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Of interest is a wave equation with memory-type boundary oscillations, in which the forced oscillations of the rod is given by a
memory term at the boundary. We establish a new general decay rate to the system. And it possesses the character of damped
oscillations and tends to a finite value for a large time. By assuming the resolvent kernel that is more general than those in previous
papers, we establish a more general energy decay result. Hence the result improves earlier results in the literature.

1. Introduction

It is well-known that if we add a damping to a system, the
amplitude of the oscillations can be reduced very fast. The
memory term can be as a damping (viscoelastic damping)
which is weaker than frictional damping. For viscoelastic
materials, Boltzmann theory gives us that the stress-strain
viscoelastic law depending on a relaxation measure, see
Priss [1] and Eden et al. [2]. Based on the Boltzmann
principle, the viscoelastic stress-strain relations can be
generally given by a convolution term, which can be
regarded as a lower order perturbation and can also be
regarded as a kind of memory effect, for instance, g*u. And
we call the function g(t) memory kernel. One can find a
detail derivation on some systems with memory in [3].

To motivate our work, we start with some known results
on wave equation with memory-type oscillations. The

general wave equation with viscoelastic term in the internal
feedback

u, — Au + Jt gt —s)Au(s)ds = F (u). (1)
0

Messaoudi and Messaoudi [4, 5] studied % (1) = 0 and
F (u) = [uffu, by introducing  the assumption
g’ (t)< —&(t)g(t), and obtained the energy decays expo-
nentially (polynomially) as g decays exponentially (poly-
nomially), respectively.

Lasiecka et al. [6] considered the general assumption on
g: g (1)< —H(g(t)) to establish general decay of energy.
Here H, which was introduced by Alabau-Boussouira and
Cannarsa [7], is strictly convex and increasing function.
Cavalcanti et al. [8, 9], Lasiecka and Wang [10], Mustafa and
Messaoudi [11], and Xiao and Liang [12] also used this
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assumption to obtain some general decay rates of corre-
sponding models. In recent papers [13-15], the authors
investigated three classes of viscoelastic wave equation as in
[4, 5] and established optimal and explicit decay results of
energy by adopting the assumption on g:
g (< —EMH (D).

In this paper, we considered the following wave equation
with boundary oscillations of memory type:

U, - AMu=0, inQxR",

u=0, onTyxR",

! ou .
4 u+J gt—s)=—(s)ds=0, onl, xR", (2)
0 v

u(x,0) = uy(x),

| 1, (x,0) =u, (x), x¢€Q,

where Q C R"(n>1) is a bounded domain with smooth
boundary I, T =T,UTl,, and T, and T, are closed and
disjoint with measure (I'y) > 0. v is the unit outward normal
to I

For wave equation with memory-type boundary oscil-
lations, it can be regarded as a wave equation with visco-
elastic damping at the boundary. Santos [16] considered a
one-dimensional wave equation with memory conditions at
the boundary, respectively. He proved that the energy of
solutions decays exponentially (polynomially) as k and k'
decay exponentially (polynomially). Here k is the resolvent
kernel of (—g'/g(0)). Santos et al. [17] extended the results
in [16] to an n-dimensional wave equation of Kirchhoft type
with memory-type boundary. They proved the global exis-
tence of solutions and obtained that the energy of solution
decays uniformly with the same rate of decay k under the
same conditions on k and k', which improves the results in
[18] by Park et al. Santos and Junior [19] obtained a similar
result for plate equation with memory-type boundary. We
also mention the work of Cavalcanti et al. [20], where the
authors showed the global existence and the uniform decay
of solutions to a semilinear wave equation with memory-
type boundary condition and a nonlinear boundary source.
Messaoudi and Soufyane [21] considered a general as-
sumption on k': k" > — £(t)k' () and established a general
decay result. Wu [22] used this assumption to study a wave
Kirchhoff-type wave equation with a boundary control of
memory type. For nonlinear wave equations with memory-
type boundary condition, we refer to Cavalcanti and
Guesmia [23], Feng [24], Feng et al. [25-27], Muiioz Rivera
and Andrade [28], and Zhang [29].

