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'is paper proposes a novel discrete-time sliding mode (DTSM) control approach to address the robust stability problem of buck
converters with multiple disturbances.'e contributions lie in the “unified” modelling and controller design. In modelling, all the
possible model uncertainties and external disturbances are considered and further classified into two cases. It can also be extended
to the situations with individual/several disturbances. While for the controller design, differing from the traditional DTSM based
on the nominal model, the disturbances are directly introduced in the process, giving the robust stability condition and four new
regulation subranges. It is suitable for both nominal and perturbed systems. Finally, the influences of the sampling time and
disturbances on the control performance are investigated. Simulations and experiments confirm the benefits of the unified
approach with greater accuracy and wider applications.

1. Introduction

'e issue of model uncertainty and external disturbance is
widespread and challenging for the control of power con-
verters. It might be related to the internal circuit elements,
input power supply, measurement device, external envi-
ronment interference, and so on [1–3]. For example, in [4],
the magnetic characteristics of inductor are proved to vary
greatly in presence of large magnetic flux density; in [5], the
variations of load resistor and input voltage are proved not
to be neglected, especially in case of large signal operation.

As a kind of favourite DC/DC power converters, buck
converters have been widely used in renewable energy
systems, distributed generation systems, marine power
plants, and so on [6, 7]. 'ey are characterized as nonlinear
and time-varying systems with model uncertainties and
external disturbances. In modelling, many efforts have been
centred on diverse kinds of system descriptions and auxiliary
observers [8–12]. In [1], the commonly used average state-
space model is given. In [13], the disturbances of load re-
sistor, inductor, and capacitor are considered and a unified
linear fractional model with structured dynamic

uncertainties is proposed. In [11], a stochastic system model
is proposed for buck converters with noise and load dis-
turbance. In [12], a Hammerstein model is proposed for the
case of duty-cycle disturbance. However, at present, many
researchers only focus on one or several disturbing factors in
practical applications. Although as an alternative solution
auxiliary observers are generally adopted to relieve the
burden of high-precision modelling [9, 14, 15], it increases
the system complexity and can still not cover all the possible
model uncertainties and external disturbances.

For the control of buck converters, the pulse width
modulation (PWM) is a conventional approach but suffers
from the bottleneck of model precision, especially when
facing the possible disturbances [1, 9, 13, 16]. As an effective
robust control substitute, sliding mode (SM) control tech-
nology has been widely adopted with advantages of
implementation simplicity, guaranteed stability, and fast
response [1, 2, 17–20]. A survey of recent SM applications in
power converters can be referred to [1, 20]. 'e current
research mainly focuses on designing the resistant-distur-
bance controllers and compensators. For the former, it is
often used to overcome some kinds of matching
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disturbances directly [2, 17, 19]; while for the latter, it is
generally used for some specific mismatching disturbances
[21–23], which can not satisfy the matching condition of SM
[1, 2, 21–23]. However, due to the diversity and complexity
of model uncertainties and external disturbances of con-
verters, whether there is a unified approach for the design
and analysis of SM controllers is an interesting problem
worthy of consideration but has been barely investigated.

With the rapid development of programmed micro-
processor chips, the discretization is another issue not to be
avoided for SM controlled converters [24–26]. In general,
the discretization realization includes two steps: designing
an appropriate control algorithm in continuous-time do-
main [1, 17] and further making an analogue-to-digital
transformation for the corresponding digital controller
[27–29]. In order to guarantee the stability of discrete-time
sliding mode (DTSM) control systems, the sampling time
and controller parameter are proved to be the two key factors
[24, 29–32]. For the former, the smaller the sampling time is,
more closely the DTSM system approximates to the original
continuous-time counterpart. However, it increases the
hardware costs and computational burdens. For the latter,
due to the inherent switching nonlinearity of SM control,
how to regulate the controller parameters is still an unsettled
problem. In [24, 28–30], it has proved that inappropriate
discretization can aggravate the control performance,
leading to low accuracy and high wear of physical parts, even
to the point of causing instability.

Based on the above analysis, a unified approach is
proposed to address the robust stability problem of DTSM
controlled buck converters with multiple disturbances. How
to regulate the controller parameter and sampling time?
What are the disturbances that affect the quality of the
output voltage? 'ey are two key questions. As a result, a
unified approach of modelling and design of DTSM con-
troller is proposed. To be specific, the contributions of this
paper can be concluded as follows: (1) all possible model
uncertainties and external disturbances of buck converters
are considered in modelling and control, including the
variations of input and reference output voltage, parameter
uncertainties of load resistor, inductor, and capacitor, and
time-varying external disturbances; (2) differing from the
traditional DTSM approach [1, 24, 27, 31], four more ac-
curate subranges of controller parameter can be achieved by
the stability analysis; and (3) the influences of the sampling
time and disturbances on the controller regulation and
control performance are investigated simultaneously.

'e structure of this paper is organized as follows. In
Section 2, the system description of SM controlled buck
converter under multiple disturbances is given, following the
unified disturbance analysis and discretization of the system.
In Section 3, a unified approach of DTSM controller is
proposed by the robust stability analysis, following the in-
fluences of the sampling time and disturbances on the system.
'e simulations and experiments are presented in Section 4
and concluded in Section 5 to validate the proposed approach
with greater accuracy and wider applications.

Notations. 'e following notations are used throughout this
paper. T denotes the transpose of the matrix, I∈Rn denotes
the n× n identity matrix, O(.) denotes the infinitesimal term
of the corresponding parameter, and the items with “Δ”
represent the disturbances of the corresponding nominal
variables.

