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Aiming at the problems that Markov chainMonte Carlo algorithm is not easy to converge, has high rejection rate, and is easy to be
disturbed by the noise when the parameter dimension is high, an improvedmodel updatingmethod combining the singular values
of frequency response functions and the beetle antennae search algorithm is proposed. Firstly, the Latin hypercube sampling is
used to extract the training samples. -e Hankel matrix is reconstructed using the calculated frequency response functions and is
decomposed by singular value decomposition. -e effective singular values are retained to represent the frequency response
functions. Secondly, according to the training samples and the corresponding singular values, the support vector machine
surrogate model is fitted and its accuracy is tested. -en, the posterior probability distribution of parameters is estimated by
introducing the beetle antennae search algorithm on the basis of standard Metropolis–Hastings algorithm to improve the
performance of Markov chains and the ergodicity of samples. -e results of examples show that the Markov chains have better
overall performance and the acceptance rate of candidate samples is increased after updating. Even if the Gaussian white noise is
introduced into the test frequency response functions under the single and multiple working damage conditions, satisfactory
updating results can also be obtained.

1. Introduction

In recent years, the deterministic finite elementmodel updating
(FEMU) techniques have been widely used in structural pa-
rameters identification and health monitoring fields [1, 2].
However, due to the widespread uncertainty in engineering
problems, the practicability of the deterministic methods is
greatly reduced, and the deterministic methods can not get the
confidence of the updated prediction values of the model [3].
-erefore, in order to improve the reliability of the parameters
identification and health monitoring results, it is necessary to
combine the probability and statistics methods to analyze the
uncertain factors in the procedure of FEMU [4, 5].

All test data is analyzed in the uncertain FEMU methods,
and according to the theorem of large numbers in statistical
theory, the statistical characteristics of parameters are estimated
indirectly by using the statistical characteristics of dynamic
responses. -e influence of uncertain factors can be fully

considered through the probability and statistics, and the
deficiency of deterministic model updating methods can be
overcome effectively [6].-e FEMUmethod based on Bayesian
theory is a research hotspot of uncertainty methods. Beck [7]
firstly put forward the idea of FEMU based on Bayesian theory
and proposed an adaptive Markov chain Monte Carlo
(MCMC) algorithm based on standard Metropolis–Hastings
(MH) algorithm.-e most important feature of this method is
that it fundamentally avoids the complex inverse problem by
solving the randomly selected parameter samples [8]. However,
when the parameter dimension is high, the standard MH
sampling algorithm will cause the phenomenon of “sampling
stagnation,” and the acceptance rate of samples will decrease
drastically [9]. In view of the above shortcomings, Wan et al.
[10] proposed the delayed rejection adaptiveMCMC algorithm
combining Bayesian theory to solve the complex gradient
calculation, ill-posedness, and nonunique solution. Peng et al.
[11] introduced the maximum entropy method into Bayesian
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theory and fused the cuckoo algorithm with the standard MH
sampling algorithm to improve the acceptance rate of candi-
date samples. Cheung et al. [12] proposed a hybrid MCMC
(HMCMC) algorithm to solve the FEMU problems with high-
dimensional uncertain parameters.

Compared with the FEMU methods based on modal
parameters, the FEMU methods based on FRFs have
gradually become the mainstream methods [13]. -e FRFs
contain a lot of frequency point information, so the selection
of frequency point is very important, but there is no unified
solution to this problem at present. In [14], the FRFs are
transformed into the impulse response functions in the time
domain by inverse Fourier transform, and then the Hankel
matrix is decomposed by singular value decomposition
(SVD), and a limited number of singular values are retained
to represent the FRFs for model updating. -is method not
only retains the advantage of FRFs, but also avoids the
difficulty of frequency point selection. In [15, 16], the Hankel
matrix of the FRFs is decomposed by SVD, and the ap-
propriate number of larger singular values is retained by the
principle of sudden change in the number of extreme value
points. -e results show that this method has a good ability
to reduce the noise of the signal.

Under the background of the above theory, in this paper,
the FRFs are decomposed by SVD, and the effective singular
values are extracted as the characteristic quantity of re-
sponses for model updating, which can avoid the complex
derivation of likelihood functions of FRFs and the difficulty
of frequency point selection in Bayesian model updating
methods. At the same time, in order to improve the updating
efficiency, the support vector machine (SVM) surrogate
model is used to replace the complex finite element model
for iterative solution. -en, the method of updating the
centroid position of the beetle individual in BAS algorithm is
introduced to generate new candidate samples to estimate
the posterior probability distribution of the parameters.
Finally, the feasibility and good antinoise performance of the
proposed method are verified by the plane truss model and
the three-dimensional truss model.

