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Logistic regressionmodel is widely used in ecology and in the analysis of social economic systems, because of its good adaptability.
In order to improve the measurement accuracy of logistic model, this paper proposes a new method. A compound grey-logistic
model is developed to carry out the grey transformation of the original data. Practice shows that the grey transformation data has
better simulation accuracy; at the same time, grey transformation can reduce the observation noise of the original data. Mean
absolute percentage error index has been used to evaluate the accuracy of prediction model, and information entropy can be used
to evaluate the change of information entropy of forecasting data. In this paper, three cases are used to verify the applicability of
grey-logistic model. From the perspective of the type of original data, the three cases represent three different data conditions:
sufficient data, insufficient data, and fragmentary data. .e cases represent different related fields: market share data, economic
growth data, and R&D output data. .e results show that the proposed grey-logistic method can effectively carry out the
population growth analysis.

1. Introduction

.e development of any population will be restricted by its
own growth ability and resource environment. Almost all
species will obey the law of life cycle. Similarly, the devel-
opment of the population in social economic system should
not be an unlimited growth. If a social economic system is
regarded as an ecosystem, the species in the social economic
system can be regarded as the population in the ecosystem.
.e population dynamics model mainly focuses on the
change of population quantity, and its change law is based
on the nonlinear growth law of biological population
quantity. Many species in nature grow nonlinearly, and such
phenomenon is also very common. .e competition and
coordination mechanism within the population is also an
important factor. .is setting is based on the principle of
intraspecies competition of biological population. .ere is
competition in the natural biological population. .e more
populations there are, the more competitive it will be.
.erefore, this mechanism should also become an important
component of the growth model of the population.

.e logistic growth function was first proposed by the
Belgian scholar Verhulst in 1838 [1]. He used the logistic

function to construct a growth curve, and after that, the
curve had been used to conduct demographic research until
the end of the nineteenth century. .e British statistician
Cox proposed the logistic regression model in 1958 [2]. .is
model’s advantage in not making too many requirements in
terms of normality, homogeneity of variance, etc., and the
interpretability of coefficients has enabled logistic regression
models to have been extensively adopted in many fields such
as medicine and social surveys..e logistic regression model
has been widely used for many years in the past. For ex-
ample, it has already been used in the study of infectious
diseases since its origin. As an effective data processing
method, logistic regression analysis has a wide range of
applications in many fields, such as biomedicine, crimi-
nology, ecological engineering, health, linguistics and
wildlife zoology, and biology. Logistic regression model has
made similar achievements in statistics. While studying the
application of the logistic function and the logistic distri-
bution in various fields, theoretical research on the esti-
mation of the parameters of the logistic distribution and the
test of the goodness of fit of the distribution has also
achieved a series of important results. For example, litera-
tures [3–6] give a variety of relationships between the logistic
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distribution and the extreme value distribution. Previous
studies [7, 8] successively give the relationships between the
logistic distribution and the exponential distribution. .e
achievement of these theoretical research has greatly pro-
moted the study of theoretical issues such as the estimation
of the parameters of the logistic distribution and the
goodness-of-fit test of the distribution. Literatures [9, 10]
give the best linear unbiased estimation of two parameters
based on the complete data and the end data. Literature [11]
analyzes the estimation problem based on logistic distri-
bution parameters.

.e current research mainly focuses on how to improve
the validity and practicability of the logistic model by im-
proving statistical estimation methods, and there are few
researches on the preprocessing of raw data. Due to the
insufficient amount of original data, measurement errors,
missing data, and other problems, scholars call such data
systems a grey system.

In terms of data characteristics, social economic system
is also a grey system. Grey system theory is a method to study
and solve a certain system with uncertain information, that
is, grey system. Grey system is a system between black system
and white system, which contains both known and unknown
information. .e information contained in grey system is
called grey information. In the abstract systems of society,
economy, and ecology, scholars should extend the view-
points and methods of general cybernetics, system theory,
and information theory to those abstract systems and make
reasonable explanations.

.e contents and arrangements of the research are as
follows: (1) a compound grey transformation system based
on GM (1, 1) forecast model is constructed to transform the
original data; (2) growth mechanism in population is ana-
lyzed by the model of grey-logistic system; (3) three cases are
analyzed to illustrate the advantages of the composite
forecast model. Highlights of the paper are as follows: (1) an
improved grey-logistic forecast model is provided; (2) an
analysis of population growth mechanism based on grey-
logistic model is made.

2. Literature Review

Grey system theory establishes a set of theories and methods
to solve the related problems of incomplete information
system, which has great development potential in practical
applications. .e grey system theory is a new theory that
takes the grey system as the research object and uses a
specific method to describe and control the grey system. In
fact, the theory is to study the whitening problem of grey
system, that is, to study how to use the existing information
to predict the unknown information in the future system-
atically. .e essence is to use the idea and method of grey
system theory to quantify the abstract phenomenon, analyze
the relevant data, and make quantitative forecast and control
for the future, so as to complete the system analysis. GM (1,
1) model is widely used in grey system theory.

Grey system theory is a method to study and solve a
certain system with uncertain information, that is, a grey
system. GM (1, 1) model is widely used in grey system

theory. GM (1, 1) model, proposed by Deng [12], has been
widely applied in many fields [13]. GM (1, 1) model has been
applied as a forecast approach in various fields, including
wafer fabrication [14], optoelectronics industry forecasting
[15], electricity forecasting [16], integrated circuit industry
forecasting [17], product profit forecasting [18], and vehicle
fatality risk forecasting [19]. However, as a single variable
forecast model, traditional GM (1, 1) cannot be used to
analyze the long-term relationship between the two
variables.