2. System Description

Figure 1 gives the system diagram of a SM controlled DC/
DC buck converter [1, 17, 19]. In the converter circuit, E is
the input DC voltage source; L, C, and R are the inductor,
capacitor, and load resistor; iL and iC are the currents flowing
through L and C, respectively; vc is the output voltage; D is a
diode; Sw is a power switch; Vref is the DC reference voltage
of vc; the states x1 and x2 are defined as the output voltage
error and its derivative as follows:

x1 � vc − Vref ,

x2 � _x1 � _vc − _Vref � _vc.
 (1)

To realize the ON/OFF control of the power switch Sw,
this paper directly adopts the inherent switching charac-
teristics of SM control as follows [1, 2]:

u � −
1
2

[sgn(s) − 1], (2)

which is implemented by the hysteresis circuit [1, 19]; u� 1
and u� 0 are used to denote the status of switch ON and
OFF, respectively; s is the SM variable designed later.

2.1. Modelling the Buck Converter under Disturbances.
Here, we assume that the buck converter works in con-
tinuous conduction mode. Based on the average state-space
modelling approach and Kirchhoff’s circuit law, the ON/
OFF operations of the buck converter in Figure 1 can be
described, respectively, as

diL

dt
�
1
L

E − vc( ,

dvc

dt
�
1
C

iL −
vc

R
 ,

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(3)

diL

dt
� −

1
L

vc,

dvc

dt
�
1
C

iL −
vc

R
 .

⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(4)

By combining (3) and (4), it yields

diL

dt
�
1
L

uE − vc( ,

dvc

dt
�
1
C

iL −
vc

R
 .

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(5)
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In this paper, we consider all the possible model un-
certainties and external disturbances. 'erefore, (5) can be
changed as

diL

dt
�

1
L + ΔL

u(ΔE + E) − vc  + d1(t),

dvc

dt
�

1
C + ΔC

iL −
vc

R + ΔR
  + d2(t),

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(6)

where the items with “Δ” are the corresponding disturbances
of the nominal variables R, E, L, and C and d1 (t) and d2 (t)
are the external disturbances, and their time derivatives are
assumed bounded.

Here, we define ΔVref as the variation of the reference
output voltage Vref. By combining (1), (6) can be further
changed as

_x1 � x2,

_x2 � −
x2

RC
+

1
LC

uE − Vref − x1(  −
1

LC
ΔVref +

ω1(t)

C
−
ω2(t)

RC
,

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

(7)

where the terms ω1(t) and ω2(t) are denoted as

ω1(t) �
ΔELCu +(ΔLC + ΔCL + ΔLΔC) vC − uE + ΔVref( 

L(L + ΔL)(C + ΔC)
+

C

C + ΔC
d1(t),

ω2(t) �
RΔC + ΔRC + ΔRΔC
(R + ΔR)(C + ΔC)

iL

C
−

vc

RC
  + RC _d2(t).

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(8)

Rewrite (8) in the form of state space as follows:

_x � Ax +[B + ΔB]u + D + ΔD1 + ΔD2(t) + ΔD3(x) ,

(9)

where the state x� [x1, x2]Tand the nominal matrix A, B, and
D are listed as

A �

0 1

− ω2
0 −

1
RC

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

B �

0

ω2
0E
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D �

0

− Vrefω
2
0

⎡⎢⎢⎢⎢⎣ ⎤⎥⎥⎥⎥⎦,

(10)

and ∆B, ∆D1, ∆D2(t), and ∆D3(x) represent the lumped input
disturbance, constant disturbance, time-varying distur-
bance, and state disturbance deduced as

ΔB�

0
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,

(11)

where ω2
0 � 1/LC.

Observed from (11), these lumped disturbances are
caused by different disturbing factors, i.e., the circuit pa-
rameter vibrations such as ∆E, ∆C, and ∆L and the external
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Figure 1: Diagram of a SM controlled buck converter system.
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disturbances such as ∆Vref, ∆R, d1(t), and d2(t). And all the
model uncertainties and external disturbances of buck
converters are included. As mentioned above, much liter-
ature only considers one or several disturbances [10–13]. It is
also the reason that diverse models have been established.

2.2. Analysis of the Multiple Lumped Disturbances. In the
following, a unified modelling approach is proposed to cover
all the possible disturbances as well as the possible situations
with individual/several disturbances. 'erefore, two cases
are discussed.

Case 1. For (9), it contains all the model uncertainties
and external disturbances. Here, we rewrite it as

_x � Ax +[B + ΔB]u +[D + ζ(x, t)]. (12)

where ζ(x,t)�ΔD1 +ΔD2(t) +ΔD3(x).
Case 2. All the individual disturbances of ΔE, ΔC, ΔL,
ΔR, ΔVref, d1(t), and d2(t) located in (9) are considered
separately. Based on the modelling approach in (1) and
Kirchhoff’s circuit law, the corresponding average
state-space models can be similarly deduced and
summarized in Table 1, where ζi(x, t) is the possible
combination of the corresponding constant distur-
bance, state disturbance, and time-varying disturbance.
'e disturbance matrices ΔBj, ΔD1i, and ΔD2j, i� 1, 2,
j� 1, 2, 3, are deduced as

ΔB1 �

0

ΔE
LC

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦,
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0
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0
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0
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ΔL
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Vref +
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x2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
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⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦,

ΔD23(t) �
0

_d2(t)
⎡⎣ ⎤⎦.

(13)

By combining (12) and Table 1, here we further classify
them into two cases. Because of coupling with the input
control u, it is obvious that the input disturbance ∆Bj could
hinder the controller design so that is categorized separately
where j� 1, 2, 3 while the others are classified into a group.
'erefore, the two unified expressions in Table 1 can cover
all the possible situations of buck converters with the in-
dividual or several or all disturbances in practice.

