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This paper is intended to study the limit theorem of Markov chain function in the environment of single infinite Markovian
systems. Moreover, the problem of the strong law of large numbers in the infinite environment is presented by means of
constructing martingale differential sequence for the measurement under some different sufficient conditions. If the sequence of
even functions {g, (x),n >0} satisfies different conditions when the value ranges of x are different, we have obtained SLLN for
function of Markov chain in the environment of single infinite Markovian systems. In addition, the paper studies the strong
convergence of the weighted sums of function for finite state Markov Chains in single infinitely Markovian environments.
Although the similar conclusions have been carried out, the difference results performed by previous scholars are that we give
weaker different sufficient conditions of the strong convergence of weighted sums compared with the previous conclusions.

1. Introduction

The definition and properties of limit theorems have been
studied for some time, especially for functions of Markov
chain, which becomes one of the most popular research
areas in the field of stochastic processes. In a random process
model, the theory of Markov chain describes the change
from one system state to another system state, and also the
advent of quantitative analysis is explored according to the
real system situations. In effect, the theory of Markov chain
is not only widely used in scientific research but also used in
the economic field. Recently, emphasis is placed on the
application to explain many systemic problems of economic
phenomena, and the interpretation of most economic
phenomena can be realized under the framework of Markov
chain.

Over the course of the past 40 years, a comprehensive
study of the Markov chains has been undertaken. In the early
1980s, Cogburn [1] introduced the definition of Markov
chain in the environment of random systems and discussed
the state classification of Markov chain in the environment

of Markovian systems. A relevant paper was published by
Nawrotzki [2, 3], which discussed the state of classification
about the Markov chain with feedback, based on other
systems, namely, the single infinitely stable Markovian
systems, and established the general theory of the topic.
Subsequently, a further study on Markov chains under the
condition of random environment has been reported by
Cogburn [4] who have made a great contribution in this
area. In random environments, Cogburn proposed a generic
theory about the function of Markov chains and developed a
lot of profound results with the theory of Hopf-Markov
chain and some further studies of limit theories for function
of Markov chain have been conducted. For instance, Cog-
burn [5, 6] discussed the convergence of the transfer
probability, periodicity, and conditions for the establish-
ment of the central limit theorem under the special cir-
cumstances, which are in the environment of the bi-infinite
stable, as well as listing the connection with these theories.
Orey [7] has studied the Markov chain in stochastic envi-
ronment in depth based on Cogburn’s study and put forward
a series of problems, which attracted the attention of many
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probability scholars. Liu and Liu [8, 9] have investigated a
series of limit properties of the random variables sequences
with Lebesgue’s theorem and then gave limit properties with
the similar method for nonhomogeneous Markov chain.

The general theory about the function of Markov chain
in the environment of random systems has become a
popular research direction. As known, the limit theorem has
been a hot topic in the study of classical Markov chain
theory. Subsequently, a lot of scholars have conducted in-
depth research in this field and achieved a series of profound
and rich results. Various research theories about the func-
tion of Markov chain in Markovian environments have been
proposed, called MCME for short (see [10-15]), and the
same as theories about the function of Markov chain in
random environments, which are called MCRE for short (see
[16-18]). Exactly, the random environments can be cata-
logued into different situations, such as in space-time
random environments (see [19]), in bi-infinite random
environments (see [20]), and in single infinite random
environments (see [21]).

Currently, a lot of research literatures on the strong limit
theory for function of Markov chains in the environment of
random systems or in the environment of Markovian sys-
tems have been found. The strong law of large numbers
about the function of Markov chains in the environment of
Markovian systems with discrete parameter was proposed by
Wan [22] who obtained the sufficient conditions. Besides,
Guo [16] also put forward the sufficient conditions, which
are different from Wan [22], and the difference is mainly to
prove this theorem in the case of the random environments.
On the basis of existing research, Li [23] indicated the
sufficient conditions established in the case of countable
states for this theorem. Furthermore, for complete and
imprecise knowledge of Markov chains, Li et al. [14] have
developed a strong limit theorem of the Markov chain
quaternion function in the environment of Markovian
systems and extended the Shannon theorem in this envi-
ronment. It becomes apparent that Markovian environ-
ments can be classified into different catalogues, such as in
bi-infinite environments (see [24, 25]) and in single infinite
environments (see [26]).

