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-e wealth substitution rate, which describes the substitution relationship between agents’ investment in wealth, is introduced
into the collision kernel of the Boltzmann equation to study wealth distribution. Using the continuous trading limit, the
Fokker–Planck equation is derived and the steady-state solution is obtained. -e results show that the inequality of wealth
distribution decreases as the wealth substitution rate increases under certain assumptions. -e wealth distribution has a bimodal
shape if the wealth substitution rate does not equal one.

1. Introduction

Since Pareto [1] discovered that wealth distribution in stable
economy presents power law characteristics, the research on
wealth distribution in multiagent society has been widely
concerned by scholars, including economists, mathemati-
cians, and physicists. Scholars apply different empirical
studies to illustrate that the wealth distribution in the high-
income range follows Pareto distribution, while in bulk
ranges, it follows a Gibbs distribution, a Gamma distribu-
tion, or a log-normal distribution [2]. -ese results inspire
them to find a theory to explain the universality of wealth
distribution [3–5]. In particular, employing the kinetic
theory of rarefied gases to consider wealth distribution in
closed systems can better explain the fat tail of wealth
distribution in the economy [5–9].

-e kinetic model of wealth distribution depends on
binary transactions. Chakraborti and Chakrabarti [10] in-
troduce agents’ fixed saving rate into binary transactions.
Chatterjee et al. [9] discuss individual saving propensity.
Cordier et al. [7] combine agents’ saving propensity with
risks and investigate the formation of the Pareto tail. Düring
and Toscani [11] assume that there are two distinct types of
agents, some of which tend to have higher saving propensity
and some tend to have a lower saving propensity. -e results

show that wealth distribution presents a bimodal shape. -e
binary transaction in [8] contains knowledge, which affects
saving propensity and risks. -e results illustrate that
knowledge is one of the reasons for the Pareto tail formation.
In [6], taxation is introduced into binary transactions, and a
suitable redistribution operator is constructed.-e results in
[6] confirm that taxation and redistribution policy modify
the Pareto index, which means that taxation and redistri-
bution policy can adjust the gap between rich and poor.

Although the wealth distribution model with binary
transactions analyzes the Pareto tail formation, many
scholars use the Maxwell-type collision kernel (constant
collision kernel) when constructing a kinetic model. -e
advantage of choosing the Maxwell-type collision kernel
makes the kinetic model easy to handle but ignores certain
main aspects of human behavior, which may make the
model deviate from practical problems. As stated in Furioli
et al. [12], in the economic environment, the Maxwell-type
collision kernel indicates that an agent with zero wealth or
extremely small wealth can participate in transactions,
leading to a net loss of market funds (excluding risks), and it
may be difficult for agents to trade with such agents.
-erefore, Furioli et al. [12] modify the Maxwell-type col-
lision kernel into a variable collision kernel (also called non-
Maxwell-type collision kernel).
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Inspired by the works in [12], we introduce a new kind of
collision kernel, which describes two characteristics of hu-
man behavior. Under the market trading rule, agents are
usually unwilling to trade with agents with zero wealth or
extremely small wealth, which leads to a net loss of market
funds. Consequently, the result of their mutual choice is that
their wealth should be greater than or equal to a minimum
value, which is the minimum wealth that the other party is
willing to trade with. -e realization of the transaction (or
investment) in the market is due to the fact that both parties
of the transaction (or investment) with their own require-
ments have reached an agreement on the transaction con-
ditions. We assume that both parties finally trade with a
collision frequency depicting substitutive characteristics of
investing wealth. Hence, our collision kernel is

K(v, w) � αv + βw, (1)

where 0< α≤ 1 and 0< β≤ 1 are constants. α and β denote
the proportion of wealth invested by agents with wealth v

and w, respectively. (β/α) is called wealth substitution rate,
meaning that, under a certain collision frequency, agents
with wealth w invest one more unit of wealth, and agents
with wealth v can invest less (β/α) unit of wealth. Similarly,
(α/β) is the wealth substitution rate of agents with wealth v

to agents with wealth w. -e collision kernel with form (1) is
called linear collision kernel.

