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For a class of nonlinear impulsive fractional differential equations, we first transform them into equivalent integral equations, and
then the implicit Euler method is adapted for solving the problem. The convergence analysis of the method shows that the method
is convergent of the first order. The numerical results verify the correctness of the theoretical results.

1. Introduction

In recent years, fractional differential equations have become
a research hotspot due to their wide application in many
fields. We refer the readers to the research papers [1-5] and
the monographs by Podlubny [6], Diethelm [7], Kilbas et al.
[8], Zhou [9], and the references cited therein. When the
fractional differential equations are affected by instantaneous
mutation, the impulsive fractional differential equations are
obtained. The research of impulsive fractional differential
equations can be found in literatures [10-20] and monograph
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A (t) =T (u(ty)) k=1,2,...,m, (1)

u' (0) =y,

Au(ty) = I (u(ty)),
u(0) =p,
where «a € (1,2), 5,y € R are constants, and ng‘u(t) is the

a-order Caputo derivative of solution u(¢) defined by (see
[6-8])

[21]. However, there are few literatures on numerical methods
for impulsive fractional differential equations.

In this paper, implicit Euler method is constructed for
solving a class of nonlinear impulsive fractional differential
equations. It is proved that the method is convergent of the
first order. The numerical results also verify the correctness
of the theoretical results.

2. Construction of Numerical Scheme

Consider the following impulsive fractional differential
equations:
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0=ty<t;<--- <t,<t,., =T, Aul(ty) =u(ty)—ulty)
Au' () = u' () - u' (t), u(ty) = lim,__,-u(t, +¢), and
u(ty) = lim, _g.u(t; + ) represent the left and right limits
ofu(t)att =t ,and f: Jx R — Rand I, I;,: R — R
are continuous functions and satisfy the following
conditions:

lf(t,u)— fEVISLilu-v,te], u,veR,
|Ik(u)—Ik(v)lnglu—vl,u,ve R, k=1,2,...,m,
() -T, ()| <Lslu-vlu,ve R, k=1,2,...,m,
(3)

where L,,L,,L; are nonnegative constants with moderate
size.

Throughout this paper, let C(J, R) be the Banach space
of all continuous functions from J into R with the norm
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lull, = sup{lu(t)]: t € J} for ue C(J,R). We also define
PC(J,R) ={u: ] — R,u € C((t;, ), R),k=0,1,...,m,
and u(tf) exists, k = 1,2,...m}. The space PC(J,R) is a
Banach space equipped with the norm |ul, =
supf{lu(t)|: t € J}.

In addition, due to the need of convergence analysis, for
function u (t) € PC(J,R), there are constants L, and Ls such
that

|u' (1) <Ly, <Ls, te (totin] k=0,1,...,m.

(4)

In order to obtain the numerical scheme for solving
problem (1), according to Lemma 3.1 in reference [12], we
can express equation (1) as the following equivalent integral
equation:

of
E (ta M)

t(t—s) !

u(t) = u(0) +u' (0)t + Z I (u(ty)) + Z Lo (u(ty) (t—t) + jOT)f(s,u(s))ds, te]. (5)

0<t; <t 0<t, <t

Let by = (t;,, — t;)/N, N be a given positive integer, the
grid points f; =t +ih =t;,+ (Z?;éNhj) +ihy, k=
0,1,...,m, i=1,2,...,N, h=max{hyhy,...,h,}, and

k
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u(t;;) express the true solution of equation (1) at t; ;. Then,
an approximation to the integral equation can be attained by
right rectangle formula:

M=
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By using the numerical solution u; ; instead of the true
solution u (t ;) in equation (6), we obtain the implicit Euler

method for solving impulsive fractional differential equation

1):

k k
Ui = Ugo + Ugoti + Z 11(”1—1,1\1) + ZTI(”I—I,N)(tk,i - tl—l,N)

I=1

=1

r(a n 1) F(trr vir) [ (£ - tk,r—l)“ (i - tk,r)a]’k =0L...,

m,i=1,2,...,N.

kK N
Z Zi F(OC + 1) (tH’r’ ”’*Lr) [(tki - l)a _(tk,i - tlfl,r)a] (7)
Z

=1

Remark 1. It is well known that there are various forms of
definition of fractional calculus in the literature, such as
Riemann-Liouville fractional calculus, Gru nwald-Letnikov
fractional calculus, and Caputo fractional calculus (see
[6-8]). The a-order Riemann-Liouville derivative of func-
tion u(t) is defined by

no ot
1 d—J u(s) ds, 0<n
o(t

R% _
ODtu(t) - r(n_ “) dtﬂ _ S)Lx+1—n

—l<a<n.

