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)e aim of this manuscript is to establish several finite summation formulas (FSFs) for the generalized Kampé de Fériet series
(GKDFS). Moreover, the particular result for confluent forms of Lauricella series in n variables and four generalized Lauricella
functions are obtained from the finite summation formulas for the GKDFS.

1. Introduction

Special functions are essential tools in several equations
arising in natural science. )e hypergeometric series and
its generalizations are appeared in many mathematical
problems and their applications. )e theory of hyper-
geometric functions in many variables by the fact that the
solutions of partial differential equations appearing in
several applied problems of mathematical physics has
been presented in terms of such hypergeometric func-
tions [1–4].

Since 2012, Brychkov and Saad [5–8] have obtained
many finite summation formulas of Appell’s functions F1,
F2, and F3. Later, Wang established some infinite sum-
mation formulas of double hypergeometric functions [9].
In 2016, Wang and Chen [10] derived FSFs of double
hypergeometric functions involving some summation
theorems. In 2019, Sahai and Verma [11] gave FSFs for the
Srivastava’s general triple hypergeometric function [12].
For instance, works of Lauricella functions [13] and
Srivastava’s triple hypergeometric functions [14, 15] have

been provided. )ese works generalized and unified
several results in [10] for the three-variable hyper-
geometric function. In view of the abovementioned works,
our motivation is to present here several FSFs for the
GKDFS. Also, some particular cases yielding to FSFs for
four generalized Lauricella functions and confluent forms
of Lauricella series in n variables are given.

)e multivariable generalization of Kampé de Fériet
function is given as [2, 3]
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and, for convergence of (1), 1 + l + υu − p − μu ≥ 0 for
u � 1, . . . , n. )e equality is satisfied if, in addition, either
(p> l and |τ1|

1/(p− l) + · · · + |τn|1/(p− l) < 1), or (p≤ l and
max(|τ1|, . . . , |τn|)< 1).

Next, we give the definition of the derivative operator [3]
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h
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where (θj)k corresponds to Pochhammer symbol [16]. 2. FSFs of GKDFS by Derivative Operator

)e FSFs of GKDFS follow by using a derivative operator.
)e rth derivative on τ1 of GKDFS is obtained as follows:
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Due to the Leibnitz formula
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and (5), the following FSFs of GKDFS follow.

Theorem 1. We have the following FSFs of GKDFS:
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with i � 1, . . . , μ1. Proof. We prove the identity (7). Using the definition of
GKDFS and the Leibnitz formula for differentiation of a
product of two functions, one writes
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Here, we used (5) and a simplification in the second
equality. Again, combine τai+r−1

1 with the variable τ1 in the
GKDFS and put the derivative operator r-times on τ1 to get
the following:
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Formula (7) follows clearly. )e proof of (8) is done
similarly. □

Theorem 2. We have the following FSF of GKDFS:



r

k�0

r

k

⎛⎜⎜⎝ ⎞⎟⎟⎠
[a]k b

(1)
 

k

ω(1)
i − r 

k
[α]k ω(1)

 
k

τk
1F

p: μ1;...;μn

l: υ1;...;υn

ap + k : b
(1)
μ1

+ k ; b
(2)
μ2 ; . . . ; b

(n)
μn

 ;

αl + k( : ω(1)
υ1

+ k ; ω(2)
υ2 ; . . . ; ω(n)

υn
 ;

τ1, . . . , τn

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

� F
p: μ1;...;μn

l: υ1;...;υn

ap : b
(1)
μ1 ; b

(2)
μ2 ; . . . ; b

(n)
μn

 ;

αl( : ω(1)
i − r, ω(1),i

υ1 ; ω(2)
υ2 ; . . . ; ω(n)

υn
 ;

τ1, . . . , τn

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦,

(11)
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where i � 1, . . . , υ1.
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Proof. We first establish (12). Due to GKDFS and the
Leibnitz formula for differentiation of a product of two
functions, one gets
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and the combination with the above lead to (12). )e ap-
plication of Dr