-e linear collision kernel (1) is not only different from the
Maxwell-type collision kernel but also different from the col-
lision kernel used in [12]. Indeed, ifK(v, w) is constant, it is the
Maxwell-type collision kernel [6–8, 11, 13, 14], which enables
agents with zero wealth or extremely small wealth in themarket
to participate in trading. IfK(v, w) � κ(vw)δ, 0< δ ≤ 1, it is the
variable collision kernel [12], which makes the agents partici-
pating in the transaction need to have a certain amount of
wealth.-e linear collision kernel (1) considers the rationality of
agents with a certain amount of wealth participating in
transactions. However, this selection brings some difficulties to
our subsequent discussions. For example, compared with
Maxwell-type collision kernel, the evolution of moment is
different and compared with the variable collision kernel in
[12], the structure of steady-state solution derived from the
Fokker–Planck equation is more complex.

-e main contribution of this paper is to employ the
linear collision kernel (1) to discuss the influence of wealth
substitution rate. Formulating the linear Boltzmann equa-
tion and seeking the asymptotic Fokker–Planck equation, we
obtain the steady-state solution. -e results show that the
inequality of wealth distribution becomes small as the wealth
substitution rate increases if (β/α)≠ 1, and the wealth
substitution rate has no effect on the inequality of wealth
distribution when (β/α) � 1. We obtain that the influence of
saving propensity and market risk on wealth distribution is
consistent with the Maxwell-type collision kernel. -e bi-
linear kinetic model exhibits that the wealth distribution
presents a bimodal shape if (β/α)≠ 1. In addition, when the
collision frequency is a certain value, the wealth distribution
inequality of one group of agents decreases, while the wealth
distribution inequality of another group increases.

-e rest of this paper is organized as follows. In Section
2, the kinetic model with linear collision kernel is con-
structed and the uniformly bounded moment is discussed.
In Section 3, using the continuous trading limit, we derive
the asymptotic Fokker–Planck equation and study the large-
time behavior of its solution. In Section 4, we build bilinear
kinetic equations to discuss the wealth distribution of agents
from different groups and obtain steady-state solutions. -e
conclusion is given in Section 5.

2. Kinetic Model with Linear Collision Kernel

As mentioned in the introduction, the evolution model of
wealth distribution in multiagent society is mainly based on
the kinetic theory of rarefied gases. -e master equations of
the Boltzmann type constructed by the theory are called
kinetic equations, which describe the evolution of some
characteristics of agents, such as wealth, knowledge, and
opinions (see [7, 8, 15]).

According to the classical kinetic theory [5], we assume
that the population of agents is homogeneous in terms of
personal wealth and indistinguishable, which indicates that
the agent’s state at any time t≥ 0 is completely characterized
by wealth w≥ 0. Hence, the state of the agent is wholly
represented by the unknown distribution function (or
density function) f(w, t), where the wealth w ∈ R+ and the
time t≥ 0. Here, the specific meaning of the distribution
function f(w, t) is that, for a given agent population and
interval R+, the integral 

R+
f(w, t)dw denotes the number

of agents who own wealth w ∈ R+ at time t≥ 0. It is generally
assumed that the distribution function is normalized to one;
that is,


R+

f(w, t)dw � 1. (2)

-e evolution of the distribution function depends on
the fact that the existence of transactions in the market leads
agents to constantly update their amounts of wealth w in
each trade. To be consistent with the classical kinetic theory
of rarefied gases, we always regard a single update of the
quantity w as an interaction.

2.1. Kinetic Modeling. Following the kinetic theory [5], we
construct kinetic equations from two aspects. Firstly, we
determine the transaction rule between agents. To highlight
the characteristics of the collision kernel (1), we consider a
linear transaction rule. -is choice not only does not change
the structure of the final equilibrium but also clarifies the
relationship between the interaction parameters and the
equilibrium shape in a relatively simple way. -e binary
transaction in [7] considers the main aspects of human
behavior. One is saving propensity, which describes that an
agent does not exchange all his/her wealth in a transaction,
ensuring keeping a small part of his/her wealth after each
transaction.-e other one is randomness, which depicts that
the amount of wealth change is uncertain due to the exis-
tence of market risks.-us, we introduce the save propensity
and randomness into the linear transaction rule; that is, the
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agent with wealth w trades in the market, and the wealth w∗
after trading is

w∗ � (1 − λ)w + λv + ηw, (3)

where constant 0< λ≪ 1 denotes trading rate and η is a
random variable with mean zero and variance σ. To guar-
antee that the amount of wealth after trading is not negative,
we assume that η≥ λ − 1. η≤ λ∗ < +∞, meaning that the
random returns gained by agents in each trade are finite.

In (3), the first item on the right-hand side indicates the
remaining wealth after agents who trade in the market take
out λw part of their wealth to participate in the transaction,
so λ describes the agent’s saving propensity.-e second item
denotes the wealth obtained by the agent after participating
in the market transaction, where v ∈ R+ denotes the wealth
owned by agents in the market with a certain distribution
h(v). -e third item is the obtained wealth due to risks in the
market.

