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More and more contract manufacturers have started to establish their own brands besides providing manufacturing service for
retailers who operate exclusive well-known brands. 'is paper studies the encroachment strategy of a contract manufacturer in a
supply chain and the impact of fairness concern. Four scenarios are investigated by building gamemodels: no fairness concern, the
retailer’s fairness concern, the contract manufacturer’s fairness concern, and both members’ fairness concern. 'e results show
that when there is no fairness concern, the contract manufacturer always has motivation to encroach. However, when there exists
fairness concern, only when the reservation price is sufficiently high, the contract manufacturer will encroach. Fairness concern
has certain strength to stop the contract manufacturer’s encroachment. When the reservation price is sufficiently low, the
encroachment of the contract manufacturer benefits the retailer, or else it will harm the benefit of the retailer.'e effect of fairness
concern on profit margin and wholesale price decisions is opposite under different encroachment strategies. However, the fairness
concern has no impact on the retail price of the private brand. Under encroachment strategy, contract manufacturer’s or both
members’ fairness concerns have positive effect on the retailer’s profit in certain conditions. However, the fairness concern always
decreases the contract manufacturer’s profit no matter what the form it is. Numerical examples show that it is best for the supply
chain that both members have fairness concern under no encroachment. However, when the contract manufacturer has a private
brand, it is best for the supply chain that no one has fairness concern when the advantageous inequity concern parameter is
sufficiently low. When the advantageous inequity concern parameter is sufficiently high, it is best for the supply chain that both
members have fairness concern.

1. Introduction

In past decades, outsourcing has played an important role
in world economy [1–3]. 'ere are a lot of contract
manufacturers who provide production services for well-
known brands in China. 'e rapid development of
e-commerce provides contract manufacturers with op-
portunities to sell directly to consumers. Many contract
manufacturers have started to establish their own brands
[4], which are called private brand [5], factory brand [6],
or self-branded product [7]. For example, Sumvim has
been the largest household textile company in China
according to the value of export since 1999. In recent
years, the company has established two private brands.
One is Furi and the other is Jieyu, which are mainly sold in
the domestic market in China. Recently, Sumvim has been

cooperating with Pinduoduo Inc. (PDD) to promote her
private brands while the latter has been one of the largest
online group discounters in China. Actually, PDD
launched the “New Brand Plan” at the end of 2018 aiming
to hep 1000 manufacturers in China to establish their
private brands. 'ere are a lot of contract manufacturers
adopting the same strategy as Sumvim, such as Guang-
dong Songfa Ceramics Co., Ltd., Zhejiang Sanhe Kitch-
enware Co., Ltd., and so on. However, there are still some
manufacturers choosing not to build private brands, such
as Crystal International Group Limited, who is a giant
manufacturer of Uniqlo, H&M, and Levi’s [5]. 'is ob-
servation motivates us to study the encroachment strategy
of contract manufacturers: encroachment or no en-
croachment. In what condition the contract manufacturer
chooses to encroach and in what condition the
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manufacturer chooses not to encroach? What is the im-
pact of encroachment on member’s profit?

In making decision, people can be influenced by many
factors. One important factor is fairness concern, which can
be modelled as inequity aversion that people will sacrifice
certain material payoff to achieve fairness [8]. 'us, an
interesting question arises: whether fairness concern influ-
ences contract manufacturer’s encroachment strategy?
Different members may have different fairness concern
[9, 10]. 'us, this paper studies four different scenarios of
fairness concern: (1) the retailer’ fairness concern (scenario
A); (2) the contract manufacturer’ fairness concern (scenario
B); (3) both the manufacturer and the retailer’s fairness
concern (scenario C); and (4) no fairness concern (scenario
N). 'e main questions this paper is trying to answer are as
follows.

(1) What is the encroachment strategy of the contract
manufacturer under different fairness concerns?

(2) What is the impact of encroachment on the profits of
members?

(3) How do different fairness concerns impact the en-
croachment strategy of the contract manufacturer?

(4) How do different fairness concerns affect the deci-
sions and profits of the contract manufacturer, the
retailer, and the whole supply chain under two en-
croachment strategies?

'is paper contributes to the literature of supply chain
encroachment. Encroachment in supply chain has been a hot
issue. 'e most studied encroachment in supply chain is the
retailer’s private label/store brand [11–15] and manufac-
turer’s dual-channel strategy [16–19]. However, the contract
manufacturer’s encroachment has gained little attention.
Several papers investigate the contract manufacturer’s en-
croachment strategy. Shi [7] studied the quality decisions
and the contract manufacturer’s encroachment strategy
under different channel leadership structures. 'e result
shows that when the quality investment cost factor is suf-
ficiently low, the contract manufacturer will never encroach.
Sometimes, the encroachment of the contract manufacturer
harms the benefit of the retailer. Cui [4] studied the free
riding problem of quality considering the encroachment of
the contract manufacturer. Chen et al. [5] explored the
distribution channel decision of a contract manufacturer
who operates a factory brand. However, to the best
knowledge of the author, no paper has studied the impact of
fairness concern on the encroachment strategy of contract
manufacturer; this paper fills the gap; especially four dif-
ferent fairness concern scenarios are considered. Referring
to retailer’s encroachment, some results show that it will be a
threat to the other member in the supply chain [20, 21],
whereas in some condition, the other member will benefit
from the encroachment of the retailer [22, 23]. Similarly,
there are two different point of views about the manufac-
turer’s dual-channel strategy. Some results show that adding
a direct channel can harm the profit of the retailer; however,
some studies show that it can be beneficial for the retailer in
some instances [16–18]. 'is paper also finds that the

contract manufacturer’s encroachment is not always
harmful to the other member. When the reservation price is
sufficiently low, it will benefit the retailer, or else it will harm
the retailer’s profit. Li et al., [24] studied the impact of
retailer’s fairness concern on the supplier’s encroachment.
'ey find that when the retailer has fairness concern, the
supplier has more flexibility to encroach and the retailer has
more possibility to benefit from supplier encroachment.
'ey also find that retailer’s fairness concern can benefit the
whole supply chain. Different from them, this paper con-
siders not only the retailer’s fairness concerns but also other
two fairness concern scenarios. 'is paper finds that the
retailer’s fairness concern decreases the retailer’s profit,
whereas the contract manufacturer’s fairness concern in-
creases the retailer’s profit. When both members have
fairness concern, the impact on the retailer’s profit can be
negative or positive. 'e retailer’s fairness concern improves
the profit of the whole supply chain under no encroachment,
whereas it decreases the profit of the whole supply chain
under encroachment.

2. Literature Review

'is paper relates to contract manufacturer’s encroachment
and fairness concern. 'is section will review related
literature.

2.1. Contract Manufacturer’s Encroachment. Supply chain
encroachment is a very common phenomena in industry.
Traditionally, there are two kinds of supply chain en-
croachment which are studied substantially. One is retailer’s
private brand/private label [11–15]. Giant retailers such as
Walmart, Amazon, and JD.com all have private brands.'ey
sell products for national manufacturers while at the same
time sell products on their own brands in the same cate-
gories. Another type is manufacturer’s direct channel/dual-
channel strategy [16–19]. 'e manufacturer opens a direct
channel selling the same product online or similar product
under the same brand name, such as Apple and HP.
However, the contract manufacturer’s encroachment to
build private brands/factory brands is rarely seen in liter-
ature. 'is research studies the encroachment strategy of the
contract manufacturer: encroachment or no encroachment.
Contract manufacturer’s encroachment has gained little
attention in the past. However, in recent years, there are
more and more papers starting to pay attention to this issue
[4–7, 25]. Niu et al. [6] studied the impact of pricing se-
quence on the supply chain where the contract manufacturer
owns a self-branded product besides providing
manufacturing service to the client. Cui [4] combined the
contract manufacturer’s encroachment with quality decision
where the contract manufacturer is a free rider who can
imitate the client’s product quality. Chen et al. [5] consid-
ered that a contract manufacturer introduces own-label
product and competes with the client in the market. 'is
own-label product is called factory brand in their paper.
'ey mainly study the distribution problem of the factory
brand. A three-level supply chain is considered. Shi [7]
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investigated the contract manufacturer’s encroachment
strategy considering quality and pricing decisions. Literature
[25] extends literature [7] and considers the advertising
effort. However, none of existing research has considered the
fairness concern problem of members in the supply chain.
'is paper fills the gap. In above literature, the client who
owns a well-known brand in the market is called original
equipment manufacturer (OEM). However, in practice, the
contract manufacturer who provides the manufacturing
service is also called OEM. 'us, in order to avoid the
confusion, this paper uses “retailer” to denote the client of
the contract manufacturer. 'e retailer owns an existing
well-known brand and focuses on the promotion of the
brand. 'e contract manufacturer provides production for
the retailer. Now the contract manufacturer has two strat-
egies to choose from: encroachment or no encroachment.

2.2. FairnessConcern. 'ere are mainly two kinds of fairness
concerns studied in literature. One is peer-induced fairness
concern and the other is distributional fairness concern.
Peer-induced fairness considers the fairness in the hori-
zontal level. For example, two retailers sell the products for a
manufacturer. 'e retailer’s fairness concerns about the
other retailer is called peer-induced fairness. 'e retailer’s
fairness concerns about the manufacturer is called distri-
butional fairness [9]. 'is paper only considers distribu-
tional fairness.

Fairness concern has been studied substantially in supply
chain literature [10, 26–32]. Guan et al. [26] studied the
channel coordination under Nash bargaining fairness
concerns. Both quality improvement of the manufacturer
and the advertising effort of the retailer are considered.
Adhikari and Bisi [10] studied the impact of fairness concern
on the greening and the pricing decisions in a green apparel
supply chain. 'ey considered two scenarios: the apparel
retailer is fairness-concerned, whereas the apparel manu-
facturer is fairness-neutral and vice versa. 'ey used Nash
bargaining model to incorporate the fairness concern. 'eir
results show that the greening quality and the retailer price
are not affected by the retailer’s fairness concern. However, it
has a decreasing effect on the wholesale price under greening
cost sharing contract. In profit sharing contract, the retailer’s
fairness concern lowers the greening quality, wholesale
price, and the retail price, whereas the manufacturer’s
fairness concern does not have any impact on the decisions.
Pan et al. [27] investigated a supply chain consisting of a
dominant retailer and two manufacturers. 'e effects of
fairness concern on pricing, profitability, and utility of
supply chain members are discussed. Both peer-induced
fairness concern and distributional fairness concern are
considered. Sharma et al. [31] combined option contract
with fairness concern by using Nash bargaining solution. Liu
and Chen [33] studied a supply chain consisting of a
dominated manufacturer and a newsvendor retailer. Each
one of them can be inequity-averse. 'ey studied the green
level, wholesale price, and ordering quality of members. Li
et al. [34] investigated a two-echelon supply chain con-
taining a fairness-neutral manufacturer and a fairness-

concerned retailer considering carbon emission reduction.
However, they did not consider other fairness concern
situations and supply chain encroachment.

Referring to combination of supply chain encroachment
with fairness concern, there are very few studies. Huang and
Feng [35] studied the retailer’s encroachment strategy
considering the manufacturer’s fairness concern. For dual-
channel setting where the manufacturer builds a direct
channel selling the same product with traditional retail
channel, there are a lot of studies considering the fairness
concern problem. Li and Li [36] considered a dual-channel
supply chain where a manufacturer adds a direct channel.
'e retailer has fairness concern and adds value-added
service to the product. 'ey find that channel efficiency falls
with retailer’s fairness concerns. Zhen et al. [9] studied a
dual-supply chain in which a manufacturer produces and
sells products through direct online channel and a retailer
sells directly to consumers through online and offline
channels. 'ey considered four scenarios: no fairness con-
cern, the retailer’s fairness concern, the manufacturer’
fairness concern, and both the manufacturer and the retailer
have fairness concern. When referring to the contract
manufacturer’s encroachment, to the best knowledge of the
author, there is no research about fairness concern problem.
'is paper contributes to literature by filling this gap.