τ1
on

τ1−ω(1)

i
−r

1 × τω
(1)

i
+r−1

1 F
p: μ1;...;μn

l: υ1;...;υn

ap : b
(1)
μ1

+ r ; b
(2)
μ2 ; . . . ; b

(n)
μn

 ;

αl( : ω(1)
i + r, ω(1),i

υ1 ; ω(2)
υ2 ; . . . ; ω(n)

υn
 ;

τ1, . . . , τn
⎡⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎦. (15)

Formula (13) follows as in the proof of (12). □ Theorem 4. We have the following FSFs of GKDFS:



r

k�0

(−r)k

ai − r + 1( k

F
p+1: μ1: ...: μn

l+1: υ1: ...: υn

1 + k, ap : b
(1)
μi

 ; . . . ; b
(1)
μn

 ;

1, αl( : ω(1)
υi

 ; . . . ; ω(1)
υn

 ;

1
τ1

, . . .
1
τ1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦,

�
ai − r

ai

F
p+1: μ1: ...: μn

l+1: υ1: ...: υn

1 − ai + r, ap : b
(1)
μi

 ; . . . ; b
(1)
μn

 ;

1 − ai, αl( : ω(1)
υi

 ; . . . ; ω(1)
υn

 ;

1
τ1

, . . .
1
τ1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦,

(16)

with i � 1, . . . , p;



r

k�0

(−r)k

b
(1)
i − r + 1 

k

F
p: μ1+1;μ2;...;μn

l: υ1+1;υ2;...;υn

ap : 1 + k, b
(1)
μ1 ; . . . ; b

(n)
μn

 ;

αl( : 1, ω(1)
υ1 ; . . . ; ω(n)

υn
 ;

1
τ1

, τ2, . . . , τn

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

�
b

(1)
i − r

b
(1)
i

F
p: μ1+1;μ2;...;μn

l: υ1+1;υ2;...;υn

ap : 1 − b
(1)
i + r, b

(1)
μ1 ; . . . ; b

(n)
μn

 ;

αl( : 1 − b
(1)
i , ω(1)

υ1 ; . . . ; ω(n)
υn

 ;

1
τ1

, τ2, . . . , τn

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦,

(17)

with i � 1, . . . , μ1.
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Proof. We first establish (16). Note that formula (17) could
be done similarly. )e calculation of rth derivatives on τ1 of
τai−1
1 F

p: μ1;...;μn

l: υ1;...;υn
(1/τ1, . . . , 1/τn) gives

D
r
τ1

τai−1
1 F

p: μ1;...; μn

l: υ1;...; υn

ap : b
(1)
μ1 ; . . . ; b

(n)
μn

 ;

αl( : ω(1)
υ1 ; . . . ; ω(n)

υn
 ;

1
τ1

, . . . ,
1
τ1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎨

⎪⎪⎩

⎫⎪⎪⎬

⎪⎪⎭

� (−1)
r 1 − ai( r

τr+1−ai

1
F

p+1: μ1;...; μn

l+1: υ1;...; υn

1 − ai + r, ap : b
(1)
μ1 ; . . . ; b

(n)
μn

 ;

1 − ai, αl( : ω(1)
υ1 ; . . . ; ω(n)

υn
 ;

1
τ1

, . . . ,
1
τ1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦.

