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(is article is concerned about the planed rigid body pendulummotion suspended with a spring which is suspended to move on a
vertical plane moving uniformly about a horizontal X-axis. (is model depends on a system containing three generalized
coordinates. (e three nonlinear differential equations of motion of the second order are obtained to the elastic string length and
the oscillation angles φ1 and φ2 which represent the freedom degrees for the pendulummotions. It is assumed that the bodymoves
in a rotating vertical plane uniformly with an arbitrary angular velocity ω. (e relative periodic motions of this model are
considered. (e governing equations of motion are obtained using Lagrange’s equations and represent a nonlinear system of
second-order differential equations that can be solved in terms of generalized coordinates. (e numerical solutions are in-
vestigated using the approximated fourth-order Runge–Kutta method through programming packages. (ese solutions are
represented graphically to describe and discuss the behavior of the body at any instant for different values of the different physical
parameters of the body. (e obtained results have been discussed and compared with some previously published works. Some
concluding remarks have been presented at the end of this work. (e value of this study comes from its wide applications in both
civil and military life. (e main findings and objectives of the current study are obtaining periodic solutions for the problem and
satisfying their accuracy and stabilities through the numerical procedure.

1. Introduction

(e pendulum motion is studied by many outstanding
scientists in the last century due to the wide application of
this problem in applied mathematics, physics, and engi-
neering. In [1], El-Barki and others studied the rotary
motion of a pendulum model about an elliptic path. (ey
described the problem dynamically and then deduced the
equations of motion for this model using Lagrange’s
equation. (e authors defined a small parameter that de-
pends on the different parameters of the moving model.
(ey solved the problem analytically using the small pa-
rameter technique and numerically using the Runge–Kutta
method to make a comparison between the two sets of
solutions. (is comparison proved the validity of both
obtained solutions.

Ismail in [2] presented a case of relative periodicity
motion of a rigidity pendulum model in presence of

multidegrees of freedom. He described the motion dy-
namically and used the Lagrangian function to describe the
motion. (e system of equations of motion is obtained. He
defined a small parameter and used the small parameter
technique to find the approximated periodic solutions of the
obtained motion. He achieved computer programs through
numerical consideration for proving the validity of the
obtained solutions. In [3], the author studied the periodic
solutions of a pendulum in a relative case. (is case is
considered as an especial one from the problem in [2]. (e
author used Poincare’s method to find the approximated
solutions. In [4], the author studied the oscillated motion of
a simple pendulum model. He used the Lagrangian function
for deriving the equations of motion.(e processing method
of analysis is used to find approximated solutions of the
second order. In [5], the elastic pendulum oscillations are
given by Vitt and Gorelik in 1933. (ey give an example of
oscillated linear systems with two parametrical couples.
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In [6], Lynch presented the three dimensions of elastic
pendulum motions in the resonant case. He used the La-
grangian function for describing the motion. In [7], Holm
and others studied a resonant elastic pendulum in the case of
stepwise precession. In [8], the authors studied themotion of
a harmonically excited elastic pendulum in the chaos re-
sponse case. (ey derived the equations of motion of the
pendulum model using Lagrange’s equations. In [9], Amer
described the dynamical oscillations of an elastic rigid
pendulum in a plane to the equilibrium position. (e author
considered the plane rotates about the downward vertical
fixed axis with uniform velocity. He used the Lagrangian
function to deduce the equations of motion of the model.
(e numerical considerations [10] are considered using one
of the numerical methods for searching the accuracy of the
solutions.

(e phrase diagram procedure is used for studying the
stability of the solutions [11]. In [12], Brearley studied a
simple pendulum model when its string length is changing
uniformly. In [13], Pinsky and others studied the oscillated
pendulum model for swing with a length which varies
periodically.

Nayfeh in [14] presented many perturbation techniques
for solving a lot of problems in mathematics, physics, and
engineering. Such techniques are named the multiple scales,
small parameter, KBM, processing analysis, and finite ele-
ment method which are used in solving most of the previous
problems. None of the authors thought about the use of the
large parameter technique which gives accuring results for
the required solutions. In [15], the two freedom degrees
motion of a dynamic nonlinear model for an elastic damped
pendulum in the inviscid flow of fluid was considered. (e
system for equations of motion was considered applying the
Lagrangian function. (e multiple scales technique is used
for solving such equations to obtain the approximated so-
lutions. (e cases of resonance and steady state were in-
vestigated. (e graphical representations of the motion were
considered to show the behavior of the motion. (e sta-
bilities of the motion were studied. In [16, 17], the restricted
motion for the harmonically damped elastic pendulum
motion of a rigid body in the elliptic path was investigated
when the damped coefficients are linear. In [18], the near
resonance pendulum motions in the presence of a tunned
absorber dynamical model system were considered. (e
authors in [19] studied the pendulummotion of a rigid body
which moves in a plane with a constant angular velocity ω
attached to a damped spring. (e obtained solutions are
analyzed numerically through computerized programs for
showing motion behavior.