Concerning the system (2), Mustafa [30], by assuming
the function k: k" (t) > H (-k' (t)), where k is the resolvent
kernel of (—g'/g(0)), established a general decay of solutions
of the form
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E(t)<k;H{' (Kt +k,), Vt=0. (3)
Here
L |
H ()= ————ds,
10 JtSH6(£OS) )

(4)
H, (t) = H(D(t)),

and D is a positive C' function with D(0) =0, and H,, is
strictly increasing and strictly convex C? function on (0, r].
In particular, for H(t) = t, ie., k" >c(-k")?, the author
proved the energy decay holds for 1< p < (3/2). Whether
can the range be extended to a more larger range? In this
paper, we give a positive answer to study problem (2) and
extend the result to get a more general decay rate. In par-
ticular, we obtain that the energy result holds for H (t) = t?
with the full admissible range 1< p <2. More exactly, by
assuming the relaxation function k with minimal conditions
on L' (0,00), i.e., kK" (t) 25 (t)H (=K' (t)), where H is linear
or strictly increasing and strictly convex functions of class
C*(R"), we establish an optimal explicit and general energy
decay result. In particular, the energy result holds for H (¢) =
tP with the range p € [1,2) instead of p € [1, (3/2)) in [30].
Hence our results extend and improve the stability results in
[30] and also in [16-18, 21]. We mainly adopt the idea of
[14, 15, 31] and some properties of convex function de-
veloped in [7, 32].

The remaining of the paper is organized as follows: in
Section 2, we propose some preliminaries. In Section 3, main
results are given. Section 4 is devoted to proving the general
decay result.

2. Preliminaries

Taking the derivative of (2) with respect to ¢, we shall see that
uw__ L u, + g, * ou (5)
IOl AR

We denote the resolvent kernel of (-g'/g(0)) by k
satisfying for ¢ >0:

1 ,* _
k(t)+ﬁ(g k)(t) =

1

—mgl (®). (6)

Using Volterra’s inverse operator and taking
a = (1/g(0)), we have
)
a—jz—(x[ut+k2*ut]. (7)
Assume u; = 0 on I'; in this paper, we get
ou .
$=—(x[ut+k(0)+k*u], onl; x R", (8)

In the following, we use boundary conditions (8) instead
of (2).
As in [30], we consider the following assumption:
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(A1) There exists a fixed point x, € R? and some con-
stant &, > 0 such that for m(x) = x — x,
[y ={x el m(x) v(x)<0},

9
I ={x e m(x)-v(x) >4}

For the kernel k, we assume
(A2) k: R* — R" is nonincreasing and twice differ-
entiable function satisfying for any ¢ >0,
k(0)>o0,

(10)
K () <o.

(A3) There exist a C' function H: R* — R™, with
H(0) = H' (0) = 0, which is linear or is strictly
increasing and strictly convex function of class
C?(R*) on (0,7], r< — k' (0) such that

K" (t)y=n(t)H (-K' (1)), Vt=0, (11)

where #(t) is C! nonincreasing continuous
function.

Remark 2.1. If assuming further lim, , k(f) =0, since
lim,_, k(t) =0 and (—k'(t)) is nonincreasing and non-
negative, we can get

lim,_, (-k'(t)) = 0. (12)
Then for some t, >0 large,

-K'(t)=r=-kK({t)<r, Vtxt,. (13)

Noting that (k') is nonincreasing, —k'(0)>0, and
—k' (t;) >0, we have —k' (t;) >0 for any t € [0,t,], and for
any t € [0,t,],

0< K (t,)< -k ()< - K (0),

(14)
0<n(ty)<n(t)<n(0).

Therefore we obtain that there exist two positive con-
stants a and b such that for any t € [0,¢,],

a<n(H(-K () <b. (15)

Then for any ¢ € [0,¢,],

a ., a

K02 nH (K (1) 2a = 17 K (02

o O

(16)

This implies that there exists a constant d >0 such that
for any t € [0,¢,],

K" (t)> —dk' (¢). (17)

The proof is done.

3. Main Results

The well-posedness result is given in [30] proved by using
the Faedo-Galerkin method as in [17].