To the best of our knowledge, along with the increasing
development of Markov chains in decision-making state of
financial market, they have been widely used in financial
insurance theory. Recently, statistical estimation of ruin
related functions has become a popular topic in risk theory.
However, some of the scholars proposed different estimators
for the ruin probability in the classical risk. For example, a
study by Yang and Yuen [27] offered a comprehensive
analysis of two-dimensional delayed renewal risk model with
a constant interest. They derived some asymptotic formulas
for the finite-time and infinite-time ruin probabilities in the
presence of heavy-tailed claim sizes. In addition, Yang et al.
[28] constructed by the two-dimensional Fourier cosine
series expansion to estimate the discounted density of the
deficit at ruin. Similarly, with method of the Fourier cosine
series expansion, one study by Yu et al. [29] valued the
guaranteed minimum death benefit products. On valuation
of the products with guaranteed minimum death benefit,
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Zhang et al. [30] applied a projection method combined with
Fast Fourier Transform. Recently, a qualitative study by
Yang et al. [31] described a discrete-time insurance risk
model with insurance and financial risks. Then, a key study is
that of Yu et al. [32], which proposed a new risk model called
compound Poisson risk model by introducing a periodic
capital injection strategy and a barrier dividend strategy into
the classical risk model. Furthermore, the risk model can be
further extended and applied to a wider range of practical
problems. An example can be made by the optimal control
problem (see [33]). Above all, most of existing studies failed
to deal with the practical problems; it is necessary for us to
study the limit theorems for function of Markov chains
deeply.

Therefore, this paper set out to advance the research
on the limit theory of a class of Markov chain functions,
aiming to provide clarity understanding of the limit
theorem for function of Markov chain in environment of
single infinite Markovian systems. Based on the results of
Li [17] and Wan [18], we have found two lemmas and
derive the results of almost sure convergence with the
finding of the lemmas. The results of the analysis of the
strong law of large numbers in single infinite environ-
ment are presented to be an extension of the conclusion
in the inference [34] on different sufficient conditions.
Also, in single infinite Markovian environments, we come
to the conclusions about the strong convergence and
present the weighted sums for function of Markov chains.
Driven by LLN (law of large numbers), the strong con-
vergence of the weighted sum is also discussed when
considering the compatibility of the least squares esti-
mates of linear models. Although we prove similar
conclusions, the difference from results obtained by
previous scholars can be made based on weaker different
sufficient conditions of the strong convergence of
weighted sums provided [26].

The subsequent structure of our paper is as follows. A
description of some basic notations, fundamental defini-
tions, and lemmas is shown briefly in Section 2. Details
under the condition of the environment of single infinite
Markovian systems are discussed in Section 3 and Section 4.
Section 3 is about SLLN (strong law of large numbers) for
function of Markov chain in the environment of the setting
of this paper. Section 4 derives the strong convergence of
weighted sum for function of Markov chain in the envi-
ronment of the setting of this paper. A series of sufficient
conditions for the limit theorem are obtained in Sections 3
and 4, and specific proof process of theorem and corollary is
considered, respectively. This paper concludes with a dis-
cussion in Section 5.

2. Fundamental Preliminaries

At first, we begin to introduce some basic notations which
shall be used in the following sections. Let N represent an
integer set and (Q, %, P) represent a probability space; both
(X, d) and (@ %’)are arbitrary measurable spaces. Re-

spectively, let fo ={{,: n>0} and X = {X,,: n>0} be two
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random sequences defined on (Q, %, P) with value on set of
® and X. Assume a family of transition function
{P(0): 0 € ®} defined on arbitrary measurable spaces of
(X, o). For any A € of, we suppose P(:;-, A) is measurable
regarding % x of. Given a family of one-step transition
probability function {K,(-,-)} defined on arbitrary mea-
surable spaces of (®, %), where we assume that K, (-, B) is
measurable about 98 for any B € 9. For arbitrary sequence
of 7 = {n,: n=0}, we denote 7, = {1,: 0<n<r<oo}.

If, for any of A € & and n >0, at the same time we have

P(X 6A|€ ) P(X, € A|%,),

(1)
P(Xpn € 4| X0 80 ) = P(E X, A), 1

then random variable sequence ¢ of X is called the Markov
chain in the random system of f o ; here E o 1S a sequence

in single infinite random environments. In other words, if
f o is a Markov sequence, X is called the Markov chain in
the environment of single infinite Markovian systems.