In recent years, the research progress of GM (1, 1) model
includes (1) the optimization of GM (1, 1) parameters based on
initial condition [20], background [21], and accumulation
order [22]; (2) the optimization of GM (1, 1) structure [23]; and
(3) the extension of GM (1, 1) modeling [24–28]. .ese above
research results play an important role in improving the
simulation and forecasting performance and expanding the
application scope of GM (1, 1). Nevertheless, the classical GM
(1, 1) model cannot be used in the ecological dynamics system.
Considering the complicated relationship in natural, economic,
and social ecosystems, it is necessary to analyze these rela-
tionships..erefore, grey Lotka–Volterramodel was applied to
analyze the relationship in economic and social ecosystems
[29]. After comparing forecast accuracy among the models
proposed in this study, they have found that the proposed
model has the best accuracy [30]. Mao et al. [31] established
direct grey Lotka–Volterra model with adjustable background
value. However, the current application of grey Lotka–Volterra
model mainly discusses the relationship between the two
populations and does not involve the analysis of the internal
evolution of population. .e application scenarios of logistic
model are more abundant.

.e grey system theory believes that although the ob-
jective system has complex appearance and disordered data,
it has an overall function, so it must contain some internal
law. .e key lies in how to choose an appropriate method to
dig it and use it. .e impact of disturbance factors on the
system behavior data sequence not only accelerates the
development trend of the data or makes the oscillation
amplitude of the data larger, but also slows down the de-
velopment trend of the data or makes the oscillation am-
plitude of the data sequence smaller. In order to sort the
interference of these impact factors, the buffer operator
theory proposed by Professor Sifeng Liu can generate some
sort of data sequencing, so as to weaken its randomness,
show its regularity, and finally successfully eliminate the
external impact interference and obtain a data sequence with
the ability that reflects the changing laws of the system. As
one of the methods to improve the accuracy of grey pre-
diction model, data transformation technology is effective,
and it also provides a new angle for the establishment of grey
prediction model. In short, the data transformation tech-
nology is to perform a certain mapping transformation on
the original data sequence under certain conditions and then
establish a grey premodel, so as to achieve the purpose of
improving the accuracy of simulation and prediction. .e
current research on data transformation technology is not
in-depth. In general, the transformation should be in favor
of improving smoothness.

2 Mathematical Problems in Engineering



From the current research, data transformation tech-
nology is effective when used as a way to improve the
prediction model. However, most documents only em-
phasize the improvement of smoothness in the transfor-
mation process, which is not helpful for improving the
simulation and prediction accuracy of the grey prediction
model. .ere have been documents showing with examples
that the smoothness of the discrete data sequence after
transformation has been greatly improved, but the predic-
tion error has increased a lot. .erefore, the smoothness is
only one of the factors that affect the simulation and pre-
diction accuracy of the grey prediction model. In the specific
transformation process, which criteria should be satisfied is
worthy of research and discussion.

.e grey combination forecasting model is extremely
rich in content and has been widely used in practice.
However, there are obvious deficiencies when it is rarely
discussed in the current research literature about how to
organically combine the grey forecasting model with other
theoretical methods to find the combining point of the
combined forecasting model. Grey system theory has its own
research objects, the characteristics of which are “poor in-
formation” and “small samples,” while the research objects
of other theoretical methods are not necessarily character-
istic of "poor information” and “small samples.” .erefore,
in the study of combined forecasting models, a combination
point must be found.

3. Methodology

In this paper, the composite forecast model is constructed
and compared with the traditional model. .emethods used
in this study are described below. Compared with the tra-
ditional GM (1, 1) model, this model can not only forecast,
but also describe the dynamic mechanism of population
growth. Compared with the traditional logistic model, this
model adopts the grey transformation of the original data,
which improves the forecast accuracy of logistic model.

3.1. Grey GM (1, 1) Model. Grey forecast is an approach
based on the GM (1, 1) basic model to predict uncertain and
incomplete information systems to determine the elements’

future dynamic situation among a certain sequence of
numbers.

As is shown in Figure 1, the processes of the GM (1, 1)
model are shown as follows:

.e original data series X(0) is
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.e original form of GM (1, 1) model is

X
(0)

(k) + aX
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.e parameter estimation based on the original form of
the model and equation (3) is called the original difference
grey model (ODGM) [9]. In the GM (1, 1) model, the pa-
rameters a, b should be calculated first. Parameters a, b can
be calculated with the method of ordinary least square. .e
following model is an even GM (1, 1) system or even grey
model (EGM). Practice shows that the simulation effect of
the model is better, and it is also a commonly used grey
model.
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After estimation of a and b, the grey forecast equation
can be solved as follows:

X
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.e following can be obtained based on inverse accu-
mulated generating operation (IAGO)
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3.2. Logistic Model. .e logistic function is a common
sigmoid function. It was named by the mathematical biol-
ogist Velühle in 1844 when he was studying population
growth. Logistic curve is often used to describe the pop-
ulation growth model under certain limited conditions. At
the beginning, the curve grows roughly exponentially, at the
later stage, it becomes saturated, and the growth slows down,
and finally, the growth stops when it reaches full saturation.

As shown in Figure 2, the paper constructed internal
dynamic system of population based on the Logistic model.

g(t) �
dN(t)

dt
� αN 1 −

N

K
 , (7)

g(t) is the growth rate in phase t. N(t) is population size of
period t. K is the maximum population scale. α is the in-
trinsic growth rate.(1 − (N/K)) is the retardation of growth.

