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*e present paper concerns with a near-optimal control problem for systems governed by mean-field forward-backward sto-
chastic differential equations (FBSDEs) with mixed initial-terminal conditions. Utilizing Ekeland’s variational principle as well as
the reductionmethod, the necessary and sufficient near-optimality conditions are established in the form of Pontryagin’s type.*e
results are obtained under restriction on the convexity of the control domain. As an application, a linear-quadratic stochastic
control problem is solved explicitly.

1. Introduction

Near-optimal control problems have attracted more atten-
tions in recent years due to its distinct advantages, such as
existence under minimal assumptions, availability in most
practical cases, and convenience for implementation both
analytically and numerically. *e study of this theory can be
traced back to Ekeland [1] and later greatly developed by
Zhou [2–4] for deterministic and stochastic cases. Since
then, many works have been devoted to the near-optimality
of various stochastic control systems. Without being ex-
haustive, let us refer to [5–13] and the references therein.

In 2015, Zhang et al. [14] investigated the near-opti-
mality necessary conditions for classical linear FBSDEs,
where the control domain was with nonconvexity. Via
convergence technique as well as reduction method, they
established the near-optimal maximum principle. Soon af-
terwards, under the same assumptions, Zhang [15] presented
the near-optimal sufficient conditions for such classical
linear FBSDEs. Especially, in 2018, by defining viscosity
solution with perturbation factor to dispense the illusory
differentiability condition of value function, Zhang and
Zhou [16] established the necessary near-optimality con-
ditions for stochastic recursive systems by virtue of dynamic
programming principle. Another noteworthy thing is that,

for recent years, some authors started research studies on
near-optimal control problems for delay systems. For ex-
ample, Zhang [17] first studied near-optimal control
problems for linear stochastic delay systems. By anticipated
backward stochastic differential equations method as well as
maximum principle, necessary condition and sufficient
verification theorem were provided. *en, also under re-
striction on convexity control domain, Wang and Wu [18]
investigated near-optimal control problem for nonlinear
stochastic delay systems. By Ekeland’s variational principle
and corresponding moment estimations, they presented the
sufficient as well as necessary near-optimality conditions.
For more details, refer to [19, 20] and the references therein.

However, to the best of our knowledge, few papers can be
found in the literature on the near-optimality of mean-field
backward stochastic differential equations (BSDEs). *is
new kind of mean-field BSDEs was first introduced by
Buckdahn et al. [21], which were derived as a limit of some
highly dimensional system of FBSDEs, corresponding to a
large number of particles. It has been shown in Buckdahn
et al. [22] that, such a mean-field BSDE described the vis-
cosity solution of the associated nonlocal partial differential
equations. Henceforth, many authors take into account of
this system of McKean-Vlasov type (Lasry and Lions [23])
adapted for different frameworks, for example, Xu and Wu
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[24] presented a maximum principle for optimal control
problems governed by backward stochastic partial differ-
ential equations of mean-field type, and for other related
works, refer to [25–28].

As we can see that all the above literature studies are
about mean-field problems involving expectations as mean-
field terms. In fact, there is another line dealing with mean-
field problems, which involve large-population as mean-field
terms to describe the impact of the population’s collective
behaviors on all agents (Huang et al. [29]) such as the work
of Huang [30] and Xu and Shi [31] as well as the work of Xu
and Zhang [32] all concerned with general mean-field linear-
quadratic-Gaussian (LQG) games of stochastic large-pop-
ulation systems; through the consistency condition, they
derived the decentralized strategies and further verified the
asymptotic near-optimality property (namely, ε-Nash
equilibrium) of decentralized strategies for the LQ games.
On the contrary, a relevant work of Hafayed and Abbas [8]
dealing with near-optimal control problems has established
necessary and sufficient conditions for mean-field singular
stochastic systems in the case of controlled diffusion coef-
ficient. Particularly, in the concluding section, it is pointed
out that the establishment of necessary and sufficient near-
optimal conditions for mean-field FBSDEs also remains an
open problem. Motivated by this fact with the addition of
above described mean-field theory application background
in economics and finance, this paper is to discuss near-
optimal control problems for mean-field FBSDEs, where the
controlled state systems are with mixed initial-terminal
conditions.

*e main contribution of this paper lies in the initial
introduction of three first-order adjoint equations to
eliminate the corresponding variational processes during
dual analysis; another is rooted in the usage of reduction
method to guarantee the well-posedness of the first-order
adjoint equations with mixed initial-terminal conditions.
Via classical convex variational technique and Ekeland’s
variational principle, a necessary condition of Pontryagin’s
type is derived. *en, under some additional assumptions,
we prove that the near-maximum condition on the Ham-
iltonian function is a sufficient condition for near-opti-
mality. It is remarkable that our results extend those of [5]
essentially to the framework of mean-field theory.

*e rest of this paper is organized as follows. In Section
2, we state some preliminaries and basic definitions. In
Sections 3 and 4, we establish the main theorems and
provide its detailed proof. In Section 5, an example of a
linear-quadratic control problem is worked out to illustrate
the theoretical applications. Finally, some concluding re-
marks are given in Section 6.

2. Preliminaries

Let (Ω,F, Ft t≥ 0, P) be a filtered probability space satis-
fying the usual condition, on which a one-dimensional
standard Brownian motion (Wt)t≥ 0 is defined,
F � Fs, 0≤ s≤T  be the natural filtration generated by
(Wt)t≥ 0 and augmented by all P-null sets, i.e.,

Fs � σ Wr, r≤ s ∨Np, s ∈ [0, T], (1)

where Np is the set of all P-null subsets. We now introduce
some spaces of random variables and stochastic processes.

L2
F(Ω; R) � F − measurable randomvariable{

X: E|X|2 <∞}

S2
F(0, T; R) � F − adapted and continuous process

ψ: E[supt∈[0,T]|ψt|
2]<∞}

H2
F(0, T; R) � F − adapted process

ψ: E[
T

0 |ψt|
2dt]<∞}

M2[0, T] ≔ S2
F(0, T; R) × S2

F(0, T; R) × H2
F(0, T; R)

Clearly, M2[0, T] is a Banach space. Any process in
M2[0, T] is defined by Θ ≔ (x, y, z) with the norm

‖Θ‖M2[0,T] ≔ E sup
t∈[0,T]

xt



2

+ sup
t∈[0,T]

yt



2

+ 
T

0
zt



2dt  

1/2

.

(2)

We study the near-optimal control problem of the fol-
lowing controlled mean-field FBSDEs having mixed initial-
terminal conditions:

dxt � b t, xt, Ext, ut( dt + σ t, xt, Ext, ut( dWt,

− dyt � f t, xt, yt, zt, Ext, Eyt, Ezt, ut( dt − ztdWt,

x0 � c xT, y0( ,

yT � h xT, y0( ,

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(3)

where b, σ: [0, T] × R2 × U⟶ R; f: [0, T] × R6 × U⟶
R; h, c: R × R⟶ R; and U is a given convex closed set of R.
*e cost functional to be minimized over the space U �

L2
F(0, T; U) of admissible controls takes the form

J(u) � E 
T

0
l t, xt, yt, zt, Ext, Eyt, Ezt, ut( dt + φ xT, y0(  ,

(4)

with l: [0, T] × R6 × U⟶ R; φ: R × R⟶ R.

Definition 1 (see [4]). Both a family of admissible pairs
(xε, yε, zε, uε)  parameterized by ε> 0 and any element
(xε, yε, zε, uε) in the family are called near-optimal if

J u
ε

(  − inf
u∈U

J(u)




≤ r(ε), (5)

holds for sufficiently small ε, where r is a function of ε
satisfying r(ε)⟶ 0 as ε⟶ 0. *e estimate r(ε) is called
an error bound. If r(ε) � Cεδ for some δ > 0 independent of
the constant C, then uε is called near-optimal with order εδ.
Particularly, when r(ε) � ε, uε is called ε-optimal. *e near-
optimal control problem under consideration in this paper is
as follows.

Problem A. Find uε ∈ U such that

J u
ε

(  � inf
v∈U

J(v) + ε. (6)
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Some notations and assumptions are presented before
giving the well-posedness of system (3).We denote the norm
by | · | of an Euclidean space.