2.3. ResearchGap. 'is section discusses contribution to the
existing literature. Comparison between this paper with
relevant papers is shown in Table 1. 'ere are several
substantial contributions in this study. Firstly, there is
substantial research on retailer’s private brand (private-la-
belled products) and manufacturer’s dual-channel strategy.
However, there is little attention on the private brand
strategy of the contract manufacturer who establishes a new
brand selling directly to the end-consumer market besides
providing manufacturing service for the retailer. Existing
literature on contract manufacturer has not considered the
fairness concern. 'is paper combines the contract manu-
facturer’s encroachment strategy and fairness concern for
the first time. Secondly, this paper compares the decisions
and profit of the retailer and the contract manufacturer
under four different member’s fairness concerns: no fairness
concern, retailer’s fairness concern, contract manufacturer’s
fairness concern, and both members’ fairness concern.
'irdly, this paper studies the impact of fairness concern on
the encroachment strategy of the contract manufacturer.

3. Basic Model

Consider a supply chain consisting of a contract manu-
facturer and a well-known brand owner. In this paper, the
brand owner is called as “retailer,” such as IKEA, Nike, and
Adidas. 'e contract manufacturer produces products for
the retailer in OEM/ODM mode. 'at is, it is the retailer
who sells the products to the end market. 'e contract
manufacturer has no end-market brand. It is assumed that
the retailer is the leader who has a stronger bargaining power
than the contract manufacturer. 'e retailer moves first and
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demands a profit margin m, and then the contract manu-
facturer decides wholesale price w. 'e retail price in end-
consumer market is p � w + m. Now the contract manu-
facturer is considering whether to establish a private brand
of her own. Usually, the contract manufacturer will intro-
duce a brand in the same category with the retailer’s brand to
fully utilize her production line. 'us, the private brand may
compete with the retailer’s existing brand in the consumer
market. Usually, it is the retailer who gains most profit from
the supply chain. When the supply chain structure expe-
riences change, the profit of the supply chain is distributed in
another way. Both members may rethink their decisions. In
this paper, we incorporate fairness concern to their decisions
to explore the impact of fairness concern on their decisions.
'is paper will study four different scenarios: neither the
retailer nor the contract manufacturer has fairness concern
(N), the retailer has fairness concern (A), the contract
manufacturer has fairness concern (B), or both have fairness
concern (C).

3.1. Demand Function. When the contract manufacturer
encroaches, there are two brands in the market. One is the
retailer’s existing brand and the other is the contract
manufacturer’s private brand. According to the Hotelling
model [38], the consumer market is conceptualized as a
straight line. 'e retailer’s existing brand and contract
manufacturer’s private brand are both located in the line.
Consumers’ preferences are uniformly distributed over the
sufficiently long line with density one. 'is kind of as-
sumption is commonly used in operations management
literature [39–41]. 'e distance of consumer away from the
brand indicates the preference of the brand, such as Nike and
Adidas, McDonald’s and KFC, and so on. In this paper, the
retailer’s existing brand and the contract manufacturer’s
private brand compete for consumers. Each consumer at
most buys one unit. 'e distance of the two brands is d,
which indicates brand differentiation [39, 40]. A small d

means that two brands are highly substitutable, and vice
versa. Assume that the distance of consumer away from
brand i is xi (1 indicates existing brand and 2 indicates
contract manufacturer’s private brand).

'e utility of consumer from buying brand i is

Ui � r − pi − txi, (1)

where r indicates the reservation price of consumer and t

reflects the transportation cost (or disutility), which in-
dicates the intensity of consumer’s preference for a brand.
A consumer buys the product only when the consumer
can get non-negative utility (Ui ≥ 0). In this paper, the
production cost of two brands is the same since they are
both produced by the contract manufacturer. Let c denote
the production cost of two brands. When the retail price is
equal to the production cost, the utility of the customer in
the middle point must be non-negative, i.e., r> c + (td/2),
or else two brands will not compete. A greater t means a
higher loyalty.

When two brands compete, the consumer who locates in
the non-differentiation point gets the same utility from two
brands, that is: r − p1 − tx1 � r − p2 − t(d − x1). Solving
this equation for x1, we can get x1 � (dt − p1 + p2)/(2t).
Solving Ui � 0 for xi, we can obtain the demand of the loyal
consumers for brand i. Following Xu et al. [40] and Xiao
et al. [42], when the existing brand and the contract man-
ufacturer’s private brand compete, we can obtain the de-
mand rate for brand i during a period.

qi � xi +
r − pi

t
�
2r + dt − 3pi + pj

2t
, i, j � 1, 2, j≠ i.

(2)

'e market scale (2r + dt)/(2t)is a decreasing function
of transportation cost t and an increasing function of the
reservation price r or the brand differentiation d.

When the contract manufacturer chooses not to en-
croach, there is only one brand in the market. If the utility of
the consumer is non-negative, consumers will buy the
product from the retailer, i.e., r − p − tx> 0, where
p � w + m.

'us, the demand of the retailer is

q �
2(r − p)

t
. (3)

3.2.)eOptimizationProblemof theRetailer and theContract
Manufacturer

3.2.1. Scenario N: When No Member Has Fairness Concern.
We use suffix “NN” to indicate the scenario when the retailer
has fairness concern under no encroachment. We use suffix
“NE” to indicate the scenario when the retailer has fairness
concern under encroachment.

When no member has fairness concern, the profit of the
contract manufacturer and the retailer is as follows. We use
subfix “M” and “R” to indicate the contract manufacturer
and the retailer, respectively.

πNN
M � (w − c)q,

πNN
R � mq.

(4)

Table 1: Comparisons between this paper with relevant papers (N:
no fairness concern; A: retailer’s fairness concern; B: manufac-
turer’s fairness concern; C: both member’s fairness concern; R:
retailer’s encroachment; M: manufacturer’s encroachment with
same brand; CM: contract manufacturer’s encroachment with
private brand).

Article R M CM N A B C
Huang and Feng [35] √ √ √
Li and Li [36] √ √
Li et al. [24] √ √
Arshad et al. [37] √ √
Zhang et al. [29] √ √
Adhikari and Bisi [10] √ √ √
Pan et al. [27]
Zhen et al. [9] √ √ √ √ √
'is paper √ √ √ √ √
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When the contract manufacturer encroaches, the profit
functions of the retailer and the contract manufacturer are as
follows.

πNE
M � (w − c)q1 + p2 − c( q2,

πNE
R � mq1,

(5)

where q1 and q2 are shown in equation (2).
By using backward induction, we can get the equilibrium

profits of both players as πNN∗
M � (2r + dt − 2c)2/(48t),

πNN∗
R � (r − c)2/(4t), πNE∗

M � 3(2r + dt − 2c)2/(32t), and
πNE∗

R � (r − c)2/(8t). 'e proof can be found in Appendix
(Proof of Proposition 1).

3.2.2. Scenario A: When the Retailer Has Fairness Concern.
Following Nie and Du [43], Cui et al. [44], and Zhen et al.
[9], we adopt utility function as the retailer’s optimization
objection. Fehr and Schmidt [8] state that positive benefit
and negative benefit of fairness concerns both cause losses to
their utility. 'us, in this paper, we both consider disad-
vantageous inequality and advantageous inequity. We use
suffix “AN” to indicate the scenario when the retailer has
fairness concern under no encroachment. Suffix “AE” in-
dicates the scenario when the retailer has fairness concern
under encroachment.

Under no encroachment, the utility function of the
retailer is

U
AN
R � πNN

R − α πNN
M − πNN

R 
+

− β πNN
R − πNN

M 
+
. (6)

'e objective function of the contract manufacturer does
not change, i.e., πAN

M � πNN
M .

Under encroachment, the utility function of the retailer
is

U
AE
R � πNE

R − α πNE
M − πNE

R 
+

− β πNE
R − πNE

M 
+
. (7)

'e objective function of the contract manufacturer
does not change, i.e., πAE

M � πNE
M . α and β denote the

disadvantageous inequity and advantageous inequity
concern parameters, respectively, where α> β and 0< β< 1
[9]. If the retailer’s profit is lower than the equitable
payoff, a disadvantageous inequity occurs, resulting in
disutility for the retailer. However, if his profit is higher
than the equitable payoff, an advantageous inequity also
occurs. 'e greater α (or β) is, the more the retailer is
concerned about the disadvantageous (or advantageous)
inequity. α> β means that the impact of the disadvanta-
geous inequity is higher than that of the advantageous
inequity.

Based on the obtained equilibrium profits of the contract
manufacturer and the retailer in scenarioN (without fairness
concerns), when the contract manufacturer does not en-
croach, the profit of the retailer is higher than that of the
contract manufacturer. However, when the contract man-
ufacturer encroaches, the profit of the retailer is lower than
that of the contract manufacturer.

'us, equations (6) and (7) can be rewritten as

U
AN
R � πNN

R − β πNN
R − πNN

M ,

U
AE
R � πNE

R − α πNE
M − πNE

R .
(8)

3.2.3. Scenario B: When the Contract Manufacturer Has
Fairness Concern. Similarly, we use suffix “BN” to denote
the scenario when the contract manufacturer has fairness
concern under no encroachment. We use suffix “BE” to
denote the scenario when the contract manufacturer has
fairness concern under encroachment.

Similar to scenarioA, under no encroachment, the utility
function of the contract manufacturer is

U
BN
M � πNN

M − α πNN
R − πNN

M . (9)

'e objective function of the retailer does not change,
that is, πBN

R � πNN
R .

Under encroachment, the utility function of the contract
manufacturer is

U
BE
M � πNE

M − β πNE
M − πNE

R . (10)

'e objective function of the retailer does not change,
that is, πBE

R � πNE
R .

3.2.4. Scenario C: Both the Retailer and the Contract Man-
ufacturer Have Fairness Concern. In this section, we use
suffix “CN” to denote the scenario when the retailer and the
contract manufacturer both have fairness concern under no
encroachment. We use suffix “CE” to denote the scenario
when the retailer and the contract manufacturer both have
fairness concern under encroachment.

Similar to scenarioA, under no encroachment, the utility
function of the retailer and the contract manufacturer is as
follows.

U
CN
M � πNN

M − α πNN
R − πNN

M ,

U
CN
R � πNN

R − β πNN
R − πNN

M .
(11)

Under encroachment, the utility function of the retailer
and the contract manufacturer is as follows.

U
CE
M � πNE

M − β πNE
M − πNE

R ,

U
CE
R � πNE

R − α πNE
M − πNE

R .
(12)

Under each scenario, the time sequence of the game is as
follows.

(i) At the first stage, the contract manufacturer decides
whether to encroach.

(ii) At the second stage, the retailer decides profit
margin.

(iii) At the third stage, the contract manufacturer de-
cides wholesale price. If she decides to encroach, she
also needs to decide the retail price of the private
brand.

'e list of notations is shown in Table 2.
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4. Equilibrium

Firstly, the equilibrium in each scenario can be derived by
backward induction.

Proposition 1. )e equilibriums in scenario N, A, B, and C
are summarized in Table 3.

In order to ensure the positivity of the utility, G≥ 0
must be satisfied. From Proposition 1, the retail price of
the incumbent brand is pNE∗

1 � mNE∗ + wNE∗ � (2r +

dt + c)/3. 'en, we can get pNE∗
1 − pNE∗

2 � (2r + dt − 2c)/
12> 0 because r> c (the reservation price is higher than
the production cost). 'at is to say, the retail price of the
new brand is lower than the price of the retailer’s existing
brand, which is consistent with practice. Usually, the
contract manufacturer’s private brand is more affordable
compared with the retailer’s brand. From Proposition 1,
we can get Proposition 2.

Proposition 2. )e profits of the retailer and the contract
manufacturer have following properties.

(i) πNN∗
R � 2πNN∗

M ; πNE∗
M � 4.5πNE∗

R .
(ii) πAN∗

R � (2 − 3β)πAN∗
M ; UAE∗

R � k(α)πAE∗
M , where

k(α) � ((2 + 3α)(1 − 2α − 5α2)/(9 + 26α + 19α2)).
(iii) UBN∗

M � ((1/2) +α)πBN∗
R ; πBE∗

R � (2/(9 − 18β)UBE∗
M ).

