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Predicting CO2 emission prices is an important and challenging task for policy makers and market participants, as carbon prices
follow a stochastic process of complex time series with nonstationary and nonlinear characteristics. Existing literature has focused
on highly precise point forecasting, but it cannot correctly solve the uncertainties related to carbon price datasets in most cases.
+is study aims to develop a hybrid forecasting model to estimate in advance the maximum or minimum loss in the stochastic
process of CO2 emission trading price fluctuation. +is model can granulate raw data into fuzzy-information granular com-
ponents with minimum (Low), average (R), andmaximum (Up) values as changing space-description parameters. Furthermore, it
can forecast carbon prices’ changing space with Low, R, and Up as inputs to support a vector regression. +is method’s feasibility
and effectiveness is examined using empirical experiments on European Union allowances’ spot and futures prices under the
European Union’s Emissions Trading Scheme. +e proposed FIG-SVM model exhibits fewer errors and superior performance
than ARIMA, ARFIMA, and Markov-switching methods. +is study provides several important implications for investors and
risk managers involved in trading carbon financial products.

1. Introduction

Since the launch of the European Union’s Emissions Trading
Scheme (EU ETS), carbon dioxide (CO2) emission certifi-
cates have been cultivated as a scarce resource. Furthermore,
EU allowances (EUAs) have been actively traded in spot and
its derivative future markets as a new class of financial assets.
Consequently, reinforced carbon price signals coupled with
complementary policies can effectively mitigate the costs of
global carbon emissions. With carbon markets’ rapid
growth, carbon prices have become more volatile due to the
influence of many potential fundamentals, which are drivers
that have led to drastic changes in carbon prices. Irregular
and unexpected price fluctuations have increased the risk in
the carbon market, which affects participants’ confidence
and emission-mitigation targets [1]. +erefore, it is essential

to understand carbon prices’ dynamics and establish a
scientific carbon price-forecasting model, as predicting
carbon prices is useful for reducing market risk [2]. +is
study aims to predict EUA prices in an effort to not only
assist entities regulated under the EU ETS in managing risk
but also benefit policy makers concerned with this pricing
mechanism.

Meanwhile, a scientific prediction tool in the investment
field can help speculators seek short-term arbitrage op-
portunities from volatility trades and develop efficient in-
vestment strategies in the carbon market. Given the
significance of scientific prediction models, many studies
have presented several methods to forecast carbon prices
and this literature is commonly divided into two strands [3].
First, the literature forecasts carbon prices in the context of
classic statistical methods, including the ARIMA, GARCH,
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VAR, and Markov-switching models [4–7]. +ese typically
manifest as a parameterisation or linearity, and most of their
estimation processes use the maximum likelihood method.
In this case, the time-series variables must obey an as-
sumption of normal distribution or the sample observation
must be sufficiently long. However, carbon prices in practice
do not possess linear characteristics or may not be generally
predictable in a linear manner [8–10]. Chevallier [9] detects
the strong nonlinearities existing in carbon prices’ fluctu-
ations to indicate that a nonparametric forecasting model
can substantially reduce prediction errors. Arouri et al. [8]
capture the asymmetry and nonlinearity of carbon prices
and confirm the necessity of establishing a nonlinear carbon
price-prediction model. To achieve a better nonlinear ap-
proximation, empirical studies on carbon prices’ forecasting
have increasingly built a second strand of the literature using
computational intelligence techniques [3,11–18]. +ese
primarily refer to the artificial neural network, fuzzy logic,
evolutionary algorithm, support vector machine (SVM), and
hybrid models, which exploit the advantages of the intelli-
gence algorithm and statistical models. Some early studies
preferred to use the neural network for carbon price fore-
casting, with favourable results [11, 12]. Although the neural
network exhibits a good nonlinear approximation ability, it
is prone to fall into local optimum, overtraining and
undertraining, and has poor generalisability. +erefore, the
neural network exhibits certain limitations in applying a
replicated time series.

Support vector machines (SVM) as proposed by Cortes
and Vapnik [19] differ from traditional learning theory, in
which SVM obeys the principle of structural rather than
empirical risk minimisation, and thus, it exhibits good
generalisability. Given this advantage, this method has been
used in carbon prices forecasting issues to demonstrate a
higher robustness than other methods [14, 15, 17, 18]. A
common, noteworthy feature of these papers is that a variety
of hybrid models are constructed using SVM and such
traditional time-series analysis methods as ARIMA,
GARCH, and empirical mode decomposition, among
others. +e empirical results suggest that a hybrid model
performs well in nonstationary and nonlinear time-series
analyses, and especially in forecasting carbon prices. Unlike
the previously mentioned studies which primarily predict
the EU carbon market, some studies have predicted the
emerging carbon market in China [3, 13, 20]. Despite the
different topics investigated, these papers reach the same
conclusion, in which hybrid models have a higher fore-
casting accuracy than benchmark models.

Although many have studied the previously mentioned
time-series models for point forecasting with high precision
in numerical calculations, these may not be absolutely es-
sential for relevant real-world information users. For ex-
ample, it is more suitable for stock investors to predict the
changing space for future stock prices and thus make profits
from them, rather than providing some specific numbers for
stock price. +is is because the fluctuations in stock price
forecasting help investors make reasonable decisions to seize
arbitrage opportunities. +e same principle applies to the
carbon market, as it is similar to the stock market. +us,

precision is not an absolutely necessary condition for human
thinking or reasoning, so the range of trusted variation of
time series is satisfactory for some decision makers [21]. In
addition, previous studies on carbon price forecasting
mainly focus on point forecasting, but point forecasting in
most cases cannot correctly solve the uncertainties related to
carbon price datasets [22]. On the contrary, changing space
predictions can quantify the influence of uncertain factors
on the results so that the original value is within the pre-
diction interval determined by the upper and lower limits of
the interval. +erefore, it is highly significant for most in-
vestors to make changing space predictions of carbon prices
in practical application rather than point forecasting, the
latter of which has highly precise numerical values.