Next, similar to the collision frequency between mole-
cules in the classical kinetic theory of rarefied gases, we
determine the transaction frequency between agents. In
many previous works, this transaction frequency is a con-
stant (see [6–8, 11, 13, 14]). Inspired by these works [16–18],
we mainly consider two behaviors of agents. First, under the
linear transaction rule (3), as mentioned in [12], agents in the
market are usually unwilling to trade with agents with zero
wealth or extremely small wealth, which leads to a net loss of
market funds. Consequently, the result of their mutual
choice is that their respective wealth should be greater than
or equal to a minimum value, which is the minimum wealth
that the other party is willing to trade with. Second, the
realization of the transaction (or investment) in themarket is
due to the fact that both parties of the transaction (or in-
vestment) with their own requirements have reached an
agreement on the transaction conditions. We assume that
both parties finally trade with a collision frequency depicting
substitutive characteristics of investing wealth. -e collision
kernel that conforms to the characteristics of these two
behaviors is equation (1).

Based on the above analysis, the precise interpretation of
collision kernel (1) is as follows. On the one hand, agents
with wealth v are willing to trade with agents with wealth w

only when the wealth of agents with wealth w meets the
condition w≥w0 > 0 (w0 is the minimum amount of wealth
accepted by agents with wealth v to participate in the
transaction), vice versa. -erefore, in Figure 1, the area
where the upper part of half-line BC overlaps with the right
part of half-line BA denotes that two types of agents may
have transactions. On the other hand, the collision kernel
measures the probability of the interaction (v, w). Conse-
quently, when the two parties trade at a collision frequency
with substitutive characteristics of investing wealth, the area
below segment AC in Figure 1 is the possible trading region.
To sum up, the area enclosed by triangle ABC in Figure 1 is
the feasible domain where two types of agents trade in the
market.

Using liner collision kernel (1) and linear transaction
rules (3), we obtain that the distribution function f(w, t) of

agents follows, for any smooth function φ(w) (the ob-
servable quantities), the linear integrodifferential equation

d
dt


R+

φ(w)f(w, t)dw �〈
R2

+

K(v, w) φ w∗( (

− φ(w)h(v)f(w, t)dvdw〉,

(4)

where function h(v)(v ∈ R+) is the wealth distribution
owned by agents in the market and K(v, w) is the collision
kernel defined by (1).-e notation 〈·〉 denotes mathematical
expectation, which is mainly due to the existence of random
variable η in (3). For more details of utilizing the linear
kinetic model to study wealth distribution, the reader is
referred to [19].

-e collision kernel (1) brings difficulties to analyze
wealth distribution. An example in the following subsection
will state the difficulties.

2.2. Uniformly Bounded Moments. As stated in the classical
kinetic theory [5], the moments of the solution of equation
(4) remain bounded in time, which is very important for
analyzing the evolution of wealth distribution. To avoid
unnecessary difficulties, we assume that the first four mo-
ments of h(v) are bounded; namely,

Mi � 
R+

v
i
h(v)dv<∞, i � 1, 2, 3, 4. (5)

-e i-th moment of f(w, t) is denoted by

mi(t) � 
R+

w
i
f(w, t)dw, i � 1, 2, . . . , n. (6)

From equation (4), we obtain the conservation of mass.
Indeed, choosing φ(w) � 1 in equation (4) yields


R+
f(w, t)dw � 1. If the initial function f(w, 0) � f0(w) is

a probability density function, then f(w, t) is still a prob-
ability density function at each subsequence time.

w0

v0

v

w

B

A

C

Figure 1: Graph of functions v � v0(> 0), w � w0(> 0), and
v � (1/α) − (β/α)w.
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Choosing φ(w) � w in (4), we get the evolution of the
mean value

dm1(t)

dt
�〈

R2
+

(αv + βw) w∗ − w( h(v)f(w, t)dvdw〉,

(7)

and (3) implies that

〈w∗ − w〉 � λ(v − w). (8)

Substituting (8) into (7) yields

dm1(t)

dt
� λ

R2
+

(αv + βw)(v − w)h(v)f(w, t)dvdw

� λαM2 + λ(β − α)M1
R+

wf(w, t)dw

− λβ
R+

w
2
f(w, t)dw.