(8)

We have the following relationship between the Rie-
mann-Liouville derivative and Caputo derivative:

M=

Zki =

1 =1

+
M=

I=1r=1

—

+

r

where

In order to obtain the convergence result of numerical
method (7), we first prove the following lemma.

N
1 «
Z m(f(tl—w ul—l,r) - f(tl—l,r’ “(tl—u))) X [(tk,i -t l,r—l)

1 4
ST (o + 1)(f(tk,f’”k,r> - f(tk,r’”(tk,r») [(tk,i - tk,r—l)

Lol
- mfok,r,u(tk,))j

n-1 j—a_(j)
R c "y (0)
ODtu(t):OD;Xu(t)‘l'jZOm, Os<n-1<a<n
9)

Therefore, the fractional differential equations studied in
the present paper only consider Caputo derivative.

3. Convergence Analysis

Let zy; = uy; —u(ty;), where u;; and u(t;;) denote the
numerical solution and true solution of problem (1) at grid
point ¢, ;, respectively. Then, for the error z; ;, we have

(Iz(uH,N)—Iz(u(tlfl,N)))+i(Iz(uz o) = Ti(u(tian ) (te = o)

~(ti - tl—l,r)a] (10)

- (fk,i - tk,r)a] - R»

(11)

" (tk,i - s)(Hds.

tk,rfl

Lemma 1. Assume the functions f:]JxR -— R and
I, I R— R,k =1,2,...,m are continuous and satisfy
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conditions (3) and (4); then, the truncation error of the Throughout the paper, C will denote a positive constant
discrete scheme (7) satisfies not necessarily the same at different places, which may
IR.|<Ch, k=0,1,..., =12 N (12) dependonLj,j=1,2,...,5 butisindependent of h and N.

Proof. From (11), we have

M=
M=z
’—J‘H

Ry.i =

() Jitli (f(s,u(s)) - f(tl—l,r’u(tl—l,r)))(tk,i ) s+ Zf(a) th’ (f(s u(s)) ~ f(tkr (tk,‘f)))(thf - s)ailds

1l
—
<

1l
—_

M~
M=
*—J‘H

IA

a3 i [ (76 = Fltraie) =)o

r=1

(@) J’r[:”, (f (suls) - f(tl—l,r’u(tl—l,r)))(tk,i - S) i

I
—_
N
Il
—_

(13)

Applying the integral mean value theorem, we know that
there exists &, € (¢,_;,t;,) such that

|Ry.i| < Z zl‘(zx+ 1)|f RPN 51 lr)) - f(tl—l,r’u(tl—l,r)) X [(tk,i - tl—l,r—l)a _(tk,i - tl—l,r)a]

I=1r=1

Z T(a+ 1)|f kot 'fkr)) - f(tk,r’u(tk,r)) [(tk,i - tk,r—l)a _(tk,i - tk,r)a]

N
< Z z F(tx1+ 1){f(£l*l,r’u(fl—l,r)) - f(fl—l o) tl 11’ |f fl 1L, tl lr)) - f(tl—l,r’u(tl—l,r))

=1 r=1

} [(tk"' —h Lr—l)a _(tk,i -t 1,r)a]

3 a5 = i) B = et Do~ (o))

(14)
Using conditions (2) and (3) and differential mean value
theorem, we know that there exists ., {;, € (¢;,_,,t;,) such
that
k N af o o
|Ri| < ;;F(owl 1L ' §1 lr (tz lr) +hy_y 5 (’71 L (tl 1r))H’ X[(tk,i_tl—l,r—l) _(tk,i_tl—l,r) ]
Lol « «
I G R R () | (G S CEr
k N
<O i e ) 3 s )] =t (=10, -

