
Research Article
Generalized Thermal Flux Flow for Jeffrey Fluid with Fourier
Law over an Infinite Plate

Muhammad Imran Asjad,1 Abdul Basit ,1 Ali Akgül ,2 and Taseer Muhammad3

1Department of Mathematics, University of Management and Technology Lahore, Lahore 54770, Pakistan
2Siirt University, Art and Science Faculty, Department of Mathematics, 56100 Siirt, Turkey
3Department of Mathematics, College of Sciences, King Khalid University, Abha 61413, Saudi Arabia

Correspondence should be addressed to Ali Akgül; aliakgul@siirt.edu.tr

Received 30 June 2021; Accepted 28 August 2021; Published 13 September 2021

Academic Editor: Fahd Jarad

Copyright © 2021 Muhammad Imran Asjad et al. )is is an open access article distributed under the Creative Commons
Attribution License, which permits unrestricted use, distribution, and reproduction in anymedium, provided the original work is
properly cited.

)e unsteady flow of Jeffrey fluid along with a vertical plate is studied in this paper. )e equations of momentum, energy, and
generalized Fourier’s law of thermal flux are transformed to non-dimensional form for the proper dimensionless parameters. )e
Prabhakar fractional operator is applied to acquire the fractional model using the constitutive equations. To obtain the generalized
results for velocity and temperature distribution, Laplace transform is performed. )e influences of fractional parameters α, β, c,
thermal Grashof number Gr, and non-dimensional Prandtl number Pr upon velocity and temperature distribution are presented
graphically. )e results are improved in the form of decay of energy and momentum equations, respectively. )e new fractional
parameter contains the Mittag-Leffler kernel with three fractional parameters which are responsible for better memory of the fluid
properties rather than the exponential kernel appearing in the Caputo–Fabrizio fractional operator. )e Prabhakar fractional
operator has advantage over Caputo–Fabrizio in the real data fitting where needed.

1. Introduction

Non-Newtonian fluids have recently become more appro-
priate for technical and scientific applications than New-
tonian fluids. Because the highly non-linear behavior of non-
Newtonian fluid has a complex character, the use of non-
Newtonian fluids in industries is more complicated. )e
study of non-Newtonian fluid has got much attention in the
discipline of science and engineering due to their vast range
of industrial applications, production of polymers, chemical
industry, lubricant performance, food processing, and bi-
ological fluid movement. To describe the viscous behavior of
these fluids, various approaches were presented. A subclass
of these fluids, namely, Jeffrey fluid, has attracted a lot of
attention in the last few years. Because its constitutive
equation can be reduced to that of the Newtonian model as a
specific case, the Jeffrey model is considered as an extension
of the widely used Newtonian fluid model. )e Jeffrey fluid
model can represent the stress relaxation property of non-

Newtonian fluids, but the viscous fluid model is unable to
describe this phenomenon. )e influences of relaxation and
retardation are demonstrated through the Jeffrey fluid.
Hayat and Mustafa [1] examined the impact of heat transfer
on free convective flow of Jeffrey fluid through porous
vertical stretching sheet. Maqbool et al. [2] investigated the
behavior of velocity and temperature profiles in a natural
convection heat transfer of MHD Jeffrey fluid with a flat
plate containing porous material using the Laplace trans-
form. Aleem et al. [3] studied the MHD free convection
transport of Jeffrey fluid between two warmed vertical plates
mounted in porous medium under the influence of electric
field.

Jeffrey fluid is not just a basic theoretical concept, but
this is also used to solve a variety of practical difficulties, such
as clay rotational motion and heart vessel pumping. Also,
many scientists and researchers looked at how porosity and
magnetic fields affected flow behavior in many forms of
Jeffrey fluid. )e Jeffrey model is a linear model that uses
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time derivatives rather than convected derivatives. In the
presence of entropy generation, an unsteady two-dimen-
sional boundary layer flow and thermal expansion of a
Jeffrey fluid across a stretching sheet are addressed in [4–7].
Non-Newtonian fluid boundary layer flows across a
stretching sheet, as well as thermal conductivity properties,
are useful in engineering. Hot rolling, metal spinning, po-
lymerization, sheet extrusion, and other processes are il-
lustrations of such flows. )e generalized results of
peristaltic flow of the Jeffrey fluid in a cross-sectional area of
a triangular duct with slip at the peristaltic boundary are
obtained in [8]. )ere are a few further efforts for the Jeffrey
fluid in [9–15].