.e measurement model is as follows.
Because dN(t) ≈ ΔN(t), ΔN(t) � N(t) − N(t − 1),

dt ≈ Δt � t − (t − 1) � 1.

So : g(t) ≈ ΔN(t) � c1N(t − 1) + c2N
2
(t − 1). (8)
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.rough the regression processing of the original data,
the relevant parameters can be obtained, and the obtained
parameters can be used for forecast.

Among them, c1 � α, usually c1 > 0. It usually represents
the synergy within a population. c2 � − (α/K), usually,
c2 < 0. It refers to the competition effect within a population.
It is called internal competition coefficient or population
density inhibition coefficient.∙

3.3. Compound Forecast Model: Grey-Logistic Model.
Grey-logistic model is the combination of grey model and
logistic model.

As shown in Figure 3, the paper constructed grey-logistic
model based on the logistic model and GM (1, 1) model. .e
new information priority principle is one of the basic
principles of grey system. Many scholars use this principle to
optimize the grey GM (1, 1) model, but the priority of new
information needs theoretical proof. Because the priority of
the latest information in the traditional grey GM (1, 1)
forecast model cannot be compared intuitively, this paper
constructs a composite GM (1, 1) grey data model from the
perspective of making full use of the original data. .e grey
model is used to transform the observation data in order to
obtain more abundant research information. .e improved
grey forecast model has shortcomings in terms of forecast
accuracy, and its disadvantages will become more obvious as
the amount of data increases, although it has great advan-
tages dealing with data sets of uncertain factors. .e logistic
forecast is advantageous in its higher accuracy in fitting the
data group with smaller fluctuations. In order to obtain a
data set that can handle uncertain factors while ensuring
accuracy requirements, a composite model of grey forecast
and logistic forecast will be established here.

3.4. Comparison Model: Autoregression Moving Average
(ARMA) Model. .e autoregression moving average
(ARMA) model is also called the Box–Jenkins model. .e

ARMA model includes the autoregression part and the
moving average part [32].

As shown in Figure 4, the autoregressionmoving average
process can be expressed as ARMA (p, q).

.e specific expressions are as follows:

Xt � c + η1Xt− 1 + η2Xt− 2 + · · · + ηpXt− p

+ εt − θ1εt− 1 − θ2εt− 2 − · · · − θqεt− q,
(9)

where εt is the white noise, c is a constant, η1, η2, . . ., ηp are
the coefficients of the autoregressive model, and θ1, θ2, . . ., θq
are the coefficients of moving average model.

(1) Test the stability of the data with Dickey–Fuller Test
(ADF). (2) Identify the model and the values of p, q with
autocorrelation function (ACF) and partial autocorrelation
function (PACF). (3) Estimate and test the parameters of the
model and calculate the AIC and SC values of the model. (4)
Perform residual analysis by Box–Jenkins Q test. (5) Do
prediction.

3.5. Prediction Accuracy Evaluation of Different Models.
In this paper, the quality of reproduction will be measured
by forecasting error and information fidelity of different
forecast systems. .e absolute percentage error (APE) and
mean absolute percentage error (MAPE) index are used to
evaluate the effect of grey transformation, among them

MAPE �
1
n



n

k�1

Ak − Fk

Ak




× 100%. (10)

Ak is the actual value, and Fk is the forecasted value.
.is paper will use entropy to describe the information

fidelity of different forecast systems. .e entropy value is
used to measure the degree of chaos within the system.
When the entropy value is larger, the system is more chaotic.
Let 〈U, π〉 be an approximation space, where partition π
consists of blocks Ui, 1≤ i≤ k, each of which has cardinality
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Figure 1: .e GM (1, 1) model flow chart.
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ni. .e information entropyH(π) of partition π is defined by
[33]

H(π) � − 
k

i�1

ni

n
log

ni

n
, where n � 

k

i�1
ni. (11)

.e evaluation standard of information entropy is that
the closer the entropy of forecast data is to that of the original
data, the better. At the same time, the lower the entropy in
different forecast systems, the better.

4. Empirical Analysis

4.1. Case 1: Forecast of FAWVolkswagen’s Auto Sales Market
Share. As a large-scale passenger car production enterprise,
FAW Volkswagen Automotive Co., Ltd. (hereinafter re-
ferred to as FAW Volkswagen), established on February 6,
1991, and jointly operated by China FAW Co., Ltd.,
Volkswagen AG, Audi AG, and Volkswagen (China) In-
vestment Co., Ltd, is China’s first modern passenger car
production enterprise built on an economic scale. After
nearly 30 years of development, FAW Volkswagen’s pro-
duction capacity layout has covered Changchun in the
northeast, Chengdu in the southwest, Foshan in the South,
Qingdao in the East, and Tianjin in the North of China. It has
eight professional production plants, namely, the first plant,
the second plant, the third plant, the fourth plant, the fifth
plant, the sixth plant, the powertrain division, and the
stamping center. From one brand and one product at the
beginning of the establishment of the factory, it has de-
veloped into one withmore than 20 products under the three

major brands of Audi, Volkswagen, and Jetta. FAW
Volkswagen has occupied the No. 1 position in the passenger
car market in China throughout the years (source: http://
www.faw-vw.com/).

As is shown in Table 1, the original data in Case 1 is
relatively sufficient. In this case, the grey GM (1, 1) model
and the grey-logistic model have better forecast effects.