Consequently, this study aims to develop a novel
carbon prices’ changing space forecasting model to make
up for previous point forecasting methods. It compensates
for a lack of point forecasting by using the original data
that must be processed through fuzzy information
granulation (FIG) as first proposed by Zadeh [23]. +is
useful tool provides appropriate solutions in developing a
fast-space forecasting model for complex time-series
process with nonstationary and nonlinear characteristics
[21]. Furthermore, studies increasingly use information
granulation to process complicated time-series data to
improve prediction accuracy [24–28]. Each information
granule represents the fuzziness and uncertainty of a
certain period. +e granulated data can be analysed after
the original data is preprocessed using FIG and then
forecasts can be conducted.

We consider this motivation in developing fast-changing
space predictors—and not point predictions—using a FIG-
SVM model in this paper, with the following primary
contributions to existing studies. First, the input scales for
SVM can be reduced by FIG and therefore forecasting ef-
ficiency may be improved. +is method granulates time-
series carbon prices into Low, R, and Up categories to rapidly
predict the possible minimum, average, and maximum of
complicated time-series. Second, our proposed FIG-SVM
model can forecast carbon prices’ changing space using a
novel framework with minor errors and good general-
isability. +e experimental results demonstrate its superi-
ority to the other benchmark models, such as the ARIMA,
ARFIMA, and Markov-switching models. +ird, a credible
approach to carbon prices’ changing space forecasting is
more helpful to some decision makers in carbon markets
rather than the point-forecasting method commonly used in
the existing literature. +is provides several important im-
plications for speculators to catch arbitrage opportunities
and also provides some early warnings for policy makers to
manage volatility risks arising from carbon markets. In
addition, this study contributes to the general development
of stochastic process theory, and its applications in the
following aspects are shown in Figure 1. We provide the-
oretical models and empirical conclusions to carbon price
stochastic process of complex time series with nonstationary
and nonlinear characteristics.

+e remainder of this study is structured as follows.
Section 2 gives a detailed introduction of the FIG-SVM
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model. Section 3 illustrates some statistical characteristics of
EUA data and essential testing results. Section 4 displays
some valuable results from our proposed FIG-SVM model.
Finally, the conclusion is set forth in Section 5.

2. Methodology

2.1. Fuzzy Information Granulation (FIG). Granular com-
puting has become a general platform to construct, describe,
and process information granules. It aims to discover an
efficient system dealing with granulation in complex time
series issues and has become a rapidly growing research field
[29, 30]. As carbon prices follow a stochastic process of
complex time series with the inherent nonlinear and non-
stationary characteristics [3, 31], it is necessary to granulate
its information. +e granulating process divides large
amounts of complex information into several blocks
according to their own characteristics, with each block
defined as an information granule.+erefore, complex issues
in a large-scale time series can be decomposed into simple
ones by removing some irrelevant information.

Suppose that X � x1, x2, . . . xn  denotes a given time
series of carbon prices and p (1≤ p≤ n) refers to time
windows’ number that determine the essential information
retaining ability. +e fuzzification process creates a convex
fuzzy subset G that can logically describe X. +e formula is
shown below:

g �
Δ

(x isG) is λ, (1)

where λ is the probability of x belonging to the subset G.
Subsequently, if the changing space of future carbon prices is
considered as an information granule, a model can be
constructed to forecast this changing space for a future
period. +is model can better assist investors in making
reasonable decisions compared to those based on points

forecasting with numerical values. +is paper adopts the
triangular membership function proposed by Pedrycz and
Vukovich [32]:

T(x; a, m, b) �

0, x≤ a,

x − a

m − a
, a<x<m,

x − b

m − b
, m≤ x< b,

0, x≥ b,
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⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(2)

where a, m, and b are the scalar parameters, corresponding
to three variables Low, R, and Up for single window, which
are obtained by granulation. +e variable Low, R, and Up,
respectively, represent the minimum, average, and maxi-
mum value of the time series change in the window.

For a given time series Y � Yi, . . . , Yn , a proper tri-
angular granule T(a, m, b) can be constructed by an op-
timization technique as follows:

max
a,m,b


Yi∈Y

T Yi; a, m, b( 

measure (Supp(T(a, m, b)))
, (3)

where measure (Supp(T)) is the measure of support of
T(a, m, b) while T(Yi) is the membership degree of Yi:

T Yi; a, m, b(  �

x − a

m − a
, x<m,

x − b

m − b
, x≥m.

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(4)

As for how to obtain an proper granule, we can solve the
optimization equation (3) by minimizing the denominator

Carbon prices time series

Nonstationary and
nonlinearity

Concepts

Stochastic process theory

Fuzzy information granulation (FIG)

The support vector machine (SVM) model

Theoretical models

The FIG-SVM model

Empirical
conclusions

Introducing the FIG model in single SVM is beneficial to
establish excellent predictors that save time and enhance

robustness.

The proposed FIG-SVM method generally performs better
than other benchmark models according to the RMSE’s

forecasting accuracy criteria.

Market participants in particular can use the changing space
forecasting model from this paper to hedge their positions by

forecasting carbon futures’ volatility.

Conclusions and
policy implications

Figure 1: +e contributions to stochastic process theory and its applications.
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measure (Supp(T)) andmaximizing the numerator T(Yi) to
acquire a high specificity of the granule that contain enough
empirical information.