Given a random variable sequence {X,,n>0} on
(Q, #, P), the following statement is satisfied. If, for arbi-
trary x>0 and n>0, there exists P(|X,|>x)<CP(V >x),
where V represents a nonnegative random variable, C
appearing here represents a constant and is greater than
zero. Thus we call {X,,,n>0} the tail probability uniformly
bounded by V and denote it as {X,,} <V. This paper always
sets X as the Markov chain in single infinite Markovian
environments. We assume that C appearing in this paper
represents a positive constant that represents different values
in different positions. The indicative function of the set of A
is denoted as I 4.

The purpose of the study is to propose limit theorems for
function of Markov chain in analysis of the environment of
single infinite Markovian systems and to conclude some
different sufficient conditions for the almost sure conver-
gence by means of constructing martingale differential se-
quence. In addition, we derive the similar conclusion about
strong convergence of the weighted sums in the given en-
vironment in terms of some weaker sufficient conditions.

Two specific contributions have been included as fol-
lows, which are both built on the environment of single
infinite Markovian systems. Firstly, this study will offer a
fresh insight into the following Theorem 1 and Theorem 2
and Corollaries 1 and 2 to show Markov chain’s SLLN
(strong law of large numbers) in the given environment.
Secondly, this study will provide an important opportunity
to advance the understanding of Markov chain strong
convergence of weighted sum in the given environment. The
results are given by Theorem 3 and Corollary 3.

To prove the main theorems, the following deformation
lemmas are needed.

Lemma 1 (see, e.g., Conclusion 1 in [17]). Given a Markov
chain X in in, the environment of single infinite Markovian
systems 50 , the random variable sequence of
{(X,,¢,): n>0} is the Markovian chain in double. In

particular, if the one-step transition function in the single
infinite Markovian environments ?so is K, (0, B), the one-
step transition probability of {(X,,,£,): n>0} is

Q, (x,0; Ax B) = K, (6, B)P(0; x, A). (2)

—00
If &, is time-homogeneous, then {(X,,¢,): n>0} is
time-homogeneous too.

Lemma 2 (see Lemma 2 in [18]). Assume that X is a random
variable; for any x >0, there exists P(|X|>x) <CP(V >x),
where V is a nonnegative random variable and C>0 is a
constant, such that, for any x>0 and q>0, we have

EleqI“Xle} < Cqu(V > .x) + CEVqI{VSx}. (3)

3. SLLN in the Environment of Single Infinite
Markovian Systems

To begin with, we use Lemmas 1 and 2 to investigate SLLN
for function of Markov chain in the environment of single
infinite Markovian systems. A series of sufficient conditions
for SLLN are given for function of Markov Chains in the
environment of single infinite Markovian systems. The
relevant results are in accordance with the following major
Theorems 1 and 2, as well as Corollaries 1 and 2.

Theorem 1. Given the probability space of (Q, F,P) with
values on set of X x ©, we assume that {(X,,¢,): n>0} is a
Markov chain, {F,(X,,&,): n>0} is a sequence of measur-
able functions defined on (X x ©, o x B), and{g,, (x),n >0}
is a sequence of even functions defined on set of R which is
taking a positive value on the interval of (0, 00). For anyn >0,
there always exists a value of A >0, if one of the following
conditions holds:

(i) g,,(x) is monotonically nondecreasing on the interval
of (0,00). When 0<x<1, there is g,(x) > Ax?

(0<6<1), and E(F,(X,,£,)) =0, n=0;
.. Ax*(0<a<2), 0<x<1,
(ii) g"(x)z{)txﬁ(/jzl), ol

At the same time, for positive constant sequences of
{a,,n>0} where a,Tco is satisfied, if there exist

I (G5 PN

m=0 A

then, for any k > 1, we get the following series, which are
convergent almost surely:

m Xm’ 5 ) E(F (Xm’£ | Xm—k’ Em—k)
Z O (5)

- a.s.convergence,

and consequently we have the following formula, which
is true almost surely:



(6)
_E(Fm (Xm’ Em) I Xm—k) Emfk)) =0a.s..

Here, we agree X_, =0 and &_;. = 0 for any k>1.

According to the derivation of Theorem 1, we can
further generalize Corollary 1 as follows.