(A1) *e functions b, σ, f, and l are F-progressively
measurable in u, continuously differentiable in
x, y, z, x, y, and z, and the derivatives of b, σ, f, and l

with respect to x, y, z, x, y, and z are bounded.
Moreover, for some constant C> 0,

(1 +|x| +|x|)
− 1

|b(t, x, x, u)| +(1 +|x| +|x|)
− 1

|σ(t, x, x, u)|

+(1 +|x| +|y| +|z| +|x| +|y| +|z|)
− 1

|f(t, x, y, z, x, y, z, u)|

+(1 +|x| +|y| +|z| +|x| +|y| +|z|)
− 1

|l(t, x, y, z, x, y, z, u)|≤C.

(7)

(A2) h, c, and φ are continuously differentiable in
x andy, and the derivatives of h, c, and φ with respect
to x andy are bounded. Moreover, for some constant
C> 0, ρ � h, c,φ

(1 +|x| +|y|)
− 1

|ρ(x, y)|≤C. (8)

(A3) *ere is a constant C> 0 and β ∈ [0, 1] such that

bx(t, x, x, u) − bx t, x′, x′, u 




+ bx(t, x, x, u) − bx t, x′, x′, u 





+ σx(t, x, x, u) − σx t, x′, x′, u 




+ σx(t, x, x, u) − σx t, x′, x′, u 





≤C |x − x′|
β

+ x − x′



β

 ,

fi(t, x, y, z, x, y, z, u) − fi t, x′, y′, z′, x′, y′, z′, u 





+ li(t, x, y, z, x, y, z, u) − li t, x′, y′, z′, x′, y′, z′, u 





≤C |x − x′|
β

+|y − y′|
β

+|z − z′|
β

+ x − x′



β

+ y − y′



β

+ z − z′



β

 .

(9)

Furthermore,

ρx(x, y) − ρx(x′, y′)


 + ρy(x, y) − ρy(x′, y′)




≤C |x − x′|
β

+|y − y′|
β

 ,
(10)

where i � x, y, z, x, y, z and ρ � h, c,φ.

Remark 1. Under assumptions (A1) − (A3) via *eorem 2
in [33], the mean-field stochastic system (3) admits a unique
adapted solution (x, y, z) ∈M2[0, T].

In fact, due to the mixed initial-terminal conditions in
the state equation, even if we have the well-posedness of the
state equation via the Lyapunov operator introduced in [34],
the well-posedness of the first-order adjoint equation seems
to be not guaranteed. To overcome this difficulty, we in-
troduce a reduction method inspired by the study of opti-
mality variational principle for controlled FBSDEs with
mixed initial-terminal conditions [35]. First, we pose the
following problem.

Problem B. Find (xε
0, yε

0, uε) ∈R ≔ R × R × U such that

J x
ε
0, y

ε
0, u

ε
(  � inf

x0 ,y0 ,u( )∈U
J x0, y0, u(  + ε, (11)

where (x0, y0, u) is subject to the forward control system:

dxt � b t, xt, Ext, ut( dt + σ t, xt, Ext, ut( dWt,

− dyt � f t, xt, yt, zt, Ext, Eyt, Ezt, ut( dt − ztdWt,

x(0) � x0,

y(0) � y0,

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(12)

with the mixed initial-terminal state constraints:

x0 � c xT, y0( ,

yT � h xT, y0( .
(13)

It is remarkable that, for Problem A, the mean-field
system (3) has a unique solution (x, y, z) under (A1) − (A3),
which implies that y(0) is unique and completely deter-
minate. While, for ProblemB, y(0) is arbitrary and viewed
as a control variable. It just needs to satisfy the near-optimal
state constraints at time T. So, ProblemA is embedded into
Problem B. Hence, if the triple (xε

0, yε
0, uε) is the near-

optimal control of B, then uε is near-optimal for Problem
A. In the following section, we will adopt the classical
convex variational technique to solve Problem B.
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3. Necessary Condition of Near-Optimality

*is section is devoted to the study of the main theorem. For
simplicity, we denote

bj ≔ bj t, xt, Ext, ut( ,

σj ≔ σj t, xt, Ext, ut( ,

fj ≔ fj t, Γt, ut( ,

lj ≔ lj t, Γt, ut( ,

ρxT
� ρxT

xT, y0( ,

ρy0
� ρy0

xT, y0( ,

j ∈ x, y, z, x, y, z ,

Γt � xt, yt, zt, Ext, Eyt, Ezt( ,

ρ � h, c,φ.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(14)

For any u ∈ U and the corresponding state processes
(x, y, z), we define the first-order adjoint equation as

dξt � fyξt + ly + E fyξt + ly  dt

+ fzξt + lz + E fzξt + lz  dWt,

− dηt � − fxξt + bxηt + σxζt − lx dt

+ E − fxξt + bxηt + σxζt − lx  dt − ζtdWt,

ξ0 � − θ0φy0
− η0cy0

+ ξThy0
,

ηT � − ξThxT
+ η0cxT

+ θ0φxT
.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(15)

Remark 2. Under assumptions (A1) − (A3), the adjoint
equation (15) admits a unique adapted solution
(ξ, η, ζ) ∈M2[0, T]. *e well-posedness of the corre-
sponding adjoint system will be provided in the derivation
process of *eorem 1.

Define a metric on U by

d(u, u′) � E 
T

0
|u − u′|

2dt 

1/2

, ∀u, u′∈ U. (16)

Since U is closed, it can be shown that (U, d) is a
complete metric space. Next, we will present some

continuity of the state processes and adjoint processes with
respect to the metric d.

Lemma 1. For any 0< α< 1 and 0<p≤ 2, there is a constant
C � C(α, p)> 0 such that, for any u, u ∈ U along with the
corresponding trajectories (x, y, z) and (x, y, z), it follows
that

E sup
t∈[0,T]

xt − xt



p

 ≤C d(u, u)
αp/2

,

sup
t∈[0,T]

E yt − yt



p

+ E 
T

0
zt − zt



pdt≤C d(u, u)

αp/2
.

(17)

Proof. Applying the classical methods as Lemma 4 in [5] for
dealing with mean-field FBSDEs, together with Bur-
kholder–Davis–Gundy inequality and Gronwall’s inequality,
we can logically obtain the estimates. □

Lemma 2. Let (A1) − (A3) hold, for any 0< α< 1 and
1<p< 2 satisfying (1 + αβ)p< 2, and there is a constant C �

C(α, β, p)> 0 such that, for any u, u ∈ U, along with the
corresponding trajectories (x, y, z) and (x, y, z) and the
solutions (ξ, η, ζ) and (ξ, η, ζ) of the corresponding adjoint
equation (15), it holds that

E 
T

0
ξt − ξt




p
dt≤C d(u, u)

αβp/2
,

E 
T

0
ηt − ηt



p

+ ζt − ζt




p

 dt≤C d(u, u)
αβp/2

.

(18)

Proof. Applying the classical methods as Lemma 5 in [5] for
dealing with mean-field FBSDEs, we can naturally obtain the
estimates. □

Theorem 1. Let (A1) − (A3) hold, for any ε> 0, uε is an
ε-optimal control of problemB. Cen, for any κ ∈ [0, (1/3)),
there exist three parameters θε0, θ

ε
0, and θ

ε
T with

|θε0|
2 + E|θ

ε
0|
2 + E|θ

ε
T|2 � 1, and θε0 ≥ 0 holds that

− Cεκθε0 ≤E 
T

0
ηεt b t, x

ε
t , Ex

ε
t , ut(  − b t, x

ε
t , Ex

ε
t , u

ε
t(  ( + ζεt σ t, x

ε
t , Ex

ε
t , ut(  − σ t, x

ε
t , Ex

ε
t , u

ε
t(  

− ξεt f t, Γεt , ut(  − f t, Γεt , u
ε
t(   − l t, Γεt , ut(  − l t, Γεt , u

ε
t(  dt, ∀u ∈ U,

(19)

where (ξε, ηε, ζε) ∈M2[0, T] is the solution of the first-order
adjoint equation (15) corresponding to uε.