(9)

According to Jensen’s inequality, we have


R+

w
2
f(w, t)dw≥ 

R+

wf(w, t)dw 

2

. (10)

Using this result, the evolution of the mean value
becomes

dm1(t)

dt
≤ λαM2 + λ(β − α)M1m1(t) − λβm1(t)

2
. (11)

From (11), we have

m1(t)≤
x1 − x2C1e

− λC2t

1 − C1e
− λC2t

, (12)

where

x1 �
(β − α)M1 + C2

2β
,

x2 �
(β − α)M1 − C2

2β
,

C1 �
m1(0) − x1

m1(0) − x2
,

C2 �

�����������������

(β − α)
2
M

2
1 + 4αβM2



.

(13)

Inequality (12) means that the mean value is uniformly
bounded if its initial value is bounded.

Similarly, we consider the second moment. Using (3)
yields

〈w2
∗ − w

2〉 � λ2 + σ − 2λ w
2

+ λ2v2 + 2λ(1 − λ)vw.

(14)

-e evolution of the second moment satisfies

dm2(t)

dt
� α λ2 + σ − 2λ  + 2βλ(1 − λ) M1

R+

w
2
f(w, t)dw

+ βλ2 + 2αλ(1 − λ) M2
R+

wf(w, t)dw + αλ2M3

+ β λ2 + σ − 2λ 
R+

w
3
f(w, t)dw.

(15)

If constants λ and σ satisfy

λ2 + σ − 2λ< 0, (16)

letting ((x1 − x2C1e
− λC2t)/(1 − C1e

− λC2t)) � D1 and utiliz-
ing Jensen’s inequality, we obtain

dm2(t)

dt
≤ α λ2 + σ − 2λ  + 2βλ(1 − λ) M1m2(t)

+ βλ2 + 2αλ(1 − λ) M2D1

+ β λ2 + σ − 2λ D
3
1 + αλ2M3.

(17)

Consequently, inequality (17) yields

m2(t)≤m2(0)e
C3t

+
C4

C3
e

C3t
− 1 , (18)

where

C3 � α λ2 + σ − 2λ  + 2βλ(1 − λ) M1,

C4 � βλ2 + 2αλ(1 − λ) M2D1 + β λ2 + σ − 2λ D
3
1 + αλ2M3.

(19)

Inequality (18) implies that the second moment remains
uniformly bounded if its initial value is bounded.

Using tedious calculations, it is deduced that as long as the
initial moment of order n> 2 is bounded and the coefficient of
the higher-order term of wealth variable w in expression
〈wn
∗ − wn〉 is negative (i.e., 〈(1 − λ + η)n〉 − 1< 0), then the

moment of order n> 2 is uniformly bounded.

3. The Fokker–Planck Equation

Generally speaking, finding the analytical solution of equation
(4) is difficult. A feasible way is to study its asymptotic be-
havior by means of continuous trading limit. Similar as-
ymptotic analysis can be found in [7, 11, 13, 14] for the kinetic
model of wealth distribution in multiagent society.

We assume that microscopic interaction (3) causes a
slight mean change of the wealth by the scaling

λ⟶ ςλ,

η⟶
�
ς

√
η,

(20)

where ς is a positive constant and satisfies ς≪ 1. Note that
the selection of the scaling has ensured that inequality (16)
holds. -e scaling has a small impact on the evolution of
mean wealth (9); namely,
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dm1(t)

dt
� ςλ

R2
+

(αv + βw)(v − w)h(v)f(w, t)dvdw.

(21)

Let t⟶ ςτ; then f(w, t) � g(w, τ). In this case, we
have f0(w) � g0(w), and the evolution of mean wealth
follows

dm1(τ)

dτ
� λ

R2
+

(αv + βw)(v − w)h(v)g(w, τ)dvdw. (22)

Comparing (9) and (22), it is observed that the scaling
parameter ς does not affect the evolution of the mean value
of f(w, t).

Under the condition ς2λ2 + ςσ − 2ςλ< 0, the evolution of
the second moment is as follows:

dm2(τ)

dτ
�
1
ς
〈

R2
+

(αv + βw) w
2
∗ − w

2
 h(v)g(w, τ)dvdw〉

� 
R2

+

(αv + βw) (σ − 2λ)w
2

+ 2λvw h(v)g(w, τ)dvdw + R(τ),

(23)

where

R(τ) � ςλ2
R2

+

(αv + βw)(v − w)
2
h(v)g(w, τ)dvdw. (24)

In (23), the remainder R(τ) vanishes with ς⟶ 0.
-erefore, the evolution of the second moment is inde-
pendent of the scaling parameter ς.

