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This paper develops a continuous-time model to study the widely used investment mandates in the institutional asset management
industry. In this paper, just like He and Xiong (2013), we suppose that the asset management industry has a two-layered incentive
structure, and fund families charging investors ﬁxed management fees while compensating individual fund managers based on
fund performance. Diﬀerent from He and Xiong (2013), we suppose that the fund family aims to select an optimal incentive
strategy to maximize its terminal beneﬁts, while the fund manager needs to select the optimal eﬀort level and the optimal
investment portfolio to maximize his terminal net discounted compensation in a continuous-time model. By using dynamic
programming principle and stochastic diﬀerential game theory, the optimal strategies and value functions of both sides are
derived. At last, numerical studies are provided to illustrate the eﬀects of all the parameters on the optimal strategies. The result
reveals that the optimal incentive mechanism will redistribute both the beneﬁt of the fund families and the cost of the fund
managers’ eﬀort.

1. Introduction
Since professional cooperation plays an important role in
making a successful investment, most investors handover
their money to security companies, fund companies, or
other ﬁnancial management institutions, and the study of
the asset management problem has attracted more and more
attention. See [1–5] to name just a few.
In the internal of fund management companies, investment decisions are usually made by the fund manager,
and the performance of investment portfolio is closely related to the investment strategy and the fund manager’s
eﬀort level. So, the principal-agent relationship which aﬀects
the investment strategy inevitably exists in the investment
process, and it is necessary to consider the investment
problem under the principal-agent system.
For agency problems, most of the early literature focuses
on discrete time models (for instance, [6–8] or [9] for a book
treatment). A continuous-time model is ﬁrst studied by [10],
and it shows that the optimal contract is linear. Then, the

work is extended by [11–14]. Nowadays, this kind of problem
is usually solved by the stochastic maximum principle or
martingale representation theorem. For the former, we can
refer to [15–17]; for the latter, we can refer to [18, 19].
Diﬀerent from the aforementioned models, [20] allows
the manager to face investment opportunities in two markets
instead of one and develops a discrete time model to study
the widely used investment mandates in the institutional
asset management industry. In this paper, we establish a
continuous-time model based on [20] and ﬁnd the optimal
strategies of both the fund family and the fund manager.
There are some diﬀerences between our model and the
model mentioned in [20]:
(1) The eﬀort level takes its value in an interval in this
paper while the eﬀort level is zero or a ﬁxed value in
[20]
(2) The returns from the two markets are stochastic
processes in this paper while the single period model
is considered in [20]
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(3) Incentive compatibility constraint which must be
satisﬁed in [20] is not necessary in this paper

Since the model in our paper is diﬀerent from that in [20]
and the method used in [20] does not work anymore, we use
the stochastic diﬀerential game theory to get the optimal
strategies of both the fund family and the fund manager. This
tool can also be used for other investment problems under
principle agency systems.
This paper is organized as follows. In Section 2, a
mathematical formulation of the investment problem in the
principle agency system is formulated. In Section 3, the
problem with no agency conﬂicts is considered, and the
optimal eﬀort level is derived. Some numerical results are
presented in this section to illustrate some comparative
statics results. In Section 4, the problem with agency conﬂicts is considered, and the optimal policies of both the fund
family and the fund manager are presented. Numerical
analysis is also mentioned in this section to get the eﬀects of
all parameters on the optimal strategy. A conclusion is made
in Section 5 which includes a comparison of the optimal
eﬀort levels with and without agency conﬂicts.

2. Problem Formulation
This paper embeds the optimal problem into the framework
adopted in [20]. Suppose that the fund manager has superior
expertise in primary market 1, that is, the eﬀort of the fund
manager can aﬀect the gains of market 1. At the same time,
he can pursue outside investment opportunity in market 2.
The fund family aims to select an optimal incentive strategy
to maximize its terminal gains, while the fund manager
needs to select the optimal eﬀort level and the optimal investment portfolio to maximize his terminal net discounted
compensation. In the following, we will establish the
mathematical model of the problem on the probability space
(Ω, F, P).
Referring to [18], we suppose that the manager’s eﬀort
level n cannot be observed by the fund family and has a
positive eﬀect on the gain of market 1. Derived from [18] and
considering a more concrete model, let us assume that Rn1 (t),
the gain of market 1 under the fund manager’s eﬀort level n,
satisﬁes
dRn1 (t) � Rn1 (t) r + μ1 + ndt + σ 1 dW1 (t),

