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An edge-based smoothed finite element method (ES-FEM) combined with the mixed interpolation of tensorial components
technique (MITC) for triangular elements, named as ES-MITC3, was recently proposed to enhance the accuracy of the original
MITC3 for analysis of plates and shells. In this study, the ES-MITC3 is extended to the static and vibration analysis of functionally
graded (FG) porous plates reinforced by graphene platelets (GPLs). In the ES-MITC3, the stiffness matrices are obtained by using
the strain smoothing technique over the smoothing domains created by two adjacent triangular elements sharing an edge. &e
effective material properties are variable through the thickness of plates including Young’s modulus estimated via the Halpin–Tsai
model and Poisson’s ratio and the mass density according to the rule of mixture. &ree types of porosity distributions and GPL
dispersion pattern into the metal matrix are examined. Numerical examples are given to demonstrate the performance of the
present approach in comparison with other existing methods. Furthermore, the effect of several parameters such as GPL weight
fraction, porosity coefficient, porosity distribution, and GPL dispersion patterns on the static and free vibration responses of FG
porous plates is discussed in detail.

1. Introduction

In recent years, FG porous material has attracted a great
interest from many researchers over the world due to their
superior mechanical properties such as lightweight, wear
resistance, and high strength. &ese properties make FG
porous structures to be very suitable to apply for civil en-
gineering, aerospace structures, nuclear plants, and other
applications. In this regard, Rezaei et al. [1] presented the
analytical approach based on Reddy’s third-order shear
deformation theory to analyse the free vibration of thick

porous plates. Leclaire et al. [2] used the classical theory and
the stress-strain relations of Biot to investigate the free vi-
bration of the thin porous plates saturated by a fluid. Zhao
et al. [3] introduced a semianalytical method based on a
modified Fourier series to study the vibration of FG porous
shells. Coskun et al. [4] developed the analytical solutions
using the general third-order shear deformation theory
(TSDT) for the static, free vibration, and buckling analyses of
FG porous microplates. Nguyen et al. [5] studied the dy-
namic response of FG porous plates resting on elastic
foundation under thermal and mechanical loads by the

Hindawi
Mathematical Problems in Engineering
Volume 2020, Article ID 7520209, 18 pages
https://doi.org/10.1155/2020/7520209

mailto:phamquochoa@tdtu.edu.vn
https://orcid.org/0000-0001-6316-3120
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2020/7520209


analytical method and the first-order shear deformation
theory (FSDT). Phung et al. [6] combined between the third-
order shear deformation theory and the isogeometric
analysis to study nonlinear transient of the FG porous plates
in hygro-thermo-mechanical environment. Barati used the
analytical approach based on nonlocal strain gradient theory
to investigate the free vibration of FG porous nanoshells [7]
and the forced vibration of FG porous nanoplates [8].
Shahverdi and Barati [9] introduced a general nonlocal
strain gradient (NSG) elasticity model to analyse the vi-
bration of FG porous nanoplates resting on an elastic
substrate. Forsat et al. [10] studied the transient response of
FG porous nanoshell subjected to different impulsive
loadings using the nonlocal strain gradient theory. Mirjavadi
et al. [11] examined the dynamic response of FG porous
cylindrical microshells under the moving loads using strain
gradient size dependency. Fenjan et al. [12] used the dif-
ferential quadrature method combined with the nonlocal
strain gradient theory to analyse the mechanical-hygro-
thermal vibrations of the FG porous plates resting on the
viscoelastic foundation. Ebrahimi et al. [13] provided an
analytical approach for the free vibration of smart FG porous
plates with different boundary conditions. Barati and
Zenkour [14] explored the free vibration of FG porous
nanoplates using the higher-order shear deformation theory,
and they also used a refined four-variable plate theory to
study the vibration behavior of FG porous plates with pi-
ezoelectric [15]. Also, Barati and Shahverdi [16] proposed
the higher-order refined four-variable plate theory to ex-
amine the nonlinear vibration of the FG porous nanoplates.

Although there are many advantages as mentioned
above, the FG porous materials are still limited in several
engineering applications due to the existence of internal
pores which cause the significant decrease of stiffness of
structures. To deal with this problem (i.e., increase the
stiffness of structure but still retain their lightweight
properties), carbon nanotubes (CNTs) [17] or graphene
platelets (GPLs) [18–21] have been used to reinforce the FG
porous structures. However, in [22], Li and co-workers
demonstrated that the reinforcement of GPLs is better than
that of CNTs because GPLs have lowmanufacturing cost and
help increase the load carrying capability by improving the
bonding with the matrix. Many research studies have been
conducted to investigate the effect of GPLs on behaviors of
FG porous structures by using many various approaches.
Seyed et al. [23] presented a semianalytical approach based
on the FSDT to solve dynamic behavior of FG porous shells
reinforced by GPLs subjected to radial dynamic load. Barati
et al. [24] examined the free vibration response of FG porous
shells using the analytical method and the FSDT.&eir work
showed that the porosity distribution and GPL distribution
significantly affect the vibration frequencies of FG porous
shells. Using the analytical approach via the FSDT and
Chebyshev–Ritz method, Yang et al. [25] reported the
buckling and free vibration behavior of FG porous plates
reinforced by GPLs. Gao et al. [26] used the differential
quadrature method to investigate the free vibration of FG

porous plates reinforced with GPLs resting on the elastic
foundation using different boundary conditions. Hamilton’s
principle and the classic plate theory with von Karman
strains assumption are applied to derive the equations of
emotion of plates in their paper. Recently, the isogeometric
analysis (IGA) method [27–30] is also applied for analysis of
FG porous structures by many researchers. Based on the
FSDT and TSDT, Li et al. [31] introduced the static, free
vibration, and buckling behaviors of FG porous plates
reinforced by GPLs. Also, Nguyen et al. [32] developed the
IGA approach based on Bézier extraction to examine the
static bending and transient response of piezoelectric FG
porous plates reinforced by GPLs. In [33], Wang and co-
workers proposed an analytical solution and Navier tech-
nique using the higher-order shear deformation theory
(HSDT) to study the FG porous doubly curved shell rein-
forced by GPLs. In addition, Nguyen et al. [34] proposed the
polygonal finite element method to investigate the static
bending, free vibration, and dynamic behavior of FG porous
and piezoelectric FG porous plates with GPL reinforcement.
In this study, they used the Halpin–Tsai model to establish
the relationship between the porosity coefficient and
Young’s modulus.