(iv) UCN∗
R � l(α)UCN∗

M , where l(α) � ([2 + 2α(1 − β) −

3β]/[(1 + 2α)(1 + α)]); UCE∗
M � v(α)UCE∗

R , where v

(α) � ((1 − 2β)(1 − β)G/ [2 + 3α − 2(1 + α)β]H ).

Proposition 2 (i) shows that the retailer’s profit is twice
the contract manufacturer’s profit. 'e retailer who owns a
well-known brand shares more profit of the supply chain
than the contract manufacturer, which are consistent with
practice.'e reason is that the retailer leads the supply chain
and moves first. 'ere are first-mover advantages [9]. When
the contract manufacturer establishes her private brand, she
can get more profit than the retailer. 'e retailer may feel

unfair. As a result, the retailer may stop cooperating with the
contract manufacturer. 'us, the contract manufacturer
may need to consider fairness concern.

Proposition 2 (ii) shows that when β increases, the
difference between profits of both members will become
smaller. 'at is, when the advantageous inequity concern
parameter increases, the share of profit in supply chain is
more balanced in Model AN. Because (dk(α)/dα) � − ( 61+{

α 364 + α[802 + 15α(52 + 19α)]{ }}/[9 + α(26 + 19α)]2) < 0,
k(α) is a decreasing function of α. In scenario A, it is the
retailer who has fairness concern. When the disadvanta-
geous inequity concern parameter α increases, the share of
profit between members will be more imbalanced, which is
opposite to the situation when the contract manufacturer
does not encroach. 'at is, the fairness concern of the re-
tailer will decrease his utility. 'e reason is that it is the
contract manufacturer who gains more profit of the supply
chain when the contract manufacturer encroaches. If the
retailer wants to get more profit, whether the contract
manufacturer has fairness concern is more important.

From Proposition 2 (iii), when the disadvantageous
inequity α increases, the contract manufacturer can get
more profits. 'at is, the fairness concern increases the
profit of the contract manufacturer. 'e share of profit is
more balanced.

5. The Encroachment Strategy of the
Contract Manufacturer

In this section, we will discuss the contract manufacturer’s
encroachment strategy when neither the retailer nor the
contract manufacturer has fairness concern. Only when the
contract manufacturer can get more profit from en-
croachment, she will encroach. By comparing the profits of
the contract manufacturer under two different encroach-
ment strategies, we can get Proposition 3.

Proposition 3. In different scenarios, the encroachment
strategies are different.

Table 2: Notations.

Parameter 'e meaning of the parameter
α Disadvantageous inequity concern parameter 0< α< 1
β Advantageous inequity concern parameter 0< β< 1, α> β
d Brand differentiation
t Transportation cost (or disutility), which indicates the intensity of consumer’s preference for a brand
qi Demand rate for brand i when the contract manufacturer encroaches
q Demand of the retailer when the contract manufacturer does not encroach
m iN, (i � N, A, B, C) Retailer’s profit margin under no encroachment
w iN, (i � N, A, B, C) Contract manufacturer’s wholesale price under no encroachment
p iN

2 , (i � N, A, B, C) Retail price of the contract manufacturer’s private brand under no encroachment
π iN

M , πiN
R , (i � N, A, B, C) Profits of the contract manufacturer and the retailer in scenario i under no encroachment

π iN
T , (i � N, A, B, C) Profits of the whole supply chain in scenario i under no encroachment

m iE, (i � N, A, B, C) Retailer’s profit margin under encroachment
w iE, (i � N, A, B, C) Contract manufacturer’s wholesale price under encroachment
p iE

2 , (i � N, A, B, C) Retail price of contract manufacturer’s private brand under encroachment
π iE

M, πiE
R , (i � N, A, B, C) Profits of the contract manufacturer and the retailer in scenario i under encroachment

π iE
T , (i � N, A, B, C) Profits of the whole supply chain in scenario i under encroachment
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(i) In scenario N, when no member in the supply chain
has fairness concern, the contract manufacturer will
always encroach.

(ii) In scenario A, only the retailer has fairness concern.
When r≥([2cL − 2

�
3

√
c(2+3α)(1 − β) − dtL]/[2L −

2
�
3

√
(2+3α)(1 − β)]), the contract manufacturer will

encroach, or else she will not encroach, where
L �

�������������
9+α(26+19α)


(2 − 3β).

(iii) In scenario B, only the contract manufacturer has
fairness concern. When r≥ ([2c(2 + α − 3β)−

dt(3 +
�������
3(1 − α)

 �����
1 − β


− 3β)]/[2(2 + α − 3β)]),

the contract manufacturer will encroach, or else she
will not encroach.

(iv) In scenario C, both the retailer and the contract
manufacturer have fairness concern. When
r≥ ((2cJ − dtJ − cK)/(2J − K)), the contract man-
ufacturer will encroach, or else she will not encroach,
where J � [2 + 2α(1 − β) − 3β]

�����
1 − β

 ��
G

√
and

K � 2
�
3

√ �����
1 + α

√
(1 + α − β)[2 + 3α − 2(1 + α)β].

Proposition 3 (i) shows that if both retailer and the
contract manufacturer do not have fairness concern, the
contract manufacturer will always encroach. Selling di-
rectly to end-market consumers are more beneficial to
the contract manufacturer when no one has fairness in
the supply chain. Proposition 3 (ii)–(iv) show the con-
ditions that the contract manufacturer will encroach
under different scenarios. When the reservation price is
sufficiently high, the contract manufacturer has the
motivation to encroach, or else she will not encroach.
From Proposition 3, fairness concern has certain
strength to stop the contract manufacturer to encroach.

Next, the impact of encroachment on the retailer is
analyzed as follows.

In the following, we assume that the equilibrium profit is
equal to utility in each scenario to make the expressions
simplified. 'at is, πAN∗

R � UAN∗
R , πCN∗

R � UCN∗
R , πBN∗

M �

UBN∗
M , πCN∗

M � UCN∗
M , πAE∗

R � UAE∗
R , πCE∗

R � UCE∗
R , πBE∗

M

� UBE∗
M , πCE∗

M � UCE∗
M .

Proposition 4. )e impact of contract manufacturer’s en-
croachment on the retailer is as follows.

(i) Under scenario N, when r> (c + dt/(2
�
3

√
− 2)),

πNN∗
R > πNE∗

R , or else πNN∗
R ≤ πNE∗

R .
(ii) Under scenario A, when r> ((dt − 2c)N/(1 − 2N)),

πAN∗
R > πAE∗

R , or else πAN∗
R ≤ πAE∗

R , where

N �

������������������������������������

((1 − 2α − 5α2)(2 − 3β)/[12(1 − β)2(2+3α)])



.
(iii) Under scenario B, r> (c + dt/(1 − 2V)),

πBN∗
R > πBE∗

R , or else πBN∗
R ≤ πBE∗

R , where
V �

�������������������������������
((1 − β)(1 + 2α)/[14(1 + α)(1 − 2β)])


.

(iv) Under scenario C, when r> (c + dt/(1 − 2Z)),
πCN∗

R > πCE∗
R , or else, πCN∗

R ≤ πCE∗
R , where

Z �
������������������������������
(H(1 + 2α)[2 + 2α(1 − β) − 3β]/ 12{



(1 + α − β)2(1 − 2β)[2 + 3α− 2(1 + α)β]}).

Proposition 4 shows that when the reservation price is
sufficiently low, the encroachment of the contract
manufacturer benefits the retailer, or else it will harm the
benefit of the retailer. 'at is, the encroachment of the
contract manufacturer does not always harm the retailer.
'e results are similar across four different fairness
concern scenarios. Proposition 3 shows the condition
that the contract manufacturer will encroach. 'us, the
analysis of impact of encroach on the contract manu-
facturer is omitted.

6. The Impact of Fairness Concern

In this section, we will study the impact of fairness concerns
on decisions and profits. Firstly, we will compare the
equilibriums in four scenarios (N, A, B, C) under no en-
croachment. 'en, we will compare the equilibriums under
encroachment. Finally, we will use numerical examples to
illustrate the impact of several key parameters.

Proposition 5. Under no encroachment,

(i) mAN∗ <mNN∗, mBN∗ <mNN∗, mCN∗ <mNN∗; when
0< β≤ (2α/(1 + 5α)), mBN∗ ≤mAN∗; when (2α/
(1 + 5α))< β< (1/2), mBN∗ >mAN∗; mCN∗ <mAN∗;
mCN∗ <mBN∗.

(ii) wAN∗ >wNN∗; wBN∗ >wNN∗; wCN∗ >wNN∗; when
0< β< (4α/(1 + 8α)), wBN∗ >wAN∗. When (4α/(1+

8α))≤ β< (1/2), wBN∗ ≤wAN∗; wCN∗ >wAN∗;
wCN∗ >wBN∗.

(iii) πAN∗
R <πNN∗

R ; πBN∗
R <πNN∗

R ; πCN∗
R <πNN∗

R ; if α<
(1/7), when ((1+5α−

���������
1− 6α− 7α2

√
) /[4(1+2α)])<

β<((1+5α+
���������
1− 6α− 7α2

√
)/[4(1+2α)]), πBN∗

R >πAN∗
R ;

when β≤((1+5α−
���������
1− 6α− 7α2

√
)/ [4(1+2α)]) or

β≥((1+5α+
����������
1 − 6α − 7α2

√
)/[4(1+2α)]), πBN∗

R ≤
πAN∗

R ; πCN∗
R <πAN∗

R ; when 0<β<((1 − α − 2α2)/2),
πCN∗

R <πBN∗
R . When ((1 − α − 2α2)/2)≤β<(1/2),

πCN∗
R >πBN∗

R .
(iv) πAN∗

M >πNN∗
M ; πBN∗

M >πNN∗
M ; when ([2(1+α) − 2 (1+

2α)(1+α)
����
1+α

√
]/[5+4α(2+α)])<β<([2(1+α)+

2(1 + 2α)(1 + α)
����
1+ α

√
]/[5 + 4α(2 + α)]), πCN∗

M >
πNN∗

M , or else πCN∗
M ≤πNN∗

M ; when ((2+6α−

2
����
1 + α

√
)/(5 + 9α))<β<((2 + 6α + 2

����
1 + α

√
)/(5 + 9

α)), πBN∗
M <πAN∗

M , or else πBN∗
M ≥πAN∗

M ; when
���
1+

√

α(2 − 3β)(1 + α − β) − (1 − β) [2 + 2α(1 − β) − 3β]>
0, πCN∗

M >πAN∗
M , or else πCN∗

M ≤πAN∗
M ; πCN∗

M >πBN∗
M .

Proposition 5 (i) shows the impact of fairness concerns on
the profit margins of the retailer under no encroachment. 'e
profit margin of the retailer in three fairness concern scenarios
(A, B, C) are lower than that when there is no fairness concern.
'at is, when the contract manufacturer does not encroach, the
fairness concern decreases the profit margin of the retailer.
When the advantageous inequity fairness concern parameter is
sufficiently low, the profit margin of the retailer in scenario B is
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lower than that of scenario A and vice versa when the ad-
vantageous inequity fairness concern parameter is sufficiently
high. Among four scenarios (N,A,B,C), the profitmargin of the
retailer under scenario C is the lowest. Proposition 5 (ii) shows
the impact of fairness concerns on the wholesale price of the
contract manufacturer under no encroachment. 'e fairness
concern increases the wholesale price. When the advantageous
inequity fairness concern parameter is sufficiently low, the
wholesale price in scenario B is higher than that of scenario A,
and vice versa. Among four scenarios (N,A, B, C), the wholesale
price under scenario C is the highest. Proposition 5 (iii) shows
the impact of fairness concerns on the profit of the retailer under
no encroachment. 'e fairness concern decreases the profit of
the retailer. Proposition 5 (iv) shows the impact of fairness
concerns on the profit of the contract manufacturer. For the
contract manufacturer, the retailer’s fairness concern and her
own fairness concern both increase her profit.

