o \2 * * *
H"" py (H)b,dW, () + o H™ ™ (t)dt} +{(Hx1> 2) [(ﬂ (t))ZGZSZﬁ () + (Pl (t))zbf + (P2 (t))zbi]
+(HZ‘I’“§ )20-232/3+2 (t) + ZHf’u;HSMT’u; e (t)O.ZSZﬁH (t)}dt

(B.44)

Since ul,uz are the optimal strategies of equations (20) H,, H,, n*(t), py (t), and pj (t) into equation (B.44), we
and (21), o™ H“' (t,s,x) = 0. Putting the expressions of  obtain

uy,u; 2 _
H: —z["T“s“*(t)dm(t) £y T 7 (b, dW, (1) — ye™ 0 p3 ()b, dWZ(t)]

(B.45)

2
+[(# 027’0) S‘zﬁ(t) +y2e2"’ (T-t) (P1 ) +y2e2r° (T-1) (p; (t))zbg]dt
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The solution to the above equation is

(H % (1)) { t2(u-
H ) T J o o

Mathematical Problems in Engineering

"0)§- (3)dw, (v) - j M ~26 () dy
0

t
zyeW Dot ()bydW, () — - jo4y2e2’°”‘” (p () bidv

t
J T} W, () - 3 [ 42T (p; () iy

(B.46)

2
(3)/2 214 (T—7) (p" (1) bz +3y2 2y (T-) (ps () bz %52/3(1/0@}.

According to the expression of the CEV model and Itd’s
formula, we can derive

ds (1) # =(B(2B + 1)o” —2puS (1)) dt — 2602 (£)dW 5 (¢).

(B.47)
By Zeng and Taksar [32], we know that

t 2
exp{JO 2(k - r°)s B (n)dWs (v) - Jowszﬁ(v)dv},

o2

(B.48)

is martingales and

t _ 2
ol 550

when one of the conditions (a) and (b) in Theorem 1 is
satisfied. According to the expression of pj (¢), p; (¢), and
Novikov’s condition,

(B.49)

t
exp{J 2y T p* ()b, AW, (v) —fj 4y*e?0 T (pf(o/))zb?dv},
0

(B.50)

t 1 t
exp“ 29T p? (1), dWZ(v)—E4J Zyer"(T_v)p;(v)bgdv},
0 0

are martingales. Taking expectation from both sides of
equation (B.46) yields

E[(H”T’u; (t))z] =(H”I"‘; (0))2[Eexp<“ 3yt
(P )b+ 377" T () )8

2
+3(#0+0)S_2ﬁ (v)de < 00,

(B.51)

ie, E[(H“" (£,S(t), X" (1)))] <co. So  E[(H“"
(1, AT, S(7; AT), XHi (1, AT))* | S (1) = s, X444 (1) =
x]<oo fori=1,2,.... 0
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