Theorem 1. Assume that (Al) and (A2) hold. Let
(ug,uy) € (H2(Q)NV) x V, and then problem (2) admits a
unique solution u satisfying

ue L®(0,T;H (Q)nV)nW"®(0,T; V)
NW>*(0,T; L* (Q)),
where V = {v € H (Q): v=0o0nT,}.

The total energy of the system is defined by
1 2 1 ) o 2 Io
£ = Juff + vl + 2 [k(t)llu”rl - le udr],
(19)
where
t
(kou)(t) = J- k(t —s)[u(t) - u(s)]’ds. (20)
0

We can get the following stability result.

Theorem 2. Assume k satisfies (A1)-(A3) and further
lim,_,  k(t) = 0. Then there exist A, A, >0 such that

&(t)<\H,' (Al .[;—1( K (S)dS), vi>K ' (r),  (21)

where

r

H4 (t) = Jtmds,

(22)
H, ()= H' (1),

and K (t) = =k’ (t). In particular, if H (t) = tP, then for any
t>0,

t
—c, J n(s)ds
O b

ce

ifp=1,

, ~(1/(p-1))
c3<l+J-017(s)ds) , ifl<p<2,

(23)

&(t)<

where c,,c3, and c, <1 are positive constants.

Remark 3.1. From (23), the energy result holds for H(¢) =
tP with the full admissible range p € [1,2) instead of
p € [1, (3/2)). If the viscoelastic term is as internal feedback,
Lasiecka and Wang [10] provided the proof for optimal
decay rates of second-order systems in the full admissible
range [1,2).

At last, we show two examples to illustrate explicit
formulas for the decay rates of the energy, which can be
found in the studies of Mustafa and Mustafa [14, 15].

Example 1. Take k'(t)=-e " with 0<qg<1, we get
K" (t) = H(=K'(t)), where H (t) = ((gt)/ ([In(1/£)] VD~ 1).
Since



(1-¢9) +qIn(1/t)
(In(1/t)] Y

(1-q)[In(1/t) + (1/9)]
[In(1/£)] ((1/g)+1)

H' (t) =

(24)
jadd (t) _

we can deduce that the function H satisfies (A3) on (0, 7] for
any 0<r < 1. Then,

&(t)<ce @ (25)

Example 2. Consider k' (t) = (=1/((t + ) [In(t + €)]?)) with
p>1, we get
K" (t) = ([In(t +e) + pl/ ((t +e)*[In(t + e)]**™")). Clearly,

(In(t +e) + p]

k() = (t+e)n(t+e)

[-K' (1)]. (26)

By part 1 of (23), we get

&(t)<c exp(—c2 Jt Mds)

o (t+e)ln(t+e)
(27)
2!

T [(t+e)(n(t + )P

As ¢, <1, this is slower rate than [k’ (¢)]. In addition,

[1n(t+e)+p

k'l( t) = (t +e) (1/p)

( k (t))(1+(1/p (28)

From part 2 of (23), we infer that for large ¢

t -pP
g(%(HJ Mds> g &

0 (t+e) 1P (t+e)[In(t +e)]”
(29)

which is the same rate as [-k (¢)].

4. Proof of Main Result

To prove Theorem 2, we need the following lemmas.

4.1. Technical Lemmas

Lemma 1. The total energy functional E (t) satisfies for any
t>0,
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& W) < -2 Juli + | Keudr)<o. (0
< =5\ ey, + | K7 eudl ) <0.

Proof. See [30]. O

As in [31], for 0 << 1, we introduce

(v oI
€= .[o () - oK (9 (31)
h(t) = k" (s) - 0K’ (s).

Lemma 2. Define the functional ® (t) by

O () = JQ [2m -V + (1 = Dulu,dx. (32)

Then we can get for any t >1t,,

1
O (0= [ - JIVal? + ]}, + Cs [ houdr. (33)

1

Proof. From the same arguments as in the study of Mustafa
[30], we can obtain

O (1) < ot | ~1Vul? = S IVul?, + L (m - )|u, T

+j (2m-Vu)a—udF+(n—l)J W
I, ov r, 0v

(34)