-e rest of this paper is structured as follows: Section 2.1
starts out with the basics of the FEMU methods based on
Bayesian theory and presents the standard MH sampling
algorithm. Section 2.2 introduces the SVD technique for
extracting the effective singular values of FRFs. In Section
2.3, the improved MCMC algorithm is introduced in detail,
which is also the core of this paper. And in Section 2.4, the
basic principle of Latin Hypercube sampling and SVM
surrogate model is given. Section 2.5 shows the specific
flowchart of the proposed FEMUmethod. Section 3 presents
two examples to verify the performance of the novel FEMU
method. -e main conclusions are given in Section 4.

2. Basic Theory and Improvement

2.1. Bayesian Finite Element Model Updating

2.1.1. Model Updating Method Based on Bayesian ,eory.
-e FEMU method based on Bayesian theory combines a
priori information (subjective information) and test data

(objective information), and theMCMC algorithm is used to
infer the posterior probability distribution of the updated
parameters [17]. -e procedure can be expressed by
Bayesian formula as

p(θ|x) �
p(x|θ)π(θ)

θp(x|θ)π(θ)dθ
� c · p(x|θ)π(θ), (1)

where x is the observation information; π(θ) is the prior
distribution of the uncertain parameter vector θ to be
updated, which is usually equal to 1; c is the constant factor,
called the regularization constant; and p(x|θ) is the condi-
tional distribution under the given parameters, which is
usually called the likelihood function. Assuming that N
independent tests are carried out and the above likelihood
function formula can be expressed as

p(x|θ) �
1

���
2π

√
covy 

N
exp[−J(θ)],

J(θ) � 
N

i�1
yi − y(θ)i 

Tcov−1
y yi − y(θ)i ,

⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

(2)

where y is the test response vector; y(θ) is the calculated
response vector of the model; covy is the covariance matrix
of test response, substitute (2) into (1), and the posterior
probability distribution of the parameter vector can be
further written as

p(θ|x) � c′ · exp − 
N

i�1
yi − y(θ)i 

Tcov−1
y yi − y(θ)i 

⎧⎨

⎩

⎫⎬

⎭,

(3)

where c′ is a constant independent of θ. In engineering
problems, the parameter vector is usually a complex high-
dimensional vector and the response usually has no explicit
expression. -erefore, the stationary Markov chains are
obtained with sampling by using MCMC algorithm to es-
timate the posterior probability distribution of parameters,
so as to avoid the problem of high-dimensional integral
operation which may be involved in the above Bayesian
formula.

2.1.2. Markov Chain Monte Carlo (MCMC) Algorithm.
At present, in the field of Bayesian statistics, the MCMC
algorithm has become an effective tool to deal with complex
high-dimensional integral problems [18]. Firstly, the defi-
nition of Markov chain is given: there is a random sequence
(θ(0), θ(1), . . ., θ(n)) at any time j(j≥ 0), and the value θ(j+1) of
the next time j+ 1 in the sequence only depends on the
current state of time j and has nothing to do with the
historical state (θ(0), θ(1), . . ., θ(j−1)) before time j, which is
called the Markov chain.

-e basic idea ofMCMC algorithm is to obtain aMarkov
chain with stable distribution by sampling to get samples of
the target probability distribution and then make statistical
inference based on the valid samples in the convergence
phase. In Bayesian model updating, the target probability
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distribution is the posterior probability distribution p(θ|x) of
the parameter vector θ. When the samples of the target
probability distribution are obtained by MCMC sampling,
the statistical characteristics of the updated parameters can
be estimated according to the large number theorem; for
example, the mean and variance can be approximately
calculated as

μθ �  θp(θ|x)dθ ≈
1
n



n

j�1
θ(j)

,

σ2θ �  θ − μθ( 
2
p(θ|x)dθ ≈

1
n



n

j�1
θj − μθ 

2
,

(4)

where n is the length of the effective Markov chain, that is,
the number of valid samples. Markov chain is produced by
sampling according to a certain approach in MCMC
method, in which Metropolis–Hastings (MH) sampling is
the most widely used MCMC algorithm, and many MCMC
algorithms are the extension of standard MH sampling al-
gorithm [19].