As shown in Table 2, the grey-logistic model in this case
has the best forecast effect..eMAPE of the forecasted value
of the grey-logistic model is 10.05%, which is significantly
lower than the 10.17% of the traditional GM (1, 1) model,
also far lower than the 21.97% of the traditional logistic
model. .e MAPE of the traditional logistic model is less
than 10% in the first ten forecast periods, and the model
estimation effect is still relatively good. However, as the
forecast period increases, the accuracy of the traditional
logistic model is decreasing. .is shows that the traditional
logistic model is not suitable for long-term forecast. At the
same time, because the original data is greyed in advance, the
grey-logistic model overcomes the shortcomings of the
traditional model and improves the accuracy of long-term
forecast.

.e H(π) of raw data is 1.553. Comparing the H(π)
values of the three forecast models and the original data from
the perspective of information entropy, we can find that the
difference between them is extremely small. .e increase or
decrease of entropy brought by the forecast model to the
original system can be ignored..e forecast model has better
information fidelity to the original data.

.e model can be used not only to predict data, but also
to describe the dynamic mechanism of system growth. .e
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logistic measurement model based on grey transformation is
as follows:

ΔN(t) � 0.016N(t − 1) +(− 0.205)N
2
(t − 1). (12)

.rough the regression processing of the grey trans-
formation data, the relevant parameters can be obtained, and
the obtained parameters can be used for forecast. Among
them, α� 0.016, which represents the synergy within the
population. c2 � − α/K � − 0.205, usually, c2 < 0. It refers to
the competition effect within a population. It is called in-
ternal competition coefficient or population density

inhibition coefficient. In this case, the internal synergy and
competition are significant. .is shows that FAW-VW has a
significant population growth effect within its products. In
this paper, the least square method is used to estimate the
model parameters, and the quality of the model estimation is
mainly reflected by the prediction error. For the habit of time
series research, this paper gives the relevant statistical test
quantity for reference.

As shown in Table 3, the data of this case shows that the
grey-logistic model has better statistical test data than lo-
gistic model.

Table 1: Raw data and forecast data of FAW Volkswagen’s market share.

Time
(month/year)

Raw
data
(%)

Grey
forecast
(%)

Logistic
forecast
(%)

Grey-
logistic

forecast (%)

Time
(month/year)

Raw
data
(%)

Grey
forecast
(%)

Logistic
forecast
(%)

Grey-logistic forecast (%)

2/18 5.41 5.87 6.24 5.87 8/19 7.42 6.27 4.77 6.28
3/18 5.68 5.93 6.14 5.89 9/19 7.95 6.29 4.71 6.30
4/18 5.38 5.95 6.03 5.91 10/19 7.60 6.31 4.65 6.32
5/18 5.61 5.97 5.94 5.94 11/19 7.73 6.33 4.59 6.34
6/18 5.82 5.99 5.84 5.96 12/19 5.80 6.35 4.53 6.36
7/18 6.67 6.01 5.75 5.99 1/20 7.09 6.37 4.48 6.38
8/18 7.12 6.03 5.66 6.01 2/20 4.07 6.39 4.42 6.40
9/18 6.31 6.05 5.57 6.03 3/20 6.65 6.41 4.37 6.42
10/18 5.68 6.07 5.49 6.06 4/20 5.71 6.43 4.32 6.44
11/18 5.42 6.09 5.41 6.08 5/20 6.34 6.45 4.27 6.46
12/18 5.65 6.11 5.33 6.10 6/20 6.22 6.47 4.22 6.48
1/19 5.26 6.13 5.25 6.13 7/20 5.59 6.49 4.17 6.50
2/19 6.39 6.15 5.18 6.15 8/20 6.49 6.51 4.12 6.52
3/19 5.69 6.17 5.10 6.17 9/20 6.88 6.53 4.07 6.54
4/19 6.96 6.19 5.03 6.19 10/20 6.94 6.55 4.03 6.56
5/19 6.06 6.21 4.96 6.21 11/20 6.96 6.57 3.98 6.57
6/19 5.83 6.23 4.90 6.24 12/20 5.66 6.60 3.94 6.59
7/19 6.74 6.25 4.83 6.26 1/21 6.55 6.62 3.90 6.61

Table 2: Error of estimation model: APE (MAPE, entropy).

Time
(month/year)

Grey
forecast (%)

Logistic
forecast (%)

Grey-logistic
forecast (%)

Time
(month/year)

Grey
forecast (%) Logistic forecast (%) Grey-logistic forecast (%)