(18)

Due to the Leibnitz formula, one has

D
r
τ1

τai−1
1 F

p: μ1;...; μn

l: υ1;...; υn

ap : b
(1)
μ1 ; . . . ; b

(n)
μn

 ;

αl( : ω(1)
υ1 ; . . . ; ω(n)

υn
 ;

1
τ1

, . . . ,
1
τ1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎨

⎪⎪⎩

⎫⎪⎪⎬

⎪⎪⎭

� 
r

k�0

r

k

⎛⎝ ⎞⎠D
r−k
τ1

τai

1 D
k
τ1

τ−1
1 F

p: μ1;...; μn

l: υ1;...; υn

ap : b
(1)
μ1 ; . . . ; b

(n)
μn

 ;

αl( : ω(1)
υ1 ; . . . ; ω(n)

υn
 ;

1
τ1

, . . . ,
1
τ1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎨

⎪⎪⎩

⎫⎪⎪⎬

⎪⎪⎭

� (−1)
r

−ai( rτ
ai−r−1
1 

r

k�0

(−r)k

ai − r + 1( k

F
p+1: μ1;...; μn

l+1: υ1;...; υn

1 + k, ap : b
(1)
μ1 ; . . . ; b

(n)
μn

 ;

1, αl( : ω(1)
υ1 ; . . . ; ω(n)

υn
 ;

1
τ1

, . . . ,
1
τ1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦.

(19)

With the combination of the above, one has (16). □ Theorem 5. Ge following FSFs of GKDFS are satisfied:



r

k�0

(−r)k

2 − ai − r( k

F
p+1: μ1;...; μn

l+1: υ1;...; υn

1 + k, a
i
p : b

(1)
μ1 ; . . . ; b

(n)
μn

 ;

1, αl( : ω(1)
υ1 ; . . . ; ω(n)

υn
 ;

1
τ1

, . . . ,
1
τ1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

�
ai + r − 1

ai − 1
F

p: μ1;...; μn

l: υ1;...; υn

ai + r, a
i
p : b

(1)
μ1 ; . . . ; b

(n)
μn

 ;

αl( : ω(1)
υ1 ; . . . ; ω(n)

υn
 ;

1
τ1

, . . . ,
1
τ1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦,

(20)

with i � 1, . . . , p;



r

k�0

(−r)k

2 − b
(1)
i − r 

k

F
p+1: μ1;...; μn

l+1: υ1;...; υn

ap : 1 + k, b
(1)
μ1

+ k ; . . . ; b
(n)
μn

 ;

αl( : 1, ω(1)
υ1 + k ; . . . ; ω(n)

υn
 ;

1
τ1

, τ2, . . . , τn

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

�
b

(1)
i + r − 1
b

(1)
i − 1

F
p: μ1;...; μn

l: υ1;...; υn

ap : b
(1)
i + r, b

(1)
μ1 ; . . . ; b

(n)
μn

 ;

αl( : ω(1)
υ1 ; . . . ; ω(n)

υn
 ;

1
τ1

, τ2, . . . , τn

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦,

(21)
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with i � 1, . . . , μ1.

Proof. We multiply the L. H. S of F
p: μ1;...; μn

l: υ1;...; υn
(1/τ1, . . . , 1/τn)

series by τ1−ai

1 × τ−1
1 and we use the derivative operator as in

(16) to prove (20). )e proof of formula (21) is done
similarly. □

Theorem 6. Ge following FSFs of GKDFS are verified:



r

k�0

(−r)k

(2 − 2r)k

F
p+1: μ1;...; μn

l+1: υ1;...; υn

1 + k, ap : b
(1)
μ1 ; . . . ; b

(n)
μn

 ;

1, αl( : ω(1)
υ1 ; . . . ; ω(n)

υn
 ;

1
τ1

, . . . ,
1
τ1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

�
2r − 1
r − 1

F
p+1: μ1;...; μn

l+1: υ1;...; υn

2r, ap : b
(1)
i + r, b

(1)
μ1 ; . . . ; b

(n)
μn

 ;

r, αl( : ω(1)
υ1 ; . . . ; ω(n)

υn
 ;

1
τ1

, . . . ,
1
τ1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦,

(22)

with i � 1, . . . , p;


r

k�0

(−r)k

(2 − 2r)k

sF
p: μ1+1;μ2;...; μn

l: υ1+1;υ2;...; υn

ap : 1 + k, b
(1)
μ1 ; . . . ; b

(n)
μn

 ;