2.2. 9e Support Vector Machine (SVM) Model. As a ma-
chine-learning method based on statistical theory, SVM has
been used to successfully address nonlinear classifications
and regressions [19]. In this study, we focus on the SVM
model in regression and forecasting for time series. Suppose
that T � (x1, y1), . . . (xl, yl)  is a training set of time series
data, where xi and yi refer to input and output variables.+ey
are defined by a regression model as follows:

y � f xi(  � w · xi(  + b, (5)

where w is the weight vector and b is the threshold. We can
solve the optimization problem as follows to estimate w and
b:

min
1
2
‖w‖

2
+ C 

l

i�1
ξi + ξ ∗i( 

s.t. w · xi + b(  − yi ≤ ε + ξi

yi − w · xi + b( ≤ ε + ξ ∗i

ξ(∗ )
i ≥ 0, i � 1, . . . , l,

(6)

where ‖w‖2 is regularization term, C is punishment coeffi-
cient, ξi and ξ ∗i are slack variables, and ε is insensitive loss
coefficient.

Due to the limited computing power of linear functions,
nonlinear SVM becomes an extension for complicated time-
series forecasting issues. In order to get the nonlinear SVM,
it is essential to perform a transformation as
ϕ: Rn⟶ H, xi⟶ ϕ(x), makingK(x, x′) � ϕ(x) · ϕ(x)′,
where H denotes the high-dimensional feature space ob-
tained by mapping the original space x and K(x, x′) is a
kernel function. In constructing a nonlinear SVM, the de-
cision function takes the following form:

y � f xi(  � 
l

i�1
αi − α∗i( K xi, x(  + b, (7)

where α and α∗ are Lagrangemultipliers and b is the nonzero
intercept.

2.3. 9e FIG-SVM Model. Ruan et al. [21] mentioned two
challenges in using normal SVM models. First, the original
data are often complex and characterised by noise and
outliers in some real-world applications, which may disturb
the normal SVM’s performance in classifications or re-
gressions. Second, a class imbalance problem may occur
when training imbalanced data. Furthermore, most of the
normal SVM classifiers with balanced class distribution
assumptions or equal misclassification costs may produce
models biased toward a majority class that exhibit weak
performance towards a minority class. In summary,

problems with noise and imbalances may affect the SVM
model’s accuracy and efficiency, a topic of much recent
attention.

To deal with this issue, Lin and Wang [33] apply fuzzy
theory to reduce impacts of noises and the results show that
it performs well. Following their study of fuzzy SVM, we
develop a novel FIG-SVM model for nonstationary and
nonlinear time series prediction. +is model can decompose
large-scale complex time-series issues into some simpler
problems to be handled independently. +e original data are
firstly extracted with partition sets in order to train and test.
Next, the training data are granulated by the FIG method as
Low, R, and Up. +ese granules are then integrated into
SVM as input variables to select the optimal parameter pairs.
After getting proper granules and selecting optimal SVM
parameters, we can input the testing data in the FIG-SVM
model to forecast the changing space of carbon prices time
series.

3. Data

3.1. Data Description. We use three time-series datasets,
comprised of European Union allowances’ spot prices and
future prices most heavily traded under the EU ETS, with
daily frequencies. +ese prices are benchmarks of the most
frequent EUA exchanges executed in the European Union’s
carbon markets. All original carbon pricing data are derived
from European Energy Exchange’s website (http://www.eex.
com). Analysing carbon prices from different trading
products of the spot and futuremarkets allows us to compare
different time series to investigate the proposed forecasting
model’s general applicability and robustness.

Substantial research has examined the modelling of
carbon prices prior to the 2008 financial crisis to demon-
strate that carbon prices peaked in mid-2008 [34–37], or just
before the global financial crisis occurred. However, the
carbon prices after this period exhibit an opposite trend, in
which they sharply decline for various reasons. We inves-
tigate the price variations in the postcrisis era, which has
demonstrated no such additional collapse, by choosing a
carbon price time-series sample spanning 2009 to 2019. We
select a dataset of EUA spot prices from 16 January 2009 to
22 March 2019, with 2,443 observations. Our EUA futures
prices consist of two datasets: DEC18, which spans 26March
2012 to 17 December 2018 and includes 1,705 observations;
and DEC19, which spans 26 March 2012 to 26 March 26
2019, with 1,771 observations. +e basic changing trends of
these time series are illustrated in Figures 2–4.

Figure 2 plots the time variations of the EUA spot prices
in our studied sample interval and displays the continuous
EUA spot returns’ volatility as computed by
rt � ln(pt) − ln(pt−1). Clearly, the EUA spot prices’ time
series does not appear to be stationary; meanwhile, it ex-
hibits violent fluctuations, decreasing by 53.65% from €12.32
on 16 January 2009 to €5.71 on 4 December 2012. +is sharp
decrease can be explained by some fundamentals, such as
macroeconomic [38] or policy factors [39], among others.
Furthermore, it increases by approximately 338%, from
€5.71 on 4 December 2012 to €25.01 on 22 January 2019.
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Regarding the EUA futures prices and returns from the
DEC18 and DEC19 datasets, Figures 3 and 4 exhibit patterns
of change similar to the EUA spot prices. +is phenomenon
occurs given the truth that these related markets have re-
leased some common information to investors. +e corre-
lation coefficient of spot prices and futures prices is
significantly higher than 0.9; therefore, these series show a
strong comovement while responding to the arrival of new
common information.

Moreover, two noteworthy important features can be
observed among the EUA spot and futures returns, plotted
in Figures 2–4. On the one hand, the returns time series
tendency towards volatility appears in bunches because
information comes in clutters. +is is because carbon
returns’ volatility is affected by previous values, and this is a
persistent characteristic. +erefore, the time series future
values can be easily forecast based on carbon returns’ vol-
atility. On the other hand, the most compelling feature is the
leverage or asymmetric effect discovered early in financial
markets according to the previous literature, a phenomenon
that also exists in the carbon market [40, 41]. Clearly, carbon
spot and future returns exhibit higher volatility when prices
decrease than increase given an asymmetric response. +is
phenomenon appears in the form of negative impact arising
from bad news, which may cause the increase in volatility to
be greater than a positive impact from good news.