Corollary 1. Assume a Markov chain {(X,,,&,): n>0} which
is defined on probability space of (Q, F, P) with values on set
of XxO. {F,(X,,¢§,): n>0} is a sequence of measurable
functions defined on (X x @, of x 9B). For the positive con-
stant sequences of {a,,n >0}, satisfying a,Too, if one of the
following two conditions holds:

(iii) Yoo E(IF, (X, )7/ (1,,]" + |F,, (X, €,010)
<00, where 0<r<1 and E(F,(X,,£,) =0,n>0;

M8

P(|F,, (X, &,)|>a,)<C

il Nk

3
N
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(iv) Yoo E((IF,, (X, §D11)/ (Ia|” + @, | Fy (X
E)NTY) < 0o, where 1 <r <2, then (5) and (6) hold.

Proof of Theorem 1. Let us now prove the above Theorem 1.
In the process of proof, we discuss two situations. One
situation is k = 1, and the other situation is k> 1.

Firstly, we consider the situation of k = 1.

Under condition (i), there satisfies |F, (X,,,¢&,)| > a,,, that
is, (|F,(X,,&)l/a,)>1. We know from the condition that
g, (x) is monotonically nondecreasing on the interval of
(0,00), and we can get g,(1)>A when condition (i) is
satisfied.  Thus, we can get the inequality
gn(IF, (X,,E)Na,)>Cg, (1) which will be used in the
following derivation. Next, let us give the detailed process of
the derivation of inequalities (7) and (8) by using Lemma 2.
The derivation of inequality is as follows:

Eg, (DI, (x,.8,)]5a.)

Ny Fm Xm’fm
<C Z:I Egm(¥)l{|pm (X)) |>am} )
y IFm (Xmﬁfm)|
e g o5 o
\ Fm Xm’ Em
E(,nz_o E(#I{Im () pan} | Kot Eml) >
\ Fm Xm)fm
= E( Zo E(#I{lpm (X)) l Xom1> Em—l) >
2 [ (X §)|
- MZOE(amI {1Em (Xonskin)| <00} .
& (1w (X &)l
<2 E<|a79|>l{lm(xm,fm)|gam}
m=0 m
3 Epy (X 6)
<C Zzo Egm(|a—m|>1{|Fm () on)
3 |Fon (K6
SC;OEgW(T < o,
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Under condition (ii), when |F, (X,,§,)| > a,, is satisfied
at the same time, we use the second case of condition (ii)
g ()2 AP (B=1,x>1)  to get the  inequality
g, UF, (X, ¢ /a,) = C(F,(X,,&, )P /a ) which will be

used in the following derivation. Next, let us give the detailed
process of the derivation of inequalities (9) and (10). The
derivation of inequality is as follows:

> & F (X &)l
mzz:op(lF B Sl ) mz: <%>I{|Fm(xm,£m)l>am}
9)
00 F Xm, fm
<mz—0 E( ( ) {IFm (Xm>fm)|>am}|Xm—l’£m_1) >
(| Fn (X §1)
< Z E<| |I{|Fm(Xm’£m)|>ﬂm})
) (10)

m=0

Obviously, by using formulas (7) and (9), it is obvious

that the result below is established almost surely:

Z I{lFm (Xm,fm)|>am}<00a.s.. (11)
m=0

Because P(|F,,(X,,.¢,,)>a,: 10.) =0, consequently
we can get that the following series are convergent almost
surely

2 m m’

At the same time, by using formulas (8) and (10), we can
get that the following series are convergent almost surely:

I{lF (X, |50, &-S-CONVergence. (12)

Z E( Xows Em )I{IFm (X)) | Xm-p'fm-l) a.s.convergence.
(13)
Note that
E (X )i, (x,08) <0}
n - a,
E<Fn(Xn’£n)I{|Fn(X,l,fn)lgan}|Xn71’£n—1> (14)
_ . .
—n —hn
B, = 0<X0, fo)

{Z,,%,,n>0} is known as a martingale difference se-
quence by the nature of function of Markov chain of
{(X,,,&,),n>0}. Under condition (i), the following results
can be derived by the orthogonality of martingale difference
sequence:

S (xm,s )\
< Z E< | >I{|Fm(Xm>fm)|>um}

<C)

m=0

Egm<|Fm ()im’ gm)|) <

2 e m<xm,sm>|<am}>

| Fm (Xm’ Em)le
E<Tf{w (xm,fm)|<am})

|F,, (X, &)
Egm<T>I{IFm (Xmbm) <0}

by (el

m

E<IF eSS

(15)

Also, under condition (ii), the inequality is derived as
follows:

E i Z,| = i EZ.,
m=0 m=0
n f )2
<C)E (7“% (xm,smnsam})

(16)
cof sty )

m=0
<C i E%(lF’” ()im’w).

m=0 m

By formula (4), we know that sup, oE|Y" _,Z,,I*> <o,
which means {} _Z,,, 8,,n>0} is bounded martingale on



L%, Thus, we can get that the series Y, ,Z,, are convergent
almost surely. Then, by combining formulas (12) and (13),
we can see that formula (5) holds, and it is also easy to know
that formula (6) holds by Kronecker’s Lemma.