In science and engineering, fractional calculus plays a
vital role. )e analysis of generalized forms of integration
and differentiation is known as fractional calculus. Frac-
tional calculus is used in a lot of different areas, including
viscoelasticity, nanotechnology, electrical engineering, me-
chanics, signal processing, operations research, fluid me-
chanics, and physics [16]. Fractional-order PDE coordinate
contains many physical singularities of fluid dynamics,
general relativity, natural ecosystems, electrical energy,
natural processes, and other interpretations. )e fractional
operators Caputo and Caputo–Fabrizio are defined in
[17, 18]. In fact, Michele Caputo and Mauro Fabrizio’s
fractional differentiation does not solve the problem of
singularity and locality. )is is because the kernel is integral
that is non-singular, whereas Atangana and Baleanu’s
fractional differentiation has overcome the aforementioned
shortcomings and deficiencies. )e generalized Mittag-
Leffler function is used as a kernel in this fractional dif-
ferentiation, which overcomes the non-singularity and non-
locality problems. Shahid [19] obtained the generalized
solution for the equations of energy and momentum along
with a vertical flat plate of free convection flow with the
techniques of Caputo fractional derivative. Khan et al. [20]
used the techniques of Caputo fractional operator to find the
exact solutions of the momentum equation of Casson fluid
across an oscillating plate. CF fractional operator is used to
find the effective results for an exponential function. Ali et al.
[21] attained the generalized results for the incompressible
flow of aWalters’ B fluid across an infinite plate with the help
of CF fractional operator. Asjad et al. [22] presented work on
the unsteady flow of improved fluid with the techniques of
fractional derivatives, namely, Caputo and Caputo–Fabrizio
fractional operators. Also, the effects of different parameters
on these fractional operators are justified. Murtaza et al.
[23] expressed the study of Jeffrey fluid model along with
the viscous dissipation, by using the Atangana–Baleanu
time-fractional derivative. )is idea was beneficial to find
the exact solutions to mathematical problems that contain
non-linear terms in the equation. )e influences of dif-
fusion-thermo, heat transfer, and magnetic field on the
time-dependent MHD flow of Jeffrey nanofluid past a
porous medium in a rotating frame are considered in [15].
)e effects of porous media and a transversal magnetic field
on a generalized Jeffrey nanofluid in a rotary vacuum
system were investigated using CF and ABC time-fractional
derivatives in [24]. Roohi et al. [25] inspected the unsteady

free convection of an incompressible, Jeffrey nanofluid in
the vicinity of a vertical oscillating plate in a porous me-
dium. )e recent studies on fractional derivatives can be
seen in [26–28].

)e Prabhakar integral is derived by expanding the
Riemann–Liouville integral operator’s kernel to include the
three-parameter Mittag-Leffler function. )e Prabhakar
derivative is defined by substituting the Riemann–Liouville
integral operator with the Prabhakar integral operator in the
Riemann–Liouville derivative. Prabhakar fractional operator
is used to explain certain odd habits in disordered people
materials that are non-linear and non-local. )e need for
Prabhakar operators to specific fractional coefficients may be
a useful tool for determining an appropriate statistical
method that produced a strong agreement between theo-
retical and experimental findings. Gara and Garrappa [29]
discussed the main properties of Prabhakar functions, also
known as three-parametric Mittag-Leffler functions. Garra
et al. [30] described how the Prabhakar fractional derivatives
may be used in conventional model like the equation of
temperature and magnetic dipole laser, as well as in dif-
ferential equations that govern the behavior of stochastic
processes.