Proposition 6. Under encroachment,

(i) mAE∗ >mNE∗; mBE∗ >mNE∗; mCE∗ >mNE∗; when(α
/(5α + 2))< β< (1/2), mBE∗ >mAE∗; when0< β≤ (α
/(5α + 2)), mBE∗ ≤mAE∗; mCE∗ >mAE∗; mCE∗ >
mBE∗.

(ii) wAE∗ <wNE∗; wBE∗ <wNE∗; wCE∗ <wNE∗; when(α/
[4(1 + 2α)])< β< (1/2), wBE∗ <wAE∗; when0< β≤
(α/[4(1 + 2α)]), wBE∗ ≥wAE∗; wCE∗ <wAE∗; wCE∗ <
wBE∗.

(iii) πAE∗
R < πNE∗

R ; πBE∗
R > πNE∗

R ; whenβ1 < β< β2, πCE∗
R

> πNE∗
R , or else πCE∗

R ≤ πNE∗
R , where β1 � ([1 −���������������������

(1 + 2α)2(1 + 4α)(1 + 6α)



+ 2α(7 + 8α)]/[2 + 4α

(5 + 4α)]), β2 � ([1 +

���������������������

(1 + 2α)2(1 + 4α)(1 + 6α)



+2α(7 + 8α)]/[2 + 4α(5 + 4α)]); when
β< ((7α + 10α2)/ (20α2 + 11α − 2)), πBE∗

R > πAE∗
R ,

or else πBE∗
R ≤ πAE∗

R ; πCE∗
R > πAE∗

R ; when 0< β< β3,
πCE∗

R < πBE∗
R ; when β3 ≤ β< (1/2), πCE∗

R ≥ πBE∗
R ,

where β3 � ([25+ 32α −
���������������
121 + 48α(9 + 8α)


]/[4

(9 + 8α)]).

(iv) πAE∗
M < πNE∗

M ; πBE∗
M < πNE∗

M , πCE∗
M < πNE∗

M ; when
0< β< ((4α + 5α2)/[9(2 + 3α)2]), πBE∗

M > πAE∗
M ;

when ((4α + 5α2)/[9(2 + 3α)2])≤ β< (1/2),
πBE∗

M ≤ πAE∗
M ; when (1 − β)(2 + 3α)2 G − (9 + 26α +

19α2)[2+ 3α − 2(1 + α)β]2 > 0, UCE∗
M > πAE∗

M , or else
UCE∗

M ≤ πAE∗
M , where G � 9 + 26α + 19α2 − 6(1+

α)(3 + 4α)β + [9 + 8α(2 + α)]β2; πCE∗
M < πBE∗

M .

Proposition 6 (i) shows that when the contract
manufacturer encroaches, fairness concern will increase
the retailer’s profit margin. Among four scenarios (A, B,
C, N), the profit margin of the retailer under scenario C is
the highest. Proposition 6 (ii) shows that the fairness
concern decreases the wholesale price of the contract
manufacturer. Among four scenarios (A, B, C, N), the
wholesale price of the contract manufacturer under
scenario C is the lowest. Proposition 6 (iii) shows that the

retailer’s fairness concern decreases his own profit;
however, when the contract manufacturer has fairness
concern, the profit of the retailer will be increased.
Proposition 6 (iv) shows that the fairness concern de-
creases the contract manufacturer’s profit.

In summary, Table 4 shows the effect of fairness concern
on decisions and profits compared with scenario N where
there is no fairness concern.

Proposition 7. When the contract manufacturer encroaches,
the retail prices of the private brand are the same, i.e.,
pNE∗

d � pAE∗
d � pBE∗

d � pCE∗
d .

Proposition 7 shows that the fairness concern has no
impact on the retail price of the contract manufacturer’s
private brand.

'en, we investigate the impact of certain key param-
eters on the profits of both the manufacturer and the retailer.
'e default parameters are assumed as follows:
r � 120, c � 30, α � 0.1, β � 0.2, t � 20, d � 0.3 . All pa-
rameters satisfy the conditions ensuring the existence of
equilibriums. Several other groups of default parameters are
tested as follows: r � 200, c � 50, α � 0.2, β � 0.3, t �

15, d � 0.4}, r � 500, c � 100, α � 0.3, β � 0.3, t � 80, d �

0.6}, and r � 1000, c � 300, α � 0.2, β � 0.1, t � 100,

d � 0.2}. 'e results derived from the numerical examples
are robust.

Figure 1(a) shows that under no encroachment, when
there is no fairness concern of any member, the profit of the
retailer is the highest. When the disadvantageous fairness
concern parameter is sufficiently low and when both
members have fairness concern, the profit of the retailer is
the lowest. However, when the disadvantageous fairness
concern parameter is sufficiently high and when the contract
manufacturer has the fairness concern, the profit of the
retailer is the lowest. Figure 1(b) shows that when both
members have fairness concern, the profit of the contract
manufacturer is the highest. When no one has fairness
concern, the profit of the contract manufacturer is the
lowest. Figure 1(c) illustrates that when both members have
fairness concern, the profit of the whole supply chain is the
highest. When disadvantageous fairness concern parameter
is sufficiently low and when the contract manufacturer has
fairness concern, the profit of the contract manufacturer is
the lowest. However, when the disadvantageous fairness
concern parameter is sufficiently high, the profit of the
contract manufacturer is the lowest when no one has fairness
concern. Under scenario C, the profit of the supply chain
increases with the disadvantageous inequity parameter. 'e
management insight here is that it is best for the whole
supply chain that both members have fairness concern. 'e
profit of the whole supply chain increases when they are
more concerned about disadvantageous fairness.

Figure 2 has similar results with Figure 1. Besides,
Figure 2 shows that when the advantageous inequity pa-
rameter increases, the profit of the retailer under scenario A
and scenario C firstly decreases with advantageous inequity
parameter and then increases with it. From Figures 1 and 2,
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it is best for the whole supply chain that both members have
fairness concern. 'e profit of the whole supply chain in-
creases when they are more concerned about fairness.

Figure 3(a) shows that the profit of the retailer is highest
when only the contract manufacturer has fairness concern.
When only the retailer has fairness concern, the profit of the
retailer is the lowest. Under scenarios A and C, the profit of
the retailer decreases with the disadvantageous inequity
parameter. Figure 3(b) presents that when no one has
fairness concern, the contract manufacturer’s profit is the

highest and when both members have fairness concern, the
profit of the contract manufacturer is the lowest. Figure 3(c)
states that it is best for the supply chain that no one has
fairness concern. When they are more concerned about
disadvantageous inequity, the profit of the whole supply
chain will decrease. 'e management insight here is that
when the contract manufacturer has a private brand, it is
best for the supply chain that no one has fairness concern.

Figure 4(a) shows that when the advantageous inequity
concern parameter is sufficiently high and when both members

Table 4: 'e impact of fairness concern on decisions and profits compared with scenario N.

Decisions or profits Scenario
Retailer’s fairness

concern
(scenario A)

Contract manufacturer’s
fairness

concern (scenario B)

Both members’
fairness

concern (scenario C)

Profit margin
No

encroachment − − −

Encroachment + + +

Wholesale price
No

encroachment + + +

Encroachment − − −

Private brand’s retail price Encroachment No change No change No change

Retailer’s profit/utility
No

encroachment − − −

Encroachment − + ±

Contract manufacturer’s profit/
utility

No
encroachment + + ±

Encroachment − − −
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Figure 1: Profit of the players under four different scenarios (A, B, C, N) versus α when the contract manufacturer does not encroach.
(a) Profit of the retailer. (b) Profit of the contract manufacturer. (c) Profit of the whole supply chain.
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Figure 2: Profit of the players under four different scenarios (A, B, C, N) versus β when the contract manufacturer does not encroach.
(a) Profit of the retailer. (b) Profit of the contract manufacturer. (c) Profit of the whole supply chain.
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Figure 3: Profit of the players under four different scenarios (A, B, C, N) versus α when the contract manufacturer encroaches. (a) Profit of
the retailer. (b) Profit of the contract manufacturer. (c) Profit of the whole supply chain.
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have fairness concern, the profit of the retailer would be the
highest. Figure 4(b) has similar results with Figure 3(b).
Figure 4(c) shows that when the advantageous inequity concern
parameter is sufficiently low, it is best for the whole supply chain
that no one has fairness concern. However, when the advan-
tageous inequity concern parameter is high enough, it is best for
the whole supply chain that both members have fairness con-
cern. Under scenarios B and C, the profit of the whole supply
chain increases with the advantageous inequity concern pa-
rameter when it is sufficiently high. 'e management insight
here is that when the contract manufacturer has a private brand,
it is best for the supply chain that no one has fairness concern
when the advantageous inequity concern parameter is suffi-
ciently low. However, when the advantageous inequity concern
parameter is sufficiently high, it is best for the supply chain that
both members have fairness concern.

7. Conclusions

'is paper investigates a supply chain consisting of one
contract manufacturer and one retailer who owns a well-
known brand selling in consumer market. 'e contract
manufacturer provides production service for the retailer.'e
contract manufacturer’s encroachment strategy and the im-
pact of fairness concern on decisions and profits are

investigated. 'e results show that when no member has
fairness concern, the contract manufacturer always has
motivation to encroach. However, when the retailer, the
contract manufacturer, or both members have fairness
concern, only if the reservation price is sufficiently high, the
contract manufacturer will encroach. 'at is, the fairness
concern has certain strength to stop the contract manufac-
turer to establish a private brand. When the reservation price
is sufficiently low, the encroachment of the contract manu-
facturer benefits the retailer, or else it will harm the benefit of
the retailer. Under encroachment strategy, the fairness
concern decreases the profit margin of the retailer and in-
creases wholesale price. However, under no encroachment
strategy, the impact of fairness concern on pricing decisions is
opposite except that the fairness concern has no impact on the
retail price of the private brand. Under no encroachment
strategy, the fairness concern has negative impact on the
retailer’s profit. However, under encroachment, the manu-
facturer’s fairness concern can increase the retailer’s profit.
'e fairness concern decreases the contract manufacturer’s
profit no matter what the form it is. Numerical examples
show that under no encroachment, it is best for the whole
supply chain that both members have fairness concern. 'e
profit of the whole supply chain increases when they are more
concerned about fairness. However, under encroachment, it is
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Figure 4: Profit of the players under four different scenarios (A, B, C, N) versus β when the contract manufacturer encroaches. (a) Profit of
the retailer. (b) Profit of the contract manufacturer. (c) Profit of the whole supply chain.
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best for the supply chain that no one has fairness concern
when the advantageous inequity concern parameter is suf-
ficiently low. When the advantageous inequity concern pa-
rameter is sufficiently high, it is best for the supply chain that
both members have fairness concern.

'is study can be extended in the following aspects in the
future research. Firstly, this paper derives demand function
from the Hotelling model which indicates that the contract
manufacturer’s private brand has symmetric position with
retailer’s existing brand. However, consumers may have
different perception for different brands in reality, especially
for new brands. 'us, the demand function can be modelled
in a different way. Secondly, this research assumes that supply
chain members are completely information symmetric. It
would be interesting to investigate how the information
asymmetry affects the results.'irdly, in big data era, real data
can be used to make the model closer to the reality.

Appendix

A. Proof of Proposition 1

A.1. Equilibrium under Scenario NN. Because (d2πNN
M /

dw2) � − (4/t)< 0, πNN
M is a concave function of w. By

solving the first-order condition (dπNN
M /dw) � 0, we can get

the reaction function of the contract manufacturer
wNN(m) � ((c − m + r)/2). By Inserting wNN(m) into re-
tailer’s profit function, we can get πNN

R (m). Because
(d2πNN

R (m)/dm2) � − (2/t)< 0, πNN
R (m) is a concave

function of m. By solving the first-order condition
(dπNN

R (m)/dm) � 0, we can get the optimal profit function
of the retailer as mNN∗ � ((r − c)/2). 'en, we can get the
contract manufacturer’s optimal wholesale price as
wNN∗ � ((r + 3c)/4). Finally, we can get the profit of the
retailer and the contract manufacturer as πNN∗

R �

((r − c)2/(4t)) and πNN∗
M � ((r − c)2/(8t)), respectively.