In an effort to improve the convergence and accuracy for
analysis of the plate and shell structures, the original MITC3
element [35] has been combined with the ES-FEM [36–41]
to give the so-called ES-MITC3 element [42–46]. &e nu-
merical results in these works showed that the ES-MITC3
has the following superior properties [42]: (1) the ES-MITC3
uses only three-node triangular elements which are easy in
mesh generation even for complicated geometry domains;
(2) the ES-MITC3 can eliminate transverse shear locking
even with the ratio of the thickness to the length of the
structures reaching 10−8 while many other elements are
limited with 10−5; (3) the accuracy of the ES-MITC3 is less
affected by the badly shaped elements or mesh distortions;
(4) the ES-MITC3 has better accuracy than the existing
triangular elements such asMITC3 [35], DSG3 [47], and CS-
DSG3 [48] and is a good competitor against the quadrilateral
element MITC4 [49].

&is article further extends the ES-MITC3 to investigate
for static bending and vibration responses of FG porous
plates reinforced by GPLs. &e HSDT is utilized in ap-
proximation formulation of displacement field to avoid
using the transverse shear correction factors and to en-
hance the accuracy of the shear stresses across the thickness
of the FG porous plates. &e different porosity distribution
types and the GPL patterns including symmetry, asym-
metry, and uniformity across the plate thickness are
considered in the present work. &e obtained results are
compared with other published approaches in the literature
to demonstrate the accuracy and reliability of the proposed
method. Moreover, the influences of material parameters
such as GPL weight fraction, the porosity coefficient, the
geometrical sizes of GPLs, and the distribution patterns on
the static and free vibration of FG porous plates are in-
vestigated in detail.
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2. Material Models of GPL-Reinforced FG
Porous Plates

2.1. &e Distribution of Porosity. &ere are three types of
porosity distribution along the thickness of FG porous plates
including symmetrical (P-S), asymmetrical (P-A), and
uniform (P-U), as shown in Figure 1. Young’s modulus
E(z), shear modulus G(z), and mass density ρ(z) of FG
porous plates with three porosity distribution types can be
given as follows [34]:

E(z) � E1 1 − e0λ(z) ,

G(z) � G1 1 − e0λ(z) ,

ρ(z) � ρ1 1 − emλ(z) ,

⎧⎪⎪⎨

⎪⎪⎩
(1)

where

λ(z) �

cos
πz

h
 , symmetry porosity distribution (S − P),

cos
πz

2h
+
π
4

 , asymmetry porosity distribution (A − P),

λ, uniformporosity distribution (U − P),

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(2)

in which E1, G1, and ρ1 denote the maximum values of
Young’s modulus, shear modulus, and mass density of the
FG plates without internal pores, respectively. &e coeffi-
cient of porosity e0 can be determined by

e0 � 1 −
E2′

E1′
, (3)

where E1′ and E2′ are the maximum and minimum values of
Young’s modulus for two nonuniform porosity distribution
types (S-P and A-P). Furthermore, E′ represents Young’s
modulus for U-P case as shown in Figure 2.

&e mechanical property of closed-cell cellular solids
according to Gaussian random field can be defined as [50]

E(z)

E1

ρ(z)/ρ1(  + 0.121
1.121

 

2.3

, (4)

0.15<
ρ(z)

ρ1
< 1 . (5)

From equation (4), the coefficient of mass density can be
derived as follows:

em �
1.121 1 −

���������
1 − e0λ(z)2.3


( 

λ(z)
. (6)

Using the closed-cell Gaussian random field scheme,
Poisson’s v(z) can be obtained as [51]

v(z) � 0.22p′ + v1 0.342p
’2

− 1.21p
1

+ 1 , (7)

where v1 denotes Poisson’s ratio of the pure matrix material
without pores and

p′ � 1 −
ρ(z)

ρ1
� 1.121 1 −

���������

1 − e0λ(z)
2.3


 . (8)

It is noted that the total mass M of the FG porous plates
with different porosity distributions does not change and can
be calculated by

M � 
h/2

−h/2
ρ(z)dz. (9)

In equation (2), the coefficient of porosity λ for U-P case
can be written as [26]

λ �
1
e0

−
1
e0

M/ρ1h(  + 0.121
1.121

 

2.3

. (10)

2.2. &e GPL Distribution. In this paper, three dispersion
patterns such as symmetry distribution (S-GPL), asymmetry
distribution (A-GPL), and uniform distribution (U-GPL), as
depicted in Figure 2, are considered. &e volume fraction of
GPLs varies smoothly through the place’s thickness direc-
tion which can be given as [25]

VGPL �

Si1[1 − cos(πz/h)], symmetry distribution (S − GPL),

Si2 1 − cos
πz

2h
+ π/4  , asymmetry distribution (A − GPL),

Si3, uniformdistribution (U − GPL),

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

(11)

where Sij with j� 1,2,3 is the maximum value of GPL volume
fraction and i� 1,2,3 corresponding to the S-P, A-P, and U-P
cases, respectively.

Sij 
h/2

−h/2

[1 − cos(πz/h)]

1 − cos
πz

2h
+ π/4  

1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

1 − emλ(z) dz

�
ΛGPLρm

ΛGPLρm + ρGPL − ΛGPLρGPL


h/2

−h/2
1 − emλ(z) dz.

(12)

To calculate Sij, equation (12) can be rewritten as follows:
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Si1 
nl

j�1
[1 − cos(πz/h)]

ρ zj 

ρ1

⎧⎨

⎩

⎫⎬

⎭,

Si2 
nl

j�1
1 − cos

πz

2h
+ π/4  

ρ zj 

ρ1

⎧⎨

⎩

⎫⎬

⎭

�
ΛGPLρm

ΛGPLρm + ρGPL − ΛGPLρGPL



nl

j�1

ρ zj 

ρ1
,

Si3
ρ zj 

ρ1
,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(13)

in which

zj �
1
2

+
1
2nl

−
j

nl

 . (14)

Effective Young’s modulus of the FG reinforced by GPLs
without internal pores is determined by the Halpin–Tsai
micromechanics model as [52]

E1 �
3
8

1 + ξLηLVGPL

1 − ηLVGPL

 Em +
5
8

1 + ξWηWVGPL

1 − ηWVGPL

 Em,

(15)

where

h/2

–h/2

E2′

E1′

E1′

x

z

(a)

h/2

–h/2
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z
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z

(c)

Figure 1: &e porosity distribution types.
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Figure 2: &e GPL dispersion patterns.
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ξL �
2LGPL

tGPL

,

ξW �
2WGPL

tGPL

,

ηL �
EGPL/Em(  − 1
EGPL/Em(  + ξL

,

ηW �
EGPL/Em(  − 1

EGPL/Em(  + ξW

,

(16)

in whichWGPL, LGPL, and tGPL are average width, length, and
thickness of GPLs, respectively, and EGPL and Em are
Young’s moduli of GPLs and metal matrix, respectively.

