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In this paper, we consider the problem of array design for Multiple-Input Multiple-Output (MIMO) array under the condition of
fixed number of physical sensors andmutual coupling. A novel MIMO array based on the second-order super nested transmit and
receive arrays is proposed by using the difference coarray. It can obtain the closed form expressions for the physical sensor
locations and the degrees of freedom (DOF) from any given number physical sensors. +e proposed array structure can sig-
nificantly enhance DOF and effectively decrease unknown mutual coupling effect. +e effectiveness and superiority of the
proposed MIMO array structure are verified from the number of DOF and MUSIC spectra by numerical simulations.

1. Introduction

Multiple-Input Multiple-Output (MIMO) radar transmits
orthogonal or incoherent multiple probing signals and re-
ceives echo signals by utilizing matched filter banks, which
provides more degrees of freedom (DOF) in the design of
radar systems and signal processing algorithms [1–4]. In
view of the configurations of the transmit and receive arrays,
the MIMO radar systems can be differentiated between
distributed MIMO radar [5] and colocated MIMO radar
[6, 7]. By exploiting waveform diversity, the colocated
MIMO radar can improve the target detection, estimation,
and parameter identification capability.

+e problem of array structure for the colocated MIMO
radar has received considerable attention recently. Cur-
rently, most open literatures mainly have focused on re-
search of the sparse arrays with closed expressions such as
nested arrays [8–10], coprime arrays [11–17], and minimum
redundancy arrays [18, 19]. +ey can offer a longer virtual
aperture compared to uniform linear arrays (ULA) by uti-
lizing second-order statistics of the received data. Hence, the
number of detectable sources is bigger than the number of
sensors. +e minimum redundancy MIMO array was

proposed in [18] based on difference basis to obtain a large
virtual array aperture with only few sensors. +e system
realizes the virtual expansion of receive array by difference
coarray of the sum coarray (DCSC), thus greatly increases
DOF [20]. However, the minimum redundancy MIMO
array usually has disadvantages of huge calculating quantity
and long computing time. By replacing the minimum re-
dundancy arrays with the coprime arrays, we gain the
coprimeMIMO array which can reduce the calculate burden
and increase the freedom of the array [14]. Sad to say, it
cannot use the spatial smoothing algorithm to decompose
the correlated signals and then estimate the direction of
arrival accurately on account of the holes in its coarray.
Similarly, the nestedMIMO array canmake further efforts to
enhance the DOF and produce a hole-free difference
coarray, while the nested arrays contain a dense physical
ULA by definition to result in higher mutual coupling
[21, 22].

In this paper, we investigate the problem of increasing
virtual aperture for the colocated MIMO radar with con-
sidering the unknown coupling and propose a novel MIMO
array structure. More specifically, we introduce a second-
order super nested arrays structure into the MIMO radar
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transmit and receive arrays to bring less mutual coupling.
Simultaneously, we also establish the necessary condition to
maximize the DOF of the corresponding hole-free DCSC.
+erefore, the proposed array structure has the following
advantages: (1) the closed form sensor locations and free-
holes DCSC, (2) higher DOF than coprime arrays and ULA
structure in given physical sensors, and (3) less coupling
compared to the nested arrays and ULA structure.

+e remainder of this paper is organized as follows. We
introduce the signal model and mutual coupling and con-
struct the proposed array structure in Section 2. Section 3
gives the comparisons between the proposed array structure
and other methods versus DOF and MUSIC spectra. Section
4 concludes this paper.