A.2. Equilibrium under Scenario NE. Because (z2πNE
M /

zw2) � − (3/t)< 0 and (z2πNE
M /zw2) · (z2πNE

M /zp2
2) − (z2

πNE
M /zw zp2)

2 � (8/t2)> 0, πNE
M is a concave function of

(w, p2). By solving the first-order conditions (zπNE
M /

zw) � 0, (zπNE
M /zp2) � 0, we can get the reaction function of

the contract manufacturer wNE(m) � ((2c − 2m+ 2r+ dt)/4)

and pNE
2 (m) � ((2c + 2r + dt)/4). By inserting wNE(m) and

pNE
2 (m) into the retailer’s profit function, we can get πNE

R (m).
Because (d2πNE

R (m)/dm2) � − (3/2t)< 0, πNE
R (m) is a con-

cave function of m. By solving the first-order condition
(dπNE

R (m)/dm) � 0, we can get the optimal profit function of
the existing brand as mNE∗ � ((2r + dt − 2c)/6). By inserting
mNE∗ into wNE(m) and pNE

2 (m), we can get the contract
manufacturer’s optimal decisions wNE∗ and pNE∗

2 . 'e re-
tailer’s profit is πNE∗

R � ((2r + dt − 2c)2/(48t)). 'e contract
manufacturer’s profit is πNE∗

M � (3(2r + dt− 2c)2/(32t)).

A.3. Equilibrium under Scenario AN. Because (z2πAN
M /

zw2) � − (4/t)< 0, πAN
M is a concave function of w. By solving

the first-order condition (dπAN
M /dm) � 0, we can get the

reaction function of the contract manufacturer wAN(m) �

((c − m + r)/2). By inserting wAN(m) into retailer’s utility
function, we can get UAN

R (m). (z2UAN
R (m)/zm2) �

− (2/t) + (3β/t). Only if β< (2/3), UAN
R (m) is a concave

function of m. By solving the first-order condition
(dUAN

R (m)/zm) � 0, we can get the optimal profit function
of the retailer as mAN∗ � ((r− c)(1 − 2β)/(2 − 3β)).'en, we
can get the contract manufacturer’s optimal wholesale price
as wAN∗ � ((3c + r − 5cβ − rβ)/(4 − 6β)). Finally, we can get
the utility of the retailer as UAN∗

R � ((r − c)2(1 −

β)2/[2t(2 − 3β)]). 'e profit of the contract manufacturer is
πAN∗

M � ((r − c)2(1 − β)2/[2t(2 − 3β)2]). In order to ensure
the positivity of the profit margin, β< (1/2) must be satisfied.
'us, β< (1/2) can ensure both concavity and positivity of
the equilibrium.

A.4. Equilibriumunder ScenarioAE. Because (z2πAE
M /zw2) �

− (3/t)< 0 and (z2πAE
M /zw2) · (z2πAE

M /zp2
2) − (z2πAE

M /zw

zp2)
2 � (8/t2)> 0, πAE

M is a concave function of (w, p2). By
solving the first-order conditions (zπAE

M /zw) � 0, (zπAE
M /

zp2) � 0, we can get the reaction function of the contract
manufacturer wAE(m) � ((2c − 2m + 2r + dt)/4) and pAE

2
(m) � ((2c + 2r + dt)/4). By inserting wAE(m) and pAE

2 (m)

into the retailer’s utility function, we can get UAE
R (m). Be-

cause (d2UAE
R (m)/dm2) � − (3/(2t)) − (9α/(4t))< 0, πNE

R

(m) is a concave function of m. By solving the first-order
condition (dπNE

R (m)/dm) � 0, we can get the optimal profit
function of the existing brand as mAE∗ � ((dt+

2r − 2c)(1 + 2α)/(6 + 9α)). By inserting mAE∗ into wAE(m)

and pAE
2 (m), we can get the contract manufacturer’s optimal

decisions wAE∗ and pAE∗
2 . 'e retailer’s utility is UAE∗

R �

((2r + dt − 2c)2(1 − 2α − 5α2)/ [24t(2 + 3α)]). 'e contract
manufacturer’s profit is πAE∗

M � ((2r + dt − 2c)2(9+

26α + 19α2)/[24t(2 + 3α)2]). Note that UAE∗
R must be non-

negative, or else the retailer will abandon the supply chain.
'at is, 0< α≤ ((

�
6

√
− 1)/5).

A.5. Equilibrium under Scenario BN. Because (z2πBN
M /

zw2) � − (4/t) − (4α/t)< 0, πBN
M is a concave function of w.

By solving the first-order condition (dπBN
M /dw) � 0, we can

get the reaction function of the contract manufacturer
wBN(m) � ((c − m + r + cα + rα)/ [2(1 + α)]). By inserting
wBN(m) into retailer’s profit function, we can get πBN

R (m).
Because (d2πBN

R (m)/dm2) � − ((2 + 4α)/(t + tα))< 0,
πBN

R (m) is a concave function of m. By solving the first-order
condition (dπBN

R (m)/zm) � 0, we can get the optimal profit
function of the retailer as mBN∗ � ((r − c)(1 + α)/(2 + 4α)).
'en, we can get the contract manufacturer’s optimal
wholesale price as wBN∗ � ((3c + r + 4cα + 4rα)/(4 + 8α)).
Also, we can get the utility of the contract manufacturer as
UBN∗

M � ((r − c)2(1 + α)/(8t)). 'e profit of the retailer is
πBN∗

R � ((r − c)2(1 + α)/[4(t + 2tα)]).

A.6.Equilibriumunder ScenarioBE. Because (z2UBE
M /zw2) �

− (3(1 − β)/t)< 0 and(z2πBE
M /zw2) · (z2 πBE

M /zp2
2) − (z2πBE

M

/zw zp2)
2 � (8(1 − β)2/t2)> 0, UBE

M is a concave function of
(w, p2). By solving the first-order conditions (zUBE

M /
zw) � 0, (zUBE

M /zp2) � 0, we can get the reaction function of
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the contract manufacturer wBE(m) � ([2c + 2r+

dt − 2m/(1 − β)]/4) and pBE
2 (m) � ([2(c + r) + dt]/4). By

inserting wBE(m) and pBE
2 (m) into the retailer’s utility

function, we can get πBE
R (m). (z2πBE

R (m)/dm2) �

− (3 1 − 1/[2(1 − β)] /t). Only if β< (1/2), πBE
R (m) is a

concave function of m. By solving the first-order condition
(dπBE

R (m)/dm) � 0, we can get the optimal profit function of
the existing brand as mBE∗ � ((dt +2r− 2c)(1 − β)/(6 − 12β)).
By inserting mBE∗ into wBE(m) and pBE

2 (m), we can get the
contract manufacturer’s optimal decisions wBE∗ � ((2r+

dt)(1 − 3β) + c(4 − 6β)/(6 − 12β)) and pBE∗
2 � ([2(c + r)+

dt]/4). 'e retailer’s profit is πBE∗
R � ((2r +dt − 2c)2(1−

β)/[48t(1 − 2β)]). 'e contract manufacturer’s utility is
UBE∗

M � (3(2r +dt − 2c)2(1 − β)/(32t)).

A.7. Equilibrium under Scenario CN. Because (z2UCN
M /

zw2) � − (4/t) − (4α/t)< 0, UCN
M is a concave function of w.

By solving the first-order condition (dUCN
M /dw) � 0, we can

get the reaction function of the contract manufacturer as
wCN(m) � ((c − m + r+ cα + rα)/[2(1 + α)]). By inserting
wCN(m) into retailer’s profit function, we can get πCN

R (m).
Because d2πCN

R (m)/dm2 � − ((1 + 2α)[2 + 2α(1 − β) − 3β]

/[t(1 + α)2]), when 2 + 2α(1 − β) − 3β> 0, i.e., β< ((2α+

2)/(2α + 3)), πCN
R (m) is a concave function of m. By solving

the first-order condition (dπCN
R (m)/zm) � 0, we can get the

optimal profit function of the retailer as mCN∗ � ((r − c)

(1 + α)2(1 − 2β)/ (1 + 2α)[2 + 2α(1 − β) − 3β] ). 'en, we
can get the contract manufacturer’s optimal wholesale price
as wCN∗ � ((c + r + cα + rα − mCN∗)/ [2(1 + α)]). Also, we
can get the utility of the contract manufacturer as UBN∗

M �

((r − c)2 (1 + α)(1 + α − β)2/ 2t[2 + 2α(1 − β) − 3β]2 ).
'e profit of the retailer is πBN∗

R � ((r − c)2(1+

α − β)2/ 2t(1 + 2α)[2 + 2α(1 − β) − 3β] ). In order to ensure
the positivity of the profit margin, β< (1/2) must be satisfied.
Because ((2α+2)/(2α+3))− (1/2)� ((2α+1)/[2(2α+3)])>0,
β<(1/2) can ensure both concavity and positivity of the
equilibrium.

A.8. Equilibrium under Scenario CE. Because (z2UCE
M /

zw2) � − (3(1 − β)/t)< 0 and(z2UCE
M / zw2) · (z2 UCE

M /z
p2
2) − (z2UCE

M /zw zp2)
2 � (8(1 − β)2/t2)> 0, UCE

M is a con-
cave function of (w, p2). By solving the first-order condi-
tions (zUCE

M /zw) � 0, (zUCE
M /zp2) � 0, we can get the

reaction function of the contract manufacturer as wCE(m) �

([2c + 2r + dt − 2m/(1 − β)]/4) and pCE
2 (m) �

([2(c + r) + dt]/4). By inserting wCE(m) and pCE
2 (m) into

the retailer’s utility function, we can get πCE
R (m). d2UCE

R

(m)/dm2 � − (3(1 − 2β)[2 + 3α − 2(1 + α)β]/[4t(1 − β)2]).
Let f(β) � 3(1 − 2β)[2+3α − 2(1+α)β]. Because (d2f(β)/
dβ2) � 24(1+α)>0, f(β) is a convex function of β. Let
f(β) � 0, and we can get two roots β1 � 1/2 and
β2 �((2+3α)/[2(1+α)]). Since β2 �((2+3α)/[2(1+α)])>1,
we can omit this root. 'us, when β<(1/2), f(β)>0. 'en,
UCE

R (m) is a concave function of m. By solving the first-order
condition (dUCE

R (m)/dm)�0, we can get the optimal profit
function of the existing brand as mCE∗�((dt+2r−

2c)(1+2α)(1 − β)2/ 3(1 − 2β)[2+3α − 2(1+α)β] ). By

inserting mCE∗into wCE(m) and pCE
2 (m), we can get the

contract manufacturer’s optimal decisions as wCE∗�

wCE(m)�([2c+2r+dt − 2mCE∗/(1 − β)]/4) and pCE∗
2 �

([2(c+r)+dt]/4). 'en, we can get the retailer and the
contract manufacturer’s utility.

B. Proof of Proposition 3

B.1. )e Encroachment Strategy of Scenario N. From Prop-
ositions 1, the profit of the contract manufacturer under two
different encroachment strategies is πNN∗

M � ((r − c)2/(8t))

and πNE∗
M � (3(2r + dt− 2c)2/ (32t)), respectively. πNE∗

M −

πNN∗
M � ([3(2r + dt − 2c)2− 4(r − c)2]/(32t)). Only when

3(2r + dt − 2c)2− 4(r − c)2 ≥ 0, the contract manufacturer
will establish her private brand. 'at is, r≥ c − ((3+�
3

√
)dt/4). Because we assume that the reservation price is

always higher than the cost (r> c), r≥ c − ((3 +
�
3

√
)dt/4) is

always satisfied.