2.1.3. Standard Metropolis–Hastings (MH) Sampling
Algorithm. -emost prominent feature of the standard MH
sampling algorithm is to obtain a posteriori samples by
sampling and constructing appropriate Markov chains to
estimate the statistical characteristics of parameters. -e
main steps of standard MH sampling algorithm are as
follows:

(1) Select the appropriate initial θ0 and make the like-
lihood function p(θ0|D)> 0, where D is the response
matrix.

(2) Select the appropriate proposal distribution q(θ∗, θt).
Use the current sample θt to generate a new can-
didate sample θ∗ obeying the proposal distribution.

(3) Calculate the acceptance probability α by the current
sample θt and the candidate sample θ∗; the formula
of acceptance probability is α�min[1, p(θ∗|D)/p (θt|
D)].

(4) Generate random number μ from the uniform dis-
tribution U(0,1). If α>μ, accept the candidate sample
θ∗, θt+1 � θ∗; otherwise, reject the candidate sample
θ∗, θt+1 � θt.

(5) Repeat steps (2) to (4) until the set sampling times
are reached or the variance of samples is less than the
set value. Terminate the iteration to generate a
convergence sequence, the Markov chain.

2.2. Feature Extraction of FRFs Based on SVD

2.2.1. ,eory of Frequency Response Functions. For an n-
degree-of-freedom damping system, the basic dynamic
equation can be expressed as M€x + C _x + Kx � F, where M,
C, and K are the mass, damping, and stiffness matrix, re-
spectively; F is system excitation force vector; and x is re-
sponse displacement vector. Under the action of simple

harmonic excitation, the steady-state response X(ω) in
frequency domain can be obtained by Fourier transform:
X(ω)�H(ω)F(ω), whereH(ω) is the FRFs;ω is the excitation
frequency. -e FRFs matrix can be expressed as

H(ω) � M − i
C
ω

−
K
ω2 

− 1

. (5)

2.2.2. ,eory of Singular Value Decomposition.
Reconstruct the Hankel matrix from the original signal X�

[x1, x2, . . ., xN] with noise, the Hankel matrix A can be
expressed as

A �

x1 x2 · · · xn

x1×τ+1 x1×τ+2 · · · x1×τ+n

⋮ ⋮ ⋮ ⋮

x(m−1)τ+1 x(m−1)τ+2 · · · x(m−1)τ+n

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (6)

where A is the Hankel matrix of order m× n; τ is the delay
step and generally takes 1; m is the embedded dimension,
when N is even, m�N/2; or m takes the median [20].

First of all, the Hankel matrix A is decomposed by SVD,
and then the appropriate threshold value λ is selected, and
the first r larger singular values are selected to represent the
signal characteristics according to the threshold, while the
latter k-r singular values are set to 0. -is procedure can be
expressed as A � UrrVT

r , where Ur and VT
r are orthogonal

matrices; Σr � diag(σ1, σ2, . . ., σk) is a diagonal matrix; σi
(i� 1,2, . . ., k) are singular values of matrix A,
σ1≥ σ2≥ ···≥σk≥ 0, k�min[(m− 1)× τ + 1, n].

As a nonlinear filtering method, the SVD based on
Hankel matrix is used to eliminate random noise in the
signal. In this paper, the principle of sudden change in the
number of extreme value points proposed in [15, 16] is used
to test the rationality of the number of effective singular
values, and the retained effective singular values are used to
represent the FRFs to update the model.

2.3. Proposed MCMC Algorithm

2.3.1. Beetle Antennae Search (BAS) Algorithm. -e BAS
algorithm proposed by Jiang et al. [21] is an intelligent
optimization algorithm inspired by the beetle’s foraging
behavior. -is algorithm is divided into two stages: search
and detection.

-e search stage is based on the beetle’s food-searching
behavior and can be expressed as

xl � xi+ di·b, xr � xi − di·b, where xl and xr represent the
position coordinate of the left and right antennae of the
beetle individual, respectively; di is the distance between the
two antennae of the beetle individual during the ith search,
also called the perceptual distance, which determines the
search space of the algorithm. -e perceptual distance
gradually attenuates with the increase of search time, which
makes the beetle individual approach to the optimal value
adaptively; b is the unitized random direction vector.
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-e detection stage updates the centroid position of the
beetle individual, which can be expressed as
xi � xi−1 + δi·b·sign(F(xl, X)−F(xr, X)), where F is the ob-
jective function, that is, the food odor concentration per-
ceived by the left and right antennae of the beetle individual;
X is the location coordinate; δi is the step length at the ith
search, which is very important for the performance of the
algorithm. An exponential attenuation model is introduced
to constantly update the values of δ and d, and the atten-
uation model can be expressed as

di
� d0 · a

i/Hd

d ,

δi
� δ0 · a

i/Hδ
δ ,

⎧⎪⎨

⎪⎩
(7)

where d0 and δ0 are the initial values of perceptual distance
and search step, respectively; ad and aδ are attenuation
coefficients; i is the number of search times; Hd and Hδ are
attenuation constants.