(1)

where r represents the risk-free rate, μ1 > 0 is a constant, and
W1 (t) is a standard Brown motion on (Ω, F, P). Clearly, the
more the manager’s eﬀorts, the bigger the drift coeﬃcient of
market 1. Suppose that the return of market 2 satisﬁes
2

dR2 (t) � R2 (t) r + μ2 dt + σ 2 dW (t),

(2)

where μ2 > 0 is a constant, and W2 (t) is a standard Brown
motion on (Ω, F, P). Denote the correlation coeﬃcient of
W1 (t) and W2 (t) by ρ.
The manager will decide his eﬀort level in the beginning
and get a compensation from the fund family at the terminal
time T. Suppose that the compensation is a function of the
terminal beneﬁt of the investment portfolio and denote it by

w(·). Clearly, the fund family aims to ﬁnd the optimal incentive strategy to control the performance of the fund and
maximize its terminal net value. At the same time, the fund
manager needs to look for the optimal eﬀort level and the
optimal investment portfolio to maximize his terminal net
discounted compensation (wage or dividend). This is a noncooperative game. We are particularly interested in analyzing the joint implications of these two dimensions.
According to [15], we know that the fund family is in the
leading position, and the manager should determine the
eﬀort level and the investment strategy according to the fund
families’ incentive strategy. Therefore, ﬁrst, we intend to ﬁx
the compensation strategy w(·) and get the manager’s optimal investment strategy and eﬀort level which are
expressed with the help of w(·). Then, we put the manager’s
optimal strategy into the fund family’s optimization problem
and get the optimal w(·).
The above analysis tells us that, ﬁrst, we need to ﬁx the
incentive strategy w(·) and consider the manager’s optimization problem. Consider the manager’s policy
π � (bπ1,t , bπ2,t , nπ ), where bπi,t , i � 1, 2 represent the capital
invested in market i and nπ captures the eﬀort level. Since the
manager can invest in market 1, market 2, or risk-free
market, by some simple calculations, we can have that the
return of the investment portfolio under this policy satisﬁes
dXπ (t) � Xπ (t)r + bπ1,t μ1 + nπ  + bπ2,t μ2 dt + σ π (t)dW(t),
(3)
������������������������
π2 2
π π
2
where σ π (t) � bπ2
1,t σ 1 + b2,t σ 2 + 2ρb1,t b2,t σ 1 σ 2 , and W(t) is
the Brown motion on (Ω, F, P).
Let FW
t t ≥ 0 be the natural ﬁltration generated by W(t).
Now, let us give the deﬁnition of the manager’s admissible
control. A control policy π � (bπ1,t , bπ2,t , nπ ) is said to be
admissible if bπi,t , i � 1, 2 are FW
t predictable processes and
nπ ≥ 0. We denote the set of all admissible controls by Π.
Then, we can establish a mathematical model of the manager’s optimization problem.
The manager’s objective is ﬁnding the optimal eﬀort level
and investment policy to maximize his utility of compensation minus his eﬀort cost. That is, the objective of the
manager is to maximize
Jπm (t, x; w) � EUm w Xπ (T) − C nπ |Xπ (t) � x, (4)
over π ∈ Π. Here, Um (·) is the manager’s utility function,
and C(n) is the manager’s eﬀort cost under the eﬀort level n.
Following the structure imposed in [19], we have
T

C(n) �  er(T− t)
0

θn2 n
R (t)dt,
2 1

(5)

where θ > 0 is the cost parameter of the eﬀort level.
Denote the optimal strategy by πw∗ , and record the value
function as
∗w

Vm (t, x; w) � supπ∈Π Jπm (t, x; w) � Jπm (t, x; w).