B.2. )e Encroachment Strategy of Scenario A. From Prop-
ositions 1, the profit of the contract manufacturer under two
different encroachment strategies is πAN∗

M � ((r − c)2(1−

β)2/[2t(2 − 3β)2]) and πAE∗
M � ((2r +dt − 2c)2(9+26α+19

α2)/[24t(2+3α)2]), respectively. πAE∗
M − πAN∗

M � ((2r +dt−

2c)2(9+26α+19α2)/[24t(2+3α)2]) − ((r − c)2(1 − β)2/ [2t

(2 − 3β)2]). Only when M � (2r+ dt − 2c)2(9+26α+19α2)
(2 − 3β)2 − 12(r − c)2(1 − β)2 (2+3α)2≥0, the contract
manufacturer will establish her private brand. 'at is,
r≥([2cL − 2

�
3

√
c(2+3α) (1 − β) − dtL]/[2L − 2

�
3

√
(2+ 3α)(1

− β)]), where L �
�������������
9+α(26+19α)


(2 − 3β).

B.3. )e Encroachment Strategy of Scenario B. From Prop-
ositions 1, the utility of the contract manufacturer under two
different encroachment strategies is UBN∗

M � ((r − c)2(1 +

α)/(8t)) and UBE∗
M � (3(2r +dt − 2c)2(1 − β)/(32t)), respec-

tively. UBE∗
M − UBN∗

M � (3(2r +dt − 2c)2(1 − β) − 4(r − c)2

(1+α)/(32t)). Only when N � 3(2r +dt − 2c)2(1 − β) − 4(r−

c)2(1+α)≥0, the contract manufacturer will establish her
private brand. 'at is, r≥( 2c(2+α − 3β) − dt[3+�������
3(1 − α)

 ����
1 − β


− 3β]}/[2(2+α − 3β)]).

B.4. )e Encroachment Strategy of Scenario C. From Prop-
ositions 1, the utility of the contract manufacturer under two
different encroachment strategies is UCN∗

M � ((r − c)2(1+α)

(1+α − β)2/ 2t[2+2α(1 − β) − 3β]2}) and UCE∗
M � ((2r +dt −

2c)2(1 − β)G/ 24t[2+3α−{ 2(1+α)β]2}), respectively,
where G � 9+26α+19α2 − 6(1+α)(3+4α)β+ [9+8α(2
+α)]β2.UCE∗

M − UCN∗
M � ((2r+dt − 2c)2(1 − β)G/ 24t[2+3α{ −

2(1+α)β]2})− ((r − c)2(1+α)(1+α − β)2/ 2t[2+2α(1 − β) −

3β]2}). Only when UCE∗
M − UCN∗

M ≥0, the contract manufac-
turer will establish her private brand. 'at is, M≥0, where
M�(2r+dt − 2c)2 (1 − β)[2+2α(1 − β)− 3β]2G − 12 (r − c)2

(1+α)(1+α − β)2[2+3α − 2(1+α)β]2, G�9+ 26α+19α2
− 6(1+α)(3+4α)β+[9+8α(2+α)]β2.
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'at is, r≥ ((2cJ − d tJ − cK)/(2J − K)), where J � [2 +

2α(1 − β) − 3β]
�����
1 − β

 ��
G

√
and K � 2

�
3

√ �����
1 + α

√

(1 + α − β)[2 + 3α − 2(1 + α)β].

C. Proof of Proposition 4

(i) πNN∗
R /πNE∗

R � (2
�
3

√
(r − c)/(2r + dt − 2c)2); when

r< (c+ dt/(2
�
3

√
− 2)), πNN∗

R < πNE∗
R , or else πNN∗

R

≥ πNE∗
R .

(ii) πAN∗
R − πAE∗

R � ((r − c)2(1 − β)2 /[2t(2 − 3β)])−

((2r + dt − 2c)2(1 − 2α − 5α2)/[24t(2 + 3α)]); when
r> ((dt − 2c)N/(1 − 2N)), πAN∗

R > πAE∗
R , or else

πAN∗
R ≤ πAE∗

R , where N ��������������������������������������

((1 − 2α − 5α2)(2 − 3β)/[12(1 − β)2(2 + 3α)])



.
(iii) πBN∗

R − πBE∗
R � ((r − c)2(1+α)/[4t(1+ 2α)]) − ((2r

+dt− 2c)2(1− β)/[48t(1− 2β)]), r>c+(dt/(1− 2V)),
πBN∗

R >πBE∗
R , or else πBN∗

R ≤πBE∗
R , where

V�
�����������������������������
((1− β)(1+2α)/[14(1+α)(1− 2β)])


.

(iv) πCN∗
R − πCE∗

R � ((r − c)2(1 + α − β)2/ 2t(1 + 2α){

[2 + 2α(1 − β) − 3β]}) − ((2r + dt − 2c)2H/ 24t(1−{

2β)[2+3α − 2(1+α)β]}); when r>c+(dt/(1 − 2Z)),
πBN∗

R >πBE∗
R , or else, πCN∗

R ≤πCE∗
R , where Z ��������������������������������������

(H(1+2α)[2+2α(1 − β) − 3β]/ 12(1+α − β)2



(1 − 2β)[2+3α − 2(1+α)β]}).

D. Proof of Proposition 5

m
AN∗

m
NN∗ �

(r − c)(1 − 2β)

2 − 3β
·

2
r − c

�
2 − 4β
2 − 3β
< 1, (D.1)

that is, mAN∗ <mNN∗.

m
BN∗

m
NN∗ �

(r − c)(1 + α)

2 + 4α
·

2
r − c

�
2 + 2α
2 + 4α
< 1, (D.2)

that is, mBN∗ <mNN∗.

m
CN∗

− m
NN∗

�
(r − c)(1 + α)

2
(1 − 2β)

(1 + 2α)[2 + 2α(1 − β) − 3β]
−

r − c

2
�
2(r − c)(1 + α)

2
(1 − 2β) − (r − c)(1 + 2α)[2 + 2α(1 − β) − 3β]

2(1 + 2α)[2 + 2α(1 − β) − 3β]
.

(D.3)

Since β< ((2α + 2)/(2α + 3)), 2 + 2α(1 − β) − 3β> 0.
Letg1(β) � 2(r − c) (1 + α)2(1 − 2β) − (r − c)(1 + 2α)

[2 + 2α(1 − β) − 3β]. (dg1(β)/dβ) � c − r< 0. 'at is, g1(β)

is a decreasing function of β. Let g1(β) � 0, and we can get a

root as − 2(α + α2) . When β> − 2(α + α2), g1(β)< 0. We
know that β> 0; thus, g1(β)< 0. 'en, we can get
mCN∗ − mNN∗ < 0. 'at is, mCN∗ <mNN∗.

m
BN∗

− m
AN∗

�
(r − c)(1 + α)

2 + 4α
−

(r − c)(1 − 2β)

2 − 3β
�

(r − c)(1 + α)(2 − 3β) − (r − c)(1 − 2β)(2 + 4α)

(2 + 4α)(2 − 3β)
. (D.4)

Becauseβ< (2/3), 2 − 3β> 0. Letg2(β) � (r − c)(1+

α)(2 − 3β) − (r − c)(1− 2β)(2 + 4α). g2(β) is a linear
function of β. (dg2(β)/dβ) � (r − c)(1 + 5α)> 0. 'at is,
g2(β) is an increasing function of β. Let g2(β) � 0, and we
can get a root as (2α/(1 + 5α)){ }. (2α/(1+

5α)) − (1/2) � ((− 1 − α)/[2(1 + 5α)])< 0; thus, (2α/(1+

5α))< (1/2). When (2α/(1 + 5α))< β< (1/2), g2(β)> 0,
mBN∗ >mAN∗. When 0< β≤ (2α/(1 + 5α)), g2(β)≤ 0,
mBN∗ ≤mAN∗.

m
CN∗

− m
AN∗

�
(r − c)(1 + α)

2
(1 − 2β)

(1 + 2α)[2 + 2α(1 − β) − 3β]
−

(r − c)(1 − 2β)

2 − 3β

�
(r − c)(1 + α)

2
(1 − 2β)(2 − 3β) − (r − c)(1 − 2β)(1 + 2α)[2 + 2α(1 − β) − 3β]

(1 + 2α)[2 + 2α(1 − β) − 3β](2 − 3β)
.

(D.5)

From β< (2/3) and β< ((2α + 2)/(2α + 3)), we know
that (1 + 2α)[2 + 2α(1 − β) − 3β](2 − 3β)> 0. Letg3(β) �

(r − c)(1 + α)2(1 − 2β)(2 − 3β) − (r − c)(1 − 2β)(1 + 2α)

[2 + 2α(1 − β) − 3β]. Because (z2g3(β)/zβ2) �

Mathematical Problems in Engineering 15



4(c − r)α(2 + α)< 0, g3(β) is a concave function of β. By
solving g3(β) � 0, we can get two roots

(1/2), (2(1 + α)/(2 + α)){ }, where (2(1 + α)/(2 + α))> 1.
When β< (1/2), g3(β)< 0 and mCN∗ ≤mAN∗.

m
CN∗

− m
BN∗

�
(r − c)(1 + α)

2
(1 − 2β)

(1 + 2α)[2 + 2α(1 − β) − 3β]
−

(r − c)(1 + α)

2 + 4α

�
(r − c)(1 + α)

2
(1 − 2β)(2 + 4α) − (r − c)(1 + α)(1 + 2α)[2 + 2α(1 − β) − 3β]

(1 + 2α)[2 + 2α(1 − β) − 3β](2 + 4α)
.

(D.6)

Let g4(β) � (r − c) (1 + α)2(1 − 2β)(2 + 4 α) − (r−

c)(1 + α)(1 + 2α)[2 + 2α(1 − β) − 3β]. We can get the
unique root as {0}. Because (dg4(β)/dβ) � − (r−

c)(1 + α)(1 + 2α)2 < 0, g4(β) is a decreasing function of β.
'us, when β> 0, g4(β)< 0, that is, mCN∗ <mBN∗.

w
AN∗

− w
NN∗

�
3c + r − 5cβ − rβ

2(2 − 3β)
−

r + 3c

4
�

(r − c)β
4(2 − 3β)

.

(D.7)

Since β<(2/3), 2 − 3β>0, and the reservation price of
the consumer is higher than the cost, i.e., r − c>0. As a result,
wAN∗ >wNN∗. wBN∗ − wNN∗ � (2(r − c)α/[4(1+2α)])>0. As
a result, wBN∗ >wNN∗. wCN∗ − wNN∗ � ((r − c)[4α
(1+α)(1 − β) +β]/ 4(1+2α)[2+2α(1 − β) − 3β] )>0,
wCN∗>wNN∗.

w
BN∗

− w
AN∗

�
3c + r + 4cα + 4rα

4 + 8α
−
3c + r − 5cβ − rβ

4 − 6β
.

(D.8)

Solving wBN∗ − wAN∗ � 0, we can get a unique root as
[4α/(1 + 8α)]. z(wBN∗ − wAN∗)/zβ � − ((r − c)/
[2(2 − 3β)2])< 0, (wBN∗ − wAN∗) is a decreasing function
of β. Because (4α/(1+8α)) − (1/2) � − (1/[2(1+8α)])<0,
(4α/(1+8α))<(1/2). When 0<β<(4α/(1+8α)),
wBN∗ >wAN∗. When (4α/(1+8α))≤β<(1/2), wBN∗ ≤wAN∗.

w
CN∗

− w
AN∗

�
(r − c)α(1 − 2β)[4 + 4α(1 − β) − 5β]

2(1 + 2α)(2 − 3β)[2 + 2α(1 − β) − 3β]
.

(D.9)

Because r> c, β< (1/2), and β< ((2α + 2)/(2α + 3)),
when β< (4(1 + α)/(5 + 4α)), wCN∗ >wAN∗, and when
β≥ (4(1 + α)/(5 + 4α)), wCN∗ ≤wAN∗. Because
(4(1 + α)/(5 + 4α))< (1/2) and β< (1/2), wCN∗ >wAN∗ is
always satisfied.

w
CN∗

− w
BN∗

�
c + r + cα + rα − m

CN∗

2(1 + α)
−
3c + r + 4cα + 4rα

4 + 8α
.

(D.10)

Solving wCN∗ − wBN∗ � 0, we can get a unique root 0{ }.
(z(wCN∗ − wAN∗)/zβ|β�0) � ((r − c)/[8(1 + α)])> 0.
(wCN∗ − wBN∗)is an increasing function of β. Because β> 0,
wCN∗ >wBN∗.