Proof. Under the assumption (A2), it is easy to check that
J(x0, y0, u) is lower semicontinuous on R ≔ R × R × U,
which is a complete metric space under the following metric:

dR(Θ, Θ) � x0 − x0



2

+ y0 − y0



2

+ d(u, u)
2

 
1/2

, ∀Θ � x0, y0, u( , Θ � x0, y0, u(  ∈R. (20)

4 Mathematical Problems in Engineering



By Ekeland’s variational principle [1], there exists an
admissible control (xε

0, yε
0, uε) ∈R such that

dR xε
0, yε

0, uε( , xε
0, yε

0, uε( ( ≤ ε2/3,
J
ε

xε
0, yε

0, uε( ( ≤ J
ε

x0, y0, u( , ∀ x0, y0, u(  ∈R,

⎧⎨

⎩

(21)

where
J
ε

x0, y0, u(  � J x0, y0, u(  + ε1/3dR x0, y0, u( , x
ε
0, y

ε
0, u

ε
( ( .

(22)

It means that (xε
0, yε

0, uε) is optimal for system (12) with
the new cost functional J

ε
(x0, y0, u). On the contrary, due to

the mixed initial-terminal endpoint constraints in problem
B, we need to introduce the penalty functional to transform
the original problem with endpoint constraints to the pe-
nalized optimal control problem with no endpoint
constraints.

Let (xε
0, yε

0, uε) be an optimal control of problemB, with
the corresponding optimal state process (xε, yε, zε). Without
loss of generality, we assume that J

ε
(xε

0, yε
0, uε) � 0. For any

δ > 0 and (x0, y0, u) ∈R, we define the penalty functional:

J
δ,ε

x0, y0, u( 

� J
ε

x0, y0, u(  + δ 
2

+ E x0 − c xT, y0( 



2

+ yT − h xT, y0( 



2

  
1/2

.

(23)

Obviously,

J
δ,ε

x0, y0, u( > 0,

J
δ,ε

x
ε
0, y

ε
0, u

ε
(  � δ ≤ inf

x0 ,y0 ,u( )∈R
J
δ,ε

x0, y0, u(  + δ.
(24)

By Ekeland’s variational principle, there exists a 3-tuple
(xδ,ε

0 , yδ,ε
0 , uδ,ε) ∈R such that

Jδ,ε xδ,ε
0 , yδ,ε

0 , uδ,ε ≤ Jδ,ε xε
0, yε

0, uε(  � δ,

xδ,ε
0 − xε

0



2

+ yδ,ε
0 − yε

0



2

+ d uδ,ε, uε



2 ≤ δ,

−
�
δ

√
xδ,ε
0 − x0



2

+ yδ,ε
0 − y0



2

+ d uδ,ε, u( 
2

 
1/2
≤ Jδ,ε x0, y0, u(  − Jδ,ε xδ,ε

0 , yδ,ε
0 , uδ,ε , ∀ x0, y0, u(  ∈R.

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(25)

*erefore, (xδ,ε
0 , yδ,ε

0 , uδ,ε) is optimal for system (13) with
the new cost functional:

J
δ,ε

x0, y0, u(  +
�
δ

√
x
δ,ε
0 − x0




2

+ y
δ,ε
0 − y0




2

+ d u
δ,ε

, u 
2

 
1/2

.

(26)

So far, we have transformed the original problem with
endpoint constraints to the penalized optimal control
problem with no endpoint constraints, and the optimal 3-
tuple (xδ,ε

0 , yδ,ε
0 , uδ,ε) approaches (xε

0, yε
0, uε) as δ⟶ 0. In

the following, a convex perturbation is employed to obtain a

maximum principle for (xδ,ε
0 , yδ,ε

0 , uδ,ε). To this end, let Θ �

(x0, y0, u) ∈R such that Θδ,ε + Θ � (xδ,ε
0 + x0, yδ,ε

0 +

y0, uδ,ε + u) ∈R; then, for any ε> 0,

Θε,δ,ε
t � Θδ,ε

t + εΘt ∈R, t ∈ [0, T]. (27)

Let (xε,δ,ε, yε,δ,ε, zε,δ,ε) be the state processes corre-
sponding to (xε,δ,ε

0 , yε,δ,ε
0 , uε,δ,ε), and the processes

(xε,δ,ε
1 , yε,δ,ε

1 , zε,δ,ε
1 ) be the solution of the following variational

equations:

dxε,δ,ε
1,t � bδ,ε

x xε,δ,ε
1,t + bδ,ε

x
E xε,δ,ε

1,t  + Δbδ,εISε,t
 dt + σδ,ε

x xε,δ,ε
1,t + σδ,ε

x
E xε,δ,ε

1,t  + Δσδ,εISε,t
 dWt,

− dyε,δ,ε
1,t � fδ,ε

x xε,δ,ε
1,t + fδ,ε

y yε,δ,ε
1,t + fδ,ε

z zε,δ,ε
1,t + fδ,ε

x
E xε,δ,ε

1,t  + fδ,ε
y

E yε,δ,ε
1,t  + fδ,ε

z
E zε,δ,ε

1,t  + Δfδ,εISε,t
 dt − zε,δ,ε

1,t dWt,

xε,δ,ε
1,0 �

�
ε

√
x0,

yε,δ,ε
1,0 �

�
ε

√
y0,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

(28)

where for simplicity of notations, we still use ρδ,ε
j corre-

sponding to (xδ,ε, yδ,ε, zδ,ε, uδ,ε), ρ � b, σ, f. *en, we have
the following estimates, whose proofs are similar to those
given in [27]
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E sup
t∈[0,T]

xε,δ,ε
1,t



2

  + E sup
t∈[0,T]

xε,δ,ε
t − xδ,ε

t



2

 ≤Cε,

E sup
t∈[0,T]

xε,δ,ε
t − xδ,ε

t − xε,δ,ε
1,t



2

 ≤Cε2,

E sup
t∈[0,T]

yε,δ,ε
1,t



2

  + E sup
t∈[0,T]

yε,δ,ε
t − yδ,ε

t



2

 ≤Cε,

E sup
t∈[0,T]

yε,δ,ε
t − yδ,ε

t − yε,δ,ε
1,t



2

 ≤Cε2,

E 
T

0
z
ε,δ,ε
1,t




2
dt + E 

T

0
z
ε,δ,ε
t − z

δ,ε
t




2
dt≤Cε,

E 
T

0
z
ε,δ,ε
t − z

δ,ε
t − z

ε,δ,ε
1,t




2
dt≤Cε2.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(29)

Noting that d(uε,δ,ε
t , uδ,ε

t )≤Cε, from the last relation in
(25), we derive

− ε
�
δ

√ �������������

x0



2

+ y0



2

+ C



≤ J
δ,ε

x
ε,δ,ε
0 , y

ε,δ,ε
0 , u

ε,δ,ε
  − J

δ,ε
x
δ,ε
0 , y

δ,ε
0 , u

δ,ε
 

�
Jδ,ε xε,δ,ε

0 , yε,δ,ε
0 , uε,δ,ε 

2
− Jδ,ε xδ,ε

0 , yδ,ε
0 , uδ,ε 

2

Jδ,ε xε,δ,ε
0 , yε,δ,ε

0 , uε,δ,ε  + Jδ,ε xδ,ε
0 , yδ,ε

0 , uδ,ε 

�
J
ε

xε,δ,ε
0 , yε,δ,ε

0 , uε,δ,ε  + δ 
2

− J
ε

xδ,ε
0 , yδ,ε

0 , uδ,ε  + δ 
2

Jδ,ε xε,δ,ε
0 , yε,δ,ε

0 , uε,δ,ε  + Jδ,ε xδ,ε
0 , yδ,ε

0 , uδ,ε 

+
E xε,δ,ε

0 − c xε,δ,ε
T , yε,δ,ε

0 



2

− xδ,ε
0 − c xδ,ε

T , yδ,ε
0 




2

 

Jδ,ε xε,δ,ε
0 , yε,δ,ε

0 , uε,δ,ε  + Jδ,ε xδ,ε
0 , yδ,ε

0 , uδ,ε 

+
E yε,δ,ε

T − h xε,δ,ε
T , yε,δ,ε

0 



2

− yδ,ε
T − h xδ,ε

T , yδ,ε
0 




2

 