Now, we apply the simultaneous scaling of interaction
parameters to deduce the evolution of a general observable
quantity. Combining (3) and (20), it has

〈w∗ − w〉 � ςλ(v − w),

〈 w∗ − w( 
2〉 � ςσw

2
− ς2λ2(v − w)

2
.

(25)

For any smooth function φ(w), expanding Taylor series
φ(w∗) around φ(w), we get

〈φ w∗(  − φ(w)〉 � ς λφ′(w)(v − w) +
φ″(w)

2
σw

2
  + rς(v, w),

(26)

where the remainder rς(v, w) vanishes at the order ς3/2 as
ς⟶ 0 [20]. Substituting (26) into (4), after the time scaling,
we obtain

d
dτ


R+

φ(w)g(w, τ)dw

� 
R2

+

(αv + βw) λφ′(w)(v − w)

+
φ″(w)

2
σw

2
h(v)g(w, τ)dvdw

+
1
ς


R2

+

(αv + βw)rς(v, w)h(v)g(w, τ)dvdw.

(27)

-e second term on the right-hand side of (27) becomes
zero if ς⟶ 0. Calculating the integral of the first term
about h(v), we acquire
d
dτ


R+

φ(w)g(w, τ)dw

� λαM2
R+

φ′(w)g(w, τ)dw − λ(α − β)M1
R+

φ′(w)wg(w, τ)dw

− λβ
R+

φ′(w)w
2
g(w, τ)dw +

ασ
2

M1
R+

φ″(w)w
2
g(w, τ)dw

+
βσ
2


R+

φ″(w)w
3
g(w, τ)dw.

(28)

Using integration by parts in (28), we derive the Fok-
ker–Planck equation

zg(w, τ)

zτ
�
σ
2

z
2

zw
2 βw + αM1( w

2
g 

+ λ
z

zw
βw

2
+(α − β)M1w − αM2 g .

(29)

In fact, the Fokker–Planck equation (29) is a special one
of the following form:

zg(x, τ)

zτ
�

z

zx

z

zx
(i(x)g(x, τ)) + j(x)g(x, τ) , (30)

where x≥ 0 and the diffusion coefficient i(x)≥ 0 and i(x) �

0 is only obtained when x � 0. In [21], Feller proves the
existence and uniqueness of the solutions of equation (30).
-us, the solutions of the Fokker–Planck equation (29) exist
and are unique.

As stated in [20], the right boundary condition (i.e., so-
called no-flux boundary conditions)

Mathematical Problems in Engineering 5



σ
2

z

zw
βw + αM1( w

2
g  + λ βw

2
+(α − β)M1w − αM2 g  |

+∞

0
� 0, τ > 0, (31)

ensures mass conservation. In the Fokker–Planck equation
(29), as τ⟶∞, we get that the steady-state solution
g∞(w) satisfies

σ
2

z

zw
βw + αM1( w

2
g∞(w)  + λ βw

2
+(α − β)M1w − αM2 g∞(w)  � 0. (32)

Solving (32), we obtain

g∞(w) � C5w
A1/σ( ) α M1 +

β
α

w  

A3/β( )

e
− A2/σw( ),

(33)

where the constant C5 satisfies 
R+

g∞(w)dw � 1 and

A1 � − 2(λ + σ) − 2λ
β
α

M2

M
2
1

− 1 ,

A2 � 2λ
M2

M1
,

A3 � − β 1 −
2λ
σ

β
α

M2

M
2
1

− 1  .

(34)

In (33), when β � α (i.e., (β/α) � 1), the wealth substi-
tution rate has no effect on wealth distribution. In this case,
the steady-state wealth distribution is mainly affected by the
saving propensity parameter λ, the market risks parameter σ,
the proportion α of wealth investment, and the first and
second moments of h(v). When β≠ α (i.e., (β/α)≠ 1), the
wealth substitution rate has an impact on wealth distribu-
tion. -e steady-state wealth distribution g∞(w) corre-
sponding to different values of wealth substitution rate is
shown in Figure 2.