πAN∗
R − πNN∗

R �
(r − c)

2
(1 − β)

2

2t(2 − 3β)
−

(r − c)
2

4t
�

(r − c)
2β(2β − 1)

4t(2 − 3β)
,

(D.11)

because β< (1/2), 2 − 3β> 0, and 2β − 1< 0, πAN∗
R < πNN∗

R .

πBN∗
R − πNN∗

R �
(r − c)

2
(1 + α)

4t(1 + 2α)
−

(r − c)
2

4t
� −

(r − c)
2α

4t(1 + 2α)
< 0,

(D.12)

that is, πBN∗
R < πNN∗

R .

πCN∗
R − πNN∗

R �
2(r − c)

2
(1 + α − β)

2
− (r − c)

2
(1 + 2α)[2 + 2α(1 − β) − 3β]

4t(1 + 2α)[2 + 2α(1 − β) − 3β]
�

(r − c)
2
[2α(1 + α) + β](2β − 1)

4t(1 + 2α)[2 + 2α(1 − β) − 3β]
, (D.13)

because β< ((2α + 2)/(2α + 3)), 2 + 2α(1 − β) − 3β> 0. Be-
cause β< (1/2), πCN∗

R < πNN∗
R .

πBN∗
R − πAN∗

R �
(r − c)

2
(1 + α)

4t(1 + 2α)
−

(r − c)
2
(1 − β)

2

2t(2 − 3β)
�

(r − c)
2

(1 + α)(2 − 3β) − 2(1 − β)
2
(1 + 2α) 

4t(1 + 2α)(2 − 3β)
. (D.14)
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Let g5(β) � (1 + α)(2 − 3β) − 2(1 − β)2(1 + 2α).
(z2g5(β)/zβ2) � − 4(1 + 2α)< 0. g5(β) is a concave function
of β. Let g5(β) � 0, and we can get two roots:

1 + 5α −
����������
1 − 6α − 7α2



4 + 8α
,
1 + 5α +

����������
1 − 6α − 7α2



4 + 8α
⎧⎨

⎩

⎫⎬

⎭,

zg5(β)/zβ( |β� 1+5α−
������
1− 6α− 7α2

√
( )/(4+8α)( )

zβ
�

�������������
(1 + α)(1 − 7α)


> 0,

zg5(β)/zβ( |β� 1+5α−
������
1− 6α− 7α2

√
( )/(4+8α)( )

zβ
� −

�������������
(1 + α)(1 − 7α)


< 0, if α<

1
7
.

(D.15)

'us, when ((1 + 5α −
�������
1 − 6α−

√
7α2 )/(4 + 8α))<

β< ((1 + 5α +
����������
1 − 6α − 7α2

√
)/(4 + 8α))and α< 1/7,

g5(β)> 0, then πBN∗
R > πAN∗

R . When β≤((1+5α−

����������
1 − 6α − 7α2

√
)/(4+8α)) or β≥((1+5α+

����������
1 − 6α − 7α2

√
)/(4

+8α)), g5(β)≤0, thenπBN∗
R ≤πAN∗

R .

πCN∗
R − πAN∗

R �
(r − c)

2
(1 + α − β)

2

2t(1 + 2α)[2 + 2α(1 − β) − 3β]
−

(r − c)
2
(1 − β)

2

2t(2 − 3β)
�

(r − c)
2α(1 − 2β)

2
[− 2(1 + α) +(2 + α)β]

2t(1 + 2α)[2 + 2α(1 − β) − 3β](2 − 3β)
. (D.16)

Let g6(β) � − 2(1+α)) + (2+α)β, which is a linear
function of β. Let g6(β) � 0, and we can get a unique root
([2(1+α)]/(2+α)). Because (zg6(β)/zβ) � 2+α>0, g6(β)

is an increasing function of β. When β<([2(1+α)]/(2+α)),

g6(β)<0, then πCN∗
R <πAN∗

R . When β≥([2(1+α)]/(2+α)),
πCN∗

R ≥πAN∗
R . Because ([2(1+α)]/(2+α))>1 and β<(1/2)

must be satisfied, πCN∗
R <πAN∗

R .

πCN∗
R − πBN∗

R �
(r − c)

2
(1 + α − β)

2

2t(1 + 2α)[2 + 2α(1 − β) − 3β]
−

(r − c)
2
(1 + α)

4t(1 + 2α)
�

(r − c)
2β − 1 + α + 2α2 + 2β 

4t(1 + 2α)[2 + 2α(1 − β) − 3β]
. (D.17)

Let g7(β) � − 1 + α + 2α2 + 2β, which is a linear function
of β. Let g7(β) � 0, and we can get a unique root
(1 − α − 2α2)/2. Because (zg7(β)/zβ) � 2> 0, g7(β) is an

increasing function of β. When 0< β< (1 − α − 2α2)/2,
g7(β)< 0, then πCN∗

R < πBN∗
R . When

((1 − α − 2α2)/2)≤ β< (1/2), πCN∗
R > πBN∗

R .

πAN∗
M − πNN∗

M �
(r − c)

2
(1 − β)

2

2t(2 − 3β)
2 −

(r − c)
2

8t
�

(r − c)
2 4(1 − β)

2
− (2 − 3β)

2
 

8t(2 − 3β)
2 �

(r − c)
2
(4 − 5β)β

8t(2 − 3β)
2 . (D.18)

Because β< (1/2), 4 − 5β> 0, πAN∗
M > πNN∗

M . πBN∗
M −

πNN∗
M � ([(r − c)2 (1 + α)]/(8t)) > 0. Because 0< α< 1,

πBN∗
M > πNN∗

M .

πCN∗
M − πNN∗

M �
(r − c)

2
(1 + α)(1 + α − β)

2

2t[2 + 2α(1 − β) − 3β]
2 −

(r − c)
2

8t
�

(r − c)
2
g8(β)

8t[2 + 2α(1 − β) − 3β]
2, (D.19)

Mathematical Problems in Engineering 17



where g8(β) � 4(1 + α)(1 + α − β)2 − [2 + 2α(1 − β) − 3β]2.
Because (z2g8(β)/zβ2) � − 2[5 + 4α(2 + α)]< 0, g8(β) is a

concave function of β. By solving g8(β) � 0, we can get two
roots:

2(1 + α) − 2(1 + 2α)(1 + α)
�����
1 + α

√

5 + 4α(2 + α)
,
2(1 + α) + 2(1 + 2α)(1 + α)

�����
1 + α

√

5 + 4α(2 + α)
 ,

zg8(β)

zβ
|β�([2(1+α)− 2(1+2α)(1+α)

���
1+α

√
]/[5+4α(2+α)]) � 4(1 + α)(1 + 2α)

�����
1 + α

√
> 0,

zg8(β)

zβ
|β�([2(1+α)+2(1+2α)(1+α)

���
1+α

√
]/[5+4α(2+α)]) � − 4(1 + α)(1 + 2α)

�����
1 + α

√
< 0.

(D.20)

'us, when

2(1 + α) − 2(1 + 2α)(1 + α)
�����
1 + α

√

5 + 4α(2 + α)
< β<

2(1 + α) + 2(1 + 2α)(1 + α)
�����
1 + α

√

5 + 4α(2 + α)
, (D.21)

πCN∗
M > πNN∗

M , or else πCN∗
M ≤ πNN∗

M .

πBN∗
M − πAN∗

M �
(r − c)

2
(1 + α)

8t
−

(r − c)
2
(1 − β)

2

2t(2 − 3β)
2 �

(r − c)
2
g9(β)

8t(2 − 3β)
2 , (D.22)

where g9(β) � (1 + α)(2 − 3β)2 − 4(1 − β)2. (z2g9(β)/
zβ2) � 2(5 + 9α)> 0. g9(β) is a convex function of β. Let
g9(β) � 0, and we can get two roots:

2 + 6α − 2
�����
1 + α

√

5 + 9α
,
2 + 6α + 2

�����
1 + α

√

5 + 9α
 ,

zg9(β)

zβ
|β�((2+6α− 2

���
1+α

√
)/(5+9α)) � − 4

�����
1 + α

√
< 0,

zg9(β)

zβ
|β�((2+6α+2

���
1+α

√
)/(5+9α)) � 4

�����
1 + α

√
> 0.

(D.23)

'us, when ((2 + 6α − 2
�����
1 + α

√
))/(5 + 9α)< β< ((2+

6α + 2
�����
1 + α

√
))/(5 + 9α), g9(β)< 0, then πBN∗

M < πAN∗
M , or

elseπBN∗
M ≥ πAN∗

M .

πCN∗
M − πAN∗

M �
(r − c)

2
(1 + α)(1 + α − β)

2

2t[2 + 2α(1 − β) − 3β]
2 −

(r − c)
2
(1 − β)

2

2t(2 − 3β)
2 �

(r − c)
2
g10(β)

2t[2 + 2α(1 − β) − 3β]
2
(2 − 3β)

2, (D.24)
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where

g10(β) � (1 + α)(1 + α − β)
2
(2 − 3β)

2
− (1 − β)

2
[2 + 2α(1 − β) − 3β]

2

� [
�����
1 + α

√
(2 − 3β)(1 + α − β)]

2
− (1 − β)[2 + 2α(1 − β) − 3β] 

2
.

(D.25)

Because β< 2/3, 0< β< 1 and β< ((2α + 2)/(2α + 3)),�����
1 + α

√
(2 − 3β)(1 + α − β)> 0 and (1 − β)[2 + 2α(1−

β) − 3β]> 0. When
�����
1 + α

√
(2− 3β)(1 + α − β) − (1−

β)[2 + 2α(1 − β) − 3β]> 0, g10(β)> 0, then πCN∗
M > πAN∗

M , or
else πCN∗

M ≤ πAN∗
M .

πCN∗
M − πBN∗

M �
(r − c)

2
(1 + α)(1 + α − β)

2

2t[2 + 2α(1 − β) − 3β]
2 −

(r − c)
2
(1 + α)

8t
�

(r − c)
2
(1 + α) 4(1 + α − β)

2
− [2 + 2α(1 − β) − 3β]

2
 

8t[2 + 2α(1 − β) − 3β]
2 ,

(D.26)

where g12(β) � 4(1+α − β)2 − [2+2α(1 − β) − 3β]2. Because
(z2g12(β)/zβ2) � − 2(1+2α)(5+2α)<0, g12(β) is a concave
function of β. By solving g12(β)�0, we can get too roots
0,(4(1+α)/(5+2α)){ }, where (4(1+α)/(5+ 2α))>(1/2).

(zg12(β)/zβ)|β�0�4(1+α)(1+2α)>0, and(zg12(β)/zβ)

|β�(4(1+α)/(5+2α))�− 4(1+α)(1+2α)<0. 'us, when
0<β<(1/2), πCN∗

M >πBN∗
M .