(6)

Next, let us consider the fund families’ optimization
problem. An incentive policy w(·) is said to be admissible if
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w(·) is a continuous increasing function. We denote the set
 The objective of the fund
of all admissible controls by Π.
family is to ﬁnd the optimal incentive policy to maximize its
net beneﬁt. Suppose it is risk neutral, then the objective of
the fund family is to maximize
Jwf (t, x)

� EX

πw∗

(T) − wX

πw∗

(T)|X

πw∗

(t) � x,

(7)

3.1. Preliminary Result with the Eﬀort Level Fixed. First, let us
analyze the optimal investment problem of the manager with
the eﬀort level n ﬁxed. Let
Jπ (t, x; n) � EUm Xπ (T; n)|Xπ (t; n) � x,

 Denote the value function by
over w(·) ∈ Π.
Vf (t, x) �

meaningful since it can be used to solve the manager’s
optimization problem with agency conﬂicts.

sup Jwf (t, x).

w∈Π

(8)

where Xπ (t; n) is the process deﬁned in (3) with the eﬀort
level n and investment policy (bπ1,t , bπ2,t ).
Deﬁne

3. The Problem with No Agency Conflicts

V(t, x; n) � supπ∈Π Jπ (t, x; n).

Let us consider the case when there are no agency conﬂicts in
this section. That is, the fund manager can get all the beneﬁts
from asset management. The result in this section is

(9)

(10)

According to [21], we know that V(t, x; n) satisﬁes the
HJB equation (Hamilton–Jacobi–Bellman equation):

−Vt (t, x; n) � suprx + bπ1,t μ1 + n + bπ2,t μ2 Vx (t, x; n) +
π∈Π

σ π2
V (t, x; n),
2 xx

(11)

V(T, x; n) � Um (x),
�����������������������������
where σ π � (bπ1,t )2 σ 21 + (bπ2,t )2 σ 22 + 2ρbπ1,t σ 1 bπ2,t σ 2 . Without
losing generality, let Um (x) � (xp /p), 0 < p < 1. Suppose
that V(t, x; n) � eβ0 (T− t) Um (x), where β0 is a constant. We
have
β0 V(t, x; n) � rx +

bn∗
1,t

μ1 + n +

bn∗
2,t μ2 Vx (t, x; n)

1
2
n∗
n∗
σ 2 + bn∗2
+ bn∗2
2,t σ 2 + 2ρb1,t σ 1 b2,t σ 2 
2 1,t 1
· Vxx (t, x; n),
(12)
n∗
where (bn∗
1,t , b2,t ) is the optimal investment strategy. By some
simple calculations, we can get that
2

μ1 + n
μ22 ρ μ1 + nμ2
+
−
 + rp,
σ1σ2
2σ 21
2σ 22
(13)

β0 � β0 (n) � Ap

where A � (1/((1 − p)(1 − ρ2 ))). We can also get the optimal investment strategy and the value function:
bn∗
1,t

V(t, x; n) �

3.2. The Optimal Eﬀort Level of the Manager. Since on the one
hand, the eﬀort made by the manager brings a better performance of market 1, and on the other hand, it produces a
cost. Clearly, the net beneﬁt of the manager is determined by
the eﬀort level. Since when n � 0, the marginal utility of the
eﬀort is greater than zero, and the marginal cost of the eﬀort
is equal to zero; we know that at the beginning, the net
beneﬁt increases as the eﬀort level increases. As time goes by,
the marginal utility decreases and the marginal cost increases. When the marginal utility equals the marginal cost,
the net beneﬁt gets its maximum. Denoting this point by n∗ ,
we have
zV(t, x; n)
zE[C(n)]
|n�n∗ �
|n�n∗ .
zn
zn

X∗ (t; n) μ2 σ 1 − ρ μ1 + nσ 2 
,
σ 1 σ 22 1 − ρ2 (1 − p)
e

β0 (n)(T− t) p

x

p

,

(15)

Since the portion invested in market 1 is bn∗
1,t , we have
Rn1 (t) � bn∗
1,t .

∗

X (t; n) μ1 + nσ 2 − ρμ2 σ 1 
�
,
σ 21 σ 2 1 − ρ2 (1 − p)

bn∗
2,t �

where X∗ (t; n) is the return of the fund under the optimal
investment strategy.