Table 1 presents the study’s statistical indicators. +e
minimum and maximum values reveal that the changing
range of daily EUA spot and futures prices is significantly
large. Moreover, the huge intraday losses of spot and fu-
tures markets are obvious, with maximum losses of 44.66%
in the EUA spot market, 36.38% in the DEC18 futures
market, and 34.12% in the DEC19 futures market. +ere-
fore, it is essential to establish a scientific changing space-
forecasting model for carbon prices. Furthermore, the
coefficients of skewness and kurtosis exhibit a leptokurtic
characteristic, and the returns on the EUA spot market and
futures market are both negatively skewed. Revenues are
significantly and negatively skewed which is attributed to
the risk associated with high prices. From a distribution
perspective, the carbon prices and returns are not normally
distributed, but are characterised by “heavy-tailed” and
“high-kurtosis” properties.

+e result of Jarque–Bera test suggests that the “normally
distributed” hypothesis can be rejected at any significance
level, which is consistent with most prior studies [42–45].
+is evidence suggests that forecasting the changing space of
EUA spot and future prices is of great significance to risk
managers and policy makers in carbon markets. As we have
discovered some complicated statistics exist in carbon prices
and returns series, the extra but essential tests are then
performed to precisely determine these time series’ non-
stationary and nonlinear characteristics.

3.2. Nonstationary and Nonlinear Data Tests. +is study
adopts some classical time-series test methods to confirm the
existence of nonstationary and nonlinear characteristics in
carbon prices. First, it is necessary to test whether these time
series are nonstationary. +e augmented Dickey–Fuller (ADF)
and Phillips–Perron tests are most commonly used in the
existing literature based on the basic principle of unit root tests
for nonstationary. Table 2 shows the ADF test result in Panel A
and Phillips–Perron test result in Panel B, respectively. +ey
demonstrate that EUA spot prices and futures prices are not
stationary at the 1%, 5%, and 10% significance levels.

However, these tests are not sufficiently convincing
under abnormal circumstances.+e traditional unit root test
method can only identify the existence of unit roots in time
series containing intercept or trend items and cannot
identify the unit roots if breakpoints exist in the time series.
If the stationary time series contains breakpoints, it is highly
likely that a null hypothesis to accept nonstationarity will be
obtained by the ADF or Phillips–Perron tests, distorting the
test results; specifically, we should consider a case with
structural breakpoints.

Prior literature indicates that the fluctuation of carbon
prices has breakpoints, and the carbon prices’ structure
changes before and after these breakpoints [46, 47]. When
these structural breakpoints exist in carbon prices, the power
of conventional unit root tests as previously mentioned is
unstable. +erefore, it is essential to use a breakpoint unit
root test to examine the nonstationarity of this study’s
carbon price time series. Panel C in Table 2 lists the non-
stationary breakpoint unit root test results, using a break-
point ADF test for EUA spot and futures prices.

2010 2012 2014 2016 2018

EUA spot prices

2010 2012 2014 2016 2018

EUA spot returns30
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Figure 2: +e time series of EUA spot prices and returns.
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+ese results show that each of time series has a unit
root; thus, we should accept the nonstationary hypothesis.
+is study’s breakpoint ADF test adopts an innovational
outlier (IO) model by assuming that the breakpoint process
is gradual and an exogenous shock follows the same dynamic
process. Two structural breakpoints were found on 5 Sep-
tember 2017 and 15 January 2018, according to a selection
method that maximised the t-statistic of the intercept term’s
breakpoint.

Moreover, it is also important to test the EUA spot and
futures prices’ nonlinear characteristics. Our nonlinearity
test of the time series adopts the Brock–-Decher–Scheikman
test method used by Zhu et al. [17]; with two to six em-
bedding dimensions. Table 3 presents the nonlinearity test

results and demonstrates that our studied sample data are
not linear. Our findings are consistent with those of other
studies determining that the carbon prices time series follow
a nonlinear process [8, 9, 10, 17].

+is nonlinearity test leads us to conclude that carbon
prices cannot be linearly predicted using traditional models,
as this will lead to distortions once the linear model is
established for nonlinear data. To deal with this issue, we
apply an SVM model developed through statistical learning
theory in a nonlinear regression estimation. Furthermore, a
structural risk-minimisation principle is adopted for the
function estimation by minimising the upper boundary of
some generalisation errors [48]. +is method can also create
favourable effects in resisting the overfitting problem, which

Table 1: Summary statistics of the EUA prices’ and returns’ time series.

EUA spot EUA futures—DEC18 EUA futures—DEC19
Prices Returns Prices Returns Prices Returns

Mean 9.5310 0.0002 8.1587 0.0005 8.9314 0.0003
Median 7.5950 0.0000 7.1150 0.0011 7.4400 0.0011
Maximum 25.1900 0.2106 25.2400 0.2334 25.5600 0.2292
Minimum 2.6800 −0.4466 3.4800 −0.3638 3.7100 −0.3412
Std. dev. 4.8402 0.0329 3.8572 0.0319 4.7028 0.0311
Skewness 0.9405 −0.9881 1.9159 −0.9703 1.7496 −0.8960
Kurtosis 3.0575 20.4610 6.4729 17.4954 5.3223 15.7228
Jarque–Bera 360.3567 31419.3800 1898.8660 15185.5700 1300.7370 12174.6200

2012 2013 2014 2015 2016 2017 2018 2012 2013 2014 2015 2016 2017 2018

EUA future prices of DEC18 EUA future returns of DEC18
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Figure 3: +e time series of EUA future prices and returns for DEC18 contracts.
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Figure 4: +e time series of EUA future prices and returns for DEC19 contracts.
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may create imprecise and unsatisfactory forecasting. So far,
the application of SVM to nonlinear regression estimation
problems has become one of the most successful technical
cases.