2.3. Discretization of the Buck Converter System. In the
following, we adopt the zero-order holder (ZOH) to realize
the discretization of the buck converter system [24, 25, 27].
To cover the two unified expressions in Table 1, we take the
worst situation with all the disturbances in (12) to discuss the
system discretization.

By adopting ZOH, the state value can be held constant
during the sampling period h until the next moment arrives.
'erefore, the continuous model (12) is changed into a
sampled-data system as

x(k + 1) � Φx(k) + ΓBu(k) + ΓΔBu(k) + Γ D + D1

+ ΔD3(x) + 
h

0
e
Aτ ΔD2(k + 1)h − τ dτ,

(14)

where Φ and Γ are denoted as

Φ � e
Ah

� I + Ah +
A2

h
2

2!
+ O h

3
 , (15)

Γ � 
h

0
e
Aτdτ � h +

h
2A
2!

+ O h
3

 , (16)

where I ∈R2 andO(h3) is the item with orders higher than h3

but ignored in this paper.
Furthermore, for (14), the time-varying disturbance

[∆D2(k+ 1)h − τ] and input disturbance ΓΔBu(k) hinder the
design of DTSM controller later. 'erefore, they are needed
to be dealt separately. For the former, based on the first
integral mean value theorem [33], the time-varying dis-
turbance [ΔD2(k+ 1)h − τ] is equivalent to


h

0
e
AτΔD2[(k + 1)h − τ]dτ � 

h

0
e
AτdτΔD2(ξ), (17)

where ξ∈[kh, (k+ 1)h]. While for the latter, the coupling of
input disturbance ΔB and the control u(k) still exist after
discretization. Fortunately, due to the superiority of the
direct ON/OFF control in Figure 1, the ZOH discretization
of u in (2) can be expressed as

u(k) � −
1
2

sk − 1( , (18)

where sk � sgn[s(k)]. And if the power switch Sw is OFF, there
is u(k)� 0 and ΓΔBu(k)� 0 while on the contrary, it has
u(k)� 1 and ΓΔBu(k)� ΓΔB. Here, we take the worst case to
cover the impact of the input disturbance ΔB, i.e., replacing
the disturbance term ΓΔBu(k) in (14) by ΓΔB.
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By combining (14), (17), and (18), the discretization of
the continuous model (12) can be finally obtained as

x(k + 1) � Φx(k) + ΓBu(k) + Γ D + Γ ΔB + ΔD1

+ ΔD2(ξ) + ΔD3(x).
(19)

Observed from (11), since the first rows of the matrix ΔB,
ΔD1, ΔD2(ξ), and ΔD3(x) are all zero, we define
ΔB+ΔD1 +ΔD2(ξ) +ΔD3(x)�D4(x, ξ)� [0, d3(x, ξ)]T, where

d3(x, ξ) �
ΔELC − LCΔVref

LC(L + ΔL)(C + ΔC)
+

x1 − E + Vref( 

LC

−
x1 − E + Vref( LC

LC(L + ΔL)(C + ΔC)
+

d1(t)

(C + ΔC)
+ _d2(t)

+
x2

RC
−

RC

RC(R + ΔR)(C + ΔC)
x2.

(20)

It is worth noticing that the discrete model in (19)
corresponds to the worse situation with all the disturbances
in (12). From Table 1, the difference of the two unified
models of buck converters lies in the term ∆Bju, j� 1, 2, 3.
'erefore, the discrete models of the two unified expressions
can be similarly deduced as

x(k + 1) � Φx(k) + ΓBu(k) + Γ D + Γ ΔBj + ζ1(x, ξ) ,

x(k + 1) � Φx(k) + ΓBu(k) + Γ D + Γζ2(x, ξ),

⎧⎨

⎩

(21)

where ξ∈[kh, (k+ 1)h] is the same as (17) and ζi(x, ξ) cor-
responds to the discretization of the disturbances ζi(x,t),
i� 1, 2.

From (13), since ζi(x, ξ) represents the combination of
the possible constant disturbance, state disturbance, and
time-varying disturbance, they can be further denoted as
d3i(x, ξ) as (20), where i� 1, 2. In essence, the two discrete
models in (21) can be concluded into a unified expression as

(19) despite of different disturbing terms, which depends on
the contained disturbances in practice. It also proves the
effectiveness of the two unified expressions in Table 1, which
can cover all the possible situations of buck converters with
the individual or several or all disturbances in practice.

3. Robust Stability of DTSM Controlled
Buck Converters

In the following, a unified DTSM control approach is
proposed based on the above unified modelling and analysis
of the robust stability for buck converters. Still taking the
worse situation with all the disturbances in (19) as an ex-
ample, the influences of the sampling time and lumped
disturbances on the control system are two key problems
need to be addressed.

3.1. Design of DTSM Controller. Due to the advantage of
easy implementation, the discrete signals x1(k) and x2(k) are
adopted to design a linear SM surface s(k) for the ON/OFF
control of buck converter in Figure 1 as

s(k) � λx1(k) + x2(k) � cx(k), (22)

where the design parameter c� [λ, 1], λ> 0. In fact, other
types of sliding surfaces such as terminal SM and non-
singular terminal SM [19] can also be used, wherein the
sliding variable s(k) can be regarded as a threshold in (18) to
trigger the power switch.