2.3.2. Improved MCMC Algorithm Combining BAS
Algorithm. In the procedure of Bayesian model updating,
the phenomenon of “sampling stagnation” is easy to occur
in standard MH sampling algorithm when the parameter
dimension is high. At the same time, because the BAS
algorithm does not need complex gradient calculation, the
iterative speed is fast and the beetle individual can
adaptively approach the optimal solution according to the
objective function. In view of the above factors, the
standard MH sampling algorithm can be improved by the
BAS algorithm. From the expression of the likelihood
function of (2) and the properties of the exponential
function, the solution corresponding to the maximum
value of the likelihood function is the solution corre-
sponding to the maximum value of the exponential term
[−J(θ)]. In this paper, the exponential term [−J(θ)] of
likelihood function is taken as the objective function of
BAS algorithm to guide the search of beetle individual.
When the candidate sample point is rejected, the method
of updating the centroid position of beetle individual is
used to carry out local search on this point to generate a
new candidate sample point. -e specific sampling steps
are as follows:

Step 1: initialize the Markov chains θ(t) (t� 1, 2, . . ., n),
construct an appropriate proposal distribution q(θ∗,
θt), where t is the number of iterations and n is the total
number of iterations set by users
Step 2: assume the sample at the current t iteration is θt,
and a new candidate sample θ∗ is generated by standard
MH sampling
Step 3: calculate the acceptance probability α and
generate random number μ from the uniform distri-
bution U(0, 1). If α> μ, the candidate sample θ∗ is
accepted, that is, θt+1 � θ∗; or θ∗ is not rejected im-
mediately, and proceed to the next step
Step 4: fuse the idea of updating the centroid position of
the beetle individual

(a) Initialize the parameters of BAS, and take the
candidate sample θ∗ as the initial centroid position
of the beetle individual.

(b) Take the exponential term of the likelihood func-
tion expression in standard MH sampling algo-
rithm as the search objective function to guide the
iterative optimization of the beetle individual.

(c) Stop the search and calculate the acceptance rate αζ
according to the centroid position θζ of the beetle
individual when the set number of searches is
reached (same as the standard MH algorithm to
judge the acceptance status: if α> μ, θt+1 � θζ;
otherwise, θt+1 � θt).

Step 5: Repeat step 2 to step 4 until a convergence
sequence is generated.

Because the Gaussian distribution is widely used in
engineering and its calculation is simple, the Gaussian
distribution is selected as the proposal distribution in this
paper.

2.4. Construct Support Vector Machine (SVM) Surrogate
Model

2.4.1. Latin Hypercube Sampling (LHS). In order to ensure
the randomness and uniformity of the training set and test
set samples, the LHS is introduced to obtain the samples to
construct the surrogate model. LHS is a multidimensional
stratified random samplingmethod, and the sampling points
have good distribution uniformity and representativeness
[22]. It is assumed that q-group samples need to be taken
within the prior range of m-dimensional model parameters.
-e specific sampling steps are as follows:

(1) -e m prior ranges of m-dimensional model pa-
rameters [Ai, Bi] (i� 1, 2, . . ., m) are divided into q
cells, which can be recorded as [Aij, Bij] (i� 1, 2, . . .,
m) (j� 1, 2, . . ., q), resulting in a total of m× q cells.

(2) A sample point is randomly selected in any intercell
[Aij, Bij] and marked as αij sampling, and a total of
m× q sample points are generated to form amatrix Γ:

Γ �

α11 α12 · · · α1q

α21 α22 · · · α2q

⋮ ⋮ ⋮ ⋮

αm1 αm2 · · · αmq

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (8)

(3) By randomly sorting each row vector [αi1, αi2,·. . .,
αiq] (i� 1, 2, . . .,m) in thematrix, the resulting vector
is [βi1, βi2, . . ., βiq] (i� 1, 2, . . .,m), and the matrix V

is obtained:

Φ �

β11 β12 · · · β1q

β21 β22 · · · β2q

⋮ ⋮ ⋮ ⋮

βm1 βm2 · · · βmq

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (9)
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Each column vector in the matrix V is a group of
samples, and a total of q groups of samples are
obtained.