(16)

Then,

(14)

ERn1 (t) � Ebn∗
1,t  �

μ1 + nσ 2 − ρμ2 σ 1
EX∗ (t; n).
2
2
σ 1 σ 2 1 − ρ (1 − p)
(17)

E[Rn1 (t)]

Clearly,
is ﬁnite; then, we can exchange the
integration order of E[C(n)] and obtain
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0.14

θn2 T − rt
 e ERn1 (t)dt
2 0

0.12

θn2 μ1 + nσ 2 − ρμ2 σ 1 e(B(n)+r)T − erT
x,
�
2 σ 21 σ 2 1 − ρ2 (1 − p)
B(n)
(18)
where B(n) � (((μ1 + n)2 )/(σ 21 (1 − p))) + (μ22 /(σ 22 (1 − p))).
In the following, we focus on the eﬀects of parameters
(such as the risk-free rate and the diﬀusion rate) on the
optimal
eﬀort
level.
Since
when
ρ � 0, μ1 �
μ2 � μ, and nσ 1 � σ 2 � σ, the two markets have the same
performance without the eﬀect of the eﬀort made by the
fund manager, and we can focus on the eﬀect of the
manager’s eﬀort. In this case, according to (14), (15), and
(18), we can get that the optimal eﬀort level n∗ satisﬁes
β0′ n∗ 

e

β0 (n∗ )(T− t) p

x

p

� θn∗

∗

(B(n∗ )+r)T

μ+n  e
σ (1 − p)

−e
x
B n 

0.06
0.08

·

∗

)+r)T

0.112

∗

B′ n∗  B n∗ T − 1x
B n∗ 

2

0.12

0.114

θ n  μ+n 
2 σ 2 (1 − p)
e(B(n

0.10
0.11
The drift coeﬃcient

Figure 1: The eﬀect of the drift coeﬃcient on the optimal eﬀort level

.

The eﬀort level

+

0.09

Without conﬂicts
With conﬂicts

θ n∗ 
e(B(n )+r)T − erT
x
+ 2
B n∗ 
2σ (1 − p)
∗ 2

0.10

0.08

∗

2

0

rT

∗

2

The eﬀort level

E[C(n)] � erT

(19)

0.110
0.108
0.106

Clearly, (19) can deﬁne function n∗ which depends on
the parameters of the ﬁnancial market. In order to analyze
the eﬀects of parameters on the optimal eﬀort level, we use R
software to get the graphs of the function for each parameter
with other parameters ﬁxed. The results are presented in
graphs 1–6 in Figures 1–6.

0
90

95

100
The initial wealth

105

110

Without conﬂicts
With conﬂicts

Figure 2: The eﬀect of the initial wealth on the optimal eﬀort level.

4. The Problem with Agency Conflicts

4.1. The Optimal Nash Equilibrium Strategy. As mentioned
above, ﬁrst, let us ﬁx the fund family’s strategy and the fund
manager’s eﬀort level. That is, k, q, and n are ﬁxed. Then, the
compensation of the fund manager with policy
π � (bπ1,t , bπ2,t , n) is
Jπm (t, x; n) � E

π

q p

kX (T; n) 
|Xπ (0; n) � x.
p

(20)

Since this optimization problem is similar with the one
solved in Section 3.1, with the same method, we have that the
optimal investment strategies are

0.13

0.12
The eﬀort level

In this section, we follow the steps mentioned in Section 2 to
get the optimal strategies and the value functions of both
sides. For simplicity, we consider the problem under the
situation in which w(·) is a power function. That is,
w(x) � kxq , k > 0, q > 0.

0.11

0.10
0

0.09
0.7

0.8

0.9
1.0
The terminal moment

1.1

Without conﬂicts
With conﬂicts

Figure 3: The eﬀect of the terminal moment on the optimal eﬀort level.

Mathematical Problems in Engineering

5

The eﬀort level

0.125

0.115

∗k,q,n

�

x μ1 + nσ 2 − ρμ2 σ 1 
,
σ 21 σ 2 1 − ρ2 (1 − qp)

(21)

∗k,q,n

�

x μ2 σ 1 − ρ μ1 + nσ 2 
,
σ 21 σ 22 1 − ρ2 (1 − qp)

(22)

b1,t

b2,t
0

and the value function is
p

0.105

Vm (t, x; n) � sup Jπm (t, x; n) � eβ(n)(T− t)
π∈Π

2

0.08

0.09
0.10
0.11
The parameter of eﬀort cost

0.12

Without conﬂicts
With conﬂicts

Figure 4: The eﬀect of the eﬀort cost on the optimal eﬀort level.
0.120

0

β(n) � Apq

μ 1 + n
μ22 ρ μ1 + nμ2
+
−
 + rpq.
σ1σ2
2σ 21
2σ 22
(24)