Jδ,ε xε,δ,ε
0 , yε,δ,ε

0 , uε,δ,ε  + Jδ,ε xδ,ε
0 , yδ,ε

0 , uδ,ε 

� θε,δ,ε
0

J
ε

x
ε,δ,ε
0 , y

ε,δ,ε
0 , u

ε,δ,ε
  − J

ε
x
δ,ε
0 , y

δ,ε
0 , u

δ,ε
  

+ E θ
ε,δ,ε
0 x

ε,δ,ε
0 − c x

ε,δ,ε
T , y

ε,δ,ε
0  − x

δ,ε
0 − c x

δ,ε
T , y

δ,ε
0    

+ E θ
ε,δ,ε
T y

ε,δ,ε
T − h x

ε,δ,ε
T , y

ε,δ,ε
0  − y

δ,ε
T − h x

δ,ε
T , y

δ,ε
0    

� θδ,ε
0 + o(1)  J

ε
x
ε,δ,ε
0 , y

ε,δ,ε
0 , u

ε,δ,ε
  − J

ε
x
δ,ε
0 , y

δ,ε
0 , u

δ,ε
  

+ E θ
δ,ε
0 + o(1)  x

ε,δ,ε
0 − c x

ε,δ,ε
T , y

ε,δ,ε
0  − x

δ,ε
0 − c x

δ,ε
T , y

δ,ε
0    

+ E θ
δ,ε
T + o(1)  y

ε,δ,ε
T − h x

ε,δ,ε
T , y

ε,δ,ε
0  − y

δ,ε
T − h x

δ,ε
T , y

δ,ε
0    ,

(30)
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with

θε,δ,ε
0 �

2
1

0
λJ

ε
x
ε,δ,ε
0 , y

ε,δ,ε
0 , u

ε,δ,ε
  +(1 − λ)J

ε
x
δ,ε
0 , y

δ,ε
0 , u

δ,ε
  + δ dλ

Jδ,ε xε,δ,ε
0 , yε,δ,ε

0 , uε,δ,ε  + Jδ,ε xδ,ε
0 , yδ,ε

0 , uδ,ε 
,

θ
ε,δ,ε
0 �

xε,δ,ε
0 − c xε,δ,ε

T , yε,δ,ε
0  + xδ,ε

0 − c xδ,ε
T , yδ,ε

0 

Jδ,ε xε,δ,ε
0 , yε,δ,ε

0 , uε,δ,ε  + Jδ,ε xδ,ε
0 , yδ,ε

0 , uδ,ε 
,

θε,δ,ε
T �

yε,δ,ε
T − h xε,δ,ε

T , yε,δ,ε
0  + yδ,ε

T − h xδ,ε
T , yδ,ε

0 

Jδ,ε xε,δ,ε
0 , yε,δ,ε

0 , uε,δ,ε  + Jδ,ε xδ,ε
0 , yδ,ε

0 , uδ,ε 
,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(31)

and

θδ,ε
0 �

J
ε

xδ,ε
0 , yδ,ε

0 , uδ,ε  + δ

Jδ,ε xδ,ε
0 , yδ,ε

0 , uδ,ε 
,

θ
δ,ε
0 �

xδ,ε
0 − c xδ,ε

T , yδ,ε
0 

Jδ,ε xδ,ε
0 , yδ,ε

0 , uδ,ε 
,

θδ,ε
T �

yδ,ε
T − h xδ,ε

T , yδ,ε
0 

Jδ,ε xδ,ε
0 , yδ,ε

0 , uδ,ε 
.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(32)

It is necessary to point out that θδ,ε
0 ≥ 0, and

|θδ,ε
0 |2 + E|θ

δ,ε
0 |2 + E|θδ,ε

T |2 � 1. *us, there exists a subse-
quence still denoted by (θδ,ε

0 , θ
δ,ε
0 , θδ,ε

T ) convergent, i.e.,

lim
δ⟶0

θδ,ε
0 , θ

δ,ε
0 , θδ,ε

T  � θε0, θ
ε
0, θ

ε
T . (33)

We claim that θε0 ≠ 0. *e detailed illustration of this
point refers to [35]. Here, (θε0, θ

ε
0, θ

ε
T) is called the Lagrange

multiplier of the corresponding optimal 3-tuple (xε
0, yε

0, uε).
On the contrary,

θε,δ,ε
0

J
ε

x
ε,δ,ε
0 , y

ε,δ,ε
0 , u

ε,δ,ε
  − J

ε
x
δ,ε
0 , y

δ,ε
0 , u

δ,ε
  

� θε,δ,ε
0 J x

ε,δ,ε
0 , y

ε,δ,ε
0 , u

ε,δ,ε
  + ε1/3dR x

ε,δ,ε
0 , y

ε,δ,ε
0 , u

ε,δ,ε
 , x

ε
0, y

ε
0, u

ε
(   − J x

δ,ε
0 , y

δ,ε
0 , u

δ,ε
 

− ε1/3dR x
δ,ε
0 , y

δ,ε
0 , u

δ,ε
 , x

ε
0, y

ε
0, u

ε
(  

� θε,δ,ε
0 J x

ε,δ,ε
0 , y

ε,δ,ε
0 , u

ε,δ,ε
  − J x

δ,ε
0 , y

δ,ε
0 , u

δ,ε
  

+ ε1/3θε,δ,ε
0 dR x

ε,δ,ε
0 , y

ε,δ,ε
0 , u

ε,δ,ε
 , x

ε
0, y

ε
0, u

ε
(   − dR x

δ,ε
0 , y

δ,ε
0 , u

δ,ε
 , x

ε
0, y

ε
0, u

ε
(   

≤ θε,δ,ε
0 J x

ε,δ,ε
0 , y

ε,δ,ε
0 , u

ε,δ,ε
  − J x

δ,ε
0 , y

δ,ε
0 , u

δ,ε
   + ε1/3θε,δ,ε

0 dR x
ε,δ,ε
0 , y

ε,δ,ε
0 , u

ε,δ,ε
 , x

δ,ε
0 , y

δ,ε
0 , u

δ,ε
  

≤ θε,δ,ε
0 J x

ε,δ,ε
0 , y

ε,δ,ε
0 , u

ε,δ,ε
  − J x

δ,ε
0 , y

δ,ε
0 , u

δ,ε
   + εε1/3θε,δ,ε

0

�������������

x0



2

+ y0



2

+ C



.

(34)
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From (A3) and (29), we can deduce