2.4.2. SVM Surrogate Model. -e surrogate model fits the
complex relationship between the FE model parameters and
the response by an explicit function. -e surrogate model
can replace the complex FEmodel for iterative calculation so
as to greatly improve the FEMU efficiency [23]. Clarke et al.
[24] compared the performance of SVM with Radial Basis
Function (RBF), Neural Network (NN), Kriging model, and
the Response Surface surrogate model by engineering ex-
amples.-e results show that the robustness and accuracy of
SVM surrogate model is better than the other three models.
So, the SVM is selected as the surrogate model in this paper.
When fitting the SVM, the LHS is used to obtain the training
set samples and test set samples, and then the corresponding
singular values of FRFs are obtained. -ese data are nor-
malized to avoid error caused by large orders of magnitude.

-e SVM surrogate model [25] can be expressed as
f(s)�ω·ϕ(s) + b, where ϕ(·) is a nonlinear function, which
maps the data S to a high-dimensional linear space; ω is a
weight vector; b is a deviation.

-e optimization problem can be expressed as

min
w,b,ξ

1
2
‖w‖

2
+ C 

l

i�1
ξi + ξ∗i( ,

s.t.

yi − ω · ϕ si(  − b≤ ε + ξ∗i ,

ω · ϕ si(  + b − yi ≤ ε + ξ∗i ,

ξi ≥ 0, ξ∗i ≥ 0, i � 1, . . . , l,

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

(10)

where C is the penalty coefficient; ξi and ξ∗i
∗ are the re-

laxation variables, which ensure that the constraint condi-
tions can be satisfied. -e Lagrange multiplier method is
introduced to transform the above quadratic programming
problem to a dual problem, and the regression estimation
function can be expressed as

f(s) � 
n

i�1
αi − α∗i( K si, s

∗
i(  + b, (11)

where αi and α∗i are the Lagrange multipliers; K(si, s∗i ) is the
kernel function. Here, the widely used RBF is selected as the
kernel function.

2.5. Specific Procedure of Model Updating. -e training set
samples and test set samples are generated by the LHS. -e
modal participation variation coefficient criterion [26] is
introduced to select the appropriate location of excitation
points. -e modal kinetic energy method [27] is introduced
to select the appropriate locations of measuring points. -e
calculated FRFs are decomposed by SVD to extract the
effective singular values according to the principle of sudden
change in the number of extreme value points. According to
the input parameters and the corresponding singular values,
the SVM surrogate model is constructed and its accuracy is

tested. -en the SVM surrogate model which meets the
accuracy requirement is introduced into the proposed al-
gorithm to iteratively solve the model updating problem,
and the mean values of parameters are estimated according
to the statistical characteristics of the convergent Markov
chains. -e specific model updating procedure is shown in
Figure 1.

3. Numerical Examples

3.1. Example 1. As shown in Figure 2, the plane truss
structure consists of 14 nodes, 25 rod elements, and 25
degrees of freedom. -e constraint condition is the fixed
hinge connection of support 1 (node 1) and the movable
hinge connection of support 2 (node 13). -e rod elements
are divided into two groups, numbered as1, 2∼7, 8 and7,
8∼13, 14, respectively. -e elasticity modulus and density of
two groups of rod elements are divided by their initial values
as the parameters to be updated, which are θ1 �E1/E0,
θ2 � ρ1/ρ0, θ3 �E2/E0, and θ4 � ρ2/ρ0, respectively, where the
initial elasticity modulus E0 is 210GPa and the initial density
ρ0 is 7850 kg·m−3. Suppose that the test mean value of each
parameter to be updated obeys the normal distribution
matrix [1.5, 2, 0.8, 3]; the standard deviations are all 0.1; and
the ranges of parameters are set to [1, 2], [1.5, 2.5], [0.3, 1,3],
and [2.5, 3.5], respectively.

3000 groups of samples are selected by the LHS.-e first
2500 groups are used as training set while the last 500 groups
are as test set. -e degree of freedom is analyzed by modal
variation coefficient criterion. -e 25th, the 22nd, and the
6th degrees of freedom are selected as excitation points. -e
truss nodes in the diagram are numbered as 14-node y-
direction, 12-node y-direction, and 4-node y direction. -e
corresponding 4th, 6th, and 18th degrees of freedom are
selected as the measurement points by introducing the
modal kinetic energy method, and the truss nodes in the
corresponding diagram are numbered as 3-node y-direction,
4-node y-direction, and 10-node y-direction. -e FRFs are
calculated and SVD is carried out. According to the principle
of sudden change in the number of extreme value points, the
first three large singular values are extracted as the char-
acteristics of the FRFs, and then the training set and cor-
responding singular values are used to construct the SVM
surrogate model. -e error values of the first three singular
values of the first FRF are selected to test the accuracy of the
SVM, as listed in Table 1.