4. Empirical Results

4.1. Extracting Sample Data. We divide the entire dataset
into two subsets to test the proposed forecasting model’s
validity in light of Alizadeh et al. ’s [49] study. +e first two-
thirds of the total sample data were selected as a dataset to
train our model and obtain the optimal parameter esti-
mation. +e last one-third of all sample were utilized as a
testing set to forecast the future carbon prices based on the
established model. Table 4 reports the details of the parti-
tioned data set.

4.2. Fuzzy Information Granulation (FIG). We use the fuzzy
granulation model as proposed in Section 2.1 to granulate
the original data, which divides a complicated problem into
some simpler ones to be handled by our proposed granular
computing technique. +is basic process consists of four
steps, as illustrated in Figure 5.

+ese four steps will granulate the original time series of
carbon prices into the following granules: Low (minimum),

R (average), and Up (maximum). First, Low is generated by
granulating the relatively small values of each window,
which can denote the minimum values of original data
changes. Second, R is generated from the average values of
each granulated window, indicating the major dominant of
original data changes. +ird, Up is produced from the larger
values of each granulated window, denoting the maximum
values of the original data changes.

+e three variables—Low, R, and Up—are obtained after
the fuzzy granulation process for each window, as Figure 6
illustrates. +ese variables, respectively, correspond to the
three parameters of a, m, and b in the triangular fuzzy
granulation presented in equation (2). +e normal SVM
input size decreases for the carbon prices’ time series after
granulation, which may improve forecasting efficiency.
+erefore, the FIG theory is successfully incorporated into a
normal SVM model to develop time saving, robust pre-
dictors. +e proposed hybrid FIG-SVM model can produce
results with a good fit in a shorter time, which is advan-
tageous for large scale, nonstationary, and nonlinear time
series.

4.3.9eParameterOptimization. +emodel’s generalisability
can only be tested after obtaining a trained model with ap-
propriate parameters. It is necessary to strive for selecting

Table 2: +e ADF test, Phillips–Perron test, and Breakpoint ADF test results for nonstationary time series.

EUA spot EUA futures—DEC18 EUA futures—DEC19
Panel A: ADF test
t-statistic −0.8185 0.8239 −0.2305
Prob. 0.8132 0.9945 0.9321
Critical values:
1% −3.4328 −3.4340 −3.4338
5% −2.8625 −2.8630 −2.8630
10% −2.5673 −2.5676 −2.5676
Panel B: Phillips–Perron test
Adj. t-Statistic −0.6770 1.6015 0.1372
Prob. 0.8505 0.9995 0.9684
Critical values:
1% −3.4328 −3.4340 −3.4338
5% −2.8625 −2.8630 −2.8630
10% −2.5673 −2.5676 −2.5676
Panel C: Breakpoint ADF test
t-Statistic −3.1497 −4.3648 −3.8930
Prob. 0.6151 0.2706 0.5113
Critical values:
1% −5.1497 −5.7114 −5.7114
5% −4.6106 −5.1550 −5.1550
10% −4.3073 −4.8610 −4.8610

Table 3: +e Brock–Decher–Scheikman (BDS) test results for nonlinear time series.

Dimension
EUA spot EUA futures—DEC18 EUA futures—DEC19

BDS statistic Prob. BDS statistic Prob. BDS statistic Prob.
2 0.1974 0.0000 0.1994 0.0000 0.2006 0.0000
3 0.3357 0.0000 0.3391 0.0000 0.3416 0.0000
4 0.4320 0.0000 0.4366 0.0000 0.4403 0.0000
5 0.4987 0.0000 0.5046 0.0000 0.5095 0.0000
6 0.5445 0.0000 0.5519 0.0000 0.5579 0.0000
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optimal SVMparameters because it greatly affects the quality of
support machine regression for prediction. +is selection
process involves two crucial parameter pairs: the penalty pa-
rameter c and kernel parameter g (abbreviated for c-g). While
no internationally recognised or unified method exists in the
optimal parameter selection process for SVM, amore common
method involves calculating c-g parameter pairs within a given

scope. For example, a training set for a selected c-g parameter
pairs is taken as an original dataset, and a crossvalidating
K-fold crossvalidation method (K-CV) is applied to obtain the
training accuracy of the dataset under the selected c-g pa-
rameter pairs. Finally, the selected c-g parameter pairs
achieving maximum precision in the training set is taken as the
best parameters for SVM model.

Step 1: determine carbon price data 
to be granulated X = {x1, x2, ...xn} and 
the width of the granulated windows.

Step 2: split the original
data into a series of subsets 
according to time window.

Step 3: apply proper fuzzy 
membership function to granulate 

on each subseries.

Step 4: complete the information 
granulation process.

Triangular membership function is chosen.

Figure 5: +e basic steps of FIG on the original time series.
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Figure 6: +e granulation results for the original EUA spot and futures prices time series.

Table 4: +e division results of training set and testing set of the total sample.

Carbon prices Size Date

EUA spot
Sample set 2443 January 16, 2009-March 22, 2019
Training set 1629 January 16, 2009-January 13, 2016
Testing set 814 January 14, 2016-March 22, 2019

EUA futures—DEC18
Sample set 1705 March 26, 2012-December 17, 2018
Training set 1137 March 26, 2012-September 27, 2016
Testing set 568 September 28, 2016-December 17, 2018

EUA futures—DEC19
Sample set 1771 March 26, 2012-March 26, 2019
Training set 1181 March 26, 2012-November 28, 2016
Testing set 590 November 29, 2016-March 26, 2019
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However, an unexpected issue may occasionally occur,
in which multiple pairs of c-g may correspond to the
maximum precision. +is study’s method to address this
issue involves selecting the parameter pairs with the
smallest c to attain the maximum precision. If multiple
pairs of g correspond to the smallest c, the first c-g pa-
rameter we searched is selected as the best one. +is is due
to the following facts. +e penalty parameter that is too
high will lead to overlearning, or specifically, the training
and testing sets exhibit very high and very low accuracies,
respectively, or generalisability decreases. +erefore, the
smaller penalty parameter is considered as a more rea-
sonable selection in all the c-g parameter pairs that can
achieve the highest verification accuracy. Table 5 displays
the crossvalidation results for optimising SVM
parameters.