It follows from Young’s inequality that for any >0,

J (2m - Vu)a—udl“+ (n— I)J ua—udf
I, oy

r, ov
, (35)
ou
<8 lIVully, + ellullf, +c e
Recalhng k' s«u=(-k'ou)+ [k(t) - k(0)]u, where

kou= Io k(t —s)(u(t) — u(s))ds; then we have from (8),
5 (t) = —afu, (t) + k(t)u(t) + (k' ou) (t)]. (36)

By using Young’s inequality, we obtain
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o], sl + 2 01 + [ (¥ owyar]

(37)

t

(-k'o u

&' ()]’

k" (s) = 8K’ (s)

ou)

which, together with (37), gives us that

o o] <o [l + O+ Ghewar]|

(39)
Inserting (39) into (35), we obtain for any ¢ >0,
J (2m - Vi) 22 dr + (n - 1)j W ar
r, ov r, 0v
<8lIVully, + (e + 42’k (1)) Iullf, (40)
+ 4(x2c||u[||§ + C(;J. (hou)dr.
1 1"1
Noting that
lull?, <clvul?, (41)

using lim,_, k(¢) = 0 and taking ¢>0 small enough, we
can get (33) from (34) and (40). The proof is done. O

To get the optimal energy decay, we need the following
estimate.

( —K' (t—s)
o VK" (t - s)— 8K (t - s)
<Cs(

2
( =K' (t—3))(u(t) - u(s))ds)

5
Holder’s inequality implies
2
\/k" (t—s)— 0k (t—s) (u(t) - u(s))ds)
) (38)
> Jt (K" (t —s) = 8K (t —5)) (u(t) - u(s))*ds
0
Lemma 3. The functional ¥ (t) is defined by
t
(O = [ k-9l ds (42)
which satisfies for any t >0,
¥ ()<t j K'oudT + 3k (0)u (D). (43)
2)r, !
Proof. Differentiating W (t) with respect to ¢, we get
V() = ky () ()2 + jo k3 (£ = )l (s)I2 ds
- J; K (t - S)L [10(s) = u(8)]dTds + k () lu ()17,
+ ZJ- u(t) Jt K (t —s)[u(s) —u(t)]dsdr.
r, 0
(44)

In view of Young’s and Hoélder’s inequalities, we obtain

2[ u(t) r K (t—s)[u(s)—u(t) R ]dsdr
I, 0

< 2k(0)J W2 (HdT +
1N

[ K (s)ds

2
<2k (0)]lu (D), + 2k (0)

1 ¢ ; ; 2
2k (0) L1<J'O \/‘k (t=5s) \/—k (t—s) [u(s) - u(t)]ds) dr (45)

[ K@= - ung as.



Then we can get (43) following from the fact

k(t) <k(0),

Ig k' (s)ds 1 (46)

=2 - >

2k(0) — 2
The proof is complete. O

4.2. Proof of Theorem 2

Proof. Define the functional L(t) by

L(t) =N&(t) + D(t), (47)

where N > 0 is a constant that will be taken later. Clearly we
can take N a large value to get

L(t) ~ &(1). (48)
Recalling k" = 8k’ + h, combining (30) and (33), we
conclude that for any ¢ >t,,
) o 1
L®<-(58-c)ulf, [l - 51vul?
(49)
o ) o
- —N(SJ Koudr - (SN - CC5>J houdT.
2 r, 2 r,

Noting —k' >0 and k" > 0, for each s € [0, 00), we shall
see below,

lim 78[k, (5)]2 s=
s—0 k" (s) =0k (s)
(50)
S[K (s)])° ,
Mo ok (e~ kW

It follows from Lebesgue dominated convergence the-
orem that
w 8K (s)]

_ M (s = 51
G (s)—6k'(s)ds 0. (51)

lim 8C, = lim ZJ
§—0 §—0

Therefore there exist 0 <y <1 such that if § <y, then

1
1) — 52
Cs < i (52)

And then we choose N a larger value that
gN—c>4k(0), (53)

and take 0> 0 satistying
1

d=——=<y. (54)
This implies
gN—cC5>O. (55)

Then there exists a positive constant 3 such that for large
t, >0,
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L0 = B 41Vl ) = 4k 0)
(56)
i
- le oudl, V>t

By (17) and (30), we get

r (=K' (5))J [(t) - u(t - 5)]drds
0 I,

<

Jtl K’ (s)j [W(t) - u(t - $)]PdTds < — &' (£).
0 T,

(57)

Ul —

Then from (56), we infer that there exists a constant y >0
such that

L't —x&®) -c J; K (S)J [u(t) — u(t - s))*dTds

1

< —x&(t) - c&' (t)-c r K (S)J [u(t) —u(t - s)]zdFds.