2. The Proposed Array Structure

2.1. SignalModel. +e colocated MIMO radar system which
possesses M transmit sensors with
mjd|mj ∈ T , j � 1, . . . , M􏽮 􏽯 and N receive sensors with
nid|ni ∈ R, i � 1, . . . , N􏼈 􏼉 transmits the orthogonal wave-
forms to detect D uncorrelated sources from directions
θi (i � 1, 2, . . . , D) with powers being δ2i . Here, T and R

denote integer sets, and the minimum distance between
sensors d is a half wavelength. +en, the received data after
matched filtering can be modeled as

x(t) � As(t) + n(t), (1)

where the array manifold matrix is

A � aT θ1( 􏼁⊗ aR θ1( 􏼁, aT θ2( 􏼁⊗ aR θ2( 􏼁, . . . , aT θD( 􏼁⊗ aR θD( 􏼁􏼂 􏼃,

(2)

in which

aT θi( 􏼁 � e
πjm1sin θi , e

πjm2sin θi , . . . , e
πjmMsin θi􏽨 􏽩

T
,

aR θi( 􏼁 � e
πjn1sin θi , e

πjn2sin θi , . . . , e
πjnNsin θi􏽨 􏽩

T
,

(3)

are the transmit and receive steering vectors, respectively, ⊗
stands for the Kronecker product, and s(t) and n(t) are the
input source vector and the Gaussian white noise vector with
power being σ2n, respectively. +e covariance matrix can be
estimated from Ls snapshots as follows:

R � E xxH
􏽨 􏽩 � ARsA

H
+ σ2nI ≈

1
Ls

􏽘

Ls

l�1
x(l)xH

(l), (4)

where Rs � E[ssH] � diag [δ21, δ
2
2, . . . , δ2D]T􏽮 􏽯 is the covari-

ance matrix of input source and I denotes the identity
matrix. According to the nature of MIMO array, the term
aT(θi)⊗ aR(θi) can be interpreted as the steering vector of a
virtual array withMN sensors whose positions are expressed
as

okd|ok ∈ O, k � 1, . . . , MN􏼈 􏼉

� mjd + nid|mj ∈ T , j � 1, . . . , M; ni ∈ R, i � 1, . . . , N􏽮 􏽯,

(5)

where the set O means the sensor positions of virtual array
that can be called the sum coarray of the transmit and receive
arrays. +e difference coarray of the virtual array are given
by the set A defined as

A � ok1d − ok2d|ok1, ok2 ∈ O, k1, k2 � 1, . . . , MN􏼈 􏼉

�
mj1d + ni1d − mj2d − ni2d|

mj1, mj2 ∈ T , j1, j2 � 1, . . . , M; ni1, ni2 ∈ R, i1, i2 � 1, . . . , N

⎧⎨

⎩

⎫⎬

⎭.
(6)

For a fixed number of sensors, we can gain the transmit
and receive arrays’ positions to maximize the DOF of the
hole-free difference coarray by solving the following opti-
mization problems:

max
T{ }, R{ }

, L,

s.t. |T | � M, |R| � N, mj1 + ni1 − mj2 − ni2􏽮 􏽯

I −L, . . . , −1, 0, 1, . . . , L{ },

(7)

where L is the continuous aperture length and |•| represents
the cardinality of the set.

2.2. Mutual Coupling. In practical array, the received signal
has changed owing to the electromagnetic coupling between
the sensors. Here, CT and CR represent the mutual coupling
matrices of the transmit and receive arrays, respectively.

According to [23], CT and CR of the ULA can be formulated
by a B-banded mode

CT � Toeplitz c0, c1, . . . , cB, 0, . . . , 0􏼂 􏼃,

CR � Toeplitz c0, c1, . . . , cB, 0, . . . , 0􏼂 􏼃,
(8)

where the mutual coupling coefficients ci (i � 0, . . . , B)

satisfy |cB|< · · · < |c1|< |c0| � 1. In the actual system, we
need to give careful consideration to the mutual coupling
effect which will distort the steering vectors of the trans-
mitter and receiver.

2.3. +e Proposed MIMO Array. In this paper, we assume
that the total number of physical sensors of MIMO array is
K � N + M, whose transmit (Tx) and receive (Rx) arrays
apply the super nested arrays [8]. More concretely, the
difference coarray of the transmit array whose positions set
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T meets a super nested arrays is a hole-free virtual ULA, and
the corresponding maximum DOF is

fM �

M
2

2
+ M − 1, if M is even,

(M + 1)
2

2
− 1, if M is odd.