Theorem 1 (robust stability analysis). For the discrete model
of buck converter in (19), if the sliding surface s(k) is designed
as (22), the control law u(k) is implemented as (18) and the
robust stability condition is satisfied with the following in-
equalities, where l1(λ, h) and l2 (λ, h) are defined to express the
corresponding conditions when the power switch is ON and
OFF, respectively, as follows:

l1(λ, h) � − ω2
0 +

λω2
0h

2
−
ω2
0h

2RC
 x1(k) + λ −

1
RC

+
1

R
2
C
2 −

λ
RC

− ω2
0 

h

2
 x2(k) − 1 +

λh

2
−

h

2RC
  Vrefω

2
0 − d3(x, ξ) < 0, for s(k)> 0, u(k) � 0,

l2(λ, h) � − ω2
0 +

λω2
0h

2
−
ω2
0h

2RC
 x1(k) + λ −

1
RC

+
1

R
2
C
2 −

λ
RC

− ω2
0 

h

2
 x2(k) + 1 +

λh

2
−

h

2RC
  ω2

0 E − Vref(  + d3(x, ξ) > 0, for s(k)< 0, u(k) � 1.

⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

(23)

Table 1: Average state-space models of buck converters with individual disturbances.

Disturbing factors
Lumped disturbances

Average state-space model Unified expression
ΔB ΔD1 ΔD2(t) ΔD3(x)

ΔE √ _x � Ax + (B + ΔB1)u + D
_x � Ax + (B + ΔBj)u + D + ζ1(x, t)ΔC √ √ √ _x � Ax + (B + ΔB2)u + D + ΔD11(x)

ΔL √ √ √ _x � Ax + (B + ΔB3)u + D + ΔD12(x)

ΔR √ _x � Ax + Bu + D + ΔD21(x)

_x � Ax + Bu + D + ζ2(x, t)ΔVref √ _x � Ax + Bu + D + ΔD22
d1(t), d2(t) √ _x � Ax + Bu + D + ΔD23(t)
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'en, the whole closed-loop DTSM control system can
be guaranteed stable.

Proof. In this paper, differing from the traditional DTSM
approach based on the nominal model [1, 24, 27, 31], since all
the possible model uncertainties and external disturbances in
(19) are included into the controller design, the existing
condition of DTSM should be satisfied [24, 29–32], i.e.,

s
2
(k + 1)< s

2
(k), (24)

which is equivalent to |s(k+ 1)|< |s(k)|.
By substituting (18) into (19), the whole closed-loop

DTSM control system can be obtained as

x(k + 1) � Φx(k) −
1
2
ΓBsk + v(k), (25)

where the total lumped disturbance v(k) is denoted as

v(k) � Γ
1
2
B + D + D4(x, ξ) . (26)

From (15) and (16), s(k+ 1) can be further obtained from
(22) as

s(k + 1) � cx(k) +(cΦ − c)x(k)

+ cv(k) −
1
2
cΓBsk � s(k) + Ψ(k) − Θsk,

(27)

where the variables ψ(k) and Θ can be deduced as

Ψ(k) � (cΦ − c)x(k) + cv(k), (28)

Θ �
1
2
cΓB. (29)

Based on the existing condition of DTSM in (24), two
cases in accordance with the power switch ON/OFF need to
be discussed in the following:

(1) If s(k)> 0, then u(k)� 0 can be obtained from (18).
And the existing condition of DTSM in (24) is
equivalent to s(k+ 1)< s(k) for the case s(k+ 1)> 0
and s(k+ 1)> s(k) for the other case s(k+ 1)< 0.
However, as the system converges to the equilibrium
point in the phase plane (x1, x2), i.e., ((x1(k)� 0,
x2(k)� 0)), it is easy to prove that the condition s(k)
s(k+ 1)< 0 will make the system run across the
sliding line s(k)� 0 and cannot be guaranteed to
always hold [34]. 'erefore, from (27)–(29), the
guaranteed robust stability condition can be ob-
tained as

(cΦ − c)x(k) + cv(k) −
1
2
cΓB< 0. (30)

(2) If s(k)< 0, similarly s(k+ 1)> s(k), u(k)� 1 holds and
the stability condition is deduced as

(cΦ − c)x(k) + cv(k) +
1
2
cΓB> 0. (31)

Furthermore, by substituting (15), (16), and (20) into
(30) and (31), the robust stability condition in cases of power
switch ON and OFF can be changed as

c Ah +
A2

h
2

2
 x(k) + c hI +

Ah
2

2
  D + D4(x, ξ) < 0, for s(k)> 0, u(k) � 0,

c Ah +
A2

h
2

2!
 x(k) + c hI +

h
2A
2

  B + D + D4(x, ξ) > 0, for s(k)< 0, u(k) � 1.

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(32)

For the items c(Ah+A2h2/2) and c(hI+Ah2/2) in (32),
they can be further denoted from (10) as

c Ah +
A2

h
2

2
  �

− ω2
0h −

1
2
λω2

0h
2

+
1
2
ω2
0h

2

RC

−
h

RC
+
1
2

− ω2
0 +

1
R2C2 h

2
+ λ h −

h2

2RC
 

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

T

, (33)

c hI +
Ah

2

2
  �

λh −
ω2
0h

2

h +
λh2

2
−

h2

2RC

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

T

. (34)
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'erefore, by substituting (33) and (34) into (32), the
robust stability condition (23) can be finally achieved. □

3.2. Influence of the Sampling Time on Controller Regulation.
From the guaranteed stability condition in 'eorem 1 and
(23), it is known that the control performance of the system
is determined by the sampling time h, lumped disturbance
d3(x, ξ), and DTSM parameter λ simultaneously. In the
following, we first investigate the relationship of the sam-
pling time h and DTSM parameter λ in the phase plane (x1,
x2).