(58)
Denoting F(t) = L(t) + c&(t) ~ E(t), and using (58),
we know that

Fl)< -y& (1) c Jj k! (S)JF [14(£) — u(t - 5)]2dTds,

(59)
In the sequel, we consider two cases.
Case 1. The particular case H (t) = tP.
I p=1
Multiplying (59) by # (), and using (19) and (A2)-(A3),
we have
NOF (1)< —yn®)E(t) —c&' (t), Vt=t,. (60)

Since 7 (t) is a nonincreasing continuous function and
7' (£) <0 for a.e. t, then

(nF +c&)' (t) <n(t)F' (t) +c&' (1)

(61)
< —-mn(H)&(t),

aet=ty.

In view of #F + ¢& ~ &, we obtain that there exist two
positive constants ¢, ¢, >0,
t

d
E()<ee L n(s) s. (62)

m1<p<2.
Define & (t) by

Z(t)=L(t)+Y(). (63)

It follows from (43) and (56) that & (¢) >0, and for any
t>t),
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7' (0= - (] +190) - k@[ [}, + L K'oudT.

(64)
Then there exists a certain constant 3, >0,
g (< -B,E®), Vtxt,. (65)
This gives us
t
B, j E()ds<&(t,) - € ()< (1)), (66)
tl
Hence
j- & (s)ds < co. (67)
0
Define
t
10| | wo-ue-9rads (s
oJr
we know that

I(H)<c Jt % (s)ds. (69)
0

Without loss of generality assuming ¢, so large that
I(t;)>0, then

0<I(t))<I(t)<oco, Vtxt,. (70)

Using Jensen’s inequality and by (30) and (A2)-(A3),
we can derive from (56) that for some constant g >0,

’ _ cl(t) ot p'(l/P)o
L' ()= - g8 1)+ s Ll[( KPP ouldr

1 ' (1/p)
< —q&(t)+cl(t) [I(t) Jrl (-k") oudl"]
" (1/p)

< - q&(t) +c11‘<”P’(t)“ k—oudr]

c . (1/p)
< _q%(t)+W[Jrlk °leF:|

c ! (1/p)
< - qg(t) +W[—g (f)] p .

(71)

We multiply (71) by &' (¢) and use (19) to deduce

7
(L&) (1) <L ()& (1)< - q&° (1)
) 72
|:_% (1) (Up)%p—l(t) (72)
1 (t) '
By Young’s inequality, we have for any ¢, >0,
. &' (1)
L%pl’ts—%’pt+s%”t+£[— :
( ) ()< - q&” (1) + 8" (1) = |
(73)
Taking ¢, < (1/2)g, we conclude
Sy &' (1)
rer Y < TS24
(187!) 0= =387 0 -7 5

Define F(t) = nL&?" ' + c& ~ &. Multiplying (74) by
n(t), we have

F ()< —%n(t)%‘o(t). (75)

Then there exists a certain constant g, >0 such that

F'(t)< — gon(H)FF (1), (76)

from which we obtain
¢ =-(1/(p-1)
%(t)gc3(1 +j n(s)ds) N0
0

where c; is a positive constant.

Combining (I) and (II) and using the boundedness of
n(t) and & (t), we can get (23).

Case 2. The general case.
Define

I(t)==qj

t
| W@ -ue-9pares o

tJI

In view of (67), we can take 0 <g <1 such that

I(t)<1, Vt=xt,. (79)

Without loss of generality, we assume that I (t) > 0 for all
t >t,. On the other hand, we define

2(t) = Ji K’ (S)JF (W) —u(t—s)Pdrds.  (80)

From (30), we can easily get 77 () < — cE' (t). As H (¢) is
strictly convex on (0,7] and H (0) = 0, we see that



H(Ax)<AH(x), i=1,2,0<A<1,x¢€ (0,r]. (81)
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It follows from Jensen’s inequality and (11) and (79) that