2/18 8.41 6.42 6.04 9/19 20.93 25.12 20.75
3/18 4.47 3.41 3.70 10/19 17.02 26.31 16.83
4/18 10.65 1.37 9.93 11/19 18.16 27.48 17.96
5/18 6.46 0.60 5.86 12/19 9.42 28.61 9.69
6/18 2.95 2.51 2.45 1/20 10.20 29.71 9.98
7/18 9.89 4.36 10.25 2/20 56.94 30.79 57.31
8/18 15.31 6.15 15.59 3/20 3.64 31.84 3.42
9/18 4.13 7.88 4.38 4/20 12.58 32.86 12.82
10/18 6.84 9.56 6.64 5/20 1.72 33.86 1.92
11/18 12.33 11.19 12.18 6/20 4.01 34.84 4.20
12/18 8.10 12.77 8.02 7/20 16.11 35.79 16.28
1/19 16.49 14.31 16.46 8/20 0.33 36.72 0.45
2/19 3.81 15.80 3.78 9/20 5.06 37.63 4.98
3/19 8.37 17.24 8.45 10/20 5.58 38.52 5.53
4/19 11.12 18.65 11.02 11/20 5.55 39.39 5.54
5/19 2.41 20.02 2.55 12/20 16.52 40.23 16.48
6/19 6.79 21.34 6.97 1/21 1.01 41.06 0.92
7/19 7.33 22.64 7.15 MAPE 10.17 21.97 10.05
8/19 15.55 23.90 15.38 H(π) 1.556 1.552 1.556
(Market share data source: http://xl.16888.com/f/57420/).
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4.2. Case 2: GDP in Jiangsu Province. Case 2, which uses the
GDP data of Jiangsu Province as the object, analyzes the
growth problem of an economic system. .e selected
amount of data is relatively small to test the forecast accuracy
under the condition of small data. Jiangsu Province is a
strong economic province in China. In 2020, the total
economic volume of this province exceeded 10 trillion yuan.
According to the preliminary calculations, the annual GDP
of the province has reached 10,271.19 billion yuan, an in-
crease of 3.7% over the previous year. Among them, the
added value of the primary industry was 453.67 billion yuan,
an increase of 1.7%; the added value of the secondary in-
dustry was 4,422.64 billion yuan, an increase of 3.7%; the
added value of the tertiary industry was 5,395.58 billion
yuan, an increase of 3.8%. It was estimated that the prov-
ince’s per capita GDP was 122,000 yuan, and the total labor
productivity was 216,000 yuan per person..e adjustment of
the industrial structure was accelerated. .e ratio of the
added value of the three industries throughout the year was
adjusted to 4.4 : 43.1 : 52.5, and the ratio of the added value of
the service industry to GDP increased by 1.0% over the
previous year. .e economic vitality has increased. .e
nonpublic sector of the economy realized an added value of
7,693.65 billion yuan throughout the year, accounting for
74.9% of GDP, an increase of 0.5% over the previous year;
the value added of the private and individual economy
accounted for 52.5% of GDP, and the value of private
economy accounted for up to 56.8% of GDP. By the end of
the year, there were 3.334 million private enterprises reg-
istered in the industrial and commercial sector, among
which 518,000 were newly registered in 2020; at the same
time, there were 8.556 million self-employed entrepreneurs,
among which 2.077 million were newly registered in 2020.
With coordinated development of the region being vigor-
ously promoted, the Yangtze River urban agglomeration has
made a 79.2% contribution to the economic growth of the
province; the contribution rate of the coastal economic belt
to the economic growth of the province has reached 18.7%
(resource: http://tj.jiangsu.gov.cn/art/2021/3/10/
art_4031_9698925.html).

As shown in Table 4, theMAPE of the forecast data of the
grey-logistic model is only 2.57%, and the grey-logistic
model has the best predictive simulation effect. Under the
condition of insufficient original data, the forecast effect of
traditional logistic model is the worst. .is case shows that
the traditional GM (1, 1) grey prediction model and logistic
model can be composite to deal with small data problems to
achieve good results. From the perspective of entropy, the

difference between the forecast data of several models and
the actual data is extremely small. Several models forecast
data with high information fidelity.

.e logistic measurement model of GDP in Jiangsu is

ΔN(t) � 0.103N(t − 1) + − 4.429 × 10− 20
 N

2
(t − 1).

(13)
Among them, α � 0.103, which represents the synergy

within the population. Intrinsic growth rate of GDP in
Jiangsu Province is 10.3%. c2 ≈ 0, which means that the
internal competition coefficient is close to zero. In this case,
the internal synergy is significant. .is shows that GDP in
Jiangsu Province has a significant synergistic effect in eco-
nomic growth. For the habit of time series research, this case
gives the relevant statistical test quantity for reference. At the
same time, it should be pointed out that the reference value
of regression statistics under the condition of small amount
of data or missing data is not large..e value of grey method
is that it can better deal with the condition of lack of data and
less data.

As shown in Table 5, the data of this case shows that
grey-logistic model has better statistical test data than lo-
gistic model.

4.3. Case 3: Patent Grants in Jiangsu Province. Case 3 ana-
lyzes a growth problem of R&D output. In this case, the
object of analysis is the data of patent grants in Jiangsu
Province, a major and strong science and technology
province in China. .e data in this case is characteristic of
sufficient missing of original data. .is data system is a
typical grey system.

In 2020, the number of patent applications and autho-
rizations in Jiangsu Province reached 752,000 and 499,000,
respectively, among which 189,000 were invention patent
applications, an increase of 9.5% over the previous year; the
number of invention patents was 46,000, an increase of
15.9%. .e province’s enterprises have applied for 612,000
patents. .e number of invention patents owned by ten
thousand people reached 36.1, an increase of 6 over the same
period last year; the contribution rate of scientific and
technological progress was 65.1%, an increase of 0.9% over
the previous year. A total of 57,000 technical contracts of
various types were signed throughout the year, and the
transaction volume of technical contracts reached 233.58
billion yuan, an increase of 39.4% over the previous year. In
the whole year, there were 922 crowd-creative enterprises on
and above the provincial level.

Table 3: Statistics of model parameter estimation for case 1.

Model Variable Coefficients Std. error t stat P-value

Grey b 0.059 0.003 21.436 <0.001
a − 0.003 0.002 − 1.569 0.126

Logistic c1 0.736 0.184 4.009 <0.001
c2 − 11.586 2.810 − 4.122 <0.001

Grey-logistic c1 0.016 0.007 2.386 0.023
c2 − 0.205 0.109 − 1.884 0.068
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.e development of Jiangsu’s high-tech industry has
been accelerated. A total of 209 projects were organized and
implemented for basic research projects of frontier leading
technology, forward-looking industrial technology innova-
tion projects, and major scientific and technological
achievements transformation projects, with a provincial
allocation of 1.05 billion yuan. In that year, there were 13,042
high-tech enterprises recognized; the rate of establishment
of R&D institutions for large- and medium-sized industrial
enterprises and high-tech enterprises above designated size
remained at around 90%; the number of national-level R&D
institutions in enterprises reached 163, ranked among the
best in China. .e province has built 172 national industrial
bases of high-tech characteristics.