αl( : 1, ω(1)
υ1 ; . . . ; ω(n)

υn
 ;

1
τ1

, τ2, . . . , τn

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

�
2r − 1
r − 1

F
p: μ1+1;μ2;...; μn

l: υ1+1;υ2;...; υn

ap : 2r, b
(1)
μ1 ; . . . ; b

(n)
μn

 ;

αl( : r, ω(1)
υ1 ; . . . ; ω(n)

υn
 ;

1
τ1

, τ2, . . . , τn

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦,

(23)

with i � 1, . . . , μ1.

Proof. We first present an idea to establish (22).Wemultiply
the L. H. S of F

p: μ1;...; μn

l: υ1;......; υn
(1/τ1, . . . , 1/τn)-series by τ1−r

1 × τ−1
1

and we apply the derivative operator on as in the proof of

(16) to obtain (22). Formula (23) may be done in a similar
strategy. □

Theorem 7. Ge following FSFs of GKDFS are verified:



r

k�0

(−r)k

(1 − 2r)k

F
p+1: μ1;...; μn

l+1: υ1;...; υn

1 + k, ap : b
(1)
μ1 ; . . . ; b

(n)
μn

 ;

1, αl( : ω(1)
υ1 ; . . . ; ω(n)

υn
 ;

1
τ1

, . . . ,
1
τ1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

� 2F
p+1: μ1;...; μn

l+1: υ1;...; υn

1 + 2r, ap : b
(1)
i + r, b

(1)
μ1 ; . . . ; b

(n)
μn

 ;

1 + r, αl( : ω(1)
υ1 ; . . . ; ω(n)

υn
 ;

1
τ1

, . . . ,
1
τ1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦,

(24)


r

k�0

(−r)k

(1 − 2r)k

F
p: μ1+1;μ2;...; μn

l: υ1+1;υ2;...; υn

ap : 1 + k, b
(1)
μ1 ; . . . ; b

(n)
μn

 ;

αl( : 1, ω(1)
υ1 ; . . . ; ω(n)

υn
 ;

1
τ1

, τ2, . . . , τn
⎡⎢⎢⎢⎢⎣ ⎤⎥⎥⎥⎥⎦

� 2F
p: μ1+1;μ2;...; μn

l: υ1+1;υ2;...; υn

ap : 1 + 2r, b
(1)
i + r, b

(1)
μ1 ; . . . ; b

(n)
μn

 ;

αl( : 1 + r, ω(1)
υ1 ; . . . ; ω(n)

υn
 ;

1
τ1

, τ2, . . . , τn
⎡⎢⎢⎢⎢⎣ ⎤⎥⎥⎥⎥⎦.

(25)

Proof. In view of the derivative operator r-times, one finds
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D
r
τ1

τ−r−1
1 F

p: μ1;...; μn

l: υ1;...; υn

ap : b
(1)
μ1 ; . . . ; b

(n)
μn

 ;

αl( : ω(1)
υ1 ; . . . ; ω(n)

υn
 ;

1
τ1

, . . . ,
1
τ1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

⎫⎪⎪⎪⎬

⎪⎪⎪⎭

� 
∞

ς1 ,...,ςn�0
∧ ς1, . . . , ςn( 

τ−ς1−ς2 ···−ςn−2r−1
1


n
i�1 ςi!