+e Low parameter in the EUA spot prices’ time series
can be taken as an example to explain the SVM for regression
prediction process in detail. +e optimal parameter com-
bination under the crossvalidation condition is obtained as
the relaxation parameter c� 1 and the kernel parameter
g � 0.0055. Figure 7 illustrates the optimisation parameter-
selection results for the Low parameters. +e left and right
panels display the contour map and the 3D view, respec-
tively, which verify that the SVMs’ parameters significantly
impact their regression results. +e other optimal param-
eter-searching processes for R and Up in the EUA spot and
futures prices’ time series yield similar results, which are
omitted here for brevity.

4.4. Predict the Low (Minimum), R (Average), and up
(Maximum). After obtaining the proper granules for Low
(minimum), R (average), and Up (maximum) and
selecting the optimal c-g parameter pairs for SVM, we
input these into the SVM model to predict the possible
ranges of change for the next window. Next, we take the
EUA spot prices here as an example to demonstrate our
proposed FIG-SVM results. Figure 8 illustrates the fitting
results of the Low, R, and Up fuzzy particles for the EUA
spot prices. +e predict Low, predict R, and predict Up
time series depict the predicted values of the Low, R, and
Up fuzzy particles, which are close to the original Low,
original R and original Up time series exhibiting the
actual values of the Low, R, and Up fuzzy particles,
respectively.

+e results indicate that the proposed FIG-SVM
forecasting model performs well in the case involving EUA
spot prices. We further validate this method’s effectiveness
by conducting more experiments on the other two time
series. With the same settings and the same granulation
window, we obtain the results from our proposed FIG-SVM
model for the Low, R, and Up granules in the cases of
DEC18 and DEC19 futures prices. +ese experimental
results all exhibit predicted values that approximate real
values. +is indicates that the normal SVM model com-
bined with a developed FIG method can produce well-fit
performances for predicting carbon prices time series with
complex characteristics.

4.5. Forecasting Performance Measures. We use ARIMA,
ARFIMA, and Markov-switching method as benchmarks to
compare the proposed FIG-SVM forecasting model’s pre-
diction capacity against other widely used forecasting ap-
proaches. As for evaluation criterion, we choose the root
mean square error (RMSE) given by

RMSE �

�������������

1
N



n

t�1
yt

∧
− yt 

2




. (8)

+e formula represents the extent to which the predicted
value of our proposed model deviates from actual data. +e
predicted value is going to bemore consistent with the actual
value, as the RMSE gets smaller.

Table 6 reveals that the proposed FIG-SVM forecasting
model decreases prediction errors by 40.06%, 33.88%, and
25.49% compared to the traditional ARIMA model to cal-
culate the EUA spot, DEC18, and DEC19 futures time series,
respectively. Moreover, our model performs better than the
other forecastingmodels as ARFIMA andMarkov switching.
From this perspective, the proposed FIG-SVM forecasting
model can produce a well-fit performance, which verifies the
effectiveness of the FIG-SVMmodel to forecast complicated
time series with the characteristics of nonstationarity and
nonlinearity.

4.6. Carbon Prices Changing Space Forecasting. After
obtaining the FIG-SVM training predictors, the testing data
are used to forecast the changing space of carbon prices’ time
series and evaluate the forecast performance. As Table 7
indicates, SVM can be used to make regression predictions
for the Low, R, and Up fuzzy granulations to obtain the
parameters of Low, R, and Up within five trading days,
respectively.

We then verified the FIG-SVM model predictions’ ef-
fectiveness by testing whether the carbon prices in the next
five days changed within the range of the previous pre-
diction. We compared this with the previous five trading
days to investigate the overall trends in carbon pricing
changes.+e results reveal that the predicted range of carbon
prices’ changes in the next five days is accurate. Moreover,
the EUA spot price indicates a downward trend in the
following five days compared with the previous five days.
However, opposite results occur in cases of EUA futures
price changes, while the DEC18 and DEC19 carbon prices

Table 5: +e SVM parameters’ optimisation results.

Carbon prices Best c Best g

EUA spot
Low 1 0.0055
R 2.8284 0.0055
Up 64 0.0442

EUA futures—DEC18
Low 2 0.0625
R 1 0.0313
Up 64 0.0625

EUA futures—DEC19
Low 1 0.0625
R 4 0.0884
Up 181 0.0039
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exhibit upward trends in the following five days compared
with the previous five days.

5. Conclusions

In this paper, the data of EUA spot prices and futures prices
for DEC18 and DEC19 from 2009 to 2019 are examined for
changing space forecasting of carbon prices. Since the launch
of the European Union ETS, its rules have changed sig-
nificantly from the first stage of 2005–2007 to the third stage
of 2013–2020.+e first stage is a pilot period, and the second
stage is related to stricter emission caps because some in-
dustrialized countries have already committed to binding
emission targets. +e third stage has undergone some
specific changes. Under the influence of different rules, the
carbon prices in different stages of the EU emission trading
system may change significantly. From a new perspective,
this paper proposes a model that can predict the fluctuation
space of carbon prices, which is of great significance to
investors and policy makers involved in carbon market
trading. It helps them to understand the changing laws of
carbon prices and establish an effective carbon price sta-
bilization mechanism. Furthermore, it can avoid carbon
market risks and therefore enhance the activity of carbon
trading participants. Some conclusions are drawn as follows.