J x
ε,δ,ε
0 , y

ε,δ,ε
0 , u

ε,δ,ε
  − J x

δ,ε
0 , y

δ,ε
0 , u

δ,ε
 

� E 
T

0
l t, Γε,δ,ε

t , u
ε,δ,ε
t  − l t, Γδ,ε

t , u
δ,ε
t  dt + E φ x

ε,δ,ε
T , y

ε,δ,ε
0  − φ x

δ,ε
T , y

δ,ε
0  

� E 
T

0
l t, Γδ,ε

t , u
ε,δ,ε
t  − l t, Γδ,ε

t , u
δ,ε
t  dt

+ E 
T

0

1

0
l
ε,δ,ε
x x

ε,δ,ε
t − x

δ,ε
t  + l

ε,δ,ε
y y

ε,δ,ε
t − y

δ,ε
t  + l

ε,δ,ε
z z

ε,δ,ε
t − z

δ,ε
t  dλdt

+ E 
T

0

1

0
l
ε,δ,ε
x Ex

ε,δ,ε
t − Ex

δ,ε
t  + l

ε,δ,ε
y Ey

ε,δ,ε
t − Ey

δ,ε
t  + l

ε,δ,ε
z Ez

ε,δ,ε
t − Ez

δ,ε
t  dλdt

+ E φ x
ε,δ,ε
T , y

ε,δ,ε
0  − φ x

δ,ε
T , y

ε,δ,ε
0  + φ x

δ,ε
T , y

ε,δ,ε
0  − φ x

δ,ε
T , y

δ,ε
0  

� E 
T

0
l t, Γδ,ε

t , u
ε,δ,ε
t  − l t, Γδ,ε

t , u
δ,ε
t  + l

δ,ε
x x

ε,δ,ε
1,t + l

δ,ε
x E x

ε,δ,ε
1,t  + l

δ,ε
y y

ε,δ,ε
1,t + l

δ,ε
y E y

ε,δ,ε
1,t  + l

δ,ε
z z

ε,δ,ε
1,t + l

δ,ε
z E z

ε,δ,ε
1,t  dt

+ E 
T

0

1

0
l
ε,δ,ε
x − l

δ,ε
x x

ε,δ,ε
1,t + l

ε,δ,ε
y − l

δ,ε
y y

ε,δ,ε
1,t + l

ε,δ,ε
z − l

δ,ε
z z

ε,δ,ε
1,t + l

ε,δ,ε
x − l

δ,ε
x E x

ε,δ,ε
1,t  + l

ε,δ,ε
y − l

δ,ε
y E y

ε,δ,ε
1,t 

+ l
ε,δ,ε
z − l

δ,ε
z E z

ε,δ,ε
1,t dλdt

+ E 
1

0
φxT

x
δ,ε
T + λ x

ε,δ,ε
T − x

δ,ε
T , y

ε,δ,ε
0  x

ε,δ,ε
T − x

δ,ε
T dλ

+ E 
1

0
φy0

x
δ,ε
T , y

δ,ε
0 + λ y

ε,δ,ε
0 − y

δ,ε
0   y

ε,δ,ε
0 − y

δ,ε
0 dλ

� E 
T

0
l t, Γδ,ε

t , u
ε,δ,ε
t  − l t, Γδ,ε

t , u
δ,ε
t  + l

δ,ε
x x

ε,δ,ε
1,t + l

δ,ε
x E x

ε,δ,ε
1,t  + l

δ,ε
y y

ε,δ,ε
1,t + l

δ,ε
y E y

ε,δ,ε
1,t  + l

δ,ε
z z

ε,δ,ε
1,t + l

δ,ε
z E z

ε,δ,ε
1,t  dt

+ E φxT
x
δ,ε
T , y

δ,ε
0 x

ε,δ,ε
1,T + φy0

x
δ,ε
T , y

δ,ε
0 y

ε,δ,ε
1,0 

+ E 
1

0
φxT

x
δ,ε
T + λ x

ε,δ,ε
T − x

δ,ε
T , y

ε,δ,ε
0  − φxT

x
δ,ε
T , y

δ,ε
0  x

ε,δ,ε
1,T dλ

+ E 
1

0
φy0

x
δ,ε
T , y

δ,ε
0 + λ y

ε,δ,ε
0 − y

δ,ε
0   − φy0

x
δ,ε
T , y

δ,ε
0  y

ε,δ,ε
1,0 dλ + o(ε)

� E 
T

0
l t, Γδ,ε

t , u
ε,δ,ε
t  − l t, Γδ,ε

t , u
δ,ε
t  + l

δ,ε
x x

ε,δ,ε
1,t + l

δ,ε
x E x

ε,δ,ε
1,t  + l

δ,ε
y y

ε,δ,ε
1,t + l

δ,ε
y E y

ε,δ,ε
1,t  + l

δ,ε
z z

ε,δ,ε
1,t + l

δ,ε
z E z

ε,δ,ε
1,t  dt

+ E φxT
x
δ,ε
T , y

δ,ε
0 x

ε,δ,ε
1,T + φy0

x
δ,ε
T , y

δ,ε
0 y

ε,δ,ε
1,0  + o(ε),

(35)

where lε,δ,ε
j � lj(t, Γδ,ε

t + ε(Γε,δ,ε
t − Γδ,ε

t ), uε,δ,ε
t ), j � x, y, z,

x, y, z. Similarly,

E θ
ε,δ,ε
0 x

ε,δ,ε
0 − c x

ε,δ,ε
T , y

ε,δ,ε
0  − x

δ,ε
0 − c x

δ,ε
T , y

δ,ε
0    

� E θ
ε,δ,ε
0 x

ε,δ,ε
1,0 − cxT

x
δ,ε
T , y

δ,ε
0 x

ε,δ,ε
1,T − cy0

x
δ,ε
T , y

δ,ε
0 y

ε,δ,ε
1,0   + o(ε),

E θ
ε,δ,ε
T y

ε,δ,ε
T − h x

ε,δ,ε
T , y

ε,δ,ε
0  − y

δ,ε
T − h x

δ,ε
T , y

δ,ε
0    

� E θ
ε,δ,ε
T y

ε,δ,ε
1,T − hxT

x
δ,ε
T , y

δ,ε
0 x

ε,δ,ε
1,T − hy0

x
δ,ε
T , y

δ,ε
0 y

ε,δ,ε
1,0   + o(ε).

(36)

*en, taking notice of (30), we can further obtain
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− ε
�������������

x0



2

+ y0



2

+ C

 �
δ

√
+ ε1/3θε,δ,ε

0 

≤ θε,δ,ε
0 E 

T

0
l t, Γδ,ε

t , u
ε,δ,ε
t  − l t, Γδ,ε

t , u
δ,ε
t  + l

δ,ε
x x

ε,δ,ε
1,t + l

δ,ε
x E x

ε,δ,ε
1,t  + l

δ,ε
y y

ε,δ,ε
1,t + l

δ,ε
y E y

ε,δ,ε
1,t  + l

δ,ε
z z

ε,δ,ε
1,t + l

δ,ε
z E z

ε,δ,ε
1,t  dt

+ θε,δ,ε
0 E φxT

x
δ,ε
T , y

δ,ε
0 x

ε,δ,ε
1,T + φy0

x
δ,ε
T , y

δ,ε
0 y

ε,δ,ε
1,0 

+ E θ
ε,δ,ε
0 x

ε,δ,ε
1,0 − cxT

x
δ,ε
T , y

δ,ε
0 x

ε,δ,ε
1,T − cy0

x
δ,ε
T , y

δ,ε
0 y

ε,δ,ε
1,0  

+ E θ
ε,δ,ε
T y

ε,δ,ε
1,T − hxT

x
δ,ε
T , y

δ,ε
0 x

ε,δ,ε
1,T − hy0

x
δ,ε
T , y

δ,ε
0 y

ε,δ,ε
1,0   + o(ε).

(37)

Let us introduce the following first-order BSDEs:

dξ
ε,δ,ε
t � fδ,ε

y
ξ
ε,δ,ε
t + lδ,ε

y + E fδ,ε
y

ξ
ε,δ,ε
t + lδ,ε

y  dt + fδ,ε
z

ξ
ε,δ,ε
t + lδ,ε

z + E fδ,ε
z

ξ
ε,δ,ε
t + lδ,ε

z
  dWt,

− dηε,δ,ε
t � − fδ,ε

x
ξ
ε,δ,ε
t + bδ,ε

x ηε,δ,ε
t + σδ,ε

x
ζ
ε,δ,ε
t − lδ,ε

x + E − fδ,ε
x

ξ
ε,δ,ε
t + bδ,ε

x
ηε,δ,ε

t + σδ,ε
x

ζ
ε,δ,ε
t − lδ,ε

x  dt − ζ
ε,δ,ε
t dWt,

ξ
ε,δ,ε
T � θ

ε,δ,ε
T ,

ηε,δ,ε
T � − θ

ε,δ,ε
T hδ,ε

xT
− θ

ε,δ,ε
0 cδ,ε

xT
+ θε,δ,ε

0 φδ,ε
xT

,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(38)

where ρδ,ε
xT

� ρxT
(xδ,ε

T , yδ,ε
0 ), ρ � h, c,φ. Applying Itô’s for-

mula to ξ
ε,δ,ε
t yε,δ,ε

1,t + ηε,δ,ε
t xε,δ,ε

1,t fulfills

E θ
ε,δ,ε
T y

ε,δ,ε
1,T − θ

ε,δ,ε
T h

δ,ε
xT

+ θ
ε,δ,ε
0 c

δ,ε
xT

− θε,δ,ε
0 φδ,ε

xT
 x

ε,δ,ε
1,T  −

�
ε

√
E ξ

ε,δ,ε
0 y0 + ηε,δ,ε

0 x0 

� E 
T

0
l
δ,ε
x + El

δ,ε
x x

ε,δ,ε
1,t + l

δ,ε
y + El

δ,ε
y y

ε,δ,ε
1,t + l

δ,ε
z + El

δ,ε
z z

ε,δ,ε
1,t + ηε,δ,ε

t Δb
δ,ε

+ ζ
ε,δ,ε
t Δσ

δ,ε
− ξ

ε,δ,ε
t Δf

δ,ε
 ISε,t

dt.