To analyze the influence of wealth substitution rate on
wealth distribution, we employ the Lorentz curve defined as

L(G(w)) �


w

0 g∞(z)zdz


R+

g∞(z)zdz
, (35)

where G(w) � 
w

0 g∞(z)dz is the cumulative density
function. According to the Lorentz curve, the Gini coeffi-
cient [22] is

G � 1 − 2
1

0
L(G(w))dw. (36)

-e Gini coefficient is regarded as a measure of in-
equality in wealth distribution, and it varies in [0, 1]. G � 0
denotes perfect equality, and G � 1 means perfect inequality.
-e Lorentz curves corresponding to different wealth sub-
stitution rates are presented in Figure 2. We calculate the
Gini coefficient corresponding to these Lorentz curves in

Table 1 (in fact, in our model, there exists a larger Gini
coefficient than 0.5512.-is is consistent with the results of a
recent study by Alfani and Schifano 2021 (https://www.
oecdilibrary.org/sites/3d96efc5-en/index.html?itemId�/con
tent/publication/3d96efc5-en); namely, the typical value of
wealth inequality is in the range 0.52–0.88 for the post-1980
period. However, if we want to calculate the larger Gini
coefficient, we need to choose a smaller wealth substitution
rate and saving propensity and larger risk parameters). It is
clearly seen that the inequality of wealth distribution de-
creases with the increase of the wealth substitution rate.

Under linear collision kernel, the influence of saving
propensity and market risks on wealth distribution is
consistent with that under Maxwell-type collision kernel.
Figure 3 displays the steady-state wealth distribution and the
Lorentz curve of different saving propensity parameter
values. -e Gini coefficient is calculated in Table 2. Clearly,
the inequality of wealth distribution reduces as the saving
propensity increases. -e steady-state wealth distribution
and the Lorentz curve of different risk parameter values are
shown in Figure 4, and the Gini coefficient is given in Ta-
ble 2. It is observed that the increase of market risk leads to
the increase of inequality of wealth distribution.

4. Bilinear Kinetic Model

In the previous section, the Boltzmann equation is con-
structed by a linear transaction rule and collision kernel (1),
and its corresponding Fokker–Planck equation is derived by
means of a continuous trading limit.-is method is similarly
extended to binary transactions. Binary transaction rules
with saving propensity and risks have been introduced in [7].
According to the idea in [7], we consider two groups of
agents with wealth v, w, respectively, in the market and
update their amounts of wealth according to the rule

v∗ � (1 − λ)v + λw + η1v,

w∗ � (1 − λ)w + λv + η2w,
(37)

where λ is a constant trading rate, such that 0< λ≪ 1, and
η1, η2 are independent and identically distributed random
variables with mean zero and variance σ, which are inde-
pendent of wealth variables. Similarly, to guarantee that the
wealth variables after trading are not negative, we assume
η1, η2 ≥ λ − 1.
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Figure 3: Steady-state probability g∞(w) (a) and corresponding Lorentz curves (b) for α � 0.4, β � 0.4, σ � 0.5, M1 � 1, and M2 � 1.05 and
different λ.
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Figure 2: Steady-state probability g∞(w) (a) and corresponding Lorentz curves (b) for λ � 0.05, σ � 0.5, M1 � 1, and M2 � 1.05 and
different (β/α).

Table 1: Gini coefficient for the steady-state wealth distribution with different wealth substitution rates.

α β β/α Gini coefficient
0.4 0.04 0.1 0.5512
0.4 0.4 1 0.5090
0.4 0.8 2 0.4922

Mathematical Problems in Engineering 7



Obviously, (37) yields

〈v∗ + w∗〉 � v + w, (38)

and this means that total wealth is conserved in a statistical
sense.

According to the collision kernel (1), the proportion of
wealth invested by agents with wealth v is α, and that of
agents with wealth w is β. α � βmeans that there is only one
kind of agent in the market. α≠ β indicates that there are two
groups of agents in the market. Let f1(w, t) and f2(w, t)

represent the wealth distribution of agents whose investment
ratio is α and β, respectively. -e total wealth distribution is
f(w, t) � f1(w, t) + f2(w, t). We fix initial total wealth
distribution which is unit mass; that is, 

R+
f(w, 0)dw � 1.

Following the ideas in [11], the evolution of fj(w, t) satisfies
the bilinear kinetic equation
zfj(w, t)

zt
� Q fj, fj (w) + Q fj, fj (w), j, j � 1, 2, and j≠ j,

(39)
where the collision operators Q(fj, fj)(w) and
Q(fj, fj)(w) denote the evolution of fj(w, t) due to
transaction between agents of different groups and the same
group, respectively. To clarify the characteristics of collision
kernel (1), we assume that agents of the same group do not

trade. In this setting, Q(fj, fj)(w) � 0; the weak form of
(39) is given by

d
dt


R+

φ(w)fj(w, t)dw

�
1
2
〈

R2
+

K(v, w) φ w∗(  + φ v∗(  − φ(w)(

− φ(v)fj(w, t)fj(v, t)dvdw〉

�〈
R2

+

K(v, w) φ w∗(  − φ(w)( fj(w, t)fj(v, t)dvdw〉,

(40)
where φ(·) is any smooth function, the collision kernel
K(v, w) � αw + βv if j � 1, and K(v, w) � βw + αv if j � 2.