E. Proof of Proposition 6

m
AE∗

− m
NE∗

�
(dt + 2r − 2c)(1 + 2α)

3(2 + 3α)
−
2r + dt − 2c

6
�

[dt + 2(r − c)]α
6(2 + 3α)

> 0. (E.1)

'us, mAE∗ >mNE∗.

m
BE∗

− m
NE∗

�
(dt + 2r − 2c)(1 − β)

6(1 − 2β)
−
2r + dt − 2c

6
�

(2r + dt − 2c)β
6(1 − 2β)

> 0. (E.2)

'us, mBE∗ >mNE∗.

m
CE∗

− m
NE∗

�
(dt + 2r − 2c)(1 + 2α)(1 − β)

2

3(1 − 2β)[2 + 3α − 2(1 + α)β]
−
2r + dt − 2c

6
�

(2r + dt − 2c)[α + 2(1 − β)β]

6(1 − 2β)(2 + 3α − 2(1 + α)β)
. (E.3)

Because β< (1/2), 1 − 2β> 0, 2 + 3α − 2(1 + α)β> 0 and
α + 2(1 − β)β> 0. 'us, mCE∗ − mNE∗ > 0; then,
mCE∗ >mNE∗.

m
BE∗

− m
AE∗

�
(dt + 2r − 2c)(1 − β)

6(1 − 2β)
−

(dt + 2r − 2c)(1 + 2α)

3(2 + 3α)
�

(dt + 2r − 2c)[(2 + 5α))β − α]

6(1 − 2β)(2 + 3α)
. (E.4)
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When β> (α/(5α + 2)), mBE∗ − mAE∗ > 0, i.e.,
mBE∗ >mAE∗. When β≤ (α/(5α + 2)), mBE∗ ≤mAE∗. Note

that β< (1/2). 'us, when (α/(5α + 2))< β< (1/2),
mBE∗ >mAE∗. When 0< β≤ (α/(5α + 2)), mBE∗ ≤mAE∗.

m
CE∗

− m
AE∗

�
(dt + 2r − 2c)(1 + 2α)(1 − β)

2

3(1 − 2β)[2 + 3α − 2(1 + α)β]
−

(dt + 2r − 2c)(1 + 2α)

3(2 + 3α)
�

(dt + 2r − 2c)(1 + 2α)β[2(1 + α) − (2 + α)β]

3(1 − 2β)[2 + 3α − 2(1 + α)β](2 + 3α)
.

(E.5)

Because β< (1/2), 1 − 2β> 0, 2(1 + α) − (2 + α)β> 0 and
2 + 3α − 2(1 + α)β> 0. 'us, mCE∗ >mAE∗.

m
CE∗

− m
BE∗

�
(dt + 2r − 2c)(1 + 2α)(1 − β)

2

3(1 − 2β)[2 + 3α − 2(1 + α)β]
−

(dt + 2r − 2c)(1 − β)

6(1 − 2β)
�

(1 − β)(dt + 2r − 2c)α(1 − 2β)

6(1 − 2β)[2 + 3α − 2(1 + α)β]
. (E.6)

Because β< (1/2), 1 − 2β> 0, and 2 + 3α − 2(1 + α)β> 0,
mCE∗ − mBE∗ > 0, i.e., mCE∗ >mBE∗.

w
AE∗

− w
NE∗

�
(2r + dt)(4 + 5α) + 2c(8 + 13α)

12(2 + 3α)
−
2r + dt + 4c

6
� −

(2r + dt − 2c)α
12(2 + 3α)

< 0. (E.7)

'us, wAE∗ <wNE∗.

w
BE∗

− w
NE∗

�
(2r + dt)(1 − 3β) + c(4 − 6β)

6(1 − 2β)
−
2r + dt + 4c

6
�

(2r + dt)(1 − 3β) + c(4 − 6β)

6(1 − 2β)
−

(2r + dt + 4c)(1 − 2β)

6(1 − 2β)

� −
(2r + dt − 4c)β

6(1 − 2β)
< 0.

(E.8)

'us, wBE∗ <wNE∗.

w
CE∗

− w
NE∗

� −
(2r + dt − 2c) 4(1 − β)β + α[1 + 4(1 − β)β] 

12(1 − 2β)[2 + 3α − 2(1 + α)β]
< 0, (E.9)

and thus wCE∗ <wNE∗.

w
BE∗

− w
AE∗

�
(2r + dt)(1 − 3β) + c(4 − 6β)

6(1 − 2β)
−

(2r + dt)(4 + 5α) + 2c(8 + 13α)

12(2 + 3α)
� −

(2r + dt − 2c)[4β − α(1 − 8β)]

12(1 − 2β)(2 + 3α)
.

(E.10)
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Because β< (1/2), 1 − 2β> 0, and when
β> (α/[4(1 + 2α)]), 4β − α(1 − 8β)> 0, wBE∗ <wAE∗, or else
wBE∗ ≥wAE∗. Note that (α/4(1 + 2α))< (1/2).

w
CE∗

− w
AE∗

�
(2r + dt − 2c)(1 + 2α)β[− 4 − 5α + 4(1 + α)β]

6(2 + 3α)(1 − 2β)[2 + 3α − 2(1 + α)β]
�

(2r + dt − 2c)(1 + 2α)β[− 4(1 − β) − 4α(1 − β) − α]

6(2 + 3α)(1 − 2β)[2 + 3α − 2(1 + α)β]
< 0.

(E.11)

'us, wCE∗ <wAE∗.

w
CE∗

− w
BE∗

� −
(2r + dt − 2c)α

12[2 + 3α − 2(1 + α)β]
< 0. (E.12)

'us, wCE∗ <wBE∗.

πAE∗
R − πNE∗

R �
(2r + dt − 2c)

2 1 − 2α − 5α2 

24t(2 + 3α)
−

(2r + dt − 2c)
2

48t
� −

(2r + dt − 2c)
2 7α + 10α2 

48t(2 + 3α)
< 0. (E.13)

'us, πAE∗
R < πNE∗

R .

πBE∗
R − πNE∗

R �
(2r + dt − 2c)

2
(1 − β)

48t(1 − 2β)
−

(2r + dt − 2c)
2

48t
�

(2r + dt − 2c)
2β

48t(1 − 2β)
> 0. (E.14)

'us, πBE∗
R > πNE∗

R .

πCE∗
R − πNE∗

R �
(2r + dt − 2c)

2

48t(1 − 2β)[2 + 3α − 2(1 + α)β]
V1(β),

(E.15)

where V1(β) �

2(1 − β)β − 2α2[5 + 8(− 2 + β)β] − α[7 + 4β(− 7 + 5β)]. Be-
cause (z2V1(β)/zβ2) � − 4 − 40α − 32α2 < 0, V1(β) is a
concave function of β. By solving V1(β) � 0 for β, we can get
two roots {β1, β2}, where

β1 �
1 −

���������������������

(1 + 2α)
2
(1 + 4α)(1 + 6α)



+ 2α(7 + 8α)

2 + 4α(5 + 4α)
,

β2 �
1 +

���������������������

(1 + 2α)
2
(1 + 4α)(1 + 6α)



+ 2α(7 + 8α)

2 + 4α(5 + 4α)
.

(E.16)

'us, when β1 < β< β2, πCE∗
R > πNE∗

R , or else
πCE∗

R ≤ πNE∗
R .

πBE∗
R − πAE∗

R �
(2r + dt − 2c)

2
(1 − β)

48t(1 − 2β)
−

(2r + dt − 2c)
2 1 − 2α − 5α2 

24t(2 + 3α)

�
(2r + dt − 2c)

2

48t(1 − 2β)(2 + 3α)
(1 − β)(2 + 3α) − 2 1 − 2α − 5α2 (1 − 2β) .

(E.17)

When β< ((7α + 10α2)/(20α2 + 11α − 2)), πBE∗
R > πAE∗

R ,
or else πBE∗

R ≤ πAE∗
R .

πCE∗
R − πAE∗

R �
(2r + dt − 2c)

2
(1 + 2α)

2β[2(1 + α) − (2 + α)β]

24t(2 + 3α)(1 − 2β)[2 + 3α − 2(1 + α)β]
.

(E.18)

When β< ([2(1 + α)]/(2 + α)), πCE∗
R > πAE∗

R , or else
πCE∗

R ≤ πAE∗
R . Note that ([2(1 + α)]/(2 + α))> (1/2) and

β< (1/2); thus, πCE∗
R > πAE∗

R .

πCE∗
R − πBE∗

R �
(2r + dt − 2c)

2αV2(β)

48t(1 − 2β)[2 + 3α − 2(1 + α)β]
. (E.19)
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Let V2(β) � (1 − β)(18β − 7) + 2α[8(2 − β)β − 5].
(z2V2(β)/zβ2) � − 36 − 32α< 0. V2(β) is a concave function
of β. By solving V2(β) � 0, we can get two roots {β3, β4},
where

β3 �
25 + 32α −

���������������
121 + 48α(9 + 8α)



4(9 + 8α)
,

β4 �
25 + 32α +

���������������
121 + 48α(9 + 8α)



4(9 + 8α)
.

(E.20)

Because V2(0) � − 7 − 10α< 0 and V2(1/2) � 1 + 2α> 0,
there is a unique root between the interval (0, 1/2). 'us,
when 0< β< β3, πCE∗

R < πBE∗
R . When β3 ≤ β< 1/2,

πCE∗
R ≥ πBE∗

R .

πAE∗
M − πNE∗

M �
(2r + dt − 2c)

2 9 + 26α + 19α2 

24t(2 + 3α)
2 −

3(2r + dt − 2c)
2

32t
� −

(2r + dt − 2c)
2

96t(2 + 3α)
2 (4 + 5α)α< 0. (E.21)

'us, πAE∗
M < πNE∗

M .

πBE∗
M − πNE∗

M �
3(2r + dt − 2c)

2
(1 − β)

32t
−
3(2r + dt − 2c)

2

32t
< 0.

(E.22)

'us, πBE∗
M < πNE∗

M .

πCE∗
M − πNE∗

M � −
(2r + dt − 2c)

2

96t[2 + 3α − 2(1 + α)β]
2 36(1 − β)

2β + 4α(1 − β)[1 + 8β(3 − 2β)] + α2 5 + 4βV5(β)  , (E.23)

where V5(β) � 16 + β(− 23 + 8β). Because
(z2V5(β)/zβ2) � 16> 0, V5(β) is a convex function of β. By
solving V5(β) � 0, we can get two roots

((23 −
��
17

√
)/16), (23 +

��
17

√
)/16 , where both roots are

greater than (1/2). 'us, in the interval β ∈ (0, 1/2),
V5(β)> 0. As a result, πCE∗

M < πNE∗
M .

πBE∗
M − πAE∗

M �
3(2r + dt − 2c)

2
(1 − β)

32t
−

(2r + dt − 2c)
2 9 + 26α + 19α2 

24t(2 + 3α)
2 �

(2r + dt − 2c)
2

96t(2 + 3α)
2 V6(β), (E.24)

where V6(β) � 9(1 − β)(2 + 3α)2 − 4(9 + 26α + 19α2).
V6(β) is a linear function of β. Because
(zV6(β)/zβ) � − 9(2 + 3α)2 < 0, V6(β) is a decreasing
function of β. Solving V6(β) � 0 for β, we can get a unique

root ((4α + 5α2)/[9(2 + 3α)2])< (1/2). 'us, when
0< β< ((4α + 5α2)/[9(2 + 3α)2]), πBE∗

M > πAE∗
M ; when

((4α + 5α2)/[9(2 + 3α)2])≤ β< 1/2, πBE∗
M ≤ πAE∗

M .

U
CE∗
M − πAE∗

M �
(2r + dt − 2c)

2
(1 − β)G

24t[2 + 3α − 2(1 + α)β]
2 −

(2r + dt − 2c)
2 9 + 26α + 19α2 

24t(2 + 3α)
2

�
(2r + dt − 2c)

2

24t[2 + 3α − 2(1 + α)β]
2
(2 + 3α)

2 (1 − β)(2 + 3α)
2
G − 9 + 26α + 19α2 [2 + 3α − 2(1 + α)β]

2
 .

(E.25)

When (1 − β)(2 + 3α)2G− (9 + 26α + 19α2)[2 + 3α−

2(1 + α)β]2 > 0, UCE∗
M > πAE∗

M , or else UCE∗
M ≤ πAE∗

M .
πCE∗

M − πBE∗
M �

(2r + dt − 2c)
2α(1 − β)(1 − 2β)V7(β)

96t[2 + 3α − 2(1 + α)β]
2 ,

(E.26)
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where V7(β) � − 4 − 5α + 2(2 + α)β. Because (zV7(β)/
zβ) � 2(2 + α)> 0, V7(β) is an increasing function of β. By
solving V7(β) � 0, we can get a unique root ((4+

5α)/[2(2 + α)]). 'us, when β< ((4 + 5α)/[2(2 + α)]),
πCE∗

M < πBE∗
M . When β≥ ((4 + 5α)/[2(2 + α)]), πCE∗

M ≥ πBE∗
M .

Note that ((4 + 5α)/[2(2 + α)])> 1 and β< (1/2), and thus
πCE∗

M < πBE∗
M are always satisfied.
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