&e mass density ρ1 and Poisson’s ratio v1 of the GPL
reinforced metal can be calculated as

ρ1 � ρGPLVGPL + ρMVM, (17)

v1 � vGPLVGPL + vMVM, (18)

where ρGPL, vGPL, and VGPL are the mass density, Poisson’s
ratio, and volume fraction of GPLs, respectively, and ρM, vM,
and VM are the mass density, Poisson’s ratio, and volume
fraction of the metal, respectively.

3. TheHigher-OrderShearDeformationTheory
and Weak Form for FG Porous Plates

3.1. C0-Type Higher-Order Shear Deformation &eory for FG
Porous Plates. &e displacement of FG porous plates in
present work based on the C0-HSDT [53] model can be
expressed as

u(x, y, z) � u0(x, y) + z + cz3( θx(x, y) + cz3ϕx(x, y),

v(x, y, z) � v0(x, y) + z + cz3( θy(x, y) + cz3ϕy(x, y),

w(x, y, z) � w0(x, y),

⎧⎪⎪⎨

⎪⎪⎩

(19)

in which u and v, w are middle-surface displacements and θx
and θy are the independent rotations of the normal in xz and
yz planes, respectively; ϕx and ϕy are warping functions
which replace derivative of deflection according to Reddy’s
HSDT; and c � −4/3h2.

For a bending plate, the strain field can be expressed as
follows:

ε � εm + zκ(1)
+ z

3κ(2)
, (20)

where
&e membrane strain is given as

εm �

u0,x

v0,y

u0,y + v0,x

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

⎫⎪⎪⎪⎬

⎪⎪⎪⎭

. (21)

&e bending strains are written as

κ(1)
�

θx,x

θy,y

θx,y + θy,x

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

⎫⎪⎪⎪⎬

⎪⎪⎪⎭

, (22)

κ(2)
� c

θx,x + ϕx,x

θy,y + ϕy,y

θx,y + θy,x + ϕx,y + ϕy,x

⎧⎪⎪⎨

⎪⎪⎩

⎫⎪⎪⎬

⎪⎪⎭
, (23)

and the transverse shear strain is defined as

γ � γ(0)
+ z

2γ(1)
, (24)

with

γ(0)
�

w0,x + θx

w0,y + θy

⎧⎨

⎩

⎫⎬

⎭;

γ(1)
� c

ϕx + θx

ϕy + θy

⎧⎨

⎩

⎫⎬

⎭.

(25)

FromHooke’s law, the linear stress-strain relations of FG
porous plates can be expressed as

σx

σy

τxy

τxz

τyz

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎭

�

Q11 Q12 0 0 0

Q21 Q22 0 0 0

0 0 Q66 0 0

0 0 0 Q55 0

0 0 0 0 Q44

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

εx

εy

cxy

cxz

cyz

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎭

, (26)

where

Q11 �
E11

1 − υ12υ21
,

Q22 �
E22

1 − υ12υ21
,

Q12 � Q21
υ21E11

1 − υ12υ21
,

Q44 � G23,

Q55 � G13,

Q66 � G12,

(27)

in which E11 and E22 are effective Young’s moduli; G12, G13,
and G23 denote the effective shear moduli; and υ12 and υ21
represent Poisson’s ratios.

3.2. Weak Form Equations. To obtain the governing equa-
tions of FG porous plates reinforced by GPLs, Hamilton’s
principle is applied in the following form:


t2

t1

(δU + δV − δK)dt � 0, (28)
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whereU,V, andK are the strain energy, the work done by
external loads, and the kinetic energy of FG porous plates,
respectively.

&e strain energy is expressed as

U �
1
2


Ω

εTDε + γTCγ dΩ, (29)

in which εT � [εmκ(1)κ(2)] and γT � [γ(0)γ(1)].

D �

A B E

E D F

E F H

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦,

C �
As Bs

Bs Ds

 ,

(30)

where A,B,D,E, F,H,As,Bs,Ds can be given by

(A,B,D,E, F,H) � 
h/2

−h/2
1, z, z

2
, z

3
, z

4
, z

6
 

·

Q11 Q12 0

Q21 Q22 0

0 0 Q66

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦dz,

(31)

(As,Bs,Ds) � 
h/2

−h/2
1, z

2
, z

4
 

Q55 0
0 Q44

 dz. (32)

&e work done by external transverse loads is expressed
by

V � 
Ω

qwdΩ. (33)

&e kinetic energy is given by

K �
1
2


Ω

_umudΩ, (34)

where uT � [u0v0w0θxθyϕxϕy] and m is the mass matrix
which is defined by

m �

I1 0 0 I2 0 c/3I4 0

I1 0 0 I2 0 c/3I4

I1 0 0 0 0

I3 0 c/3I5 0

I3 0 c/3I5

c2/9I7 0

sym c2/9I7

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (35)

with (I1, I2, I3, I4, I5, I7) � 
t/2
−t/2 ρ(z)(1, z, z2, z3, z4, z6) dz.