Secondly, we consider the other situation of k> 1.

By the nature of function of the Markov chain
{(X,,&,): n>0}, itis known that {( X, Y yksn): m >0} isa
Markov chain for any n=1,2,3,...,k— 1. It is easy to
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derive the following result regarding convergence by using
formula (4):

Z Egmk+n

m=0

( mk+n (ka+n’£mk+n)><oo (17)

Aink+n

Therefore, for any n=1,2,3,...,k—1, we have the
series of almost sure convergence as follows:

ioz ka+n (ka+n’ Emk+n) - E(ka+n (ka+n’ Emk+n) | ka+n—k’ gmk+n—k)

Ank+n

Thus, the following results of convergence almost surely
can be derived:

a.s.convergence. (18)

N Fm (Xm’ Em) - E(Fm (er fm) | Xm—k>Ym—k)

m=0 A

k

00
m=0 n=0

S

i k+n mk+n’ mk+n) E( mk+n (ka+n’ fmk+n) I ka+nfk’ Emk+n—k)

(19)

Ank+n

M i

n=0 m=0

where, for the situation of k> 1, formula (6) is true. Ob-
viously, by Kronecker’s Lemma, formula (7) also holds for
the situation of k> 1.

Now, the conclusions on convergence have been demon-
strated and proven completely. The method of using con-
structing martingale differential sequence to implement different
sufficient conditions of the strong limit theorems is different
from the evidence from previous observations. Our paper ad-
vances the research on the limit theory of a class of Markov chain
functions by using different sufficient conditions. O

Remark 1. Both Theorem 1 and Lemma 4 in literature [24]
give the sufficient conditions for SLLN of Markov chain, but
the preconditions in the two theorems are different.

From Theorem 1, we can see that the sequence of even
functions {g,, (x),n>0} satisfies different conditions when
the value ranges of x are different. In condition (i), when
0<x<1 and 0<6<1, g,(x) needs to be monotonically
nondecreasing and E(F, (X,,£,)) = 0 with n>0. However,
in condition (ii), these conditions are not required to ap-
proach limit but only to obtain the segment g, (x) and also a
range of values are satisfied. From these two different suf-
ficient conditions, we have obtained SLLN for function of
Markov chain in the environment of single infinite Mar-
kovian systems. On the basis of Theorem 1, Corollary 1
shows that SLLN can be obtained by assigning different
functional forms to g, (x), which generalize the previous
conclusions.

i mk+n mk+n> Emkm) - E(ka+n (ka+n’ Emk+n) | ka+n—k’ Emk+n—k)

bl
Aketn

Proof of Corollary 1. At first, when condition (iii) is
established, there exists g, (x) = |x|"/(1 + |x|"), where the
range of value of r is 0<r<1. When condition (iv) is
established, there is g, (x) = |x|"/(1 +|x|"""), where the
range of value of r is 1 <7 <2. Then, for any n>0, g, (x) and
g,(x) are both even nondecreasing functions, taking a
positive value on interval of (0,00). At the same time, re-
spectively, there are the following formulas:

L,
g,,(x)zix, 0<x<1,0<r<1,
1,
X", 0<x<1, 1<r<2, (20)
gn(x) 2
-x, x>1.
2

If condition (iii) is satisfied, we have

> o) - iE(|am|Iff|§m(§Z?£m>r><°°'

m=0

(21)
If condition (iv) is satisfied, we have
3 Xm’f )> Q |Fm (Xm’gm)r
_ E .
P ( a 2, <|am|r v anlFn X&)
(22)

From the above results, it can be seen that both condition
(i) and condition (ii) under Theorem 1 are satisfied, so we
can obtain that Corollary 1 holds by Theorem 1.
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The sample frequency as a significant part of information
theory plays a very important role in statistical hypothesis
testing and coding theory. Based on the above results, a class
of SLLN on the frequency of occurrence of the state are
obtained for function of Markov chain in the environment of
single infinite Markovian systems. Meanwhile, the rela-
tionship between the frequency of occurrence of state (x, 0)
and the product of corresponding one-step transition
probability function can be seen from the following Theorem
2. In particular, we can use the initial state to describe the
frequency of occurrence of the state when the time-ho-
mogeneity is satisfied. Under the certain environment of the
single infinite Markovian systems, we have concluded
Corollary 2, which can be extended to a class of SLLN on the
frequency of occurrence of the state for function of Markov
chain. O

Theorem 2. Assume that a Markov chain X is in the en-
vironment of the single infinite Markovian systems & .