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(9)

As for the receive array, we assume that the sensor
positions can be set as

niD d|ni∈ R, i � 1, . . . , N􏼈 􏼉, (10)

where R means a location set satisfying the super nested
arrays andD is a positive integer. According to the definition
of the DCSC in MIMO array, we can establish the DCSC set
as

A � mj1d + ni1D d − mj2d − ni2D d|mj1, mj2 ∈ T , j1, j2 � 1, . . . , M; ni1, ni2 ∈ R, i1, i2 � 1, . . . , N􏽮 􏽯

� mj1 − mj2􏼐 􏼑d + ni1 − ni2( 􏼁D d|mj1, mj2 ∈ T , j1, j2 � 1, . . . , M; ni1, ni2 ∈ R, i1, i2 � 1, . . . , N􏽮 􏽯,
(11)

where (mj1 − mj2)d and (ni1 − ni2)d are the difference
coarray of the transmit and receive arrays, respectively.
Notice thatA is a filled ULA ifD � fM. It is generally known
that the super nested arrays have closed form expressions for
the physical and virtual sensor locations for any given
sensors number, so the proposedMIMO array also possesses
the closed form sensor locations and free-holes DCSC.

To explain the structure of proposed MIMO array, it is
convenient to generate the hole-free DCSC. Figure 1 pro-
vides a glance at the DCSC with parameters M � N � 8. It
can be observed that the one-side virtual aperture of DCSC
becomes 760, where D � fM � 39.

Moreover, it is very clear that the difference coarray of
transmit array with M sensors is a filled ULA, and its DOF
can be calculated by

fM � 2lM + 1, (12)

where lM is the aperture length. In addition, let D � fM, and
then, the aperture length of DCSC can be written as

LSC � lM + lND � lM + lNfM, (13)

where lN means the aperture length of receive array with N

sensors. Hence, the DOF of DCSC is

f � 2LSC + 1 � 2lM + 2lNfM + 1 � fM + 2lNfM

� fM 1 + 2lN( 􏼁 � fMfN,
(14)

where fN denotes the maximum DOF of receive array.
Fortunately, we can find the optimal M and N to maximize
f for any given K. Firstly, we can gain the optimal of M and
N under the fixed total number of sensors to maximize the
DOF of transmit array in terms of the following equation:

M � N �
K

2
, if K is even,

M �
K + 1
2

, N �
K − 1
2

, if K is odd.

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(15)

Next, the optimal transmit and receive arrays’ config-
uration is determined in the light of the property of super
nested arrays. As a result, (14) can be recast as

f � fMfN �

M
2

2
+ M − 1􏼠 􏼡

N
2

2
+ N − 1􏼠 􏼡, if K is even, M andN are both even,

M
2

2
+ M −

1
2

􏼠 􏼡
N

2

2
+ N −

1
2

􏼠 􏼡, if K is even, M andN are both odd,

M
2

2
+ M −

1
2

􏼠 􏼡
N

2

2
+ N − 1􏼠 􏼡, if K is odd, M is odd, N is even,

M
2

2
+ M − 1􏼠 􏼡

N
2

2
+ N −

1
2

􏼠 􏼡, if K is odd, M is even, N is odd.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(16)
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Figure 1: +e structure of proposed MIMO array with K � 16.
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Figure 2: +e DOF ratio with the sensor/pulse number K varying from 8 to 100.
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Figure 3: +e MUSIC spectra P(θ) of four different methods without mutual coupling. (a) +e MUSIC spectra P(θ) of ULA. (b) +e
MUSIC spectra P(θ) of coprime arrays. (c) +e MUSIC spectra P(θ) of nested arrays. (d) +e MUSIC spectra P(θ) of super nested arrays.
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It is easy to see that the proposed array structure can
make use of K physical sensors to simply obtain an optimal
MIMO array which possesses larger DOF and less mutual
coupling.