Theorem 2 (relationship of the sampling time and DTSM
parameter). In order to guarantee the robust stability of
DTSM controlled buck converter system in (25), the pa-
rameter λ is recommended to be chosen within the four

subranges: (1) 0< λ<ψ1; (2) ψ1< λ<ψ2; (3) ψ2< λ<ψ3; and
(4) λ>ψ3, where

ψ1 �
1

RC
−
2
h

,

ψ2 �
1

RC
,

ψ3 �
(2/RC) + ω2

0h − 1/hR
2
C
2

 

2 − (h/RC)
.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(35)

Proof. Based on the guaranteed stability condition in (23),
the slopes of the lines l1(λ, h) and l2 (λ, h) are the same and
denoted as

ρ(λ, h) �
[1 +(λ − 1/RC)h/2]ω2

0

(λ − (1/RC)) − 0.5 ω2
0 − 1/R2

C
2

  +(λ/RC) h
. (36)

For the comparative study imposed by the lumped
disturbance d3(x, ξ), the stability condition of the nominal
counterpart of (19) can also be deduced as

l1′(λ, h) � − ω2
0 +

λω2
0h

2
−
ω2
0h

2RC
 x1(k) + λ −

1
RC

+
1

R
2
C
2 −

λ
RC

− ω2
0 

h

2
 x2(k) − Vrefω

2
0 1 +

λh

2
−

h

2RC
 < 0, for s(k)> 0, u(k) � 0,

l2′(λ, h) � − ω2
0 +

λω2
0h

2
−
ω2
0h

2RC
 x1(k) + λ −

1
RC

+
1

R
2
C
2 −

λ
RC

− ω2
0 

h

2
 x2(k) + ω2

0 1 +
λh

2
−

h

2RC
  E − Vref( > 0, for s(k)< 0, u(k) � 1,

⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

(37)

where l1′ (λ, h) and l1′ (λ, h) are defined to express the
corresponding conditions when the power switch is ON and
OFF, respectively. It is worth noticing that their slopes are as
the same as ρ(λ, h) in (36).

Here, we define two variables h1(λ) and h2(λ) as

h1(λ) �
2(λ − (1/RC))

ω2
0 +(λ/RC) − λ/R2

C
2

 
,

h2(λ) � −
2

λ − (1/RC)
,

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(38)

which are the two critical values of the denominator and
numerator, which determine the sign of the slope ρ(λ, h)
in (36).

According to the ON/OFF operation of the power
switch, as well as the two critical variables h1(λ) and h2(λ) in
(38), the robust stability conditions of the DTSM controlled
buck converter system with/without disturbances, i.e., (23)

and (37) are illustrated and compared in Figures 2(a)–2(c),
where these regions are mutually intersected by the sliding
line s(k)� 0 and the lines l1(λ, h) and l2 (λ, h). 'e four
regions are defined as follows: Region I (l1(λ, h)> 0, s(k)< 0,
and u� 1); Region II(l2(λ, h)< 0, s(k)> 0, and u� 0); Region
III (l1′ (λ, h), s(k)< 0, and u� 1); and Region IV (l2′ (λ, h)< 0,
s(k)> 0, and u� 0). It should be noted that the lines l1(λ, h)
and l2(λ, h) may not be straight lines due to the existence of
the time-varying disturbance d3(x, ξ). In phase plane (x1, x2),
four cases will be discussed in the following.

Case 1. ρ(λ, h)< 0: For the two terms (λ − 1/RC) and
(λ − 1/RC)− 0.5(ω2

0 − 1/R2C2 + λ/RC)h located in the
denominator of ρ(λ, h) in (36), if (λ − 1/RC)> 0, then
h2(λ)< 0 in (38) always holds. Furthermore, if h1(λ)< h,
it has (λ − 1/RC)− 0.5(ω2

0 − 1/R2C2 + λ/RC)h< 0, the
denominator of ρ(λ, h) will be positive, and the slope
ρ(λ, h)< 0 holds for all lines l1(λ, h), l2(λ, h), l1′(λ, h), and
l2′(λ, h) in (23) and (37) simultaneously. 'erefore, by
combining the conditions (λ − 1/RC)> 0 and (λ − 1/
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RC)− 0.5(ω2
0 − 1/R2C2 + λ/RC)h< 0, the robust stability

regions are illustrated in Figure 2(a). Meanwhile,
DTSM parameter λ can be deduced as

1
RC
< λ<

(2/RC) + ω2
0h − 1/hR

2
C
2

 

2 − (h/RC)
. (39)

Case 2. ρ(λ, h)> 0 and (λ − 1/RC) − 0.5(ω0 − 1/R2C2 + λ/
RC)h> 0: Similarly, as per the analysis in Case 1, if the
two conditions (λ − 1/RC)> 0 and (λ − 1/RC) −

0.5(ω2
0 − 1/R2C2 + λ/RC)h> 0 are satisfied at the same

time, it has h1(λ)> h, h2(λ)< 0 in (38) and the slope ρ(λ,
h)> 0 in (36). Correspondingly, the robust stability
regions are illustrated in Figure 2(b). And DTSM pa-
rameter λ is

λ>
(2/RC) + ω2

0h − 1/hR
2
C
2

 

2 − (h/RC)
. (40)

Case 3. ρ(λ, h)> 0: Observed from (38), if (λ − 1/RC)< 0,
the variable h1(λ)< 0 always holds. To guarantee the
sampling time h> h2(λ), it has [1 + (λ − 1/RC)h/2]ω2