Substituting equations (29), (33), and (34) into equation
(28), weak formulation for static and free vibration of FG
porous plates, respectively, is finally obtained as


Ω
δεTDεdΩ + 

Ω
δγTCγdΩ � 

Ω
qδwdΩ, (36)


Ω
δεTDεdΩ + 

Ω
δγTCγdΩ � 

Ω
_umudΩ. (37)

4. Formulation of an ES-MITC3 Method for FG
Porous Plates

4.1. Formulation of Finite Element Based on the MITC3.
&e bounded domain Ω is discretized into ne finite three-
node triangular elements with nn nodes such that
Ω ≈ 

ne

e�1Ωe and Ωe∩Ωj � ϕ, i≠ j. &en, the generalized
displacements at any point ue � [ue

j, ve
j, we

j, θ
e
xj, θ

e
yj,

ϕe
xj, ϕ

e
yj]

T for elements of the FG porous plates can be ap-
proximated as

ue
� 

nne

j�1

NI(x) 0 0 0 0 0 0

0 NI(x) 0 0 0 0 0

0 0 NI(x) 0 0 0 0

0 0 0 NI(x) 0 0 0

0 0 0 0 NI(x) 0 0

0 0 0 0 0 NI(x) 0

0 0 0 0 0 0 NI(x)

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

de
j

� 

nne

j�1
N(x)de

j,

(38)

where nne is the number of nodes of the plate element and
N(x) and de

j � [ue
j, ve

j, we
j, θ

e
xj, θ

e
yj,ϕ

e
xj, ϕ

e
yj]

T are the shape
function and the nodal degrees of freedom (dof) of ue as-
sociated with the jth node of the element, respectively.

&e linear membrane and the bending strains of a tri-
angular element can be expressed in matrix forms as follows:

εe
m � Be

m1 Be
m2 Be

m3 de
� Be

md
e
, (39)

κe(1)
� Be(1)

b1 Be(1)
b2 Be(1)

b3 de
� Be(1)

b de
, (40)

κe(2)
� Be(2)

b1 Be(2)
b2 Be(2)

b3 de
� Be(2)

b de
, (41)

where

Be
m1 �

1
2Ae

b − c 0 0 0 0 0 0

0 d − a 0 0 0 0 0

d − a b − c 0 0 0 0 0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (42)

Be
m2 �

1
2Ae

c 0 0 0 0 0 0
0 −d 0 0 0 0 0

−d c 0 0 0 0 0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦, (43)

Be
m3 �

1
2Ae

−b 0 0 0 0 0 0
0 a 0 0 0 0 0
a −b 0 0 0 0 0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦, (44)

Be(1)
b1 �

1
2Ae

0 0 0 b − c 0 0 0
0 0 0 0 d − a 0 0
0 0 0 d − a b − c 0 0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦, (45)
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Be(1)
b2 �

1
2Ae

0 0 0 c 0 0 0
0 0 0 0 −d 0 0
0 0 0 −d c 0 0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦, (46)

Be(1)
b3 �

1
2Ae

0 0 0 −b 0 0 0
0 0 0 0 a 0 0
0 0 0 a −b 0 0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦, (47)

Be(2)
b1 �

1
2Ae

c

3

0 0 0 b − c 0 b − c 0
0 0 0 0 d − a 0 d − a

0 0 0 d − a b − c d − a b − c

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦, (48)

Be(2)
b2 �

1
2Ae

c

3

0 0 0 c 0 c 0
0 0 0 0 −d 0 −d

0 0 0 −d c −d c

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦, (49)

Be(2)
b3 �

1
2Ae

c

3

0 0 0 −b 0 −b 0
0 0 0 0 a 0 a

0 0 0 a −b a −b

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦. (50)

To eliminate the shear locking phenomenon as the
thickness of the plate decreases, the MITC3 element based
on the first-order shear deformation theory (FSDT) is
proposed by Lee and Bathe [1]. In their study, the covariant
transverse shear strains of the triangular element are in-
dependently interpolated from the covariant transverse
shear strains which are evaluated at the middle of triangular
element edges, named typing points. &e transverse shear
strain field associated to typing points with 7 dofs per node
can be written as follows:

γe
� Be

sd
e
, (51)

in which

Be
s � Be(0)

s Be(1)
s 

T
, (52)

Be(0)
s1 � J− 1

0 0 −1
a

3
+

d

6
b

3
+

c

6
0 0

0 0 −1
d

3
+

a

6
c

3
+

b

6
0 0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (53)

Be(0)
s2 � J− 1

0 0 −1
a

2
−

d

6
b

2
−

c

6
0 0

0 0 −1
d

6
c

6
0 0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (54)

Be(0)
s3 � J− 1

0 0 0
a

6
b

6
0 0

0 0 1
d

2
−

a

6
c

2
−

b

6
0 0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (55)

Be(1)
s1 � c

0 0 0 1 0 1 0
0 0 0 0 1 0 1

 , (56)

Be(1)
s2 � c

0 0 0 1 0 1 0
0 0 0 0 1 0 1

 , (57)

Be(1)
s3 � c

0 0 0 1 0 1 0
0 0 0 0 1 0 1

 , (58)

where

J− 1
�

1
2Ae

c −b

−d a

⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦, (59)

in which a � x2 − x1, b � y2 − y1, c � y3 − y1, andd � x3 −

x1 are pointed out in Figure 3 and Ae is the area of the three-
node triangular element.

Substituting the discrete displacement field into equa-
tions (36) and (37), we obtained the discrete system equa-
tions for static and free vibration analysis of FG porous
plates using MITC3 based on C0 − HSDT formulation, re-
spectively, as

Kd � F, (60)

where K is the stiffness matrix of FG porous plates and F
represents the load vector.

K � 
ne

e�1
Ke

,

F � 
ne

e�1
Fe

,

(61)

with

Ke
� 
Ωe

ΒΤDBdΩe + 
Ωe

ΒΤs CBsdΩe, (62)

where

Be
� Be

b Be(1)
b Be(2)

b
 ,Be

b � Be(0)
s Be(1)

s , (63)

Fe � 
Ωe

pNdΩe, (64)

K − ω2M d � 0, (65)

where ω is the natural frequency and M is the mass matrix

K − ω2M d � 0, (66)

M � 
ne

e�1
Me

, (67)

Me
� 
Ωe

NTmNdΩe. (68)

4.2. Formulation of an ES-MITC3 Method for FG Porous
Plates. In the ES-FEM, a domain Ω is divided into nk

smoothing domains Ωκ based on edges of elements, such as
Ω � ∪nk

k�1Ω
k and Ωκι ∩Ω

κ
j � ϕ for i≠ j. An edge-based
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smoothing domain Ωκ associated with the inner edge k is
formed by connecting two end nodes of the edge to centroids
of adjacent MITC3 triangular elements as shown in Figure 4.