Clearly, ﬁxing k and q, the optimal eﬀort level n∗ satisﬁes
the following equation:
zVm (t, x; n)
zE[C(n)]
|n�n∗ �
|n�n∗ .
zn
zn

(25)

It is shown from the above analysis that n∗ is a function
of k and q, and we denote it by n∗ (k, q).
Let us suppose that the two parts are all rational, and they
will choose their strategy considering the opposite side.
Then, if the fund family choose the income policy kandq, he
will confer that the manager will choose the optimal investment strategy

0.115
The eﬀort level

(23)

where

0.095

0.110
0.105
0.100

∗k,q,n∗ (k,q)

∗k,q

0.095

b1,t � b1,t

0.090

∗k,q
b2,t

0.022

0.024

0.026
The volatility

0.028

0.030

Without conﬂicts
With conﬂicts

,

(26)

∗k,q,n∗ (k,q)
b2,t
,

�

and the optimal eﬀort level n∗ (k, q). Under this strategy, the
beneﬁt of the portfolio is
∗k,q

dX∗k,q (t) � X∗k,q (t)r + b1,t

∗k,q

μ1 + n∗ (k, q) + b2,t μ2 dt

+ σ ∗k,q dW(t),

Figure 5: The eﬀect of the volatility on the optimal eﬀort level.

(27)
���������������������������������
∗k,q
∗k,q
∗k,q ∗k,q
where σ ∗k,q � (b1,t )2 σ 21 + (b2,t )2 σ 22 + 2ρb1,t b2,t σ 1 σ 2 .
The fund family’s terminal value will be

0.120

0.115
The eﬀort level

kxq 
,
p

q

k,q

Jf (x) � EX∗k,q (T) − kX∗k,q (T) .
0.110

(28)

Denote the value function by
0

k,q

Vf (x) � sup Jf (x).

0.105

k>0,q>0

(29)

0.100
0.60

0.61

0.62
p

0.63

0.64

Without conﬂicts
With conﬂicts

Figure 6: The eﬀect of the risk aversion factor on the optimal eﬀort level.

4.2. The Eﬀects of Parameters on the Optimal Eﬀort Level and
the Compensation Strategy. In this section, we will analyze
the eﬀect of parameters on the optimal strategies. Similar to
the analysis in Section 3, let us still consider the case when
ρ � 0, μ1 � μ2 � μ, and σ 1 � σ 2 � σ. Referring to (21), (22),
and (27), we have
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∗k,q
b1,t

∗k,q

X∗k,q (t)(μ + n)
�
,
σ 2 (1 − pq)

b2,t �

(30)

X∗k,q (t)μ
,
σ 2 (1 − pq)

dX∗k,q (t) � X∗k,q (t)r +

��������������������������
∗k,q
∗k,q
∗k,q ∗k,q
where
σ ∗k,q � σ (b1,t )2 + (b2,t )2 + 2ρb1,t b2,t ,
n, k, and q satisfy (23).
Using Ito’s formula, we can obtain that
dX∗k,q (t)q � qX∗k,q (t)q− 1 dX∗k,q (t)

(31)
2

+

2

μ +(μ + n)
∗k,q
dt + σ dW(t),
σ 2 (1 − pq)
(32)

2

d < X∗k,q >(t) � σ ∗k,q  dt,

and

q(q − 1) ∗k,q q− 2
X (t) d〈X∗k,q 〉(t).
2

(34)

Combining with (30)–(33), we can obtain

(33)

dX∗k,q (t)q � X∗k,q (t)q  ( r +

(μ + n)2 + μ2
q( q − 1 )( (μ + n)2 + μ2 )
∗k,q
)q
+
dt + qσ dW( t ) .
( 1 − qp )σ 2
2σ 2 (1 − qp)2

(35)

By some simple calculations, we can obtain that

E X

∗k,q

q

(T) |X

∗k,q

⎧
⎬ ⎫
⎧⎨
⎨
⎬
q(q − 1)(μ + n)2 + μ2 ⎫
(μ + n)2 + μ2
(0) � x � exp⎩ ⎩ r +
T ⎭ xq ,
2 q +
2 2
⎭
2(1 − qp) σ
(1 − qp)σ
(36)