In this paper, a new problem is given for the elastic rigid
pendulum motion in a vertical plane which rotates about a
horizontal fixed axis in space by a uniform angular velocity
ω. (e importance of this motion comes from its wide
applications in physics, engineering, and other fields.

2. Formulation of the Problem

In this section, the motion of an elastic pendulum model is
considered which consists of a rigid body suspended with a
massless spring at point O2 which is suspended from the
other hand by point O1, see Figure 1. Let the coordinate
system OXY rotate about its horizontal axis OX with a
uniform angular velocity ω relative to the pendulum
motion. Consider OO1 � h cosωt at any instant of the time
t such that at t � 0, OO1 � h. Let the point C represent a
mass center of the body, φ1 represent the angle between
O1Y1 and O1C, and φ2 denote the angle between O2C and
the vertical. Assuming Cξ, Cη, and Cζ are the principal axes
of inertia of the body such that Cζ is perpendicular to the
plane OXY.

(us, the mass center (xC, yC) of the body to the system
OXY becomes

xC � h cosωt + ρ sinφ1 + a sinφ2,

yC � ρ cosφ1 + a cosφ2, a � O2C,
(1)

where ρ is the elastic string length.
(e potential and kinetic energies V and T are given as

V � 0.5k
2
(ρ − ℓ)2 − mg ρ cosφ1 + a cosφ2( ,

T � 0.5m (− hω sinωt)
2

+ _ρ2 + ρ _φ1( 
2

+ a _φ2( 
2



− 2hω _ρ sinφ1 sinωt + ρ _φ1 sinωt cosφ1 + a _φ2 sinωt cosφ2 

+ 2a _ρ _φ2 sin φ1 − φ2(  + _φ1 _φ2 cos φ1 − φ2(  

+ ω2
h cosωt + ρ sinφ1 + a sinφ2( 

2
+ m

− 1
I3 _φ2

2

+ m
− 1ω2

I1sin
2φ2 + I2cos

2φ2 ,

(2)

where I1, I2, and I3 are the principal inertia moments to the
axes Cξηζ , k2 is the constant of the spring, ℓ denotes the
unstretched spring length, and g is the acceleration of
gravity.

(e Lagrangian function L for this model is of the form
[15]

L � T − V, (3)

where L is a function of ρ, φ1, and φ2 and their derivatives.
Applying Lagrange’s equations

d

dt

zL

z _ρ
  �

zL

zρ
, ρ,φ1,φ2. (4)

Making use of equations (1) to (4), the second-order
differential equations of the motion are obtained as follows:
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€ρ + a€φ2 sin φ1 − φ2(  − a _φ2
2 cos φ1 − φ2(  − ρ _φ2

1

− ω2 2h cosωt + ρ sinφ1 + a sinφ2( sinφ1 − g cosφ1

+ k
2
m

− 1
(ρ − ℓ) � 0,

ρ€φ1 + 2 _ρ _φ1 + a€φ2 cos φ1 − φ2(  + a _φ2
2 sin φ1 − φ2( 

− ω2 2h cosωt + ρ sinφ1 + a sinφ2( cosφ1 + g sinφ1 � 0,

ℓ1€φ2 + 2 _ρ _φ1 + ρ€φ1( cos φ1 − φ2(  + €ρ − ρ _φ2
1 sin φ1 − φ2( 

− ω2 2h cosωt + ρ sinφ1 + a sinφ2( cos φ1 − φ2(  + g sinφ2

+ 2m
− 1ω2

I2 − I1( sin 2φ2 � 0,

ℓ1 � a − I3m
− 1

a
− 1

.

(5)

Equations (5) are the differential equations of motion of
second order in the three generalized coordinates.

Let the system oscillate in the closing relative equilib-
rium position, and the following is obtained:

I1 � I2. (6)

(e relative equilibrium admits the equality of the initial
values for the angles φ1 and φ2, and thus

ρ � b + ξ(t),

φ1 � φ0 + φ(t),

φ2 � φ0 + ψ(t),

(7)

where b is the relative equilibrium for the length of the
pendulum string. (e quantities b and φ0 are determined as
follows:

m
− 1

k
2
(b − ℓ) � ω2

(a + b)sin2φ0 + g cosφ0,

g � ω2
(a + b)cosφ0.