In (40), choosing φ(w) � 1, we obtain
(d/dt)

R+
fj(w, t)dw � 0. -is means that the solution of

(40) satisfies mass conservation; that is,


R+

f1(w, t)dw � 
R+

f1(w, 0)dw � ρ1,


R+

f2(w, t)dw � 
R+

f2(w, 0)dw � ρ2,
(41)
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Figure 4: Steady-state probability g∞(w) (a) and corresponding Lorentz curves (b) for α � 0.4, β � 0.4, λ � 0.05, M1 � 1, and M2 � 1.05
and different σ.

Table 2: Gini coefficient for the steady-state wealth distribution with different wealth substitution rates.

λ Gini coefficient σ Gini coefficient
0.05 0.5090 0.1 0.3812
0.4 0.3384 0.5 0.5090
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and ρ1 + ρ2 � 1. For any K(v, w), φ(w) � w yields
d
dt


R+

wfj(w, t)dw

�
1
2
〈

R2
+

K(v, w) w∗ + v∗ − w − v( fj(w, t)fj(v, t)dvdw〉 � 0.

(42)

-is indicates that the mean wealth is conserved,


R+

wf1(w, t)dw � m1,1(0),


R+

wf2(w, t)dw � m1,2(0),

(43)

and the total mean wealth is m1,1(0) + m1,2(0) � m1(0),
where the first subscript of mi,j represents the i-th moment
of fj(w, t) and the second subscript represents the j-th class
agent. It is difficult to obtain the analytical expression of
high-order moment evolution. For this reason, we assume
that the moment of the solution of equation (40) is bounded
up to order three.

In (40), for the evolution of f1(w, t), applying the scaling
(20) and the time scaling, using the Taylor expanding to
φ(w), we obtain the weak form of Fokker–Planck equation
corresponding to equation (40)

d
dτ


R+

φ(w)g1(w, τ)dw

� λβm2,2(τ)
R+

φ′(w)g1(w, τ)dw + λ(α − β)m1,2(0)
R+

φ′(w)wg1(w, τ)dw

− λαρ2
R+

φ′(w)w
2
g1(w, τ)dw +

ρ2ασ
2


R+

φ″(w)w
3
g1(w, τ)dw

+
βσm1,2(0)

2


R+

φ″(w)w
2
g1(w, τ)dw.

(44)

Making use of boundary conditions, we deduce the
Fokker–Planck equation

zg1(w, τ)

zτ
�
σ
2

z
2

zw
2 ρ2αw + βm1,2(0) w

2
g1(w, τ) 

+ λ
z

zw
ρ2αw

2


+(β − α)m1,2(0)w − βm2,2(τ)g1(w, τ),

(45)

where m2,2(τ) � 
R+

v2g2(v, τ)dv. In the same way, we obtain
the equation

zg2(w, τ)

zτ
�
σ
2

z
2

zw
2 ρ1βw + αm1,1(0) w

2
g2(w, τ) 

+ λ
z

zw
ρ1βw

2
+(α − β)m1,1(0)w

− αm2,1(τ)g2(w, τ),

(46)

where m2,1(τ) � 
R+

v2g1(v, τ)dv.
From (45), we get the steady-state solution

g1,∞(w) � C6w
A4/σ( ) β m1,2(0) + ρ2

α
β

w  

A6/ρ2α( )

e
− A5/σw( ),

(47)

where the constant C6 satisfies 
R+

g1,∞(w)dw � ρ1 and

A4 � − 2(λ + σ) − 2λ
α
β

ρ2
m2,2(∞)

m1,2(0)
2 − 1⎛⎝ ⎞⎠,

A5 � 2λ
m2,2(∞)

m1,2(0)
,

A6 � − ρ2α 1 −
2λ
σ

α
β

ρ2
m2,2(∞)

m1,2(0)
2 − 1⎛⎝ ⎞⎠⎡⎢⎢⎣ ⎤⎥⎥⎦.