(39)

Combining (37) and (39), yields

− ε
�������������

x0



2

+ y0



2

+ C

 �
δ

√
+ ε1/3θε,δ,ε

0 

≤
�
ε

√
E θ

ε,δ,ε
0 + ηε,δ,ε

0 x0 + θε,δ,ε
0 φδ,ε

y0
− θ

ε,δ,ε
0 c

δ,ε
y0

− θ
ε,δ,ε
T h

δ,ε
y0

+ ξ
ε,δ,ε
0 y0 

+ E 
T

0
ηε,δ,ε

t Δb
δ,ε

+ ζ
ε,δ,ε
t Δσ

δ,ε
− ξ

ε,δ,ε
t Δf

δ,ε
− Δlδ,ε

 ISε,t
dt + o(ε).

(40)

To derive the first-order adjoint equation with mixed
initial-terminal conditions, divide

�
ε

√
in (40) and then send

ε⟶ 0, δ⟶ 0, and we see that

E θ
ε
0 + ηε0 x0 + θε0φ

ε
y0

− θ
ε
0c

ε
y0

− θ
ε
Th

ε
y0

+ ξ
ε
0 y0 ≥ 0, ∀ x0, y0(  ∈ R × R, (41)

which implies
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ηε0 � − θε0,
ξ
ε
0 � − θε0φ

ε
y0

− ηε0c
ε
y0

+ ξ
ε
Th

ε
y0

.
(42)

Meanwhile, by taking (x0, y0) � (0, 0) in (40), dividing
this inequality by ε, and then sending ε⟶ 0, δ⟶ 0, the
variational inequality follows:

− Cε1/3θε0 ≤E 
T

0
ηεt b t, x

ε
t , Ex

ε
t , ut(  − b t, x

ε
t , Ex

ε
t , u

ε
t(  ( + ζ

ε
t σ t, x

ε
t , Ex

ε
t , ut(  − σ t, x

ε
t , Ex

ε
t , u

ε
t(  

− ξ
ε
t f t, Γεt , ut  − f t, Γεt , u

ε
t   − l t, Γεt , ut  − l t, Γεt , u

ε
t  dt,

(43)

where Γεt � (xε
t , yε

t , zε
t , Exε

t , Eyε
t , Ezε

t). On the contrary, from
(38) and (42), we can present the adjoint equation with
mixed initial-terminal conditions as follows:

dξ
ε
t � fε

y
ξ
ε
t + lεy + E fε

y
ξ
ε
t + lεy  dt + fε

z
ξ
ε
t + lεz + E fε

z
ξ
ε
t + lεz  dWt,

− dηεt � − fε
x
ξ
ε
t + bεxηεt + σεxζ

ε
t − lεx + E − fε

x
ξ
ε
t + bεx

ηεt + σεx
ζ
ε
t − lεx  dt − ζ

ε
tdWt,

ξ
ε
0 � − θε0φ

ε
y0

− ηε0c
ε
y0

+ ξ
ε
Thε

y0
,

ηεT � − ξ
ε
Thε

xT
+ ηε0c

ε
xT

+ θε0φ
ε
xT

,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

(44)

whose well-posedness can be deduced directly virus the
above derivative process (Remark 2). Now, consider (43)
again but with (xε, yε, zε, uε), etc., replaced by (xε, yε, zε, uε),

etc.We are about to derive an estimate for the term similar to
the right side of (43) with respect to (xε, yε, zε, uε), etc. To
this end, we first estimate the following difference:

E 
T

0
ηεt b t, x

ε
t , Ex

ε
t , ut(  − b t, x

ε
t , Ex

ε
t , u

ε
t(   − ηεt b t, x

ε
t , Ex

ε
t , ut(  − b t, x

ε
t , Ex

ε
t , u

ε
t(   dt

� E 
T

0
ηεt − ηεt(  b t, x

ε
t , Ex

ε
t , ut(  − b t, x

ε
t , Ex

ε
t , u

ε
t(  dt

+ E 
T

0
ηεt b t, x

ε
t , Ex

ε
t , ut(  − b t, x

ε
t , Ex

ε
t , ut(  dt − E 

T

0
ηεt b t, x

ε
t , Ex

ε
t , u

ε
t(  − b t, x

ε
t , Ex

ε
t , u

ε
t(  dt

� Ξ1 + Ξ2 + Ξ3.

(45)

Due to Lemma 2, for any κ ∈ [0, (1/3)), by using the
similar arguments as developed in [7] the proof of *eorem
1, we can also prove that

Ξ1 � E 
T

0
ηεt − ηεt(  b t, x

ε
t , Ex

ε
t , ut(  − b t, x

ε
t , Ex

ε
t , u

ε
t(  dt≤Cεκ,

Ξ2 � E 
T

0
ηεt b t, x

ε
t , Ex

ε
t , ut(  − b t, x

ε
t , Ex

ε
t , ut(  dt≤Cεκ,

Ξ3 � E 
T

0
ηεt b t, x

ε
t , Ex

ε
t , u

ε
t(  − b t, x

ε
t , Ex

ε
t , u

ε
t(  dt≤Cεκ,

(46)
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i.e.,

E 
T

0
ηεt b t, x

ε
t , Ex

ε
t , ut(  − b t, x

ε
t , Ex

ε
t , u

ε
t(   − ηεt b t, x

ε
t , Ex

ε
t , ut(  − b t, x

ε
t , Ex

ε
t , u

ε
t(   dt≤Cεκ. (47)

Similarly, via Lemma 2, we also have

E 
T

0
ζ
ε
t σ t, x

ε
t , Ex

ε
t , ut(  − σ t, x

ε
t , Ex

ε
t , u

ε
t(   − ζεt σ t, x

ε
t , Ex

ε
t , ut(  − σ t, x

ε
t , Ex

ε
t , u

ε
t(  

− ξ
ε
t f t, Γεt , ut  − f t, Γεt , u

ε
t   + ξεt f t, Γεt , ut(  − f t, Γεt , u

ε
t(  

− l t, Γεt , ut  − l t, Γεt , u
ε
t   + l t, Γεt , ut(  − l t, Γεt , u

ε
t(  dt≤Cεκ.

(48)

*erefore, the desired result (20) follows immediately by
combining (43)–(48).

Since (x0, y0, u) is arbitrary, we draw the desired con-
clusion and summarize it as follows. □

Theorem 2. Suppose (A1) − (A3) hold. For any ε> 0, uε is
an ε-optimal control of problem A. Cen, for any
κ ∈ [0, (1/3)), there exist three nonnegative parameters θε0, θ

ε
0,

and θεT with |θε0|
2 + E|θε0|

2 + E|θεT|2 � 1 and θε0 ≥ 0 such that,
for any x0 ∈ R, y0 ∈ R, and u ∈ U, the necessary condition
(20) holds a.e. a.s., where (ξε, ηε, ζε) is the solution of (15)
corresponding to uε.

Define the Hamiltonian H(t, x, y, z, u, ξ, η, ζ) by

H(t, x, y, z, u, ξ, η, ζ) � − ξf(t, Γ, u) + ηb(t, x, Ex, u)

+ ζσ(t, x, Ex, u) − l(t, Γ, u),

(49)

then we have the following form of necessity conditions.

Corollary 1. Under the assumptions of Ceorem 2, it holds
that

E 
T

0
H t, x

ε
t , y

ε
t , z

ε
t , u

ε
t , ξ

ε
t , η

ε
t , ζ

ε
t( dt

≥ sup
u∈U

E 
T

0
H t, x

ε
t , y

ε
t , z

ε
t , ut, ξ

ε
t , η

ε
t , ζ

ε
t( dt − Cθε0ε

κ
.

(50)

Proof. According to the definition of the control uε,δ,ε, the
point u ∈ U can be replaced by any admissible control
u ∈ U, and the subsequent arguments still go through.
*erefore, the conclusion in*eorem 2 holds for any u ∈ U,
which is an easy variant of our corollary. □

Remark 3. If the coefficients of system (3) do not depend on
the expected values of the states, *eorem 2 reduces to the
near-maximum condition for the classical system under
convex control domain.

Remark 4. For exact optimality, the integral form and the
pointwise form of the maximum condition is equivalent;
however, it is not the case for near-optimality. We can only
deduce the near maximum condition in an integral form.

Remark 5. If ε � 0, we can obtain a stochastic maximum
principle for controlled mean-field FBSDEs with the control
domain of convexity assumption.