In order to consider the uncertainty in the structure, 50
groups of samples are randomly generated to simulate ex-
periment, and the samples are substituted into the model to
calculate the first three large singular values of the three
FRFs. -e standard MH sampling algorithm and the pro-
posed algorithm sample are 6000 times, respectively. -e
cloud map of the sample points distribution containing 95%
confidence ellipse is illustrated in Figure 3. As can be seen,
most of the sample points extracted by the proposed al-
gorithm can be located within 95% of the high probability
areas.

-e Markov chains obtained by two methods are shown
in Figure 4. Both of them can converge to the preset mean
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values of parameters. But there are many smooth segments
in the Markov chains obtained by standard MH sampling
algorithm, indicating the phenomenon of “sampling stag-
nation” in the sampling procedure.While theMarkov chains
obtained by the proposed algorithm can converge quickly

and keep fluctuating all the time, the ergodicity of samples is
obviously better than that of the former. Compared with the
acceptance rate of 21% of standard MH sampling algorithm,
the acceptance rate of the proposed algorithm is about
62.3%, so the acceptance rate is significantly improved.

-e posterior samples of parameters in Figure 4(b) are
analyzed according to the knowledge of normal probability
test. Considering that the samples during the nonstationary
period will interfere with the statistical characteristics of the
parameters, the first 10% of the samples are removed as the
combustion stage, and then the remaining samples are tested
for normal distribution, and the test results are shown in
Figure 5. As can be seen, most of the samples obtained by the

Determine the parameters and range
to be updated

Select the optimal excitation points 
and measuring points

Use the LHS to obtain training 
samples and test samples 

Calculate and extract the effective 
singular values of the FRFs

Construct the SVM surrogate
model and verify its accuracy
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select the proposal distribution

Use the standard MH sampling 
to generate candidate sample θ∗
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Generate new candidate point by 
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position of beetle in BAS

A priori information Test information

Bayesian formula

Determine the posteriori 
probability density function

 α > μ?

Judge whether to accept the 
candidate point according to the 

MH criteria

Smooth markov chains are
generated after n iterations

Estimate the updating value from 
the statistical characteristic of the 

convergence stage in markov 
chains without combustion period

Y

N

Complete the updating

Infer the a posteriori
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Fit the SVM 
surrogate model 

Update the initial
finite element model

Figure 1: Flow chart of FEMU through the proposed MCMC algorithm.

14

1311

12

9

10

7

8

5

6

3

42

1
F

x
y

1.5m

0.
5m

Figure 2: Plane truss model.

Table 1: Error of the SVM surrogate model.

Order
Error (%)

Minimum Maximum Average
1 6.70×10−2 1.42×10−1 1.27×10−1

2 1.30×10−3 7.67×10−2 1.43×10−2

3 1.10×10−4 1.64×10−1 4.20×10−3
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proposed algorithm can fall on the hypothetical normal
distribution line, except that some of the combustion period
samples still exist and deviate sparsely at the boundary of the
probability graph, so the posterior samples conform to the
normal distribution hypothesis.

-e mean values of updated parameters are estimated
indirectly from the statistical characteristics of the posterior

samples.-e updated results are obtained as listed in Table 2.
-e relative errors of parameters after updating are less than
0.3%, indicating that the proposed algorithm has a good
effect for the uncertainty FEMU.

In order to further verify the updating effect of the
proposed algorithm, the acceleration FRFs corresponding to
the test mean model, the initial finite element mean model,
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Figure 4: Comparison of four Markov chains obtained by two algorithms. (a) Standard MH sampling algorithm. (b) Proposed algorithm.
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and the updated mean model are calculated according to the
data in Table 2, and the acceleration FRFs curves are shown
in Figure 6. -e updated FRF curve almost coincides with
the FRF curve of test mean model.

In order to obtain the updating effectmore clearly, the real
and imaginary part curves of the acceleration FRFs of the

mean model before and after updating are compared, and the
results are shown in Figures 7 and 8. Compared with the real
and imaginary part curves of the preupdating mean model
FRF, the real and imaginary part curves of the updated mean
model FRF are closer to and basically coincide with the real
and imaginary part curves of the test mean model FRF.
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Figure 5: Normal test probability map of four parameters.
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To sum up, it is shown that, compared with the standard
MH sampling algorithm, the proposed algorithm can greatly
improve the acceptance rate of samples and make the overall
performance of the Markov chains better while ensuring the
better updating accuracy.