EX∗k,q (T)|X∗k,q (0) � x � expr +

2

2

(μ + n) + μ
Tx.
(1 − qp)σ 2

Then, we have

q

EX∗k,q (T) − kX∗k,q (T)  � expr + B0 (n)Tx − k expr + B0 (n)q +

where B0 (n) � (((μ + n)2 + μ2 )/((1 − qp)σ 2 )).
We want to ﬁnd the optimal kandq to maximize (37) under
the constraint (23), and k > 0andq > 0. This is an optimization
problem with constraints. This problem seems impossible to be
solved explicitly. However, we can easily obtain the numerical
solutions by using function donlp2 in software R.
By using R software, the numerical results are illustrated
in the following tables.
Table 1 shows that the fund manager’s compensation
and the eﬀort level all decrease as the drift coeﬃcient increases. Theoretically speaking, according to (23), both the
cost of the fund manager’s eﬀort and the expected utility of
the fund manager’s compensation increase with the increase
in drift coeﬃcient μ. Furthermore, the eﬀort cost increases at
a greater rate than the expected utility of compensation. So,
the manager’s optimal eﬀort level decreases. This is consistent with the results in Table 1.
The optimal compensation strategy can be aﬀected by the
following two aspects:

q(q − 1)B0 (n)
q
Tx ,
2(1 − qp)

(37)

(1) The drop of the optimal eﬀort level can be inferred
by the fund family which leads to a lower
compensation
(2) The total beneﬁt increases with the increase in drift
coeﬃcient which leads to a higher compensation
According to Table 1, we can see that the drop of the
optimal eﬀort level has a greater impact on the optimal
compensation.
Table 2 reports that the fund manager’s compensation
increases as the initial wealth increases. The fund manager’s
eﬀort level decreases as the initial wealth increases. Clearly,
according to (23), both the cost of the fund manager’s eﬀort
and the expected utility of the fund manager’s compensation
increase as the initial capital increases. Furthermore, the
eﬀort cost increases at a greater rate than the expected utility
of compensation. In this situation, the manager’s optimal
eﬀort level decreases. This is consistent with the results in
Table 1.

Mathematical Problems in Engineering
Table 1: The eﬀect of the drift coeﬃcient on the optimal compensation and the optimal eﬀort level.
μ
k
q
Wage
n
0.08
1.8102
0.8812
104.7603
0.1299
0.09
1.6567
0.8913
100.4070
0.1207
0.10
1.4107
0.9061
91.5460
0.1102
0.11
1.0535
0.9290
75.9769
0.0978
0.12
1.1384
0.7488
35.6902
0.0817

Table 2: The eﬀect of the initial wealth on the optimal compensation and the optimal eﬀort level.
x
k
q
Compensation
n
90
1.5803
0.8976
89.7285
0.1133
95
1.4921
0.9019
90.6894
0.1117
100
1.4107
0.9061
91.5460
0.1102
105
1.3355
0.9101
92.3023
0.1088
110
1.2657
0.9141
92.9645
0.1074