Now, applying the edge-based smoothed finite element
[2], the smoothed strain εκ, a smoothed shear strain cκ over
the smoothing domain Ωκ can be created by computing the
integration of the compatible strain ε and the shear strain c

respectively, in equations (36) and (37) such as

εk
� 
Ωk
εΦk

(X)dΩ, (69)

γk
� 
Ωk
γΦk

(X)dΩ, (70)

where ϕk(x) is a given smoothing function that satisfies at
least unity property Ωkϕk(x)dΩ � 1. In this study, we use
the constant smoothing function

Φk
(X) �

1
Ak

, X ∈ Ωk,

0, X ∈ Ωk,

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

(71)

in which Ak is the area of the smoothing domain Ωκ and is
given by

A
k

� 
Ωk
dΩ �

1
3

 nek

i�1A
i, (72)

where nek is the number of the adjacent triangular elements
in the smoothing domain Ωκ and Ai is the area of the ith
triangular element attached to the edge k.

By substituting equations (39)–(41) and (51) into equa-
tions (69) and (70), the approximation of the smoothed

strains on the smoothing domain VGPL can be expressed as
follows:

εk
m � 

nnk

j�1

Bk

mjd
k
j ,

κk(1)
� 

nnk
sh

j�1

Bk(1)

bj dk
j ,

κk(2)
� 

nnk
sh

j�1

Bk(1)

bj dk
j ,

γk(0)
� 

nnk
sh

j�1

Bk(0)

sj dk
j ,

γk(1)
� 

nnk
sh

j�1

Bk(1)

sj dk
j ,

(73)

where nnk
sh is the total number of nodes of the triangular

MITC3 elements attached to edge k (i.e., nnk
sh � 3 for

boundary edges and nnk
sh � 4 for inner edges as given in

Figure 4); dk
j is the nodal dofs associated with the smoothing

domain Ωk; Bk

mj, Bk(1)

bj , Bk(2)

bj and Bk(0)

sj are the smoothed
membrane, the smoothed bending, and the smoothed shear
strain gradient matrices, respectively, at the jth node of the
elements attached to edge k computed by

y

d

c

a

b

x1 (x1, y1)

3 (x3, y3)

2 (x2, y2)

Figure 3: &ree-node triangular element in the local coordinates.

 Field node
 Centroid of triangles

Γm

Γk

Boundary edge m

Ωm

Ωk

Inner edge k

Figure 4: &e smoothing domain Ωκ formed by triangular
elements.
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Bk

mj �
1

Ak
 nek

i�1
1
3
A

iBe
mj, (74)

Bk(1)

bj �
1

Ak


nek

i�1

1
3
A

iBe(1)
bj , (75)

Bk(2)

bj �
1

Ak


nek

i�1

1
3
A

iBe(2)
bj , (76)

Bk(0)

sj �
1

Ak


nek

i�1

1
3
A

iBe(0)
sj , (77)

Bk(1)

sj �
1

Ak


nek

i�1

1
3
A

iBe(2)
sj . (78)

&e global stiffness matrix of FG porous plates using the
ES-MITC3 is assembled by

K � 
nk

sh

k�1
Kk

, (79)

where K
k is the ES-MITC3 stiffness matrix of the smoothing

domain Ωk and given by

K � 
Ωk

BkTDBk
+ BkT

s CBk

s dΩ � BkTDBk
A

k

+ BkT

s CBk

s A
k
,

(80)

in which

BkT
� Bk

mj
Bk(1)

bj
Bk(2)

bj , BkT

s � Bk(0)

sj
Bk(1)

sj . (81)

5. Numerical Results

In this section, several numerical examples are verified to
illustrate new contributions including (1) verifying the ac-
curacy of the present method for the free vibration and static
bending analyses of the FG porous plates reinforced by GPLs
by comparing with results in [25] and (2) investigating the
influences of the porosity distributions, the GPL dispersion
patterns, GPL weight fraction, and the porosity coefficients
on the free vibration and static response of the FG porous
plates. In the research of Yang et al. [25], it was found that a
multilayer plate model has the optimal total layer number
n � 12 which is easy for manufacture and economic effi-
ciency simultaneously. In addition, the error of results be-
tween n � 12 and n � 1000 is less than 2%.&erefore, n � 12
is also used in the following examples in this work.

5.1. Free Vibration Analysis of FG Porous Plates Reinforced by
GPLs. In this section, for convenience in comparing to
results in the literature, the nondimensional natural fre-
quency of the plates is given by ω � ωa

������
I1/A11


, in which I1

and A11 are the values of the inertia moment in mass matrix
and the extensional stiffness of FG plate without any pores
and GPLs.

5.1.1. &e FG Porous Plates with GPL Reinforcement.
Firstly, we consider the plate with the length a � b � 2 and
the thickness h � 0.1 as shown in Figure 5. &e material
properties of FG porous plates reinforced with GPLs are
expressed in Table 1. Tables 2 and 3 show nondimensional
frequencies of fully clamped square FG porous plates
reinforced by GPLs with varying porosity coefficients and
various GPL weight fractions. &e results of proposed
method are compared with those of several various methods
such as MITC3 [33], MITC4 [35], and analytical approach
[25]. It can be seen that the ES-MITC3 is a good competitor
to quadrilateral shell element MITC4 and gives better ac-
curacy compared with the original triangular elements
MITC3. Note that the results of the ES-MITC3 also match
well with the analytical solution based on the Cheby-
shev–Ritz method [25]. It is seen clearly that the increase of
porosity coefficient of FG porous plates reinforced with
GPLs leads to the reduction of fundamental frequencies. It is
because the increase of the porosity coefficient will decrease
both the stiffness and mass density of the FG porous plates.
In addition, Tables 4 and 5 provide the nondimensional
frequencies of FG porous plates with the cases of S-P and
U-P reinforced by GPL-A and the cases of A-P reinforced by
GPL-S, GPL-A, and GPL-U, respectively.

Table 6 shows the nondimensional natural frequencies of
the FG porous plates reinforced by GPLs with the different
thickness. It can be seen that the FG porous plates have the
same thickness; however, the case of A-P reinforced by GPL-
A gives the minimum natural frequencies. On the contrary,
the case of S-P with GPL-S gives the maximum natural
frequencies. Moreover, Figure 6 depicts the first six mode
shapes of FG porous plate in the case of S-P reinforced by
GPL-S (e0 � 0.2, a/h � 20, and ΛGPL � 1.0wt).