S, (x, O)represents the frequency where (x,0) appears in the

sequence of (X1,€)), (X5, &), .5 (X, &,)5 if Yool <00,
when 1<r <2, we then have

. <s (x,6)

a,

1 &
; Z m m 1 9 Eml;Xml;x)> =0a.s..
m=l

(23)

—
In particular, when &) is time-homogeneous and

lim, ., (n/a,) = C, then we have
lim $u(%,0) CK (&, 0)P(&); Xy, x) a.s (24)
n—>00 an B 0 0> =20 o

Corollary 2. Assume that a Markov chain X is in the en-
vironment of the single infinite Markovian systems &;°. S, (x)
represents the frequency where x appears in the sequence of

X1, Xos oo Xy if Y@,y <00, when 1 <r <2, then we have
. S, (x) 1 &
n@m< - P &t Xpox) | =0as..  (25)

700
In particular, when &
lim, , (n/a,) = C, we have

S, (x)

is time-homogeneous and

lim

n—ao0

=CP(&); Xy, x) as.. (26)

n

Proof of Theorem 2. Given F, (X,,¢&,) = 0,(X,)84(&,), we
have S, (x,0) =Y, _,F, (X,.,¢&,). Then the following in-
equality can be derived through equation (10) above:

r
W E |Fm (ergm)l
-1
amlFm (Xm’fm)r +
So we can get from the above formula that the series is
convergent.

Obviously, it is known that the following limit holds
almost surely by Corollary 1:

[ee]
< o )
-< Z a,, <00 (27)

7
1 n
nli—r>noo ; Z (Fm (Xm’ gm) - E(Fm (Xm’ fm) | mel’ Emfl)) = Oa.s..
n m=0
(28)
Then, by the combination of the formula

SrcoFm (X &) = S, (x,0) + 8, (X8 (§,) and Lemma 1,
we can get the results below.

E(Fn (Xn’fn)an—l’fn—l) (8 (X 69 an 1’ n— 1)

= Qn (Xn—l’ n-15 %> 9)
= Kn (fn—l’ G)P (fn—l; Xn—l’ x)'
(29)
Substituting the above formula into the formula limi-
tation eﬂation (28), we can get formula (23).

If & is time-homogeneous, it is known that
{(X,,,€,): n>0} is also time-homogeneous by Lemma 1, and
hence Qn (anl) 57;71; x,0) = Q(X()s fo; x,0) = K(foa G)P(Em
X %). So we can get formula (24) by using formula (23).

Therefore, Theorem 2 has been proven. O
Proof of Corollary 2. Given the formula
F, (X,,¢,) =0,.(X,), we have the formula
Sn (X) + ax (XO) = Z;:OFM (Xm’ gm) = anzo(sx (Xm) BY

combining these conditions and Lemma 1, we obtain the
following results:

(F (Xn’f an 1’ )_E(éx(

Xm) an—l’fn—l) = P(gn—l;Xn—l’x)’
(30)

and, therefore, Corollary 2 can be proven by using the
method which is similar to that used in the Proof of Theorem
2. O

4. The Strong Convergence of Weighted Sums in
the Environment of Single Infinite
Markovian Systems

In this section, we use Lemmas 1 and 2 to study the strong
convergence of weighted sum for the function of Markov
chain in the environment of the single infinite Markovian
systems. Some sufficient conditions for the strong conver-
gence of weighted sum for the function of Markov Chains
are obtained. The relevant results will be obtained from the
analysis of Theorem 3 and Corollary 3.