+C hk<|u (k,

SEACRn) ) | CET (Y
k N i
<C Z Z h_y [(tk,i - tl—l,r—l){x _(tk,i -t l,r)a] +C Z hye [(tk,i - tk,r—l)‘x _(tk,i - tk,r)a]
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This means the proof of Lemma 1 is completed. O  holds when h is small enough and the conditions of Lemma 1
are satisfied. This means the numerical method (7) is con-
Theorem 1. Let uy; and u(t;;) denote the numerical solu-  vergent of the first order.

tion and true solution of problem (1) at grid point t;;, re-
spectively. Then, the convergence inequality

s —u(ty)|<Ch, k=0,1,...,mi=12,..,N,

Proof. From (10), we can obtain that

L
(1~ raat e

<20 01) - ()|

k

Z(Il(”l lN) ( (tl—l,N)))(tk,i _tl—l,N)

=1

kK N
' ZIZF(OH 1)( Fltevm i) = F(taeu(tig) < [(t = toe) = (= t,)']
(17)
i-1
' ;ﬁ(f(tk”’ukf) = f(tirulter))) <[ (tei - 1) ~(tei - tk,r)a]
k kK N ) ]
+ Rl < Yz on|(Ly + Ly(ti = tan)) + .Y Lylzi [t = tivp 1) ~(ts = to1,) ]
=1 i F( + 1)
i-1
* TZI r( T lzkr [(tk,i - tk,r—l)u —(tk’i - tk’r)“] +|Rk,i|'
k N i—1
When £ is small enough, i.e., |ziil < s +wi D° D vz ]+ we Y aglzg ], (19)
r((x+1)—Llhg>0, (18) 1=1r=1 =
where
we have
ST (a+ 1) - Lk
1
Wy = m, k=0,1,..., m,
’ ¢ (20)
e = Li[(tki = k1) (ki —tir) | =12 N1,

Vi = Ly [(tk,i - tl—l,r—l)“ _(tk,i - tl—l,r)a]’ I=12,...k

vy =la+ 1)(L2 + L3(tk,i - tl—l,N)) +L, [(tk,i - tl—l,N—l)lx _(tk,i -t l,N)a]'

By using the discrete analogue of Gronwall’s inequality
(see Theorem 2 in [22]), it follows that
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i-1
(1 +wevi,) [T(1 + wia,)

1=

k
|2ks] < Pri + wi H

I=1 r=1 ' r=1 ‘ (21)
k N q j . i—1 k N , g
X [Z 2\ Porvar [TTT (L +wiviy,) ) + Y b [ ITT( +wivn,)  TT(+weay,)
q=1j=1 =1 r=1 g=1 I=1 r=1 r=1
0< py;<Ch. (22)
According to Lemma 1, when £ is small enough, we have |
O<w,<C,k=0,1,...,m, and Hence, we obtain
k N q j . i-1 k N g
253 (RPN} 1§ (RPN ) 15 200 1| (LR R s (R Pe g
q=1 j=1 I=1 r=1 g=1 I=1 r=1 r=1
k N i-1
< Z Z Pg1,jVg1,j t Z g Pkg
q=1 j=1 g=1
(23)

Ch Ll tkl

Ch<L1 -

(-0 1))+ 3 Tas DLy + Lot -1, 1N>)> + Ly (10— tr0) — (15— 1]
q=1
sz tk,i—l) ) Zr(“+1)(L2+L3 tri —tq 1N
g=1

M~
M=z

k N i-1
HH(I +wp_v_ 1,) (1 +wkak’,)£ exp<

I=1 r=1 r=1

Wi Vi Zwkakr>
1r
k
exp<C|:L1(tZ’i _(tk,i — tk— I)N)‘X) + Z r((x + 1)(L2 + L3(tk1 tl IN) } + CLI [(tk,i — tk’o)a _(tk,i — tk,i— 1)“]) (24)
1

)
I=
oc k
exp<C[L1(t]‘:,i_(tk,i_tk,i1) )+Zr(a+1)(L2+L tkl tl LN :|>

=1

—
I
Il

—

IA

IA

where we have used inequality (22) and (1+x)<e* for 4., Numerical Experiments
x> — 1. Therefore, substituting (22)-(24) into (21) leads to
) In the section, we utilize the following example to verify the
Izk,il =|uk,i - ”(tk,i)| <Ch, k=0,1,...,m,i=12,...,N, theoretical results obtained in the previous section. Here, we
(25)  will give error estimates and convergence rates for the

numerical scheme.
which means the method is convergent of the first order. [

Example 1. Consider the following impulsive fractional
differential equation:

CDyu(t) = —3u(t) + 0.2 sin (u () + 5t* + 2, t = [0,3]\{0.5,2}, l <a<2,

Au(l) = —%u(O.Sf), Au(2) = —%u(f),

4 (26)
N = 2057, Ad(2) = Lu(2

Au (1)—4u(0.5 ), Au (2)—4u(2 ),

L u(0) =1, u'(0) =1.
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TaBLE 1: Error and convergence order of numerical method (7) with different a.
N=40 N=80 N=160 N=320 N=640
=11 4.197e-2 2.108e-2 1.047e-2 5112e-3 2.425e-3
o 0.993 1.010 1.033 1.076 —
=13 4.849¢ -2 2.430e-2 1.205e -2 5.88le—3 2.789e -3
T 0.997 1.012 1.034 1.076 —
a=15 6.299¢ -2 3.157e-2 1.566e -2 7.644e -3 3.625e-3
o 0.997 1.012 1.034 1.076 —
=17 8.186e -2 4.096e -2 2.029e -2 9.901e-3 4.694e -3
o 0.999 1.013 1.035 1.077 —
=19 8.612e -2 4.283e-2 2.115e-2 1.031e-2 4.882e-3
T 1.008 1.018 1.037 1.078 —
5. Conclusion
201 In this paper, we focus on the numerical solution of im-
2 pulsive fractional differential equations. For a class of
~§ 15 4 nonlinear impulsive fractional differential equations, the
S implicit Euler method is adapted for solving the problem.
® After careful convergence analysis, we prove that the method
= 10 4 X .
& is convergent of the first order. For future work, we will
g . . . .
S study the higher-order methods for solving impulsive
5 1 fractional differential equations and analyze their
convergence.
0 A T T T T T T T
0.0 05 1.0 15 2.0 25 3.0 Data Availability

t

FiGure 1: Numerical solution of equation (26) with a = 1.5 and
N = 100.

Because it is difficult to obtain the true solution of the
equation, we take the numerical solution u;; as the true
solution u(ty;) at t =t;; with N =6400. The numerical
scheme (7) is solved by using the Newton iteration method
with uf; =0 (k=0,1,...,m,i=1,2,...,N) as an initial
value. We iteratively compute ui’i until

i-1 -8
u,]w. - ui’i ' <10 °. (27)

max
0<k<m, 1<i<N

The L, norm of the global error is denoted as

e, N = max
™ 0<k<m, 1<i<N

Ui — u(tk,i)" (28)

Then, the convergence order of the numerical method is

TN = 10g2< EmN ) (29)

€m2N

When « takes different values, the error and convergence
order of numerical method (7) are shown in Table 1.

Table 1 shows that the numerical method (7) is con-
vergent of the first order, which supports the convergence
estimate of Theorem 1.

In Figure 1, we can see that the numerical solution is
discontinuous due to the existence of the impulses.

No data were used to support this study.

Conflicts of Interest

The authors declare that they have no conflicts of interest.

Authors’ Contributions

All authors contributed equally to the writing of this paper.
All authors read and approved the final manuscript.

Acknowledgments

This work was supported by the NSF of China (11571291).

References

[1] J. T. Machado, “Discrete time fractional-order controllers,”
Fractional Calculus and Applied Analysis, vol. 4, no. 1,
pp. 47-66, 2001.

[2] D. Lokenath, “Recent applications of fractional calculus to
science and engineering,” International Journal of Mathe-
matics and Mathematical Sciences, vol. 54, pp. 3413-3442,
2003.

[3] X. H. Chen, L. Wei, J. Z. Sui, X. L. Zhang, and L. C. Zheng,

“Solving fractional partial differential equations in fluid

mechanics by generalized differential transform method,” in

Proceedings of the 2011 International Conference on Multi-

media Technology, pp. 2573-2576, Hangzhou, China, July

2011.