0 < 0
and the numerator of ρ(λ, h) is negative. 'erefore, the
slope ρ(λ, h)> 0, and the robust stability regions are
illustrated in Figure 2(c). And the DTSM parameter λ is
recommended as

0< λ<
1

RC
−
2
h

. (41)

Case 4. ρ(λ, h)< 0: Still let the variable h1(λ)< 0 as Case
3 based on the condition (λ − 1/RC)< 0. In order to
make the other variable h< h2(λ), ρ(λ, h)< 0 should be
held so that the robust stability regions can be described
as the same as Figure 2(a). Correspondingly, the DTSM
parameter λ is recommended as

1
RC

−
2
h
< λ<

1
RC

. (42)

Based on the robust stability analysis of the above four
cases, the relationship of the sampling time h and DTSM
parameter λ can be determined. And accordingly, the three
critical values of λ can be finally obtained as (35). □

Remark 1. Differing from the traditional DTSM based on
the nominal model [1, 24, 27, 31], the disturbances are
directly introduced in the controller design, giving four new
subranges, shown in Figure 3. It is more accurate and time-
saving.

Remark 2. For the recommended choice of DTSM pa-
rameter λ in (35), in essence it is deduced from ρ(λ, h) in
(36), which is the slope of the lines l1(λ, h), l2 (λ, h), l1′ (λ, h),
and l2′ (λ, h) at the same time. In other words, the proposed
design approach of DTSM controller in 'eorem 2 is
suitable for both the nominal and perturbed systems. It is
also the reason of the so-called “unified” controller design in
this paper.

Remark 3. Considering the limitation of the hardware
circuit, special attention should be paid to the subrange
0< λ<ψ1, where the sampling time is restricted with
h> 2RC. Meanwhile, it is known that the biggest switch
frequency of power switch fs is expected to be less than half
of sampling frequency based on the Shannon sampling
theorem [35], i.e., fs< 1/4RC. However, considering the
switching capability of the physical power switch, e.g., IGBT
and MOSFET, if the conditions h> 2RC and fs< 1/4RC
cannot be satisfied at the same time, the value of ψ1 in (35) is
of no practical use. In other words, (1) 0< λ<ψ2, (2)
ψ2< λ<ψ3, and (3) λ>ψ3 can be used to replace the four
subranges in 'eorem 2.

3.3. Influence of the Lumped Disturbances on Control
Performance. For the lumped disturbance d3(x, ξ) in (19),
since it is directly contained in the design of DTSM con-
troller, it does not affect the system stability. Guaranteed by

x1

l′1 = 0

l′2 = 0

s (k) = 0Y′1

Y1

X′1

X1 X′2
X2

Y′2

Y2

l1 = 0
l2 = 0 x2

Region I
Region II

Region III
Region IV

(a)

x1
l′1 = 0

l′2 = 0 s (k) = 0

Y′1

Y1
X′1

X1

X′2
X2

Y′2

Y2

l1 = 0

l2 = 0

x2

Region I
Region II

Region III
Region IV

(b)

Region I
Region II

Region III
Region IV

x1
l′1 = 0

l′2 = 0 s (k) = 0

Y1

X′1
X1

X′2
X2

Y′2

Y′1

Y2

l1 = 0

l2 = 0

x2

(c)

Figure 2: Robust stability regions: (a) ρ(λ, h)< 0; (b) ρ(λ, h)> 0 and (λ − 1/RC) − 0.5(ω2
0 − 1/R2C2 + λ/RC)h> 0; (c) ρ(λ, h)> 0 and [1 + (λ − 1/

RC)h/2]ω2
0 < 0.
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the robust stability condition in (23) while from the com-
parisons of the DTSM controlled buck converter with/
without disturbances in Figures 2(a)–2(c), it will affect the
steady-state error of the system, which can be estimated
from the boundary of the robust stability regions. 'erefore,
how the lumped disturbance d3(x, ξ) affects the control
performance is another important question need to be
addressed.

Theorem 3 (influence of the lumped disturbance on the
steady-state error). For the DTSM controlled buck converter
in (25), if the robust stability condition (23) is satisfied and the
DTSM parameter λ is chosen as (35), the output voltage vc

varies within [d3(x, ξ)/ω2
0, E + d3(x, ξ)/ω2

0] and the error of its
changing rate is d3(x, ξ)/(λ − 1/RC).

Proof. For the DTSM controlled buck converter in (25), it
can be stabilized under the robust stability condition (23),
i.e., after the sliding variable s(k) in (22) is forced to zero, the
equilibrium point of the system in phase plane (x1, x2) can be
calculated as (0, 0). From (1), since the output voltage
vc(k) � x1(k) − Vref and _vc(k) � x2(k), their steady-state er-
rors can be estimated from the boundary of the robust
stability regions in Figures 2(a)–2(c).

In Region I and Region II with lumped disturbances
d3(x, ξ), the size of the boundary is determined by the four
intersection points of l1(λ, h) and l2(λ, h) with x1 axis and x2
axis, i.e., X1(k), X2(k), Y1(k), and Y2(k). 'erefore, we can
calculate them from (23) and (36) as

X1(k) � − Vref +
d3(x, ζ)

ω2
0

, 0 ,

X2(k) � E − Vref +
d3(x, ζ)

ω2
0

, 0 ,

Y1(k, λ, h) � 0,
− [1 + 0.5(λ − (1/RC))h] ω2

0Vref − d3(x, ξ) 

− (λ − (1/RC)) + 0.5 ω2
0 − 1/R2

C
2

  +(λ/RC) h 
⎛⎝ ⎞⎠,

Y2(k, λ, h) � 0,
− [1 + 0.5(λ − (1/RC))h] ω2

0 E − Vref(  + d3(x, ξ) 

− (λ − (1/RC)) + 0.5 ω2
0 − 1/R2

C
2

  +(λ/RC) h 
⎛⎝ ⎞⎠.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(43)