Theorem 3. Assume that a Markov chain {(X,,,&,): n>0} is
defined on (Q,%,P) with values on set of X x 0.
{F,(X,,&,): n>0} is a sequence of measurable functions
defined on (X x ©,9d x RB). {a,, n>0} and {b,, n>0} are
arbitrary sequences of positive real numbers, respectively, and
we denote ¢, = b,/a,,b,Too, if the following conditions both
hold:

(a) Z$1C_1E|F (X € )|I{|p )56, }<00;

(b) Zm 1cmpE|F (Xmag )l I{|F (X&) < }<OO, where
there is 1< p<2,



such that, for any k> 1, we can get that the following
series are convergent almost surely:

i Fm (Xm’ Em) B E(Fm (Xm’ Em) | Xm—k’ Z':m—k)
n (31)

m=0

- a.s.convergence,

and we have
lim =Y a4, (F, (X,06,)
n—oo n m=0 (32)

- E(Fm (Xm’ gm) | Xm7k> Emfk)) =0as.

Consequently, we get Corollary 3 as follows.

Corollary 3. Assume that a Markov chain {(X,,,§,): n>0} is
defined on (Q,%,P) with values on set of X xO.
{F,(X,,&,): n>0} is a sequence of measurable functions
defined on (X x ©, o x RB), and it satisfies {F, (X,,&,)} <V.
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{a,,n>0} and {b,,n>0} are arbitrary sequences of positive
real numbers, respectively, and we denote c,, = b,/a,, b,Tco.
For arbitrary x>0, we denote N (x) = Card{n: ¢, <x}, if V
satisfies the following two conditions:
(c) EN (V) < 00;
d) [} EN(V/t)dt < co.
In addition, one of the following conditions is satisfied:
() [, tP"'P(V>t) [[" N(y)/yP* dydt < co,
there is 1< p<2;

where

) maxOSancf % _cif =O(n), where there is 1< p<2;

(g) Ll) EN (V/tVP)dt < 0o, where there is 1< p<2, and,
for any k=1, both (31) and (32) hold.

Proof of Theorem 3. In a similar way to Theorem 1, we also
discuss two situations in the process of proof. One situation
is k = 1; the other situation is k> 1.

We consider the first situation of k = 1. For any m > 0, we
denote that

_ F,, (Xm, fm)lﬂpm (Xpwb)| <} B E<Fm (Xm’ fm)I{|Fm (Xpobm)| <} | Xon-15 5m—1>.

" c

y  En ) (560
m Cm .

Under condition (a), it is known that the following series
are absolute convergent almost surely:

Z lZ,’n|<ooa.s.. (34)

m=0

Hence, the following series are convergent almost surely:
[ee]
Z Z,, as.. (35)
m=0

Meanwhile, the following series of conditional expec-
tation are convergent almost surely:
[ee]

E(Zpy| Xyt & ) 5. (36)

m=0

Then, due to the orthogonal properties of the martingale
difference sequence, it is known that, for any 1< p<2, we
can get

n

2 n n
1
E = Y EZ,<C ) —E|F, (Xm’Em)'PI“F,,,(Xm,fm)|§cm}'
m=0 m=0 Cm

(37)

Through the combination of condition (b) and formula
(37), we have the formula sup,.E|Y" _,Z,,|* < co. In other
words, this formula shows that the result of
{3 0Zm 011> 0} is a bounded martingale on L?. Thus, we

Zp
0

m=l

Cm | (33)

have that the series ), ,Z, are convergent almost surely,
which is the weighted sum mentioned in the previous section.

The joint two formulas (35) and (36) on almost sure
convergence show that formula (31) holds for the situation
of k = 1, and formula (32) for the situation of k = 1 is also
true by Kronecker’s Lemma.

Finally, the proof of the other situation of k > 1 is similar
to Theorem 1, so it is omitted.

Here Theorem 3 has been proven regarding the strong
convergence of weighted sums. We proved the similar
conclusions, but it was from a different viewpoint compared
to previous research. O

Remark 2. Both Theorem 3 and Theorem 2.1 in literature
[25] give the sufficient conditions for strong convergence of
weighted sums of Markov chains, which is unlike the pre-
conditions in these two theorems. Furthermore, the results
of the strong convergence of weighted sums can be dem-
onstrated under weaker sufficient conditions compared with
Theorem 1 in literature [26].

Proof of Corollary 3. Firstly, if V satisfies conditions (c), (d),
and (e), for any k > 1, then both (31) and (32) hold. Now let
us show this proof process as follows.