Figure 7 demonstrates the influence of the porosity
coefficient and the GPL weight fraction on the natural
frequencies of the FG porous square plate. In this case, the
FG porous plates are made from S-P reinforced by three
different types of GPL patterns. It can be found that the
natural frequencies increase gradually when the porosity
coefficient reduces and the GPL weight fraction increases.
&is may be explained by the fact that the presence of the
internal pores in the structures with the smaller size and
inferior density in the metal matrix leads to the increase of
the stiffness of the FG porous plates. In addition, it is clear
that the stiffness of the plate structures is significantly im-
proved when a small amount GPLs reinforcement is added
in the metal matrix.

5.1.2.&e FG Porous Circular Plates with GPL Reinforcement.
Next, we consider the FG porous circular plate with the fully
clamped boundary. &e radius of circular plate is R � 1 and
the thickness h � 0.1 as shown in Figure 8. &e material
properties of FG porous reinforced by GPLs are given in
Table 1. &e domain of circular plate is divided into 318
triangular elements. Table 7 lists the natural frequencies of
FG porous circular plate with variable parameters such as
the porosity coefficient, the GPL distribution, and the po-
rosity distribution. It can be observed that the FG porous
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circular plates with U-P and GPL-A have the minimum
natural frequency in all cases of investigations. Moreover,
Figure 9 illustrates the first six mode shapes of the FG porous
plate which is constituted by S-P with the porosity coefficient
e0 � 0.2, R/h � 10, and GPLs with weight fraction
ΛGPL � 1.0wt.%.

5.2. Static Analysis of FG Porous Plates Reinforced by GPLs.
In order to validate the accuracy and stability of the pro-
posed ES-MITC3 based on TSDT for the static analysis

problem of the FG porous plate reinforced by GPLs, a fully
simply supported FG porous plate subjected to uniform load
q � 103 N/m2 is investigated. &e FG porous plate has the
thickness-to-width ratio (h/a) of 0.1, with the porosity co-
efficient e0 � 0.5, S-P, and GPL-S as shown in Figure 5. Two
GPL weight fractions ΛGPL(1.0wt.%) and (0.5wt.%) are
studied for five metal matrices given in Table 8. Table 9
presents the percentage of central deflection of the FG
porous plate reinforced by GPLs with various metal matrices
δw � (|w1 − w0|/w0)∗100(%), in which w1 and w0 are the

y

x

h/2
h/2

a

a

z

Figure 5: &e FG porous plates reinforced by GPL model.

Table 1: Material properties of FG porous plates reinforced by GPLs.

Material properties Dimensions of GPLs
Em � 130GPa EGPL � 1.01 TPa lGPL � 2.5 μm
vm � 0.34 vGPL � 0.186 wGPL � 1.5 μm
ρm � 8960 kg/m2 ρm � 1062.5 kg/m2 tGPL � 1.5 nm

Table 2: Nondimensional natural frequencies of fully clamped FG porous square plates reinforced by GPLs with a/h � 20 andΛGPL � 1.0%.

GPLs pattern e0 Method 1 2 3 4 5 6

S-P

GPL-S

0.2

Yang 0.7075 1.4057 1.4057 2.0262 2.4337 2.4501
Present 0.7073 1.4105 1.4219 2.0576 2.4835 2.5008
MITC3 0.7151 1.4343 1.4517 2.1108 2.5571 2.5761
MITC4 0.7101 1.4310 1.4322 2.0646 2.5430 2.5604

0.4

Yang 0.7035 1.3957 1.3958 2.0099 2.4125 2.4290
Present 0.6999 1.3915 1.4027 2.0251 2.4405 2.4579
MITC3 0.7078 1.4154 1.4327 2.0791 2.5146 2.5338
MITC4 0.7054 1.4202 1.4215 2.0474 2.5202 2.5376

0.6

Yang 0.7017 1.3897 1.3897 1.9985 2.3968 2.4134
Present 0.6936 1.3721 1.3830 1.9894 2.3914 2.4090
MITC3 0.7017 1.3966 1.4138 2.0454 2.4672 2.0868
MITC4 0.7037 1.4149 1.4164 2.0376 2.5059 2.5235

GPL-U

0.2

Yang 0.6383 1.2729 1.2729 1.8403 2.2147 2.2289
Present 0.6424 1.2921 1.3029 1.8979 2.3009 2.3115
MITC3 0.6493 1.3130 1.3289 1.9437 2.3656 2.3817
MITC4 0.6381 1.2887 1.2893 1.8627 2.2980 2.3132

0.4

Yang 0.6364 1.2674 1.2674 1.8301 2.2008 2.2152
Present 0.6382 1.2807 1.2913 1.8774 2.2732 2.2881
MITC3 0.6451 1.3016 1.3173 1.9234 2.3379 2.3542
MITC4 0.6355 1.2821 1.2829 1.8518 2.2831 2.2989

0.6

Yang 0.6379 1.2677 1.2677 1.8276 2.1955 2.2102
Present 0.6371 1.2732 1.2836 1.8603 2.2479 2.2632
MITC3 0.6440 1.2943 1.3100 1.9072 2.3132 2.3301
MITC4 0.6372 1.2839 1.2848 1.8521 2.2815 2.2970
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FG porous plate reinforced by GPLs and FG porous plate
without GPLs, respectively. From the numerical results, it
can be seen that the results of the proposed approach agree
well with the IGA method.

Next, we consider the deflection of simply supported FG
porous square plate reinforced by GPLs under sinusoidally
distributed load q � q0sin(πx/a)sin(πy/b) with
q0 � 0.1MPa. &e plate’s length (a � b � 1m), thickness

Table 3: Nondimensional natural frequencies of fully clamped FG porous square plates reinforced by GPLs with a/h � 20 andΛGPL � 1.0%.