For the optimal compensation strategy, on the one
hand, the drop of the optimal eﬀort level can be inferred by
the fund family which leads to a lower compensation. On
the other hand, the total beneﬁt increases as the initial
capital increases. This leads to a higher compensation.
According to Table 2, we can see that the increase of the
total beneﬁt has a greater impact on the optimal
compensation.
As a matter of fact, with the increase of the initial capital,
the stability of return on assets is more important to the fund
manager than the growth of return on assets. In this situation, the fund manager tends to invest more in risk-free
assets and decrease the level of the eﬀort. Considering the
following two points:
(1) The decrease of the optimal eﬀort level is due to risk
aversion
(2) The increase of the initial capital increases the cost of
the fund manager
The fund family will still increase the fund manager’s
compensation appropriately. This phenomenon can be
explained perfectly by the results in Table 2.
The results illustrated in Tables 3–5 can be explained
similarly as the one mentioned above.
Table 6 illustrates that the compensation and the eﬀort
level of the fund manager all increase along with the decrease
of the fund manager’s risk aversion level. Clearly, the expected utility of the fund manager’s compensation increases
as the risk-averse level decreases. In this situation, the
manager’s optimal eﬀort level increases.
For the optimal compensation policy, on the one hand,
the increase of the eﬀort level will raise the fund manager’s
compensation. On the other hand, the fund manager is more
easily satisﬁed which can be inferred by the fund family. This
leads to a lower compensation. According to Table 6, we can
see that the increase of the eﬀort level has a greater impact on
the optimal compensation.
As a matter of fact, the fund manager with the lower riskaverse level tends to make a greater eﬀort to get a higher
Sharp ratio. The fund family can accurately identify the
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Table 3: The eﬀect of the terminal time on the optimal compensation and the optimal eﬀort level.
T
k
q
Compensation
n
0.7
1.1975
0.9136
80.4269
0.1284
0.8
1.3170
0.9088
86.5458
0.1188
0.9
1.4107
0.9061
91.5460
0.1102
1.0
1.4555
0.9060
94.4298
0.1023
1.1
1.5044
0.9058
97.4911
0.0954

Table 4: The eﬀect of the eﬀort cost on the optimal compensation
and the optimal eﬀort level.
θ
k
q
Compensation
n
0.08
2.6906
0.8626
142.9222
0.1268
0.09
1.9391
0.8845
113.9246
0.1182
0.10
1.4107
0.9061
91.5460
0.1102
0.11
1.0271
0.9278
73.6665
0.1026
0.12
0.7468
0.9497
59.2311
0.0953

Table 5: The eﬀect of the ﬂuctuation coeﬃcient on the optimal
compensation and the optimal eﬀort level.
σ2
k
q
Compensation
n
0.022
1.5008
0.9052
96.9997
0.0980
0.024
1.4475
0.9059
93.8495
0.1043
0.026
1.4107
0.9061
91.5461
0.1102
0.028
1.3528
0.9077
88.4240
0.1156
0.030
1.2935
0.9097
85.3381
0.1206

Table 6: The eﬀect of the risk aversion factor on the optimal
compensation and the optimal eﬀort level.
p
k
q
Compensation
n
0.60
0.7942
0.9432
60.9005
0.1012
0.61
1.0608
0.9238
74.6961
0.10
0.62
1.4107
0.9061
91.5460
0.1102
0.63
1.8409
0.8902
111.0353
0.1147
0.64
2.4748
0.8727
137.7054
0.1200

manager’s risk preference and speculate that the manager’s
optimal eﬀort level increases as the risk-averse level decreases and then properly increases the manager’s compensation to reward him for the eﬀort.
By using R software, the graphs of the optimal eﬀort level
changing with parameters with and without agency conﬂicts
are presented in Figures 1–6.

5. Conclusion
According to graphs 1–5, we can see that the optimal eﬀort
levels have the same change tendency in the cases with and
without agency conﬂicts. This implies that the manager
ﬂourishes if the fund family ﬂourishes. However, the ascending (descending) speed is diﬀerent because of the eﬀect
of agency conﬂicts. It is shown from graph 6 that the optimal
eﬀort levels have the opposite change tendency in two cases.
In the case when there are no agency conﬂicts, the eﬀort level
decreases along with the decrease of the fund manager’s risk
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aversion level. In fact, in this case, the fund manager is in the
position of the fund family. A decrease of the fund manager’s
risk aversion level is equivalent to a decrease of the fund
family’s risk aversion level, which is a relative increase of the
fund manager’s risk aversion level in the case with agency
conﬂicts. So, the two results in the two cases are consistent.
We can also suppose that the eﬀort level will change with
time. In this case, the corresponding HJB equation of the
agent optimization problem does not have an explicit solution, which implies that the dynamic programming
principle cannot be used any more. Since the martingale
representation theorem is usually applied to give a representation of the agent’s true continuation value (Sannikov
[18], He [19] for example), we can deduce that this problem
may also be solved by applying the martingale representation theorem. Anyone interested in this more complex
problem can continue to do some research.

Data Availability
The conclusion of this paper is given in the form of an
expression with respect to some parameters. No data were
used to support this study. The data in the table are selected
for the analysis of the inﬂuence of each parameter in the
expression on the optimal eﬀort level.
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