4. Sufficient Condition of Near-Optimality

In this section, we will prove that the near-maximum
condition of the Hamiltonian H in the integral form is
sufficient for near-optimality under some additional
assumptions.

(A4) Let b, σ, f, and l be differentiable in u, and there
exists a constant C> 0 such that

b t, x, x, u1(  − b t, x, x, u2( 


 + bu t, x, x, u1(  − bu t, x, x, u2( 


 + σ t, x, x, u1(  − σ t, x, x, u2( 


 + σu t, x, x, u1(  − σu t, x, x, u2( 


≤C u1 − u2


,

f t, Γ, u1(  − f t, Γ, u2( 


 + fu t, Γ, u1(  − fu t, Γ, u2( 


 + l t, Γ, u1(  − l t, Γ, u2( 


 + lu t, Γ, u1(  − lu t, Γ, u2( 


≤C u1 − u2


.

⎧⎨

⎩

(51)

Theorem 3. Let (A1) − (A4) hold, and assume that the
Hamiltonian H(t, ·, ·, ·, ·, ξεt , η

ε
t , ζ

ε
t) is concave for a.e.

t ∈ [0, T], P-a.s., h is concave, and φ and c are convex. Let

Λεt � (ξε, ηε, ζε) be the solution of the adjoint equation (15)
associated with (xε, yε, zε, uε). If, for any u ∈ U and some
ε> 0,
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sup
u∈U

E 
T

0
H t, x

ε
t , y

ε
t , z

ε
t , ut,Λ

ε
t( dt

≤E 
T

0
H t, x

ε
t , y

ε
t , z

ε
t , u

ε
t ,Λ

ε
t( dt + ε,

(52)

holds, then we have

J u
ε

( ≤ inf
u∈U

J(u) + Cε1/2, (53)

where C> 0 is a constant independent of ε.

Proof. Fix ε> 0, for any u, v ∈ U, and define a new metric d

on U as follows:

d(u, v) � E 
T

0
]εt ut − vt


dt, (54)

with ]εt � 1 + |ξεt | + |ηεt | + |ζεt |. Obviously, d is a complete
metric onU as a weighted L1 norm. Define a functional J on
U by

J(u) � E 
T

0
H t, x

ε
t , y

ε
t , z

ε
t , ut,Λ

ε
t( dt. (55)

A simple calculation shows that

|J(u) − J(v)|≤CE 
T

0
]εt ut − vt


dt. (56)

*erefore, J is continuous onU with respect to d. *en,
by using (52) and Ekeland’s variational principle, there exists
a uε ∈ U such that

d u
ε
, u

ε
( ≤ ε1/2, (57)

and

E 
T

0
H t, x

ε
t , y

ε
t , z

ε
t , u

ε
t( dt � max

u∈U
E 

T

0
H t, x

ε
t , y

ε
t , z

ε
t , ut( dt,

(58)

where
H(t, x, y, z, u) � H(t, x, y, z, u,Λ) − ε1/2]εt u − u

ε
. (59)

*e integral-form maximum condition (58) implies a
pointwise maximum condition, that is, for a.e. t ∈ [0, T] and
P-a.s.,

H t, x
ε
t , y

ε
t , z

ε
t , u

ε
t(  � max

u∈U
H t, x

ε
t , y

ε
t , z

ε
t , ut( . (60)

*en, by Lemma 2.3 of Yong and Zhou [36], we have
0 ∈ zu

H(t, xε
t , yε

t , zε
t , uε

t). By using (59) and the fact that the

generalized gradient of the sum of two functions is contained
in the sum of the generalized gradients of the two functions,
we deduce

zu
H t, x

ε
t , y

ε
t , z

ε
t , u

ε
t(  � zuH t, x

ε
t , y

ε
t , z

ε
t , u

ε
t ,Λ

ε
t( 

+ − ε1/2]εt , ε
1/2]εt .

(61)

Furthermore, since H is differentiable in u, there exists a
ϑεt ∈ [− ε1/2]εt , ε1/2]εt], such that

Hu t, x
ε
t , y

ε
t , z

ε
t , u

ε
t ,Λ

ε
t(  � − ϑεt . (62)

Consequently, by (A4), we can prove that

Hu t, x
ε
t , y

ε
t , z

ε
t , u

ε
t ,Λ

ε
t( 




≤ Hu t, x
ε
t , y

ε
t , z

ε
t , u

ε
t ,Λ

ε
t(  − Hu t, x

ε
t , y

ε
t , z

ε
t , u

ε
t ,Λ

ε
t( 




+ Hu t, x
ε
t , y

ε
t , z

ε
t , u

ε
t ,Λ

ε
t( 




≤C]εt u
ε
t − u

ε
t


 + ε1/2]εt .

(63)

By the concavity of H(t, ·, ·, ·, ·,Λεt), we have

H t, xt, yt, zt, ut,Λ
ε
t(  − H t, x

ε
t , y

ε
t , z

ε
t , u

ε
t ,Λ

ε
t( 

≤H
ε
x Ext − Ex

ε
t(  + H

ε
y Eyt − Ey

ε
t(  + H

ε
z Ezt − Ez

ε
t( 

+ H
ε
x xt − x

ε
t(  + H

ε
y yt − y

ε
t(  + H

ε
z zt − z

ε
t(  + H

ε
u ut − u

ε
t( ,

(64)

for any (x, y, z, u), where Hε
j � Hj(t, xε

t , yε
t , zε

t , uε
t ,Λ

ε
t),

j � x, y, z, x, y, z.
Taking integrations, from (57) and (63), follows

E 
T

0
H t, xt, yt, zt, ut,Λ

ε
t(  − H t, x

ε
t , y

ε
t , z

ε
t , u

ε
t ,Λ

ε
t(  dt

≤E 
T

0
H

ε
x Ext − Ex

ε
t( dt + E 

T

0
H

ε
y Eyt − Ey

ε
t( dt

+ E 
T

0
H

ε
z Ezt − Ez

ε
t( dt + E 

T

0
H

ε
x xt − x

ε
t( dt

+ E 
T

0
H

ε
y yt − y

ε
t( dt + E 

T

0
H

ε
z zt − z

ε
t( dt + Cε1/2.

(65)

Applying Itô’s formula to ξεt(yt − yε
t) + ηεt(xt − xε

t), we
obtain
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E ξεT h xT, y0(  − h x
ε
T, y

ε
0( (   + E − ξεTh

ε
xT

+ ηε0c
ε
xT

+ θε0φ
ε
xT

  xT − x
ε
T(  

− E − θε0φ
ε
y0

− ηε0c
ε
y0

+ ξεTh
ε
y0

  y0 − y
ε
0(   − E ηε0 c xT, y0(  − c x

ε
T, y

ε
0( (  

� E 
T

0
H t, xt, yt, zt, ut,Λ

ε
t(  − H t, x

ε
t , y

ε
t , z

ε
t , u

ε
t ,Λ

ε
t(  + l t, Γt, ut(  − l t, Γεt , u

ε
t(  dt

− E 
T

0
EH

ε
x  xt − x

ε
t( dt − E 

T

0
EH

ε
y  yt − y

ε
t( dt

− E 
T

0
EH

ε
z  zt − z

ε
t( dt − E 

T

0
H

ε
x xt − x

ε
t( dt

− E 
T

0
H

ε
y yt − y

ε
t( dt − E 

T

0
H

ε
z zt − z

ε
t( dt.

(66)

Since h is concave, we have

E ξεT h xT, y0(  − h x
ε
T, y

ε
0( (  − ξεTh

ε
xT

xT − x
ε
T( 

− ξεTh
ε
y0

y0 − y
ε
0( ≥ 0.

(67)

Similarly, by the convexity of φ and c yielding

E φε
xT

xT − x
ε
T(  + φε

y0
y0 − y

ε
0(  ≤E φ xT, y0(  − φ x

ε
T, y

ε
0(  ,

(68)

E c
ε
xT

xT − x
ε
T(  + c

ε
y0

y0 − y
ε
0(  ≤E c xT, y0(  − c x

ε
T, y

ε
0(  .