7 (f) = 7( Ji 1) (K" (s))qJ [14(8) — s (¢ — 5)]%dTds

t

t

~

qI

t

I(t)n(s)H ( k (s))qJ [u(t) — u(t — s)]*dTds

I(t J H(I(t) (K (s)))qj [ (t) — u(t - s)]2drds

- (82)
%H(T 1(t) (=K' (s))q J [u(t) —u(t- s)]zdl“ds)
”H<q & )(s) [u(t) —u(t—s)]zdrds)
q
’77 (q (- (s) [u(t) —u(t—s)]zdrds),
where H, which is strictly convex and increasing function on Denote
(0,00) of class C?, is called the extension of H. We infer e
from (82) that Hy (t) = H (). (85)

f (—k'<s))J [u(8) - (¢ - $)PdTds <; -l(q”(”)

(1)
(83)
Then we can get from (59) that for any ¢ >¢,,
F'(t)< —x&(t) +cH (q”((:))> (84)

%% (0) %% (0)

For r, <r, we define %, (t) by

H () = H0< &)

ro%)F(t) +&(t) ~ & (1) (86)

Since E' (t)<0,H' >0,and H" >0, we get from (84) that

Hi(t)=r g—(t)Hé(r @>F(t) + Ho(r @>F' t)+ &' (1)

&)

< - m%(t)H()(rO%

We denote by H'" the conjugate function of the convex
function H (see Arnold [33]), and then

H (s) = s(H) " (s) - H[ (#') (s)] (88)

A0)
(87)
)l (58)
satisfies Young’s inequality,
AB<H' (A)+H(B). (89)
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Taking A = H,(r,(E(t)/E(0))) and B= "' (g (1))
/n(t)), and using H' (s)<s(H')"'(s) and (87), we have
) &(t) &) qr(t)
FH(t)< —x&( t)Ho(”o%(O))+C ( ( 0%(0)>)+C @
(1) &(t) & (1) qr (t)
<- Xg(t)Ho(rog(o)) ( - (0)) @) (H<m>)+ s
(90)
(®) &) . €0 qr (t)
<- X%(t)Ho(ro ) et ) (7 (ng ) )+ L
) & (1) ()
- (x€(0) - cro) £0) (rog(o)) cq )
We multiply (90) by 7 (t) to arrive at
, t &t
NI (1)< ~ (Y (0) - cro)y (1) %((o)) ( 0%) +eqn(t)
(91)
&t &t ,
< — (& (0) — cro)n (t) %((0)) 0( 0%) —c& ().
i i H, (r %(t)> H’( %(t)) H’(r @) (95)
The functional %, (t) is defined by o\ "% (0) O%(O) %) )
Ho (1) = n(OF, (1) + B (D) (52) Using (93), we have
Then we can easily obtain that there exist constants 85 > 0 F
and B4 >0 such that ) R(t) = '85% (ggt) ~ & (1). (96)
Bs T2 (D <E(D e, (1) (93) Since H;(t) = Hy(ryt) + rotHy(rot), then, noting the
Choosing a suitable r,>0, and defining Strictconvexity of H, on (0, r], we know Hj (t), H; (t) >0 on
H, (t) = tH, (rot), from (91), we infer that for a constant (0, 1]. By (94), we conclude that there exists y, > 0 such that
y>0, for any t>t¢,,
& € € R'(H)< —yin(OH; (R(D)). (97)
Hit) < - Vﬂ(t)¥ < g (t)) yq(t)H3<¥>. 1 3
(0) (0) (0) Integrating (97) over (t,,t), we see that
(94)
It follows from 0<r, (& (t)/&(0)) <r that for any t >0,
t _R'(s) t nR(6) 1 t
Jtl L (R(9) ds>y, Ll n(s)ds= JrOR(t) ) ds>y, Jtl 1 (s)ds. (98)
Define It is to verify that H, is strictly decreasing on (0, 7] and
lim,_ (H,(t) = +00. It follows that
-_— ! 1 t
Hy () = Jt—sHo(s) ds (99) R(t)griHj((l Jt n(s)ds). (100)
0 1




10

Combining (96) and (100), we can obtain (21). This
finishes the proof of Theorem 2
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