(48)

Similarly, we obtain

g2,∞(w) � C7w
A7/σ( ) α m1,1(0) + ρ1

β
α

w  

A9/ρ1β( )

e
− A8/σw( ),

(49)

where the constant C7 satisfies 
R+

g2,∞(w)dw � ρ2 and

A7 � − 2(λ + σ) − 2λ
β
α

ρ1
m2,1(∞)

m1,1(0)
2 − 1⎛⎝ ⎞⎠,

A8 � 2λ
m2,1(∞)

m1,1(0)
,

A9 � − ρ1β 1 −
2λ
σ

β
α

ρ1
m2,1(∞)

m1,1(0)
2 − 1⎛⎝ ⎞⎠⎡⎢⎢⎣ ⎤⎥⎥⎦.

(50)
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It is seen that the structure of steady-state solutions in
(47) and (49) is consistent with that in (33). -erefore, if the
proportion of wealth investment of one group of agents is
unchanged, the proportion of wealth investment of the other
group increases, that is, the wealth substitution rate of the
other group increases, and then the inequality of wealth
distribution of the other group decreases. If the collision
frequency is a certain value, the increase of the wealth
substitution rate of one group leads to the decrease of the
wealth substitution rate of the other group, meaning that the
inequality of wealth distribution of one group decreases
while that of the other group increases.

Taking the sum of (47) and (49) gives the total wealth
distribution

g∞(w) � C6w
A4/σ( ) ρ2αw + βm1,2(0) 

A6/ρ2α( )
e

− A5/σw( )

+ C7w
A7/σ( ) ρ1βw + αm1,1(0) 

A9/ρ1β( )
e

− A8/σw( ).

(51)

In (51), when α � β, the wealth substitution rate does not
affect the shape of total wealth distribution. When α≠ β, the
wealth substitution rate leads to a bimodal of total wealth
distribution. Indeed, the maximum value of wealth distri-
bution g1,∞(w) arrives at

w1,max �
− a1βm1,2(0) + a3ρ2α  −

��
Δ

√

2ρ2α a1 + a2( 
,

Δ � a1βm1,2(0) + a3ρ2α 
2

− 4ρ2αβ a1 + a2( a3m1,2(0),

(52)

where a1 � (A4/σ), a2 � (A6/ρ2α), a3 � (A5/σ)> 0, and
a1 + a2 � − 3 − (2λ/σ)< 0. However, the maximum value of
wealth distribution g2,∞(w) arrives at

w2,max �
− a4αm1,1(0) + ρ1βa6  −

��
Δ

√

2ρ1β a4 + a5( 
,

Δ � a4αm1,1(0) + ρ1βa6 
2

− 4αβρ1 a4 + a5( a6m1,1(0),

(53)

where a4 � (A7/σ), a5 � (A9/ρ1β), a6 � (A8/σ)> 0, and
a4 + a5 � − 3 − (2λ/σ)< 0. See [11, 23] for more details on
bimodal distribution. If α≠ β, then w1,max ≠w2,max. In this
case, Figure 5(a) shows that the total wealth distribution
presents a bimodal shape. However, different selections of
parameters may produce a single peak shape (see
Figure 5(b)).

5. Conclusion

In this paper, the wealth substitution rate which describes
the substitution relationship between agents’ investment is
introduced into the collision kernel of the Boltzmann
equation to study wealth distribution. By resorting to the
kinetic theory of rarefied gases, we build a linear kinetic
equation. Using the continuous trading limit, we derive the
corresponding the Fokker–Planck equation and obtain the
steady-state solution. -e results show that the inequality of
wealth distribution becomes small as the wealth substitution
rate increases if (β/α)≠ 1, and the wealth substitution rate
has no effect on the inequality of wealth distribution if
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Figure 5: Steady-state probability g1,∞(w), g2,∞(w), and g∞(w) (a) for ρ1 � ρ2 � 0.5, α � 0.2, β � 0.6, λ � 0.2, σ � 0.1, m1,1(0) � 1, and
m1,2(0) � 3. Steady-state probability g1,∞(w), g2,∞(w), and g∞(w) (b) for ρ1 � ρ2 � 0.5, α � 0.2, β � 0.4, λ � 0.2, σ � 0.1, m1,1(0) � 1, and
m1,2(0) � 2.
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(β/α) � 1. In addition, we obtain that the impact of saving
propensity and market risks on wealth distribution under
the linear collision kernel is consistent with the Maxwell-
type collision kernel. Applying a similar method, the bilinear
kinetic model illustrates that when the collision frequency is
a certain value, the change of wealth substitution rate leads
to a decrease in the wealth distribution inequality of one
group of agents and an increase in the wealth distribution
inequality of another group. If (β/α)≠ 1, the total wealth
distribution presents a bimodal shape.
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