Jiangsu Province has increased its investment in scien-
tific research. .e total social research and experimental
development (R&D) activities accounted for 2.85% of the
regional GDP. .e province has 890,000 R&D staff and 105
academicians from the Chinese Academy of Sciences and the
Chinese Academy of Engineering. Among various scientific
research and technology development institutions, 435 in-
dependent research and development institutions are under
government departments. 190 national and provincial key
laboratories, 276 science and technology service platforms,
3,978 engineering technology research centers, and 126
enterprise academician workstations were built, and 1
comprehensive national technology innovation center was
approved (source: http://tj.jiangsu.gov.cn/art/2021/3/10/
art_4031_9698925.html).

.e characteristic of this case is missing the original data
over a large amount of time period. .is case uses simple

interpolation to supplement the missing data and evenly
distributes the difference between the two real pieces of data
to each missing data period.

As shown in Table 6, the MAPE of the grey-logistic
model forecast data is 16.58%, and the grey-logistic model
has the best forecast simulation effect. Under the condition
that the original data is small and insufficient, the traditional
logistic model has the worst forecast effect, and its forecast
value basically has no reference value. .is case shows that
grey forecast model in the traditional GM (1, 1) com-
pounded with logistic model can achieve the best results
when dealing with the problem of missing information.

From the point of view of entropy, the difference in the
entropy of the forecast data of several models is extremely
small. Due to the sufficient missing of the original data in
this case, the entropy value of the original data is sig-
nificantly smaller than the entropy value of the data
forecasted by several models. In this context, the infor-
mation fidelity of the grey-logistic model is still relatively
good.

.e grey-logistic regression results of patent authori-
zation in Jiangsu are

ΔN(t) � 0.153N(t − 1) + − 3.817 × 10− 8
 N

2
(t − 1).

(14)

Among them, α� 0.153, which represents the synergy
within the population. Intrinsic growth rate of patent au-
thorization in Jiangsu Province is 15.3%.0, meaning that the
internal competition coefficient is close to zero. In this case,
the internal synergy is significant. .is shows that patent

Table 4: GDP in Jiangsu Province (unit: 100 million yuan), forecast value, and forecast accuracy evaluation.

Year Actual data Grey forecast APE (%) Logistic forecast APE (%) Grey-logistic forecast APE (%)
2010 41384
2011 48839 50063 2.50 48839 0.00
2012 53702 55200 2.79 50053 6.79 53977 0.51
2013 59349 60865 2.55 50259 15.32 59516 0.28
2014 64831 67111 3.52 50294 22.42 65623 1.22
2015 71256 73998 3.85 50300 29.41 72358 1.55
2016 77351 81591 5.48 50301 34.97 79783 3.14
2017 85870 89964 4.77 50301 41.42 87971 2.45
2018 93208 99197 6.43 50301 46.03 96998 4.07
2019 99632 109376 9.78 50301 49.51 106952 7.35
MAPE 4.63 27.32 2.57
H(π) 0.894 0.892 0.903 0.892

Table 5: Statistics of model parameter estimation for case 2.

Model Variable Coefficients Std. error t stat P-value

Grey b 43620.848 627.808 69.481 <0.001
a − 0.098 0.002 − 53.366 <0.001

Logistic c1 0.171 0.029 5.877 0.001
c2 <0.001 <0.001 − 2.712 0.030

Grey-logistic c1 0.103 <0.001 2.916 ∗ 1013 <0.001
c2 <0.001 <0.001 5.430 ∗ 107 0.183
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authorization in Jiangsu Province has a significant syner-
gistic effect. .is case gives the relevant statistical test
quantity for reference.

As shown in Table 7, the data of this case shows that
grey-logistic model has better statistical test data than the
logistic model.

4.4. Comparison of Forecasting Accuracy of Different Models.
In order to further test the prediction accuracy of grey-lo-
gistic model, this paper compares the prediction results of
grey-logistic model, grey prediction model, and logistic
model with AR model and ARMAmodel commonly used in
time series analysis. .ese models have their own charac-
teristics. Grey prediction model is essentially a way of data
transformation and smoothing. Logistic model is similar to
AR model, which is a kind of autoregressive model. .e
grey-logistic regression model is based on the grey pro-
cessing of data. Grey GM (1, 1) model, logistic model, and
grey-logistic model can be presented in the form of time
function, which is convenient for prediction and analysis.
Grey-logistic model is similar to ARMAmodel, both of them

are the modification of autoregressive model. .is section
uses the relevant data in case 1 for comparative analysis.

As shown in Table 8, the average forecast values of grey-
logistic model and ARMA model are almost the same. .e
prediction data’s volatility (the standard deviation of the
predicted value) of the models is less than that of the original
data, and the volatility of the prediction data of ARMA
model is the smallest.

As shown in Table 9, the prediction accuracy of a grey-
logistic forecast model is the highest, and the prediction
accuracy of grey model ranks second. .e prediction ac-
curacy of the logistic forecast and AR forecast models is
poor. .e prediction accuracy of ARMA model is close to
that of the grey-logistic forecast model. .e data used in this
section is a relatively rich data volume. When the amount of
data is less and missing, the accuracy advantage of grey
model and grey-logistic model will be more significant.