While in Region III and Region IV without lumped
disturbances (nominal system), the four points of l1′ (λ, h)
and l2′ (λ, h) with x1 axis and x2 can be obtained from (37) as

X1′(k) � − Vref , 0( 

X2′(k) � E − Vref , 0( ,

Y1′(k, λ, h) � 0,
− ω2

0Vref[1 + 0.5(λ − (1/RC))h]

− (λ − (1/RC)) + 0.5 ω2
0 − 1/R2

C
2

  +(λ/RC) h 
⎛⎝ ⎞⎠,

Y2′(k, λ, h) � 0,
− ω2

0Vref[1 + 0.5(λ − (1/RC))h]

− (λ − (1/RC)) + 0.5 ω2
0 − 1/R2

C
2

  +(λ/RC) h 
⎛⎝ ⎞⎠.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(44)

New proposed approach

0 < λ < ψ1 ψ1 < λ < ψ2 ψ2 < λ < ψ3

Traditional approach
λ > 0

ψ1 ψ2 ψ3

λ > ψ3

λ0

Figure 3: Difference of the traditional and proposed DTSM
parameter.
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By comparing the four pointsX1(k) andX2(k) in (43) and
X1′1(k) and X2′(k) in (44), we can see that, as the reference
output voltage Vref varies within [0, E], the output voltage
varies within [d3(x, ξ)/ω2

0, E+ d3(x, ξ)/ω
2
0].

If we further let h⟶0, the changing rate of the output
voltage _vc(k) can be further estimated from the four points
Y1(k, λ, h), Y1′(k, λ, h), Y2(k, λ, h), and Y2′(k, λ, h), where

Y1(k, λ, 0) � 0,
ω2
0Vref − d3(x, ξ)

λ − (1/RC)
⎛⎝ ⎞⎠,

Y1′(k, λ, 0) � 0,
ω2
0Vref

λ − (1/RC)
 ,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

(45)

Y2(k, λ, 0) � 0, −
ω2
0 E − Vref(  + d3(x, ξ)

λ − (1/RC)
 ,

Y2′(k, λ, 0) � 0, −
ω2
0 E − Vref( 

λ − (1/RC)
 .

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(46)

By comparing (45) and (46), it can be seen that the
changing rate of output voltage _vc(k) is also affected by the
lumped disturbance d3(x, ξ) and the error of its changing
rate can be obtained as d3(x, ξ)/(λ − 1/RC). In other words,
the disturbance d3(x, ξ) imposes a parallel shift, shown in
Figures 2(a)–2(c). □

4. Simulations and Experiments

In order to validate the unified approach of modelling and
controller design for the buck converter in Figure 1, its
circuit parameters are given as follows: E� 18V,
L� 1000 μH, C� 3200 μF, R� 10Ω, and Vref � 9V.

4.1. Simulation Results. Based on the results of 'eorems
1–3, the proposed unified design approach of the DTSM
controller can be concluded as the following two steps:

Step 1. Regardless of the buck converter with one or
several or the all disturbances in practice, it is rec-
ommended to ignore its disturbance temporarily and to
choose DTSM parameter λ and sampling time h. In
other words, the practical model with disturbance is
replaced by its nominal counterpart and further applied
(35) to it.
Based on the relationship of the sampling time h and
DTSMparameter λ in (35), it has ψ2 �1/RC� 31.25, and
ψ1 and ψ3 are determined by the sampling time h. Based
on the Shannon sampling theorem [35], the biggest
switch frequency of power switch fs is expected to be
less than half of sampling frequency, i.e., fs< 1/4RC
(78.1Hz) and the sampling time h is expected with
h> 2RC (6.4ms). Since the switching frequency of the
physical IGBT and MOSFET used in power converters
is general dozens of kHz, the four subranges in Figure 3
can be replaced by the following three subranges: (1)

0< λ< 31.25, (2) 31.25< λ<ψ3, and (3) λ>ψ3. In this
paper, we choose the sampling time h� 1ms, 0.5ms,
and 0.25ms for comparisons and then ψ3 �189.98,
109.99, and 70.47, respectively. Correspondingly from
(35), DTSM parameter λ can be chosen as 15, 60, and
250, respectively. 'e performance comparisons with
different pairs of (h, λ) are shown in Figure 4 and
Table 2.
In Figure 4, by comparing the output voltages vc la-
beled from A1 to A9, it can be seen that the control
performances of the buck converter are affected by the
sampling time h and DTSM parameter λ simulta-
neously. From Table 2, the nine pairs of (h, λ) are all
suitable in practical applications. Especially for A1,
A2, and A3 with the same sampling time h � 1ms,
their response time, steady error, and relative steady
error of output voltages vc are almost the same, listed
as 4ms, 3.90, and 0.434‰, respectively. It means that
the choice of the pair (h, λ) is not unique for the same
performance index. Continuously, we compare A4,
A5, and A6 with h � 0.5ms and A7, A8, and A9 with
h � 0.25ms from two aspects. On the one side, if we fix
the sampling time h, the bigger the DTSM parameter λ
is, the smaller the response time is, while the values of
steady error and the relative steady error of the output
voltages vc are maintained. It means that the sampling
time h is more sensitive to the system than the DTSM
parameter λ. 'erefore, it is recommended to deter-
mine the value of h prior to that of λ. On the other side,
if we fix the DTSM parameter λ, with the decrease in
the sampling time h, the values of the response time
will increase inversely, while the values of the steady
error and vc will decrease. Since the regulation of the
DTSM controller is based on the stability condition in
(23), the deduced pair (h, λ) in (35) only affects the
static performances (e.g., steady error and relative
steady error) but is not directly related to the dynamic
performance (e.g., response time), which is listed in
Table 2 just for reference.
Step 2: For the bounded lumped disturbance d3(x, ξ) in
(20), the next is to determine its influences on the
system. In order to cover all the possible model un-
certainties and external disturbances in (11), here we
assume ΔB� [0, 0.0025Esin(2π/h)/LC]T, ΔD1 � [0,
0.0025Vref sin(2π/h)]T, ΔD2(t)� [0, 0.0025Vref sin(2π/
h+ t)/RC]T, and ΔD3(x)� [0, 0.0025Vref sin(2π/
h+ x1x2)/RL]T. 'e reason of choosing the same am-
plitude 0.0025Vref for ΔD1, ΔD2(t), and D3(x) is only to
check whether the parallel shift function imposed by
different disturbances is true or not. 'e sampling time
is fixed as h� 0.5ms, and the DTSM parameter λ is still
chosen as 15, 60, and 250, respectively. 'e simulation
results are given in Figure 5 and Table 2, labeled from
B1 to B3.