3. Simulation Results

In this section, we compare the performance of four kinds of
array configurations: ULA [1], nested arrays, coprime arrays,
and super nested arrays in the presence of mutual coupling.
In our examples, we consider that the total number of
sensors in MIMO array is K � 16. For coprime arrays, we set
M � N � 8 with M1 � N1 � 2 and M2 � N2 � 5.+e sensor
locations of the transmit and receive arrays in super nested
arrays are given by, respectively,

AT � 0, 2, 3, 6, 9, 14, 18, 19{ },

AR � 0, 78, 117, 234, 351, 546, 702, 741{ }.
(17)

To explain the algorithm overall performance appraisal,
we will focus on DOF and MUSIC spectrum of DCSC.

3.1. Degrees of Freedom. Firstly, we demonstrate the capa-
bility of various array configurations to improve DOF in
given sensors number K. Here, we define the DOF ratio as
[24]

c(K) �
K

2

L(K)
, (18)

where L(K) � 2L + 1 represents the maximum continuous
aperture length of DCSC. +e smaller the c(K), the higher
the DOF. Figure 2 reveals c(K) of four methods by varying
K from 8 to 100. Sparse arrays such as coprime arrays, nested
arrays, and super nested arrays have higher DOF than ULA.
In particular, nested arrays and super nested arrays

structures have higher DOF than the other two array
structures in small K and c(K) are close to 0.

3.2. MUSIC Spectra. Finally, the MUSIC spectra of various
array configurations are studied under the condition 500
samples and 0 dB SNR. In the examples, we set the mutual
coupling parameters as c1 � 0.3ejπ/3, cl � c1e

− j(l− 1)(π/8)/l
(l � 2, . . . , B), and B � 100. +is is tested by assuming 20
sources lay in θi � −0.2 + 0.4(i − 1)/19, i � 1, 2, . . . , 20, re-
spectively. Figure 3 illustrates the MUSIC spectra P(θ)

without mutual coupling, and P(θ) in Figure 4 is evaluated
directly from the echo signal without using any decoupling
methods in the presence of mutual coupling. If mutual
coupling is negligible, all array configurations are capable of
distinguishing 20 sources, as shown in Figure 3. Moreover,
the performance of nested and super nested arrays shows the
best, followed by coprime arrays, and then ULA for a given
number of sensors due to the different DOF. However,
nested arrays and ULA lose the ability to distinguish 20
sources because of the mutual couple effect. +is is because
the coupling weight coefficients of super nested arrays and
coprime arrays are lower than that of nested arrays and ULA.
In conclusion, the DCSC of the super nested MIMO array
not only has the same array aperture as that of the nested
MIMO array but also has large array spacing to lead to less
mutual coupling.

4. Conclusion

In this paper, we study the problem of MIMO array with the
higher DOF and less mutual coupling under any given
sensors number. A novel sparse MIMO array whose
transmit and receive arrays employ the super nested arrays is
proposed. Firstly, the transmit and receive arrays are
arranged as second-order super nested array, and the DOF
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Figure 4: +e MUSIC spectra P(θ) of four different methods in presence of mutual coupling. (a) +e MUSIC spectra P(θ) of ULA. (b) +e
MUSIC spectra P(θ) of coprime arrays. (c) +e MUSIC spectra P(θ) of nested arrays. (d) +e MUSIC spectra P(θ) of super nested arrays.
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of the difference coarray for the transmit array is fM. +en,
the interelement spacing of the receiving array is multiplied
fM times in order to maximize the virtual array aperture.
+e condition in which the DCSC has no hole is determined.
As a result, the closed form expression for sensor positions of
the transmit and receive arrays are derived in any number of
sensors. +e simulation results of DOF and MUSIC spectra
estimation prove the validity of the proposed MIMO array.
Compared with coprime arrays and ULA structure, the
proposed MIMO array can exhibit higher DOF in the same
number of sensors. Compared with nested arrays and ULA
structure, the proposed MIMO array can mitigate mutual
coupling effect in the case of a fixed objective of DOF.
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