Recently, Shah et al. [31] obtained the generalized so-
lution for the convective flow of Maxwell fluid for the stress-
shear rate and heat flux density vector along with a vertical
heated wall via Prabhakar fractional operator. Elnaqeeb et al.
[32] used the Prabhakar fractional operator with constant
wall temperature to study the carbon nanotube technique for
viscous fluids and obtained results for a viscous fluid with
the help of Laplace transform. Basit et al. [33] also used the
same technique for second grade using the Prabhakar
fractional derivative. Asjad et al. [34] used Prabhakar-like
energy transport to study the convective flow of Maxwell
fluid with an erect heated plate.

Khan [35] investigated the natural convection flow of
Jeffrey fluid along with the vertical plate. )e solutions for
shear stress and velocity profile were obtained from Laplace
transform. Also, it was found that the obtained results can be
easily reduced to similar solutions for Newtonian fluid.
Saqib et al. [36] used the Caputo–Fabrizio fractional de-
rivative to find the exact solutions of convection flow of
Jeffrey fluid. )ey transformed the classical model to a
fractional model known as the generalized Jeffrey fluid
model with the applications of the Caputo–Fabrizio deriv-
ative. )e Laplace transform was used to get closed-form
solutions.

)erefore, in view of the aforementioned recent litera-
ture, no study has been discussed so far for Jeffrey fluid with
Prabhakar fractional derivative. So, in order to fill this re-
search gap, we intended to obtain the natural convection
flow of Prabhakar fractional derivative through generalized
thermal flux of Jeffrey fluid along with an infinite vertical
plate with a constant temperature. On the basis of gener-
alized fractional constitutive equations, we present a
mathematical model for the stress relaxation property. )e
analytical solutions are obtained with the Laplace transform
method and compared with recent published work for the
validation of the present results.
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2. Mathematical Formulation

Assume an unsteady convective flow of Jeffrey fluid along
with an infinite vertical plate situated at y � 0 in the
x-direction while y-direction is normal to the plate. For
t � 0, both the infinite plate and fluid are stationary at
ambient temperature T∞. After t> 0, the temperature of the
plate rose to Tw which can be seen in Figure 1.

)e constitutive equations for a Jeffrey fluid are as
follows [35]:

T � − pI + S, (1)

S �
μ

1 + λ
A + λ1

dA

dt
 ,

d
dt

�
z

zt
+ ∇ · V,

(2)

where − pI is indeterminate part of the stress, S is extra stress
tensor, and λ and λ1 are the material parameters of Jeffrey
fluid.

)e Rivlin–Ericksen tensor A is defined as

A � L + L
T
,

L � ∇V.
(3)

For unidirectional and one-dimensional flow velocity,
temperature and stress fields are given as

V � u(y,t)i,

S � S(y,t),

T � T(y,t),

(4)

where i represents the unit vector along x-axis and the stress
field satisfies the condition S(y, 0) � 0. Hence, we obtain
Sxx � Syy � Szz � Sxz � Szx � Syz � Szy � 0 and

Sxy �
μ

1 + λ
1 + λ1

z

zt
 

zu

zy
, (5)

where Sxy is the non-trivial tangential stress.
According to these observations and using equation (4),

the continuity equation satisfies identically. Using equations
(1)–(5) and Boussinesq approximation, the equations of
momentum, energy, and classical Fourier’s law of thermal
flux for time dependent and free convective stream of Jeffrey
fluid over a vertically situated plate are obtained by the
following [36].

Momentum equation:

ρ
zu

zt
�

μ
1 + λ

1 + λ1
z

zt
 

z
2
u

zy
2 + gρβT

T − T∞ . (6)

Constitutive energy equation:

ρCp

zT

zt
� −

zq

zy
. (7)

For this motive, we utilize the Prabhakar fractional operator
based on generalized Fourier’s law [34].

q � − k
C

D
c

α,β,a
Ty, (8)

where u denotes the velocity field, T is the fluid temperature,
q is the thermal flux, and all the physical variables are
functions of y and t.