First, we provide a changing space-forecasting model for
carbon prices, which existing studies of carbon price fore-
casting have neglected. Prior literature has focused on a
point prediction method for carbon prices, although rela-
tively few works have forecast the changing space for carbon
prices’ time series. In fact, changing space forecasting is

more important in practical investment applications, as
investors can decide to buy a call or put options according to
the predicted changing space. Moreover, investors can es-
timate the maximum or minimum loss or return in advance
according to the Low, R, and Up fuzzy granulations. +is
article provides several important implications for investors
and risk managers involved in trading carbon financial
products. Market participants in particular can use the
changing space forecasting model from this article to hedge
their positions by forecasting carbon futures’ volatility.

Second, we develop an integrated FIG-SVM approach
for changing space forecasting, which builds a foundation to
solve decision-making problems. Introducing the FIGmodel
in single SVM is beneficial to establish excellent predictors
that save time and enhance robustness. +e granulation
method produces Low (minimum), R (average), and Up
(maximum) granules from carbon prices’ time series. It can
decompose large-scale complex time series issues into some
simpler problems to be handled independently. +us, the
FIG method improves the prediction efficiency by reducing
the complexity of the data and retaining the inherent es-
sential information.

+ird, we compare the forecasting performances be-
tween the proposed FIG-SVM model and traditional
ARIMA, ARFIMA, and Markov-switching models in the
context of carbon prices changing space forecasting. +e
empirical experimental results reveal that the proposed FIG-
SVM method generally performs better than other bench-
mark models according to the RMSE’s forecasting accuracy
criteria. We prove the FIG-SVM model’s feasibility and
effectiveness in forecasting the changing space of carbon

Table 7: +e changing space forecasting results for EUA spot and future prices.

Carbon prices +e original data Changing space

EUA spot

Date 2019/3/11 2019/3/12 2019/3/13 2019/3/14 2019/3/15 Actual changing space
Price 22.18 22.22 22.16 22.61 22.35 [Low,R,Up]� [20.57,21,21.71]
Date 2019/3/18 2019/3/19 2019/3/20 2019/3/21 2019/3/22 Predicted changing space
Price 21.71 21 21.52 20.82 20.57 [Low,R,Up]� [18.79,19.89,22.60]

EUA futures—DEC18

Date 2018/12/3 2018/12/4 2018/12/5 2018/12/6 2018/12/7 Actual changing space
Price 20.64 20.73 19.68 19.99 20.3 [Low,R,Up]� [20.16,21.47,23.37]
Date 2018/12/10 2018/12/11 2018/12/12 2018/12/13 2018/12/14 Predicted changing space
Price 20.86 20.16 21.47 22.32 23.37 [Low,R,Up]� [16.66,19.38,23.88]

EUA futures—DEC19

Date 2019/2/18 2019/2/19 2019/2/20 2019/2/21 2019/2/22 Actual changing space
Price 20.02 20.2 20.47 18.82 18.93 [Low,R,Up]� [19.25,21.28,22.28]
Date 2019/2/25 2019/2/26 2019/2/27 2019/2/28 2019/3/1 Predicted changing space
Price 19.25 19.67 21.28 21.69 22.28 [Low,R,Up]� [17.05,17.86,23.66]

Table 6: +e comparison results of the proposed FIG-SVM model with traditional forecasting models.
Forecasting models EUA spot EUA futures—DEC18 EUA futures—DEC19
Panel A: Root Mean Square Error (RMSE)
ARIMA 0.031879 0.031678 0.030991
ARFIMA 0.031872 0.031690 0.030940
Markov-switching 0.031856 0.031577 0.030878
FIG-SVM 0.019108 0.020945 0.023091
Panel B: Error Reduction (%)
FIG-SVM/ARIMA 40.06 33.88 25.49
FIG-SVM/ARFIMA 40.05 33.91 25.37
FIG-SVM/Markov-switching 40.02 33.67 25.22
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prices with some complicated characteristics of nonsta-
tionary and nonlinearity.

Although this paper provides the previously mentioned
contributions, other issues still remain for further study.+e
complex changes and fluctuations in carbon prices is a
nonlinear, dynamic system problem characterised by ran-
domness, significant noise, and strong nonlinearity, among
other chaotic characteristics. Such a system tends to exhibit
unstable increases and decreases, resulting in a high con-
centration of risk. +erefore, the chaotic nonlinear dynamic
system model is one alternative to analyse the characteristics
of market price behaviour. +is may lead to a new direction
in studying the essential characteristics of carbon prices’
fluctuation. An additional important issue pertains to
China’s well-known carbon-trading system, which has
rapidly developed among emerging markets in recent years.
However, the relevant literature is insufficient and must be
further strengthened in the future.
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[6] C. Garćıa-Martos, J. Rodŕıguez, andM. J. Sánchez, “Modelling
and forecasting fossil fuels, CO2 and electricity prices and
their volatilities,” Applied Energy, vol. 101, pp. 363–375, 2013.

[7] M. E., Sanin, F. Violante, and M. Mansanet-Bataller, “Un-
derstanding volatility dynamics in the EU ETS market,”
Energy Policy, vol. 82, pp. 321–331, 2015.

[8] M. E. H. Arouri, F. Jawadi, and D. K. Nguyen, “Nonlinearities
in carbon spot-futures price relationships during phase II of
the EU ETS,” Economic Modelling, vol. 29, no. 3, pp. 884–892,
2012.

[9] J. Chevallier, “Nonparametric modeling of carbon prices,”
Energy Economics, vol. 33, no. 6, pp. 1267–1282, 2011.

[10] B. J. Lutz, U. Pigorsch, and W. Rotfuß, “Nonlinearity in cap-
and-trade systems: the EUA price and its fundamentals,”
Energy Economics, vol. 40, pp. 222–232, 2013.