3.2. Example 2. In order to further verify the reliability of the
proposed algorithm, single damage and multiple damage are
added to the structure and then the proposed algorithm is
used to identify the parameters. A three-dimensional truss
structure shown in Figure 9 is selected for verification.

-e structure consists of 28 nodes, 66 rod elements, and
48 degrees of freedom. -e nodes are hinged. -e constraint
conditions are fixed by 4 supports (node numbers 1, 8, 9, and
16). For each node, only translational degrees of freedom in
Y and Z directions are considered. -e selected three ex-
citation points are the 4th, 8th, and 10th degrees of freedom,
and the corresponding measuring points are the 38th, 20th,
and 24th degrees of freedom.-e corresponding truss nodes
are shown in Figure 9 and are all in Y direction.

-e rod elements are divided into three parts: the lower
rod elements, the middle rod elements (straight rods and
oblique rods), and the upper rod elements. Since the damage
will cause significant change in the structural stiffness in
most engineering cases, three parameters θ1 � E1/E0, θ2 � E2/
E0, and θ3 � E3/E0 related to the elasticity modulus of three
parts are selected as the parameters to be updated, and the
initial elasticity modulus E0 is 190GPa. It is assumed that all
the test mean values of parameters obey the normal mean
matrix [1.5, 1, 2], and the standard deviations are all 0.1. -e
ranges of parameters to be updated are set to [1, 2], [0.5, 1.5],
and [1.5, 2.5], respectively.-e damage of the rod elements is
listed in Table 3.

-e parameters are identified in three damage states.
Markov chains obtained by the standard MH sampling al-
gorithm and the proposed algorithm in the S0 state are
shown in Figure 10. -rough the comparison of
Figures 10(a) and 10(b), it is obvious that there are many
smooth segments in the Markov chains obtained by the
standard MH sampling algorithm, that is, the phenomenon
of "sampling stagnation", while the Markov chains obtained
by the proposed algorithm can always remain in a fluctu-
ating state, and the overall performance is better.

Normal distribution test is carried out on the posterior
samples of Markov chains obtained by the proposed algo-
rithm. After excluding the first 10% nonstationary period
samples, the stationary period samples (samples in the
convergence phase of Markov chain) are tested, and the
results are shown in Figure 11. Most of the samples obtained
by the proposed algorithm can fall on the hypothetical
normal distribution line, so the normal distribution hy-
pothesis of posterior samples is valid. -en the mean values
of the updated parameters are estimated by the Markov
chains, and the updated results are listed in Table 4. -e
updating errors of the proposed algorithm in the S0 state are
basically within 1.5%.

Table 2: Comparison of updating results of the plane truss model.

Parameter Test mean value Initial mean value Preupdating error (%) Updated mean value Updated error (%)
θ1 1.500 1.953 30.187 1.498 0.107
θ2 2.000 2.399 19.930 1.996 0.211
θ3 0.800 1.069 33.588 0.799 0.106
θ4 3.000 2.774 7.537 2.999 0.009
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-e Markov chains and the posterior distribution
histograms obtained by the proposed algorithm in the S1
and S2 damage state are shown in Figures 12 and 13, re-
spectively. -e updating results of the proposed algorithm
in the S1 and S2 damage state are listed in Tables 5 and 6,
respectively. -e Markov chains obtained in the two
damage states can quickly converge to the preset mean
values. Compared with the sample acceptance rate of about
21% of the standard MH sampling algorithm, the sample

A
cc

el
er

at
io

n 
am

pl
itu

de
 (m

·s–
2 )

0 50 100 150 200 250 300 350 400 450 500

Preupdating mean value
Test mean value
Updated mean value

Frequency (Hz)

–0.4

–0.3

–0.2

–0.1

0

0.1

0.2

0.3

0.4

Figure 8: Comparison of imaginary parts of FRF before and after updating.

Z
1

9

8

.16

Y

X
1

2

3

4

5

6

7

2

3

4

5

6

7

8
9

10

11

12

13

14

15

16

17

18

19

20

21

22

10

11

12

13

14
400mm

15

23
24

25

26
27 28

29
30

31

32 3334
35

36 37 38

39
40

41

42
43

44

45
46

47

48

49
50

51

52
53

54

56

55
57

58
5960

61
62

63

64

65

66

18

17

19

20

21

22

23

24

25

26

27

28

27
0m

m

Excitation points
Measuring points

390mm

Figure 9: -ree-dimensional truss model.