GPLs pattern e0 Method 1 2 3 4 5 6

U-P

GPL-S

0.2

Yang 0.6887 1.3696 1.3696 1.9758 2.3744 2.3902
Present 0.6892 1.3778 1.3891 2.0138 2.4337 2.4502
MITC3 0.6968 1.4008 1.4178 2.0650 2.5048 2.5230
MITC4 0.6904 1.3926 1.3936 2.0109 2.4785 2.4952

0.4

Yang 0.6612 1.3149 1.3149 1.8969 2.2795 2.2947
Present 0.6602 1.3203 1.3311 1.9303 2.3332 2.3490
MITC3 0.6674 1.3423 1.3558 1.9794 2.4014 2.4188
MITC4 0.6613 1.3344 1.3354 1.9273 2.3759 2.3919

0.6

Yang 0.6285 1.2500 1.2500 1.8032 2.1670 2.1814
Present 0.6269 1.2541 1.2644 1.8341 2.2173 2.2323
MITC3 0.6338 1.2751 1.2906 1.8808 2.2822 2.2986
MITC4 0.6279 1.2676 1.2685 1.8313 2.2579 2.2730

GPL-U

0.2

Yang 0.6202 1.2383 1.2383 1.7918 2.1574 2.1711
Present 0.6242 1.2579 1.2684 1.8505 2.2455 2.2596
MITC3 0.6309 1.2782 1.2936 1.8948 2.3084 2.3238
MITC4 0.6193 1.2521 1.2526 1.8113 2.2362 2.2507

0.4

Yang 0.5954 1.1888 1.1888 1.7202 2.0712 2.0844
Present 0.5975 1.2044 1.2145 1.7722 2.1508 2.1643
MITC3 0.6039 1.2238 1.2386 1.8148 2.2111 2.2259
MITC4 0.5928 1.1991 1.1996 1.7352 2.1426 2.1564

0.6

Yang 0.5660 1.1301 1.1301 1.6353 1.9690 1.9815
Present 0.5669 1.1429 1.1525 1.6822 2.0419 2.0546
MITC3 0.5729 1.1614 1.1755 1.7227 2.0992 2.1131
MITC4 0.5625 1.1382 1.1387 1.6475 2.0346 2.0478

Table 4: Nondimensional natural frequencies of fully clamped FG porous square plates reinforced by GPLs with a/h � 20 andΛGPL � 1.0%.

GPLs pattern e0 1 2 3 4 5 6

S-P

GPL-A
0.2 0.6313 1.2697 1.2803 1.8649 2.2608 2.2752
0.4 0.6257 1.2556 1.2660 1.8406 2.2287 2.2433
0.6 0.6224 1.2440 1.2542 1.8180 2.1969 2.2118

U-P

GPL-A
0.2 0.6145 1.2381 1.2485 1.8213 2.2099 2.2238
0.4 0.5882 1.1854 1.1953 1.7442 2.1166 2.1298
0.6 0.5579 1.1247 1.1341 1.6552 2.0009 2.0215

Table 5: Nondimensional natural frequencies of fully clamped FG porous square plates reinforced by GPLs with a/h � 20 andΛGPL � 1.0%.

GPLs pattern e0 1 2 3 4 5 6

A-P

GPL-S
0.2 0.6911 1.3811 1.3924 2.0181 2.4384 2.4551
0.4 0.6606 1.3204 1.3312 1.9297 2.3319 2.3478
0.6 0.6179 1.2362 1.2464 1.8081 2.1859 2.2006

GPL-A
0.2 0.6126 1.2341 1.2445 1.8153 2.2025 2.2163
0.4 0.5814 1.1717 1.1815 1.7240 2.0920 2.1051
0.6 0.5403 1.0897 1.0989 1.6044 1.9476 1.9596

GPL-U
0.2 0.6265 1.2621 1.2727 1.8563 2.2522 2.2663
0.4 0.5998 1.2084 1.2186 1.7775 2.1567 2.1702
0.6 0.5637 1.1362 1.1457 1.6719 2.0290 2.0416
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(a) (b) (c)

(d) (e) (f )

Figure 6: &e first six mode shapes of clamped FG porous plate in the case of S-P reinforced by GPL-S with e0 � 0.2, a/h � 20, and
ΛGPL � 1.0wt.%. (a) Mode 1. (b) Mode 2. (c) Mode 3. (d) Mode 4. (e) Mode 5. (f ) Mode 6.

Table 6: Nondimensional natural frequencies of the FG porous square plates reinforced by GPLs with various thickness ratios and lengths
(a � b � 1, ΛGPL � 1.0wt.%, and e0 � 0.5).

a/h
S-P A-P U-P

GPL-S GPL-A GPL-U GPL- S GPL-A GPL-U GPL- S GPL-A GPL-U
CCCC
20 0.6966 0.6237 0.6372 0.6413 0.5625 0.5834 0.6442 0.5736 0.5828
30 0.4781 0.4246 0.4338 0.4373 0.3810 0.3954 0.4392 0.3887 0.3949
40 0.3625 0.3209 0.3279 0.3308 0.2875 0.2984 0.3322 0.2933 0.2979
50 0.2915 0.2577 0.2633 0.2657 0.2306 0.2394 0.2668 0.2353 0.2391
SSSS
20 0.3952 0.3499 0.3576 0.3607 0.3134 0.3254 0.3623 0.3198 0.3250
30 0.2660 0.2349 0.2401 0.2423 0.2101 0.2181 0.2433 0.2144 0.2178
40 0.2001 0.1766 0.1805 0.1822 0.1579 0.1639 0.1830 0.1611 0.1637
50 0.1604 0.1415 0.1446 0.1459 0.1264 0.1313 0.1465 0.1290 0.1311
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Figure 7: Continued.

12 Mathematical Problems in Engineering



(h � 0.05m), and material properties as well as the di-
mensions of GPLs are given in Table 1. &e number of layers
of FG porous plates n � 12 is applied again in the static
analysis. Table 10 shows nondimensional central deflection
(w � w/h) of the FG porous plates reinforced by GPLs with
GPL weight fractionΛGPL � 1.0wt.%. It can be observed that
the FG porous plates with A-P and GPL-A for all cases using
the same porosity coefficient give the largest displacement
while the S-P and GPL-S give the lowest displacement.

&e influences of porosity coefficient and GPL weight
fracture on central deflection of the FG porous plates

reinforced by three various types of GPLs distribution and
the porosity distribution S-P are shown in Figure 10. It can
be found that the central displacement of FG porous plate
increases gradually when the porosity coefficient increases.
As expected, the internal pores existing in the metal matrix
of the FG plates with larger size and higher density lead to
the reduction of stiffness of plate structure. Besides, we can
see that the GPL weight fracture in the metal matrix also has
a significant effect on the central deflection of the plates.
Accordingly, with the same porosity distribution (S-P) and
porosity coefficient, when the GPL weight fracture increases,
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Figure 7: Effect of the porosity coefficient and GPLs on nondimensional natural frequencies of simply supported FG porous square plates
with S-P and different GPL dispersion patterns.

h R

x

z

y

Figure 8: &e FG porous circular plates reinforced by GPL model.