(−1)
r ς1 + · · · + ςn + r + 1( r

� (−1)
r
(1 + r)rτ

−2r−1
1 F

p+1: μ1;...; μn

l+1: υ1;...; υn

1 + 2r, ap : b
(1)
i + r, b

(1)
μ1 ; . . . ; b

(n)
μn

 ;

1 + r, αl( : ω(1)
υ1 ; . . . ; ω(n)

υn
 ;

1
τ1

, . . . ,
1
τ1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

(26)

)e application of the Leibnitz formula implies that

D
r
τ1 τ−r−1

1 F
p: μ1;...; μn

l: υ1;...; υn

ap : b
(1)
μ1 ; . . . ; b

(n)
μn

 ;

αl( : ω(1)
υ1 ; . . . ; ω(n)

υn
 ;

1
τ1

, . . . ,
1
τ1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

⎫⎪⎪⎪⎬

⎪⎪⎪⎭

� 
r

k�0

r

k

⎛⎜⎜⎜⎜⎝ ⎞⎟⎟⎟⎟⎠D
r−k
τ1 τ−r

1 D
k
τ1 τ−1

1 F
p: μ1;...; μn

l: υ1;...; υn

ap : b
(1)
μ1 ; . . . ; b

(n)
μn

 ;

αl( : ω(1)
υ1 ; . . . ; ω(n)

υn
 ;

1
τ1

, . . . ,
1
τ1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

⎫⎪⎪⎪⎬

⎪⎪⎪⎭

� (−1)
r
(r)rτ

−2r−1
1 

r

k�0

(−r)k

(1 − 2r)k

F
p+1: μ1;...; μn

l+1: υ1;...; υn

1 + k, ap : b
(1)
i + r, b

(1)
μ1 ; . . . ; b

(n)
μn

 ;

1, αl( : ω(1)
υ1 ; . . . ; ω(n)

υn
 ;

1
τ1

, . . . ,
1
τ1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

(27)

We combine the above to get (24). Identity (25) is
established similarly. □

Theorem 8. Ge following FSFs of GKDFS are verified:



r

k�0

r

k

⎛⎜⎜⎜⎜⎝ ⎞⎟⎟⎟⎟⎠
(−1)

k
(−r)k

1 + ai − r( k

F
p+α: μ1;...; μn

l+α: υ1;...; υn

1 + r

α
, . . . ,

α + r

α
, ap : b

(1)
μ1 ; . . . ; b

(n)
μn

 ;

1 + r − k

α
, . . . ,

α + r − k

α
, αl( : ω(1)

υ1 ; . . . ; ω(n)
υn

 ;

τα1 , . . . , τα1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

�
(−1)

r 1 + ai( r

−ai( r

F
p+α: μ1;...; μn

l+α: υ1;...; υn

1 + ai + r

α
, . . . ,

α + ai + r

α
, ap : b

(1)
μ1 ; . . . ; b

(n)
μn

 ;

1 + ai

α
, . . . ,

α + ai

α
, αl( : ω(1)

υ1 ; . . . ; ω(n)
υn

 ;

τα1 , . . . , τα1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, α≥ 2,

(28)

with i � 1, . . . , p;
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r

k�0

r

k

⎛⎝ ⎞⎠
(−1)

k
(−r)k

1 + b
(1)
i − r 

k

F
p: μ1+α;μ2;...; μn

l: υ1+α;υ2;...; υn

ap :
1 + r

α
, . . . ,

α + r

α
: b

(1)
μ1 ; . . . ; b

(n)
μn

 ;

αl( :
1 + r − k

α
, . . . ,

α + r − k

α
: ω(1)

υ1 ; . . . ; ω(n)
υn

 ;

τα1 , τ2, . . . , τn

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

�
(−1)

r 1 + b
(1)
i 

r

−b
(1)
i 

r

F
p: μ1+α;μ2;...; μn

l: υ1+α;υ2;...; υn

ap :
1 + b

(1)
i + r

α
, . . . ,

α + b
(1)
i + r

α
, b

(1)
μ1 ; . . . ; b

(n)
μn

 ;

αl( :
1 + b

(1)
i

α
, . . . ,

α + b
(1)
i

α
, ω(1)

υ1 ; . . . ; ω(n)
υn

 ;

τα1 , τ2, . . . , τn

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, α≥ 2,

(29)

with i � 1, . . . , μ1. Proof. Firstly, we establish (28). )e derivative operator
r-times leads to