[11] G. S. Atsalakis, “Using computational intelligence to forecast
carbon prices,” Applied Soft Computing, vol. 43, pp. 107–116,
2016.

[12] X. Fan, S. Li, and L. Tian, “Chaotic characteristic identification
for carbon price and an multi-layer perceptron network
prediction model,” Expert Systems with Applications, vol. 42,
pp. 3945–3952, 2015.

[13] M. Han, L. Ding, X. Zhao, and W. Kang, “Forecasting carbon
prices in the Shenzhen market, China: the role of mixed-
frequency factors,” Energy, vol. 171, pp. 69–76, 2019.

[14] J. Zhang, D. Li, Y. Hao, and Z. Tan, “A hybrid model using
signal processing technology, econometric models and neural
network for carbon spot price forecasting,” Journal of Cleaner
Production, vol. 204, pp. 958–964, 2018.

[15] B. Zhu, D. Han, P. Wang, Z. Wu, T. Zhang, and Y. Wei,
“Forecasting carbon price using empirical mode decompo-
sition and evolutionary least squares support vector regres-
sion,” Applied Energy, vol. 191, pp. 521–530, 2017.

[16] B. Zhu and Y. Wei, “Carbon price forecasting with a novel
hybrid ARIMA and least squares support vector machines
methodology,” Omega, vol. 41, pp. 517–524, 2013.

[17] B. Zhu, S. Ye, P. Wang, K. He, T. Zhang, and Y. Wei, “A novel
multiscale nonlinear ensemble leaning paradigm for carbon
price forecasting,” Energy Economics, vol. 70, pp. 143–157,
2018.

[18] J. Zhu, P. Wu, H. Chen, J. Liu, and L. Zhou, “Carbon price
forecasting with variational mode decomposition and optimal
combined model,” Physica AStatistical Mechanics and its
Applications, vol. 519, pp. 140–215, 2019.

[19] C. Cortes and V. N. Vapnik, “Support vector networks,”
Machine Learning, vol. 20, no. 3, pp. 273–297, 1995.

[20] Y. Song, T. Liu, D. Liang, Y. Li, and X. Song, “A fuzzy sto-
chastic model for carbon price prediction under the effect of
demand-related policy in China’s carbon market,” Ecological
Economics, vol. 157, pp. 253–265, 2019.

[21] J. Ruan, X. Wang, and Y. Shi, “Developing fast predictors for
large-scale time series using fuzzy granular support vector
machines,” Applied Soft Computing, vol. 13, no. 9,
pp. 3981–4000, 2013.

[22] C. Tian and Y. Hao, “Point and interval forecasting for carbon
price based on an improved analysis-forecast system,”Applied
Mathematical Modelling, vol. 79, pp. 126–144, 2020.

[23] L. A. Zadeh, “Fuzzy sets and information granularity,” Ad-
vances in Fuzzy Set 9eory and Application, vol. 1, pp. 3–18,
1979.

[24] M. Y. Chen and B. T. Chen, “A hybrid fuzzy time series model
based on granular computing for stock price forecasting,”
Information Sciences, vol. 294, pp. 227–241, 2015.

[25] Y. He, Y. Yan, X. Wang, and C. Wang, “Uncertainty fore-
casting for streamflow based on support vector regression
method with fuzzy information granulation,” Energy Proce-
dia, vol. 158, pp. 6189–6194, 2019.

[26] O. Hryniewicz and K. Kaczmarek, “Bayesian analysis of time
series using granular computing approach,” Applied Soft
Computing Journal, vol. 47, pp. 644–652, 2016.

12 Mathematical Problems in Engineering



[27] W. Lu, X. Chen, W. Pedrycz, X. Liu, and J. Yang, “Using
interval information granules to improve forecasting in fuzzy
time series,” International Journal of Approximate Reasoning,
vol. 57, pp. 1–18, 2015.

[28] L. Wang, X. Liu, and W. Pedrycz, “Effective intervals de-
termined by information granules to improve forecasting in
fuzzy time series,” Expert Systems with Applications, vol. 40,
no. 14, pp. 5673–5679, 2013.

[29] B. Huang, Y. L. Zhuang, and H. X. Li, “Information granu-
lation and uncertainty measures in interval-valued intui-
tionistic fuzzy information systems,” European Journal of
Operational Research, vol. 231, no. 1, pp. 162–170, 2013.

[30] W. Pedrycz, “Allocation of information granularity in opti-
mization and decision-making models: towards building the
foundations of Granular Computing,” European Journal of
Operational Research, vol. 232, no. 1, pp. 137–145, 2014.

[31] Y. Huang and Z. He, “Carbon price forecasting with optimization
prediction method based on unstructured combination,” Science
of the Total Environment, vol. 725, no. 10, p. 138350, 2020.

[32] W. Pedrycz and G. Vukovich, “Feature analysis through in-
formation granulation and fuzzy sets,” Pattern Recognition,
vol. 35, no. 4, pp. 825–834, 2002.

[33] C. F. Lin and S. D. Wang, “Training algorithms for fuzzy
support vector machines with noisy data,” Pattern Recognition
Letters, vol. 25, no. 14, pp. 1647–1656, 2004.

[34] J. Chevallier, “Carbon futures and macroeconomic risk fac-
tors: a view from the EU ETS,” Energy Economics, vol. 31,
no. 4, pp. 614–625, 2009.

[35] G. Daskalakis, D. Psychoyios, and R. N. Markellos, “Modeling
CO2 emission allowance prices and derivatives: evidence from
the european trading scheme,” Journal of Banking and Fi-
nance, vol. 33, pp. 1230–1241, 2009.

[36] M. Mansanet-Bataller, J. Chevallier, M. Hervé-Mignucci, and
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