)e constraints for velocity and temperature are given as
follows:

fort � 0, u � 0, T � T∞, y> 0, (9)

for y � 0, u � 0, T � Tw,t> 0, (10)

for y⟶∞, u � 0, T⟶ T∞,t> 0. (11)

Proposing dimensionless parameters

y �
uo

]
y,

t �
u
2
o

]
t,

u �
u

uo

,

θ �
T − T∞

Tw − T∞
,

q �
q

q0
,

q0 �
k Tw − T∞( uo

]
,

(12)

g

y

x

Momentum Boundary layer

Generalized Jeffrey fluid

Thermal Boundary layer

Figure 1: Model figure of the problem.
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into the equations (6)–(11), we can get

zu

zt
�

1
1 + λ

1 + λ2
z

zt
 

z
2
u

zy
2 + Grθ, (13)

zθ
zt

� −
1
Pr

zq

zy
, (14)

q � −
C

D
c

α,β,aθy, (15)

where the dimensionless constraints are given by

for t � 0, u � θ � 0, (16)

fory � 0, u � 0, θ � 1, (17)

fory⟶∞, u � θ⟶ 0, (18)

where Pr � (μCp/k) is dimensionless Prandtl number, Gr �

((Tw − T∞)g]β/u3
0) is thermal Grashof number, and λ2 �

(u2
o/])λ1 is the non-dimensional Jeffrey fluid parameter.
As a result, the preliminaries of fractional calculus are

taken into account for mathematical modelling, needed for
this work.

3. Preliminaries of Fractional Calculus

Definition 1. (the Prabhakar kernel). Function [34]
For t ∈ R,

e
c

α,β(a; t) � t
β− 1

E
c

α,β at
α

( , α, β, c, a ∈ C,Re(α)> 0,

(19)

is known as Prabhakar kernel.

Definition 2. (the Prabhakar integral). Function [34]
For t ∈ (0, b) and a function h ∈ L1(0, b),

E
c

α,β,ah(t) � h(t)∗ e
c

α,β(a; t) � 
t

0
h(τ)(t − τ)

β− 1
E

c

α,β a(t − τ)
α

( dτ

(20)

is called Prabhakar integral. Laplace transform of equation
(20) is given by

L E
c

α,β,ah(t) (s) � L h(t){ }L e
c

α,β(a; t) 

� L h(t){ }
s
αc− β

s
α

− a( 
c.

(21)

Definition 3. (the Prabhakar derivative). Let g ∈ L1(0, b)

and τ ∈ (0, b), then for m � []]. )e Prabhakar derivative is
defined by [34]

D
c

α,],β,a+ g (τ) �
dm

dt
m E

− c

α,n− ],β,a+ g  (τ), (22)

where α, β, c, ] are the elements of complex number C.

Definition 4. (the regularized Prabhakar derivative). Let
0< β≤ n, where n belongs to Z and h ∈ ACn(0, b). )e
regularized Prabhakar derivative is defined as [29, 34]

c
D

c

α,β,ah(t) � h
(n)

(t)E
− c

α,n− β,α � h
(n)

(t)∗ e
− c

α,n− β(a; t)

� 
t

0
h

(n)
(τ)(t − τ)

n− β− 1
E

− c

α,n− β a(t − τ)
α

( dτ,

(23)

where h(n) represents the nth differential of h(t) and
ACn(0, b) represents the set of functions h(t) with real
values. Laplace transform of the equation (23) is given by

L
c
D

c

α,β,ah(t)  � L e
− c

α,n− β ∗ h
(n)

(t) 

� L e
− c

α,n− β(a; t) L h
(n)

(t) 

� s
β− n 1 − as

− α
( 

c
L h

(n)
(t) .

(24)

4. Solution of the Problem

4.1. Solution of the Temperature. By Laplace transform,
equations (14) and (15), with the constraints of equation
(16), can be transformed to achieve the solution of fluid
temperature.

sθ(y, s) +
1
Pr

zq(y, s)

zy
� 0, (25)

q(y, s) + s
β 1 − as

− α
( 

czθ(y, s)

zy
� 0, (26)

θ(0, s) −
1
s

� 0,

θ(∞, s)⟶ 0.

(27)

By introducing equation (26) into equation (25), we have

z
2θ(y, s)

zy
2 −

Prs
s
β 1 − as

− α
( 

c
θ(y, s) � 0, (28)

and solution of equation (28) with respect to the constraints
given in equation (27). )en, we get

θ(y, s) �
1
s
e

− y
������������
Prs1− β/ 1− as− α( )c( )



, (29)

or

θ(y, s) �
1
s

+
1
s



∞

u�1

− y

�����������������

Prs1− β/ 1 − as− α( )c( 



 
u

u!
. (30)

In order to obtain the inverse Laplace transform of equation
(30), it can be transformed into appropriate form by using the
formula (1 − x)− u � 

∞
v�0 xv(

������
(u + v)


/v!(

��
u

√
)).