Table 3: Damage state of truss model.

Damage
state Specific damage situation

S0 No damage

S1
Elasticity modulus of the lower rod elements is

damaged by 20%

S2

Elasticity modulus of the lower rod elements is
damaged by 20%; elasticity modulus of the middle
rod elements is damaged by 30%; elasticity modulus
of the upper rod elements is damaged by 25%
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Figure 10: Markov chains obtained by different algorithms in the S0 damage state. (a) Standard MH sampling. (b) Proposed algorithm.
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Figure 11: Normal probability test diagram of parameters in the S0 state.

Table 4: Comparison of updating results in the S0 damage state.

Parameter Test mean value Initial mean value Preupdating error (%) Updated mean value Updated error (%)
θ1 1.50 1.862 24.15 1.513 0.90
θ2 1.00 1.319 31.89 0.988 1.18
θ3 2.00 2.215 10.75 1.989 0.53
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Figure 12: Markov chains and histograms of posterior distribution in the S1 state.
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Figure 13: Markov chains and histograms of posterior distribution in the S2 state.

Table 5: Comparison of updating results in the S1 damage state.

Parameter Test mean value Initial mean value Preupdating error (%) Updated mean value Updated error (%)
θ1 1.200 1.5622 30.18 1.2115 0.96
θ2 1.000 1.3189 31.89 0.9892 1.08
θ3 2.000 2.2150 10.75 1.9929 0.35
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acceptance rate of the proposed algorithm can be increased
to about 67%, and the overall performance of Markov
chains is improved. -is reveals that the proposed algo-
rithm can identify the changes of parameters in the case of
structural damage.

In order to verify the antinoise performance of the
proposed algorithm, the white Gaussian noises with
different signal-to-noise ratio (SNR) are added to the test
FRFs in the S0 state, and the SNR are 50 dB, 30 dB, 20 dB,
10 dB, and 5 dB, respectively. For the length limitation,
only FRF curve under 10 dB SNR is shown in Figure 14.

For the FRFs disturbed by noise, it is necessary to retain
the larger singular values according to the threshold, so the
selection of threshold is particularly important. According to
the principle of sudden change in the number of extreme
value points mentioned above, a reasonable threshold is
selected. -e sudden change point of the extreme points of
singular values under 10 dB SNR is shown in Figure 15. It is
worth noting that the better characterization of the FRFs is
obtained with the increase of the number of singular values
within the sudden change point of the extreme points, but at
the same time, it will also increase the computational cost of

Table 6: Comparison of updating results in the S2 damage state.

Parameter Test mean value Initial mean value Preupdating error (%) Updated mean value Updated error (%)
θ1 1.200 1.5631 30.26 1.1885 0.95
θ2 0.700 1.0189 45.56 0.7143 2.04
θ3 1.500 1.7150 14.33 1.4927 0.48
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model updating. -e number of extreme points of singular
values is 13, so the first 3 larger singular values selected can
meet the requirement of retaining 13 singular values at most.

Under each SNR noise, the average values after 10
running times are taken as the updating results listed in
Table 7. -e proposed algorithm can still obtain satisfactory
updating results under different SNR noises. It shows that
the proposed algorithm has good antinoise performance.

4. Conclusion

In this paper, the method of updating the centroid position
of beetle individual in BAS algorithm is introduced into the
standard MH sampling algorithm, and a novel uncertain
FEMU method based on improved MCMC algorithm is
proposed. It is verified by a plane truss structure and three-
dimensional truss structure with single and multidamage
conditions, and the following conclusions are obtained.

(1) -e uncertainty FEMU method proposed in this
paper can not only ensure the better updating ac-
curacy, but also greatly improve the sample accep-
tance rate of the Markov chains and make the overall
performance of the Markov chains better.

(2) Using the effective singular values as the response to
construct the SVM surrogate model can not only
improve the efficiency of model updating, but also
indirectly introduce the FRFs into the Bayesian
model updating, avoiding the complexity of the
derivation of a posteriori probability density func-
tion and the difficulty of frequency point selection in
traditional methods.

(3) Using the effective singular values to represent the
FRFs to update the model can effectively reduce the
interference of noise to the model updating. Even if
white Gaussian noise is added to the test signal, the
proposed method can still obtain satisfactory
updating results, which proves that the proposed
method is robust to noise.
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