As shown in Figure 5, the accuracy trend of ARMA
model is close to that of the grey-logistic forecast model.
.e graphs reflecting the accuracy trend of the two models
are highly similar. .is phenomenon is due to the simi-
larity of the two models, and they are the improvement of

Table 7: Statistics of model parameter estimation for Case 3.

Model Variable Coefficients Std. error t stat P-value

Grey b 53379.956 7743.017 6.894 <0.001
a − 0.102 0.006 − 16.958 <0.001

Logistic c1 0.153 0.074 2.059 0.055
c2 <0.001 <0.001 − 0.933 0.364

Grey-logistic c1 0.107 <0.001 4.975 ∗ 1013 <0.001
c2 <0.001 <0.001 1.078 0.297

Table 6: Patent grants in Jiangsu province, forecast value and forecast accuracy evaluation.

Year Actual data Insert data Complete series Grey forecast APE (%) Logistic forecast APE (%) Grey-logistic
forecast APE (%)

2000 6432 6432
2001 19627 19627 56863 189.72 7417 62.21
2002 32822 32822 62940 91.76 16970 48.30 62940 91.76
2003 46017 46017 69665 51.39 35720 22.38 69665 51.39
2004 59212 59212 77110 30.23 64296 8.59 77110 30.23
2005 72407 72407 85350 17.88 103317 42.69 85350 17.88
2006 85602 85602 94471 10.36 153369 79.16 94471 10.36
2007 98797 98797 104566 5.84 214983 117.60 104566 5.84
2008 111992 111992 115741 3.35 288599 157.70 115741 3.35
2009 125187 125187 128109 2.33 374527 199.17 128109 2.33
2010 138382 138382 138382 141799 2.47 472891 241.73 141799 2.47
2011 160763 160763 156952 2.37 583557 262.99 156952 2.37
2012 183144 183144 173724 5.14 706052 285.52 173724 5.14
2013 205525 205525 192289 6.44 839445 308.44 192289 6.44
2014 227906 227906 212837 6.61 982215 330.97 212837 6.61
2015 250290 250287 250290 235582 5.88 1132072 352.30 235582 5.88
2016 231033 231033 260757 12.87 1285741 456.52 260757 12.87
2017 227187 227187 288622 27.04 1438688 533.26 288622 27.04
2018 306996 306996 319465 4.06 1584785 416.22 319465 4.06
2019 314395 314395 353604 12.47 1715882 445.77 353604 12.47
MAPE 25.70 230.08 16.58
H(π) 0.774 1.101 1.204 1.217 1.094 1.200
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Table 8: Forecasting results of different models.

Time (month/
year)

Actual data
(%)

Grey forecast
(%)

Logistic forecast
(%)

Grey-logistic forecast
(%)

AR(1) forecast
(%)

ARMA (1, 1) forecast
(%)

1/18 6.99
2/18 5.41 5.87 6.24 5.87 7.89 6.46
3/18 5.68 5.93 6.14 5.89 7.53 6.37
4/18 5.38 5.95 6.03 5.91 7.59 6.32
5/18 5.61 5.97 5.94 5.94 7.52 6.30
6/18 5.82 5.99 5.84 5.96 7.57 6.29
7/18 6.67 6.01 5.75 5.99 7.62 6.28
8/18 7.12 6.03 5.66 6.01 7.81 6.28
9/18 6.31 6.05 5.57 6.03 7.92 6.27
10/18 5.68 6.07 5.49 6.06 7.73 6.27
11/18 5.42 6.09 5.41 6.08 7.59 6.27
12/18 5.65 6.11 5.33 6.10 7.53 6.27
1/19 5.26 6.13 5.25 6.13 7.58 6.27
2/19 6.39 6.15 5.18 6.15 7.49 6.27
3/19 5.69 6.17 5.10 6.17 7.75 6.27
4/19 6.96 6.19 5.03 6.19 7.59 6.27
5/19 6.06 6.21 4.96 6.21 7.88 6.27
6/19 5.83 6.23 4.90 6.24 7.68 6.27
7/19 6.74 6.25 4.83 6.26 7.62 6.27
8/19 7.42 6.27 4.77 6.28 7.83 6.27
9/19 7.95 6.29 4.71 6.30 7.98 6.27
10/19 7.60 6.31 4.65 6.32 8.10 6.27
11/19 7.73 6.33 4.59 6.34 8.03 6.27
12/19 5.80 6.35 4.53 6.36 8.05 6.27
1/20 7.09 6.37 4.48 6.38 7.62 6.27
2/20 4.07 6.39 4.42 6.40 7.91 6.27
3/20 6.65 6.41 4.37 6.42 7.22 6.27
4/20 5.71 6.43 4.32 6.44 7.81 6.27
5/20 6.34 6.45 4.27 6.46 7.60 6.27
6/20 6.22 6.47 4.22 6.48 7.74 6.27
7/20 5.59 6.49 4.17 6.50 7.71 6.27
8/20 6.49 6.51 4.12 6.52 7.57 6.27
9/20 6.88 6.53 4.07 6.54 7.77 6.27
10/20 6.94 6.55 4.03 6.56 7.86 6.27
11/20 6.96 6.57 3.98 6.57 7.88 6.27
12/20 5.66 6.60 3.94 6.59 7.88 6.27
1/21 6.55 6.62 3.90 6.61 7.58 6.27
Mean 6.28 6.26 4.89 6.26 7.72 6.28
Std. deviation 0.80 0.21 0.69 0.22 0.19 0.03

Table 9: Absolute percentage error (APE) of different forecasting models.