θ(y, s) �
1
s

+ 
∞

u�1


∞

v�0

(− y)
u
(Pr)(u/2)

a
v
(

��������
(u/2) + v


)

u!v!s
1+(βu/2)− (u/2)+αv

�����
(u/2)

 . (31)
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)e inverse Laplace transform of equation (31) can be
found by L− 1 Γ(k)/sk  � tk− 1, k≥ 0.

θ(y, t) � 1 + 

∞

u�1


∞

v�0

(− y)
u
(Pr)(u/2)

a
v
t
(βu/2)− (u/2)+αv

���������
((u/2) + v)



u!v!
��������������������
(1 +(βu/2) − (u/2) + αv)

 �����
(u/2)

 .

(32)

Nusselt Number. In order to calculate the rate of heat transfer
from the plate to the fluid in Nusselt number form, the
following expression can be used.

Nu � −
zθ(y, t)

zy
|y�0. (33)

4.1.1. Classical Solution of Temperature (β � c � 0). In the
present work, we consider β ∈ [0, 1) and the parameter
n � 0. )en, equation (24) can be reduced to

L e
− c

α,β(a; t)  � L t
β− 1

E
− c

α,β at
α

(   � s
β 1 − as

− α
( 

c
. (34)

For β � c � 0, equation (34) becomes

L e
0
α,0(a; t)  � 1. (35)

In this special case, equation (15) becomes classical
Fourier’s law, and solution of temperature in equation (29) is

θ(y, s) �
1
s
exp(− y

���
Prs

√
). (36)

)e inverse Laplace transform of equation (36) can be
found by

θ(y, t) � erfc
y

2

��
Pr
t



 . (37)

Nusselt Number. In order to compute heat transfer rate from
plate to the fluid in the form of Nusselt number, the fol-
lowing expression can be used:

Nu �
− zθ(y, t)

zy
|y�0. (38)

4.2. SolutionofVelocity Field. Applying Laplace transform to
equations (13), (17), and (18), with the constraints of
equation (16), it can be transformed to achieve the solution
of fluid velocity.

su(y, s) −
1

1 + λ1
1 + λ2s( 

z
2
u(y, s)

zy
2 − Grθ(y, s) � 0,

(39)

u(0, s) � u(∞, s) � 0. (40)

Solution of equation (39) under the constraints is given
in equation (40). )us, we have

z
2
u(y, s)

zy
2 − s

1 + λ1( 

1 + λs
u(y, s) � − Gr

1 + λ1( 

1 + λs
θ(y, s).

(41)

Now, substituting equation (29) into equation (41), we
get the result for velocity fluid.

u(y, s) � Gr
1 + λ1( 

(1 + λs)

1
q(s)

e
− y

���������
1+λ1( )/(1+λs)



s
−

e
− y

����������
Prs1− β/ 1− as− α( )c

√

s
⎛⎝ ⎞⎠,

(42)

where

q(s) �
Prs1− β

1 − as
− α

( 
c −

s 1 + λ1( 

(1 + λs)
 . (43)

)e inversion Laplace transform to the equation (42) can
be obtained analytically by Stehfest’s and Tzou’s algorithms
[37, 38].