D. Caratelli, L. Mescia, P. Bia, and O. V. Stukach, “Fractional-

calculus-based FDTD algorithm for ultrawideband electro-

magnetic characterization of arbitrary dispersive dielectric

[4



materials,” IEEE Transactions on Antennas and Propagation,
vol. 64, no. 8, pp. 3533-3544, 2016.

[5] Y. Liu, J. Xiong, C. Hu, and C. Wu, “Stability analysis for
fractional differential equations of an HIV infection model
with cure rate,” in Proceedings of the 2016 IEEE International
Conference on Information and Automation, pp. 707-711,
Ningbo, China, October 2016.

[6] 1. Podlubny, Fractional Differential Equations, Academic
Press, San Diego, CA, USA, 1999.

[7] K. Diethelm, The Analysis of Fractional Differential Equation,
Spring, Heidelberg, Germany, 2002.

[8] A. A. Kilbas, H. M. Srivastava, and J. J. Trujillo, Theory and
Applications of Fractional Differential Equations, Elsevier
Science, Amsterdam, Netherlands, 2006.

[9] Y. Zhou, Basic Theory of Fractional Differential Equations,
World Scientific, Singapore, 2014.

[10] R. P. Agarwal, M. Benchohra, and S. Hamani, “A survey on

existence results for boundary value problems of nonlinear

fractional differential equations and inclusions,” Acta Appli-

candae Mathematicae, vol. 109, no. 3, pp. 973-1033, 2010.

J. Wang, Y. Zhou, and M. Feckan, “On recent developments in

the theory of boundary value problems for impulsive frac-

tional differential equations,” Computers ¢ Mathematics with

Applications, vol. 64, no. 10, pp. 3008-3020, 2012.

[12] M. u. Rehman and P. W. Eloe, “Existence and uniqueness of
solutions for impulsive fractional differential equations,”
Applied Mathematics and Computation, vol. 224, pp. 422-431,
2013.

[13] J. Wang, Y. Zhou, and Z. Lin, “On a new class of impulsive
fractional differential equations,” Applied Mathematics and
Computation, vol. 242, pp. 649-657, 2014.

[14] 1. Stamova, “Global stability of impulsive fractional differ-
ential equations,” Applied Mathematics and Computation,
vol. 237, pp. 605-612, 2014.

[15] G.Bonanno, R. Rodrguez-Lopez, and S. Tersian, “Existence of
solutions to boundary value problem for impulsive fractional
differential equations,” Fractional Calculus and Applied
Analysis, vol. 17, pp. 717-744, 2014.

[16] R. P. Agarwal, S. Hristova, and D. O’Regan, “A survey of
Lyapunov functions, stability and impulsive Caputo fractional
differential equations,” Fractional Calculus and Applied
Analysis, vol. 19, no. 2, pp. 290-318, 2016.

[17] J. Wang, M. M. Feckan, and Y. Zhou, “A survey on impulsive
fractional differential equations,” Fractional Calculus and
Applied Analysis, vol. 19, no. 4, pp. 806-831, 2016.

[18] N. Mahmudov and S. Unul, “On existence of BVPs for im-
pulsive fractional differential equations,” Advances in Dif-
ference Equations, vol. 2017, Article ID 6360128, 15 pages,
2017.

[19] G.C. Wu, D. Q. Zeng, and D. Baleanu, “Fractional impulsive
differential equations: exact solutions, integral equations and
short memory case,” Fractional Calculus and Applied Anal-
ysis, vol. 22, no. 1, pp- 180-192, 2019.

[20] Y. Khalili, N. Kadkhoda, and D. Baleanu, “On the determi-
nation of the impulsive Sturm-Liouville operator with the
eigenparameter-dependent boundary conditions,” Mathe-
matical Methods in the Applied Sciences, vol. 43, no. 12,
pp. 7143-7151, 2020.

[21] I. Stamova and G. Stamov, Functional and Impulsive Differ-
ential Equations of Fractional Order: Qualitative Analysis and
Applications, CRC Press, Boca Raton, FL, USA, 2017.

[22] D. Willett and J. S. W. Wong, “On the discrete analogues of
some generalizations of Gronwall’s inequality,” Monatshefte
for Mathematik, vol. 69, no. 4, pp. 362-367, 1965.

(11

Mathematical Problems in Engineering