(69)

Combining (65) and (67)–(69), we can finally get the
following result:

J u
ε

( ≤ J(u) + Cε1/2. (70)

Since u is arbitrary, we can draw the conclusion. □

Corollary 2. Under the assumptions of Ceorem 3, a
sufficient condition for an admissible control uε to be
ε-optimal is

sup
u∈U

E 
T

0
H t, x

ε
t , y

ε
t , z

ε
t , u,Λεt( dt

≤E 
T

0
H t, x

ε
t , y

ε
t , z

ε
t , u

ε
t ,Λ

ε
t( dt +

ε
C

 
2
.

(71)

5. A Linear-Quadratic Problem

Consider the near-optimal control problem.

Problem Pε. Minimize Jε(u) � E[
1
0((

�
2

√
/2)u2

t +

(
�
2

√
ε/2)u2

t )dt + (
�
2

√
/2)x2

1 + (
�
2

√
/2)y2

0], subject to

dxt � xt + Ext + ut dt + xt + Ext + ut dWt,

− dyt � xt + yt + zt + Ext + Eyt + Ezt + ut dt − ztdWt,

x0 � x1 −
1
2
y0,

y1 �
1
2
x1 +

1
2
y0,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(72)

where ε> 0 is a small parameter, and the control domain is
limited as U � [− 1, 1].

In view of the practical point, it is difficult to find a near-
optimal control for Pε directly. So, we adopt the approach,
in which Pε is firstly approximated by a simpler one
(Problem P), and then an optimal control u∗ for P is
obtained. Finally, it is proved that u∗ is near-optimal forPε.
*is method has been applied to the hierarchical controls of
stochastic manufacturing systems [37].

Problem P. Minimize J(u) � E[
1
0(

�
2

√
/2)u2

tdt+

(
�
2

√
/2)x2

1 + (
�
2

√
/2)y2

0], subject to
dxt � xt + Ext + ut dt + xt + Ext + ut dWt,

− dyt � xt + yt + zt + Ext + Eyt + Ezt + ut dt − ztdWt,

x0 � x1 −
1
2
y0,

y1 �
1
2
x1 +

1
2
y0.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(73)

Let u be an optimal admissible control of P, and the
corresponding optimal trajectory is denoted by (x, y, z). Set
θ0 � (

�
2

√
/2), for a given admissible triple (x, y, z, u), the

corresponding first-order adjoint equation is presented as
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dξt � ξt + Eξt dt + ξt + Eξt dWt,

− dηt � − ξt + ηt + ζt + E − ξt + ηt + ζt  dt − ζtdWt,

ξ0 � − y0 +
1
2
η0 +

1
2
ξ1,

η1 � −
1
2
ξ1 + η0 + x1.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(74)

From Remark 5 and *eorem 2, the candidate optimal
control u should satisfy

�
2

√

2
v
2
t − ηt + ζt − ξt( vt ≤

�
2

√

2
u
2
t − ηt + ζt − ξt( ut, ∀v ∈ U.

(75)

*en, we have

ut �

μt, μt ∈ [− 1, 1],

1, μt ∈ (− ∞, − 1],

− 1, μt ∈ [1, +∞),

⎧⎪⎪⎨

⎪⎪⎩
(76)

with μt � (
�
2

√
/2)(ηt + ζt − ξt).

We claim that the control u defined by (76) is optimal for
Problem P, which will be illustrated in the following
proposition. Now, we are about to show that the same
optimal control is near-optimal forPε when ε is sufficiently
small. Denote by (x∗, y∗, z∗, u∗) the optimal state and
optimal control under (76) and (ξ∗, η∗, ζ∗) the

corresponding solution of (74). *en, the Hamiltonian
function for P is

H t, xt, yt, zt, ut,Λt(  � −

�
2

√

2
u
2
t − ξt − ηt − ζt( ut

+ ηt + ζt(  xt + Ext( 

− ξt xt + yt + zt + Ext + Eyt + Ezt( .

(77)

Since u∗ is optimal, it necessarily maximizes the
Hamiltonian function a.s., namely,

u
∗
t +

�
2

√

2
ξ ∗t − η∗t − ζ ∗t(  � 0, P − a.s. a.e. (78)

However, the Hamiltonian function for Pε is

Hε t, xt, yt, zt, ut,Λt(  � −

�
2

√

2
(1 + ε)u2

t − ξt − ηt − ζt( ut

+ ηt + ζt(  xt + Ext( 

− ξt xt + yt + zt + Ext + Eyt + Ezt( .

(79)

Obviously, it is concave. Moreover, it is maximized at uε,
which satisfies

u
ε
t �

u∗t
1 + ε

. (80)

Hence,

sup
u∈U

E 
1

0
Hε t, x

∗
t , y
∗
t , z
∗
t , ut,Λ

∗
t( dt − E 

1

0
Hε t, x

∗
t , y
∗
t , z
∗
t , u
∗
t ,Λ∗t( dt

≤E 
1

0
sup
u∈U

Hε t, x
∗
t , y
∗
t , z
∗
t , ut,Λ

∗
t( dt − E 

1

0
Hε t, x

∗
t , y
∗
t , z
∗
t , u
∗
t ,Λ∗t( dt

� E 
1

0
Hε t, x

∗
t , y
∗
t , z
∗
t , u

ε
t ,Λ
∗
t(  − Hε t, x

∗
t , y
∗
t , z
∗
t , u
∗
t ,Λ∗t(  dt

� E 
1

0

ε2

2(1 + ε)
u
∗
t( 

2dt

≤Cε.

(81)

According to *eorem 3, u∗ is near-optimal forPε with
an error order of ε when ε is sufficiently small.

Proposition 1. Ce control u∗ defined by (76) together with
the corresponding trajectory (x∗, y∗, z∗) is an optimal so-
lution for Problem P.

Proof. Suppose (x, y, z) is the trajectory of system (73)
controlled by u ∈ U. By the convexity of a function, we have

�
2

√

2
x
2
1 −

�
2

√

2
x
∗
1( 

2 ≥
�
2

√
x
∗
1 x1 − x

∗
1( ,

�
2

√

2
y
2
0 −

�
2

√

2
y
∗
0( 

2 ≥
�
2

√
y
∗
0 y0 − y

∗
0( .

(82)

Applying Itô’s formula to ξ ∗t (yt − y∗t ) + η∗t (xt − x∗t ),
we obtain

E x
∗
1 x1 − x

∗
1(  + y

∗
0 y0 − y

∗
0(   � E 

1

0
ξ ∗t − η∗t − ζ ∗t(  ut − u

∗
t( dt.

(83)
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*en,

J(u) − J u
∗

( ≥E 
1

0

�
2

√

2
u
2
t −

�
2

√

2
u
∗
t( 

2
 dt +

�
2

√
x
∗
1 x1 − x

∗
1(  +

�
2

√
y
∗
0 y0 − y

∗
0(  

� E 
1

0

�
2

√

2
u
2
t −

�
2

√

2
u
∗
t( 

2
+

�
2

√
ξ ∗t − η∗t − ζ ∗t(  ut − u

∗
t(  dt.

(84)

From (76), we have
�
2

√

2
u
2
t +

�
2

√
ξ ∗t − η∗t − ζ ∗t( ut ≥

�
2

√

2
u
∗
t( 

2

+
�
2

√
ξ ∗t − η∗t − ζ ∗t( u

∗
t , ∀u ∈ U.

(85)

*e inequality above implies that

J(u) − J u
∗

( ≥ 0, ∀u ∈ U. (86)

*erefore, u∗ is the optimal control for P, and
(x∗, y∗, z∗) is the optimal trajectory. □

6. Conclusion

*is paper discussed near-optimal control problems for
mean-field FBSDEs with mixed initial-terminal conditions.
Firstly, we initially introduce three first-order adjoint
equations to operate dual analysis with corresponding
variational processes. Secondly, the reduction method is
adopted to guarantee the well-posedness of the first-order
adjoint equations also with mixed initial-terminal condi-
tions. Furthermore, by introducing the penalty functional,
the original problem with endpoint constraints is trans-
formed as penalized optimal control problem with no
endpoint constraints. Via convex variational technique as
well as Ekeland’s variational principle, the necessary con-
dition of Pontryagin’s type is established. Finally, to illustrate
the application of our theoretical results, a linear-quadratic
problem is worked out. In our future work, we will develop
the research on near-optimality to solve both theoretical and
practical problems.
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