5. Physical Discussion

A modern definition of fractional derivative, namely,
Prabhakar fractional operator, is defined in the recent study.
)e solution for temperature and velocity profile is obtained
using the Laplace transform.)e graphical behavior for fluid
temperature can be visualized for fractional parameters
α, β, c and Prandtl number Pr. )e influence of fractional
parameters α, β, c and thermal Grashof number Gr is ana-
lyzed for velocity distribution. )e comparison between the
fractional derivatives Caputo–Fabrizio and Prabhakar
fractional operator is also justified. In Figure 2, it can be
viewed that for time t � 0.2, the fluid temperature increases
by adding up the values of α, β, c. )e reason for this
phenomenon is that greater values of fractional parameters
increase the buoyancy forces, and consequently, the thick-
ness of the thermal boundary layer increases, which causes
the temperature profile to rise. )e influence of the non-
dimensional Prandtl number Pr on fluid temperature is
shown in Figure 3. It can be seen that temperature distri-
bution is decreased by increasing the non-dimensional
Prandtl number Pr and fixing other parameters constant.
)e ratio of momentum diffusivity to heat diffusivity is
known as the Prandtl number. As a result, fluids with lower
values of Prandtl number have higher thermal conductivity,
which makes the heat diffuse away from the heated surface
more rapidly and faster compared to higher values of Prandtl
number. )erefore, increasing the thickness of the boundary
layer causes a reduction in the temperature distribution.
Figure 4 shows the comparison between the fractional de-
rivatives Caputo–Fabrizio and Prabhakar fractional operator
for temperature distribution. )e temperature profile of the
Prabhakar fractional operator is found to be lower than the
temperature distribution of Caputo–Fabrizio fractional
operator.

Figure 5 visualizes the influence of velocity distribution
on fractional parameters α, β, c. For t � 0.8 and when the
values of fractional parameters are increased while the other
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Figure 3: Temperature distribution against y due to Pr when t� 0.2, α� 0.9, β� 0.9, and c � 0.9.
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Figure 2: Temperature distribution against y due to α, β, and c when t� 0.2, Pr� 6.2, and a� 0.05.
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parameters remain constant, fluid velocity can be increased.
)e thickness of the boundary layer increases with time, and
velocity is maximum in the region of the plate. Figure 6
indicates how the Grashof number Gr influences velocity
distribution. )e fluid velocity can be increased by in-
creasing the values of Gr. Physically, the Grashof number is
expressed as the ratio of buoyancy forces to viscous forces.
Large values of Gr increase the buoyancy forces, which gives
rise to an increase in the induced flow. As a result, fluid
velocity can be increased. In Figure 7, the comparison be-
tween the fractional derivatives Caputo–Fabrizio and
Prabhakar fractional operator on velocity distribution is
justified. For larger time, the velocity profile of the fractional
operator Caputo–Fabrizio is found to be higher as compared

to the velocity obtained by Prabhakar fractional operator in
the sense of memory. It is found that the new fractional
parameter contains the Mittag-Leffler kernel with three
fractional parameters which are responsible for better
memory of the fluid properties rather than the exponential
kernel appearing in Caputo–Fabrizio fractional operator.

6. Conclusion

In this article, the unsteady and convected stream of a Jeffrey
fluid along with a vertically situated plate is solved analyt-
ically with Laplace transform. )e influences of fractional
parameters α, β, c, thermal Grashof number Gr, and Prandtl
number Pr upon temperature and velocity profile are pre-
sented graphically. To find the inverse Laplace transform for
velocity profile, Tzou’s and Stehfest’s algorithms are utilized.
)e major findings of this article are given as follows
(Table 1):

(i) For the larger values of Pr, temperature can be
decreased, whereas temperature rises as fractional
parameters α, β, c increase.
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Table 1: Nomenclature.

Name Symbol Unit
Gravitational acceleration g ms− 2

Density of fluid ρ kgm− 3

Viscosity of fluid μ kgm− 1s− 1

Heat capacity of fluid Cp j K− 1kg− 1

)ermal expansion βT K− 1

)ermal conductivity k Wm− 2k− 1

Kinematic viscosity ] m2s− 1

Temperature at infinity T∞ K

Temperature at plate Tw K

Time t s

Gauss complementary error function Erfc(·)
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(ii) Velocity can be elevated to enhance the values of
thermal Grashof number Gr and fractional pa-
rameters α, β, c.

(iii) )e thickness of thermal and momentum boundary
layers may be controlled by using the fractional
parameters with respect to different time values.

(iv) )e new fractional parameter contains the Mittag-
Leffler kernel with three fractional parameters
which are responsible for better memory of the fluid
properties rather than the exponential kernel
appearing in Caputo–Fabrizio fractional operator.
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