Time (month/year) Grey forecast (%) Logistic forecast (%) Grey-logistic forecast (%) AR(1) forecast (%) ARMA (1, 1) forecast (%)
2/18 8.41 15.38 8.41 45.78 19.34
3/18 4.47 8.04 3.70 32.54 12.14
4/18 10.65 12.17 9.93 41.07 17.54
5/18 6.46 5.82 5.86 34.07 12.29
6/18 2.95 0.36 2.45 30.13 8.01
7/18 9.89 13.81 10.25 14.26 5.85
8/18 15.31 20.52 15.59 9.75 11.85
9/18 4.13 11.69 4.38 25.46 0.57
10/18 6.84 3.37 6.64 36.13 10.44
11/18 12.33 0.25 12.18 40.03 15.73
12/18 8.10 5.71 8.02 33.28 11.02
1/19 16.49 0.18 16.46 44.15 19.24
2/19 3.81 19.00 3.78 17.28 1.84
3/19 8.37 10.31 8.45 36.21 10.23
4/19 11.12 27.69 11.02 9.08 9.88
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the autoregressive model. At the same time, the grey-
logistic system has more variety and more practical ad-
vantages. For example, (1) the grey-logistic model can be
used to explain population dynamics. .e grey-logistic
model is an improvement of traditional population

dynamics model, which is suitable for the research of
ecology related fields. (2) It can be constructed as a
generalized prediction model with time as the indepen-
dent variable, which is extremely suitable for a wide range
of prediction researches. (3) Considering the advantages

Table 9: Continued.

Time (month/year) Grey forecast (%) Logistic forecast (%) Grey-logistic forecast (%) AR(1) forecast (%) ARMA (1, 1) forecast (%)
5/19 2.41 18.09 2.55 30.03 3.50
6/19 6.79 16.00 6.97 31.66 7.58
7/19 7.33 28.31 7.15 13.11 6.94
8/19 15.55 35.73 15.38 5.53 15.47
9/19 20.93 40.79 20.75 0.43 21.11
10/19 17.02 38.86 16.83 6.64 17.47
11/19 18.16 40.65 17.96 3.82 18.86
12/19 9.42 21.88 9.69 38.87 8.14
1/20 10.20 36.88 9.98 7.43 11.54
2/20 56.94 8.62 57.31 94.33 54.10
3/20 3.64 34.32 3.42 8.63 5.68
4/20 12.58 24.42 12.82 36.77 9.84
5/20 1.72 32.73 1.92 19.81 1.07
6/20 4.01 32.22 4.20 24.42 0.84
7/20 16.11 25.45 16.28 37.96 12.20
8/20 0.33 36.51 0.45 16.62 3.36
9/20 5.06 40.78 4.98 12.98 8.84
10/20 5.58 41.95 5.53 13.28 9.62
11/20 5.55 42.75 5.54 13.15 9.88
12/20 16.52 30.36 16.48 39.22 10.81
1/21 1.01 40.47 0.92 15.80 4.24
Mean 10.17 22.84 10.12 25.55 11.31
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Figure 5: Comparison of forecasting errors of different models.
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of traditional grey model and logistic model, the appli-
cation scenarios are more extensive than the ARMA
model, especially in the case of insufficient and missing
original data.

5. Conclusion

In order to improve the performance of GM (1, 1) forecast
and logistic forecast, a new approach to estimate the pa-
rameters of the socioeconomic system is presented. .e
composite grey-logistic model is proposed to estimate the
parameters of the forecast model. Based on grey model and
logistic model, this paper constructs grey-logistic model.
.rough the analysis of actual cases, the accuracy of grey-
logistic model is compared with that of the grey model,
logistic model, AR model, and ARMA model. .e empirical
results indicate that the numerical aspects of the grey
transformation effect of the composite grey-Logistic model’s
MAPE values are highly accurate. .e results of entropy
analysis show that the grey-logistic model can keep the
information of the original data better. As compared with
the GM (1, 1), the composite grey model used in this study
offers more accurate forecast performance. Compared with
the traditional logistic model, the new grey-logistic model
used in this study offers more accurate forecast performance
too. .e original data after grey transformation can more
truly reflect the actual situation of the social and economic
system. .e combination of grey transformation data and
logistic model can mine the symbiotic relationship of
population in a certain system; accordingly, this method is
suitable when the data are limited for forecasting the rela-
tionship between competitive products. .e empirical
analysis fully demonstrates the effectiveness and adaptability
of this method.

Compared with the traditional grey model [12–20], the
compound grey-logistic model can well describe the dy-
namic mechanism of population growth. Grey-logistic
model is more suitable for the research of social and eco-
nomic ecosystem. Compared with the traditional logistic
model [6–11], the grey-logistic model has higher accuracy.
Compared with the grey Lotka–Volterra model [29–31], the
grey-logistic model is more applicable. Compared with AR
and ARMA models in time series analysis, the grey-logistic
model has higher precision, and the grey-logistic model has
ecological significance and can be used for the classification
of systems.

.e case analysis based on grey-logistic model fully
demonstrates the applicability and accuracy of themethod in
different data types and research fields. Grey-logistic model
can effectively deal with the problem of insufficient data and
missing data and more fully explore the information carried
by the original data. .is model can be widely used in
population dynamics analysis. When it is difficult to carry
out regression analysis in the traditional logistic model, we
can try to use grey-logistic model to deal with it. In the
future, this method can be extended to the analysis of two
population interactions and three population symbioses.
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