D
r
τ1 τai+r

1 F
p: μ1;...; μn

l: υ1;...; υn

ap : b
(1)
μ1 ; . . . ; b

(n)
μn

 ;

αl( : ω(1)
υ1 ; . . . ; ω(n)

υn
 ;

τα1 , . . . , τα1
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎨

⎪⎪⎩

⎫⎪⎪⎬

⎪⎪⎭

� 
∞

ς1 ,...,ςn�0
∧ ς1, . . . , ςn( 

τα ς1+···+ςn( )+ai

1


n
i�1 ςi!

α ς1 + · · · + ςn(  + ai + r( !

α ς1 + · · · + ςn(  + ai( !

� τai

1 

∞

ς1 ,...,ςn�0
∧ ς1, . . . , ςn( 

τα ς1+···+ςn( )
1


n
i�1 ςi

ai + r( ! 1 + ai + r/α( , . . . , α + ai + r/α( ( ς1+···+ςn

ai( ! 1 + ai/α( , . . . , α + ai/α( ( ς1+···+ςn

� τai

1 1 + ai( rF
p+α: μ1;...; μn

l+α: υ1;...; υn

1 + ai + r

α
, . . . ,

α + ai + r

α
, ap : b

(1)
μ1 ; . . . ; b

(n)
μn

 ;

1 + ai

α
, . . . ,

α + ai

α
, αl( : ω(1)

υ1 ; . . . ; ω(n)
υn

 ;

τα1 , . . . , τα1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

(30)

Again, Leibnitz formula implies that

D
r
τ1 τai+r

1 F
p: μ1;...; μn

l: υ1;...; υn

ap : b
(1)
μ1 ; . . . ; b

(n)
μn

 ;

αl( : ω(1)
υ1 ; . . . ; ω(n)

υn
 ;

τα1 , . . . , τα1
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎨

⎪⎪⎩

⎫⎪⎪⎬

⎪⎪⎭

� 
r

k�0

r

k

⎛⎝ ⎞⎠D
r−k
τ1 τai

1 D
k
τ1 τr

1F
p: μ1;...; μn

l: υ1;...; υn

ap : b
(1)
μ1 ; . . . ; b

(n)
μn

 ;

αl( : ω(1)
υ1 ; . . . ; ω(n)

υn
 ;

τα1 , . . . , τα1
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎨

⎪⎪⎩

⎫⎪⎪⎬

⎪⎪⎭

� 
r

k�0

r

k

⎛⎝ ⎞⎠
(−1)

r+k
−ai( r(−r)k

1 + ai − r( k

τai

1 × F
p+α: μ1;...; μn

l+α: υ1;...; υn

1 + r

α
, . . . ,

α + r

α
, ap : b

(1)
μ1 ; . . . ; b

(n)
μn

 ;

1 + r − k

α
, . . . ,

α + r − k

α
, αl( : ω(1)

υ1 ; . . . ; ω(n)
υn

 ;

τα1 , . . . , τα1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

(31)

Equating the above two identities yields (28). )e other
equality (29) can be established similarly. □
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3. FSFs of GKDFS by Rearrangement

Theorem 9. Ge following FSFs of GKDFS are verified:



r

k�0

(−1)
k

ai+1( k

ai+1 − ai − r + 1( k

F
p: μ1;...; μn

l: υ1;...; υn

ai+1 + k, a
i+1
p : b

(1)
μ1 ; . . . ; b

(n)
μn

 ;

αl( : ω(1)
υ1 ; . . . ; ω(n)

υn
 ;

τ1, . . . , τn

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

�
ai( r

ai − ai+1( r

F
p: μ1;...; μn

l: υ1;...; υn

ai + r, a
i
p : b

(1)
μ1 ; . . . ; b

(n)
μn

 ;

αl( : ω(1)
υ1 ; . . . ; ω(n)