It is only necessary to verify that condition (a) and
condition (b) of Theorem 3 are immediately available. As we
have the inequality
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@ @ we can derive the following inequality:
Y P(|F,, (X, &,)|>¢,) <C Y P(V>c,)<CEN(V),
m=1 m=1
(38)
NP
Z Cm E|Fm (Xm’ Em)lI“Fm (X)) |>em}
m=1
o0 1 00
<C —J P(|F,,(X,.&,)|>t)dt
mzzlcm Cm (l M( mE )I )
S 1
<C)y C—(cmP(|Fm (X &) > )
" (39)
[e¢]
+J P(|F,, (X,,&,)| > t)dt)
sc< Y P(V>c,)+ ) j P(V> tcm)dt>
m=1 m=171
© v
<c(EN W)+ [ “EN( ),
1
P - +_ lim [ 7
and, from conditions (c) and (d) of this corollary, we can see {m_CZ»} Cm = sgvnoo{m- g, Y Cp = Jim ,[t y PAN (y)
that condition (a) of Theorem 3 holds. o o
By L 2, we h he i li
y Lemma 2, we have the inequality - lim <s’PN(s) PN +PJ N%dy);
$s—00 t<y<s yP (42)

Y L EIF (X & T, (008 <00}
m=1
<C) P(V>c,)+C Y ¢ FEVPIy . (40)
m=1 m=1
o
<SCEN(V)+C Y ¢,/EV Iy 1,
m=1

as well as the inequality

0 [e) Cm
D P EIVI Iy 1 <C Yok J PPV > t)dt
m=1 m=1 0

=C JO PP (V> 1) Y o) € dE

(o)

< - N(y)
p-1
<c [ e | Jor dyde.

(41)

The last inequality above is established based on the facts
that

(o)
s—PN(s)SpL N}fg?l dy —0,
s — 00.

Then, by the combination of formula (40), formula (41),
condition (c), and condition (e), we know that condition (b)
of Theorem 3 holds. Therefore, the proof is completed when
conditions (c), (d), and (e) are satisfied.

Secondly, if V satisfies conditions (c), (d), and (f), for any
k>1, we can get the same conclusions. The proof process is
as follows.

Following the proof of Corollary 3 by using formula (40),
we only need to prove

o0
Y e EVP I 1 <oo. (43)
m=1

In fact, given some particular values d, =0,

d, = max,_,,.,C,,» combining the two conditions of (c) and
(f), we have
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o0
Z EV Iy 1< Y G FEVPIy 4 o

m=1 m=1

m
j=1

N

Nk .i.[vjs

-
Il
—

(I.I)
Mg

m=1

-
I
—

(|_|)
M8

1

3
I

Therefore, the proof is completed when conditions (c),
(d), and (f) are satisfied.

Thirdly, if V satisfies conditions (c), (d), and (g), for any
k=1, we can also have formulas (31) and (32). The proof
process is as follows.

Given s = mPt, we use the similar proof method of the
first case by condition (g); then we have

P

ZC‘DEV Iy, <CZC J

m=0

P(VF>s)ds
(45)

< J EN< Kp)dt<oo

Therefore, the proof is completed when conditions (c),
(d), and (g) are satisfied. O

Remark 3. The sufficient conditions of Corollary 3 are
similar to those of Theorem 2.1 and Theorem 2.2 in lit-
erature [25], which shows that the conditions are applicable
to the single infinite environment or double infinite
environment.

5. Conclusions

From the above discussion, this study confirms that a series
of limit theorems for the function of Markov chains in the
environment of single infinite Markovian systems are
proven. Furthermore, consistent with the literature, the
study has found the sufficient conditions for convergence.
Moreover, the results of strong law of large numbers and
strong convergence of the weighted sums in the infinite
environment are given by constructing martingale differ-
ential sequence. The finding of preconditions used in this
research is broadly different from the previous observations.
Although there are similarities between conclusions, they
can be expressed by more sufficient conditions of the limit
theorems, which are simpler than the analytical techniques
proposed earlier. For the further research work, it may be
extended to the limit theory related to the function of
Markov chain in the environment of double infinite Mar-
kovian systems on finite state space.

ic PEVP I
P(d] 1<V<d;)df Z c*P<CZ]P( a<V<d,;)

i P(d;, ,<v<d;)<C

0 [ee]
- ¥ By "
(o e = ;EV Ity cvea) mZ:j c!

(44)

m=j

Mg
Mg T

P(d; <v<d,;)

3
Iy
~.

I

3

P(V>dm1)sC<§P(V>cm)+l><oo
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