(8)

Making use of (7) into (5) and then (6) and (8), one
obtains

€ξ + a11ξ + a12φ + a13ψ � f1,

b€φ + a€ψ + b11ξ + b12φ + b13ψ � f2,

b€φ + ℓ1€ψ + c11ξ + c12φ + c13ψ � f3,

(9)

where

a11 � m
− 1

k
2

− ω2 sin2φ0 + 2h cosφ0 cosωt ,

a12 � bc11,

a13 � ac11,

b11 � c11,

b12 �
k
2
(b − ℓ)

m − ω2
b cos2φ0

,

b13 � − ω2
acos2φ0,

c11 � − ω2 sinφ0 cosφ0,

c12 � − ω2
bcos2φ0,

c13 � k
2
m

− 1
(b − ℓ) + ω2 2h sinφ0 cosωt − acos2φ0 ,

(10)

f1 � (ξ + b) _φ2
+ Aξφ + a€ψ(ψ − φ) + a _ψ2

+ Bψφ + C1,

f2 � − ξ€φ − 2 _ξ _φ +(ψ − φ)a _ψ + c11(ξ + b)φ2

+ Dξ + 2a13ψ( φ + C2,

f3 � €ξ(ψ − φ) − _φ2
(b + ξ)(ψ − φ) − ξ€φ − 2 _ξ _φ

+ 2ω2
h cosωt cosφ0

− b + 1 − ψ2
  − (b + ξ)φψ c11 − g sinφ0

+ ω2ξ φcos2φ0 − ψsin2φ0 ,

(11)

A � − 2c11,

B � aω2cos2φ0,

D �
B

a
,

C1 � − k
2

− ω2sin2φ0  + ω2 2h sinφ0 cosωt

+ a cos2 ωt + sin2φ0  + g cosφ0 + k
2ℓ,

C2 � 2hω2 cosωt

− (b + a)c11 − g sinφ0.

(12)
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Figure 1: (e elastic rigid pendulum model.
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Figure 2: (e solution ξ against the time t.
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Figure 3: (e solution φ against the time t.

0 100 200 300
t-axis

–1500000

–1000000

–500000

0

500000

1000000

ψ-
ax
is

Figure 4: (e solution ψ against the time t.
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Figure 5: (e stability _ξ diagram against ξ.
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Figure 6: (e stability _φ diagram against φ.
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Next, numerical considerations for solving system (9) in
three degrees of freedom ξ, φ, and ψ are presented. (e
fourth-order Runge–Kutta method [10] is used for satisfying
the numerical solutions for this system.

3. Numerical Investigations

In this section, the fourth-order Runge–Kutta method is
used for solving the problem in the previous sections
through computerized data. (ese solutions are investigated
to illustrate and describe the oscillations of this system at
different values of the time.

Making use of (10), (11), and (12), system (9) is refor-
mulated in the form:

€ξ � €ξ(ξ,φ,ψ, _ξ, _φ, _ψ), (ξφψ), (13)

where the symbol (ξφψ) refers to the equations which are
neglected. (ese functions are determined accordingly to
equations (9)–(12). Introducing the following data:

m � 10kg,

g � 9.8m · s− 2
,

I1 � 3kg · m2
,

ℓ � 0.9m,

ω � 2rad · s− 1
,

a � 0.7m,

b � 0.5m,

φ0 � 0.2rad,

h � 4,

t � 0⟶ 300s.

(14)

(e graphical representations for the solutions
ξ,φ,ψ, _ξ, _φ, and _ψ are given in Figures 2–7.

4. Conclusion

It is concluded that the model of relativistic elastic rigid
pendulummotions is considered a wide application problem
in many scientific fields. (e Lagrangian function was used,
and Lagrange’s equations were applied for deriving the

system of equations of motion for this problem. Computer
programs were achieved applying the fourth-order Run-
ge–Kutta method for obtaining the numerical solutions for
the considered system. (e obtained solutions are sketched
at different values of rigid body parameters. From the fig-
ures, it is deduced that the approximated solutions are
seemed to be periodic in a big interval of the motion. ξ and φ
solutions represented in Figures 2, 3, 5, and 6 have uniform
motion and stable solutions, but ψ is a chaotic and excited
solution, see Figures 4 and 7. In all figures, the positive
vibration waves come from the motion of the vertical plane
above the horizontal axis and vice versa. (e solution ψ is
not stable since it moves with fast oscillations with small
amplitudes in the beginning time and then goes slowly with
larger amplitudes. (e changing of the values of h, b, and φ0
affects the behavior of the motion and vice versa.
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