Table 7: Nondimensional natural frequencies of simply supported FG porous circular plates reinforced by GPLs with various thickness
ratios (R/h � 10 and ΛGPL � 1.0wt.%).

e0
S-P A-P U-P

GPL-S GPL-A GPL-U GPL-S GPL-A GPL-U GPL-S GPL-A GPL-U

0 1.4733 1.3502 1.3718 1.4733 1.3502 1.3718 1.4733 1.3502 1.3718
0.1 1.4606 1.3398 1.3622 1.4496 1.3248 1.3497 1.4480 1.3264 1.3476
0.2 1.4473 1.3293 1.3526 1.4237 1.2971 1.3258 1.4213 1.3014 1.3221
0.3 1.4333 1.3187 1.3431 1.3948 1.2668 1.2994 1.3931 1.2749 1.2953
0.4 1.4183 1.3079 1.3336 1.3620 1.2329 1.2698 1.3630 1.2467 1.2667
0.5 1.4019 1.2967 1.3240 1.3240 1.1942 1.2358 1.3308 1.2165 1.2361
0.6 1.3835 1.2848 1.3141 1.2784 1.1491 1.1955 1.2957 1.1836 1.2028
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(a) (b) (c)

(d) (e) (f )

Figure 9: &e first six mode shapes of clamped FG porous circular plate in the case of S-P reinforced by GPL-S with e0 � 0.2, R/h � 10, and
ΛGPL � 1.0wt.%. (a) Mode 1. (b) Mode 2. (c) Mode 3. (d) Mode 4. (e) Mode 5. (f ) Mode 6.

Table 8: Material properties of metal matrix.

Aluminium Magnesium Copper Nickel Titanium
E(Gpa) 68.3 45 130 210 11645
V 0.34 0.35 0.34 0.31 0.33
ρ(kg/m3) 2689.8 1740 8960 8908 4506

Table 9: Percentage of central deflection of the FG porous plate with various metal matrices.

Method ΛGPL Aluminium Magnesium Copper Nickel Titanium

δw

ES-MITC3 1.0wt.% 34.851 21.551 29.877 19.354 20.137
IGA 35.891 22.277 31.188 19.802 20.544
ES-MITC3 0.5wt.% 21.402 35.155 44.931 31.429 32.934
IGA 22.139 36.386 46.287 32.425 33.910

Table 10: Nondimensional central deflection (103 w) of simply supported FG porous square plates reinforced by GPLs with a/b � 1,
a/h � 20, and ΛGPL � 1.0wt.%.

GPL pattern
e0

0.1 0.2 0.3 0.4 0.5 0.6

S-P
GPL-S 1.8911 1.9760 2.0695 2.1737 2.2909 2.4250
GPL-A 2.4183 2.5266 2.6450 2.7753 2.9197 3.0815
GPL-U 2.3398 2.4401 2.5489 2.6673 2.7971 2.9403
A-P
GPL-S 1.9349 2.0784 2.2522 2.4689 2.7495 3.1326
GPL-A 2.4900 2.6931 2.9391 3.2451 3.6391 4.1705
GPL-U 2.3972 2.5735 2.7850 3.0456 3.3785 3.8247
U-P
GPL-S 1.9439 2.0944 2.2703 2.4790 2.7317 3.0457
GPL-A 2.4865 2.6803 2.9072 3.1767 3.5038 3.9112
GPL-U 2.4096 2.5975 2.8172 3.0782 3.3945 3.7882
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Figure 10: Effect of the porosity coefficient and GPL weight fracture on nondimensional deflection of simply supported FG porous square
plates with S-P and different GPL dispersion patterns.
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Figure 11: Continued.
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the central displacement will decrease. It can be concluded
that the increase of porosity coefficient of the FG porous
plates will decrease the density and increase the GPL weight
fracture and hence makes the plate become stiffer.

Figure 11 demonstrates the plots of the axial stress
σxx(a/2, a/2, z) through the thickness of FG porous plates
reinforced by GPLs with three types of porosity distribution
and various GPL dispersion patterns under sinusoidally
distributed load from top surface. It can be seen that the
maximum compressive stress at the top surface of FG porous
plate is in the case of porosity distribution S-P and GPL-S
reinforcement. On the contrary, the maximum tensile stress
is in the case of the porosity distribution S-A and GPL-A
reinforcement. Note that the FG porous structures rein-
forced by GPLs are weaker in compression than in tension in
most cases of porosity distributions and GPL dispersion
patterns.

6. Conclusions

In this paper, the static and free vibration analyses of FG
porous plates reinforced by GPLs are studied by using the
ES-MITC3 based on the HSDT. In this formulation, the
strain smoothing technique over the smoothing domains is
associated with edges of MITC3 triangular elements to
improve the accuracy of the original MITC3 element for
structure analysis. From the numerical results, we can draw
the following conclusions:

(i) &e ES-MITC3 element is simply obtained from
linear approximations using 3-node triangular ele-
ments, and thus high computational cost is avoided.

(ii) &e ES-MITC3 uses three-node triangular elements
that are much easily generated automatically even
for complicated geometry domains.

(iii) &e results obtained by ES-MITC3 element are
more accurate than those obtained by using the
original MITC3 element.

(iv) &e proposed method uses the HSDTmodel which
provides more accurate solutions with no demand
of the shear correct factors.

(v) &e porosity distribution, the porosity coefficient,
and the GPL dispersion patterns significantly in-
fluence the static and free vibration response of the
FG porous plates with GPL reinforcement.

(vi) Numerical results in the present study are useful for
calculation, design, and testing of geometrical pa-
rameters and material properties in engineering
and technologies.

(vii) &e present approach can be developed to inves-
tigate the FG porous plate reinforced by GPLs
subjected to other loads as well as analysis of FG
porous shells with GPL reinforcement.
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Figure 11: Nondimensional central axial stress σxx(a/2, a/2, z) under three types of porosity distribution and various patterns
(e0 � 0.5 andΛGPL � 1.0wt.%). (a) S-P. (b) A-P. (c) U-P.
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