υn
 ;

τ1, . . . , τn

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦,

(32)

with i � 1, . . . , p − 1;



r

k�0

(−1)
k

b
(1)
i+1 

k

b
(1)
i+1 − b

(1)
i − r + 1 

k

F
p: μ1;...; μn

l: υ1;...; υn

ap : b
(1)
i+1 + k, b

(1),i
μ1 ; . . . ; b

(n)
μn

 ;

αl( : ω(1)
υ1 ; . . . ; ω(n)

υn
 ;

τ1, . . . , τn

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

�
b

(1)
i 

r

b
(1)
i − b

(1)
i+1 

r

F
p: μ1;...; μn

l: υ1;...; υn

ap : b
(1)
i + r, b

(1),i
μ1 ; . . . ; b

(n)
μn

 ;

αl( : ω(1)
υ1 ; . . . ; ω(n)

υn
 ;

τ1, . . . , τn

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦,

(33)

with i � 1, . . . , μ1 − 1. Proof. In view of the definition of GKDFS, the L. H. S of (32)
may be written as



∞

ς1 ,...,ςn�0
∧ ς1, . . . , ςn(  

n

i�1

τςi

i

ςi!2
F1 −r, ai+1 + r; ai+1 − ai − r + 1; 1( 

�
ai( r

ai − ai+1( r

F
p: μ1;...; μn

l: υ1;...; υn

ai + r, a
i
p : b

(1)
μ1 ; . . . ; b

(n)
μn

 ;

αl( : ω(1)
υ1 ; . . . ; ω(n)

υn
 ;

τ1, . . . , τn

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦.

(34)

)e application of theorem of Vandermonde,

2F1(−r, a; b; 1) �
(b − a)r

(b)r

, (35)

in the above equation gives (32). Result (33) could be ob-
tained in a similar strategy. □

4. Conclusion

We gave many finite summation identities using the
GKDFS. By specializing the parameters in GKDFS, we
obtain summation formulas for the generalized Lauricella
functions [2, 3], as well as confluent forms of Lauricella
series in n variables Φ(n)

2 , Ψ(n)
2 , Φ(n)

D , Ξ(n)
1 , and Φ(n)

3 [2]. For
instance, characterizing the parameters in (8), we got the
finite summation identities for F

(n)
B and Ξ(n)

1 :



r

k�0

r

k

⎛⎝ ⎞⎠
ξ1( k

(c)k

τk
1F

(n)
B θ1 + k, ξ1 + k, ξ2, . . . , ξn; c + k; τ1, . . . , τn(  � F

(n)
B θ1 + r, ξ1, . . . , ξn; c; τ1, . . . , τ1( ;



r

k�0

r

k

⎛⎝ ⎞⎠
ξ1( k

(c)k

τk
1Ξ

(n)
1 θ1 + k, θ2, . . . , θn, ξ1 + k, ξ2, . . . , ξn−1; c + k; τ1, . . . , τn(  � Ξ(n)

1 θ1 + r, ξ1, . . . , ξn−1; c; τ1, . . . , τ1( .

(36)
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Also, characterizing the parameters in (24), we estab-
lished the following summation identity for F

(n)
D and Φ(n)

D :



r

k�0

(−r)k

(1 − 2r)k

F
(n)
D 1 + r, ξ1, . . . , ξn; 1;

1
τ1

, . . . ,
1
τ1

  � 2F
(n)
D 1 + 2r, ξ1, . . . , ξn; 1 + r;

1
τ1

, . . . ,
1
τ1

 ;



r

k�0

(−r)k

(1 − 2r)k

Φ(n)
D 1 + r, ξ1, . . . , ξn−1; 1;

1
τ1

, . . . ,
1
τ1

  � 2Φ(n)
D 1 + 2r, ξ1, . . . , ξn−1; 1 + r;

1
τ1

, . . . ,
1
τ1

 .

(37)
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