In Figure 5(a) and Table 2, A4, A5, and A6 correspond to
the nominal system, while B1, B2, and B3 correspond to the
perturbed system. By comparisons, it can be seen that their
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response times are almost the same and not affected by the
lumped disturbance d3(x, ξ), but the values of steady error
and relative steady error of the output voltages vc increase
correspondingly. Furthermore, from the comparisons of
local dynamics in Figure 5(b), their steady error changes and
the parallel shift function imposed by disturbances are
reconfirmed.

4.2. Experiment Results. In order to validate this paper,
Figure 6(a) describes the structure of the experiment plat-
form based on DSpace for the buck converter. 'e Rapid
Control Prototype (RCP) system is composed of two parts,
i.e., MicroAutoBox is used for collecting the voltage and

current of the buck converter and RapidPro outputs the
PWM signal for the direct control of the buck converter.
Besides, they are linked with interface of Low-Voltage
Differential Signaling (LVDS). 'e software of Matlab/
Simulink is installed in the host PC for developing algorithm
following the program compiled by Real-TimeWork (RTW)
shop and then downloaded in MicroAutoBox. 'e real-time
calculation is in DSpace 1401. 'e experiment flow diagram
of DSAPCE is simplified in Figure 6(b), which is suitable for
the algorithm design and performance analysis.

In order to prove the proposed unified approach to be
suitable for diverse disturbances, four working modes of
buck converters are selected as examples: (1) time-varying
noise 0.05sin(2π/h); (2) ΔVref � 0.2V; (3) load resistor jumps

A1 (A2, A3)

A7

A5

A4
A8

A9

A6

0

5

10

v c
 (V

)

0.005 0.01 0.015 0.02 0.025 0.03 0.0350
Time (s)

1.348 1.351.347 1.349
8.995

9
9.005

Figure 4: Comparisons of the output voltage with nine pairs of (h, λ).

Table 2: Performance comparisons with nine pairs of (h, λ).

h Λ Label Response time (ms) Steady error (mV) Relative steady error

1ms
15 A1 4 3.902 0.434‰
60 A2 4 3.902 0.434‰
250 A3 4 3.902 0.434‰

0.5ms
15 A4 9.5 0.465 0.052‰
60 A5 8 0.465 0.052‰
250 A6 6.5 0.465 0.052‰

0.25ms
15 A7 20.5 0.057 0.006‰
60 A8 15.8 0.057 0.006‰
250 A9 7.5 0.057 0.006‰

0.5ms (disturbance)
15 B1 9.5 112 1.244%
60 B2 8 84 0.933%
250 B3 6.5 67 0.744%

A6
B3

A4
B1A5 B2

0.005 0.01 0.015 0.02 0.025 0.03 0.0350
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0
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Figure 5: Output voltages affected by disturbances: (a) output voltages with different pairs of (h, λ); (b) comparisons of local dynamics.
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from 50Ω to 100Ω and then back to 50Ω; and (4) input
voltage changes from 16V to 25V and then back to 16V.

In experiment, the sampling time h is chosen as 0.5ms.
Referring to Table 2, the DTSM parameter λ is chosen as 170.
And the contrastive experimental results are given in Fig-
ure 7, where the output voltages of the four working modes
are marked as D1, D2, D3, and D4, respectively. We can see
that the DTSM controller can provide enough robustness to
reject these disturbances. Despite the two peak values 8.18V
and 7.75V for D3 and one peak value 8.54V for D4, the
steady errors of the four cases are listed as 0.32V, 0.21V,
0.24V, and 0.26V, respectively, which are acceptable in
practice. 'erefore, the experiment results validate the
proposed unified approach with wider applications under
heavy uncertainty.

5. Conclusions

In this paper, the robust stability problem of DTSM con-
trolled buck converters is investigated and a unified ap-
proach of modelling and controller design is proposed for all

the possible model uncertainties and external disturbances.
In modelling, two unified expressions are proposed to de-
scribe the possible individual/several/all disturbances. In the
design of DTSM controller, the disturbances are directly
included in the process, instead of ignoring them in the
traditional approach. Innovatively, four more accurate
subranges arise for the controller regulation. Based on the
robust stability analysis, the influences of the sampling time
and disturbances on the control system have also been in-
vestigated. Simulations and experiments validate the effec-
tiveness and wider applications of the proposed approach.
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