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In this study, we take the conditional tail expectation (CTE) as the constraint condition and consider the optimal reinsurance
issues under Wang’s premium principle in general insurance contracts. With the confidence level and the distortion function in
Wang’s premium principle given by the insurer in advance, a threshold can be obtained. When the insurer’s risk tolerance level is
greater than this value, the optimal reinsurance is a proportional reinsurance in which the deductible equals to this value, else the
optimal form of reinsurance is a stop-loss reinsurance. Corresponding numerical examples and economic explanations are
also given.

1. Introduction

Reinsurance is an important tool for the insurer to manage
risks; through reinsurance, the insurer can mitigate the
underwriting risk, thereby facilitating more effective risk
management. For more than half a century, academics have
established lots of optimal reinsurance models from the
perspective of insurers and have investigated optimal re-
insurance strategies under different conditions. Borch [1]
solved that, under the principle of expected premium and
fixed reinsurance premiums, a stop-loss reinsurance is the
optimal for an insurer if the objective function is to mini-
mize the variance of the insurer’s loss. Kenneth [2] also
supposed that, under the principle of expected premiums,
the optimal reinsurance that a risk-averse insurer desires to
maximize the expected utility of his own wealth is a stop-loss
reinsurance contract. With the rapid development of fi-
nancial liberalization, a new risk measure approach VaR
(value at risk) is widely employed by banks, insurance
companies, other financial institutions, and market regu-
lators. Cai and Tan [3] hypothesized that the form of in-
surance is a stop-loss reinsurance, and the minimality of
gross loss of the insurer measured by VaR and CTE as the
objective function, and the optimal deductible is calculated
under the principle of expected premium. Hu et al. [4]

researched the calculation of the optimal retention of stop-
loss reinsurance under the condition of incomplete infor-
mation on the aggregate loss function of the insurance
company, while minimizing the VaR risk metric, and
contrasted with the results of Cai and Tan [3]. Kong et al. [5]
studied the optimal reinsurance issues in which both in-
surers and reinsurers face risks and uncertainties under
general premium principles. Chi [6] considered a type of
premium principle P(X) � E[X] + g(var(X))(where g is an
increasing function of g(0) � 0). -is type of premium
principle includes the variance premium principle and the
standard deviation premium principle. Under this type of
premium principle, Chi [6] measured the aggregate loss of
the insurer by VaR and CTE and indicated that the stop-loss
reinsurance with the upper bounded is optimal. While
taking the principle of variance premium and standard
deviation premium as an example, the calculation shows
how to obtain the optimal deductible and the upper
boundary of indemnity. Chi and Tan [7] considered another
type of premium principle, including Wang’s premium
principle and Dutch premium principle, and utilized VaR
and CTE to calculate the aggregate loss of the insurer, and
the optimal reinsurance is still a stop-loss reinsurance with
the upper boundary. Cai et al. [8] studied Pareto optimal
problem of reinsurance counterparty under one category of
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risk measure and gave a proof for the TVaR measure
method. Putri et al. [9] considered the fixed premium under
the expected premium standard. In order to minimize the
risk of the insurer under VaR, they combined proportional
reinsurance with stop loss reinsurance to solve the optimal
reinsurance strategy. Liang and Young [10] researched the
minimum probability of bankruptcy of insurance compa-
nies, and Matteo and Claudia [11] introduced time variables
and considered the necessities to pay fixed costs when
signing reinsurance contracts. Jiang et al. [12] considered the
maximization of the interests of both insurer and reinsurer
from the perspespectives of expected utility maximization
and risk minimization, and they found that the layer re-
insurance is optimal.

Before introducing the framework of this paper, we first
introduce the following notations. Let the insurer’s possible
loss X in the future periods of time be a nonnegative random
variable, the probability density function is f(x), and the
survival function is SX(x) � P X> x{ }. In order to control
the risk effectively, the insurer transfers the loss I(X) to the
reinsurer. In exchange for underwriting risks, the reinsurer
charges the insurer a reinsurance premium PX. -ere are
many calculation criteria for reinsurance premiums, and one
of the more commonly used premium principle is the ex-
pected premium principle. In this paper, the more general
Wang’s premium principle is applied. It was first proposed
by Wang [13]; it comprises the net premium principle,
quantile premium principle, and dual risk premium prin-
ciple. It is defined as PX � 

+∞
0 g(SX(x))dx, for

g : [0, 1]⟶ [0, 1] is a nondecreasing concave function
which satisfies g(x)≥ x, g(0) � 0, andg(1) � 1. After the
loss I(X) ceded by the insurer, its retained loss function is
R(X) � X − I(X). Now, the insurer wants to control its
retained losses within a certain spectrum because the
measurement method only considers the risk of a certain
quantile while ignoring the tail risk, but CTE considers the
expectation of the entire tail risk.-ey are defined as follows:
for a random variable, given a confidence level
1 − α(0< α< 1),VaR is defined as

VaRα (X) � inf x: Pr X> x{ }≤ α{ } and CTE is defined as
CTEα (X) � E[X|X ≥VaRα(X)].

-e model constructed in this paper aims to minimize
the reinsurance premium purchased by the insurer while
controlling the risk of the insurer within a certain spectrum.
Among them, the insurer’s risk measure is CTE under this
risk measure, the maximum risk that the insurer can accept
is N, that is, the constraint is CTEα(R(X)) ≤N. -e ob-
jective function is minPX � min

+∞
0 g(SI(X)(x))dx. Be-

cause the larger the insurer’s retention risk, the smaller the
corresponding ceded risk, which results in a smaller pre-
mium, so there is an optimal solution as CTEα(R(X)) � N.

2. Optimal Reinsurance

In general insurance contracts, there are stop-loss reinsur-
ance, quota-share reinsurance, layer reinsurance, and pro-
portional reinsurance. -e reinsurance used in this paper
can include all forms of general insurance contracts. -e
specific notation is as follows:

I(x) � l1(x − a)+ − l2

(x − b)+ �

0, 0≤x< a,

l1(x − a), a≤ x< b,

l1(x − a) − l2(x − b), x≥ b,

⎧⎪⎪⎨

⎪⎪⎩

(1)

where (l1 ≥ l2).
Insurer’s retention risk is

R(x) � x − l1(x − a)+ + l2

(x − b)+ �

x, 0≤x< a,

x − l1(x − a), a≤ x< b,

x − l1(x − a) + l2(x − b), x≥ b,

⎧⎪⎪⎨

⎪⎪⎩

(2)

where (l1 ≥ l2).
When the insurer’s ceded loss function has the form of

(1), the corresponding premium expression can be simplified
as follows:

PX � 
+∞

0
g SI(X)(x) dx � 

+∞

0
g(P I(X)>x{ })dx

� 
+∞

0
g P 0> x, X< a{ } + P l1(X − a)> x, a≤X< b  + P l1(X − a) − l2(X − b)>x, X≥ b ( dx

� 
l1(b− a)

0
g P X>

x

l1
+ a  dx + 

+∞

l1(x− a)
g P X>

x + l1a − l2b

l1 − l2
  dx

� l1 
+∞

a
g SX(x)( dx − l2 

+∞

b
g SX(x)( dx.

(3)
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Combine the objective function and the constraint
conditions together with the Lagrange function:

L a, b, l1, l2, λ(  � 
+∞

0
g SI(X)(x) dx + λ CTEα(R(X)) − N 

� l1 
+∞

a
g SX(x)( dx − l2 

+∞

b
g SX(x)( dx

+ λ CTEα(R(X)) − N .

(4)

While solving this equation, because of the magnitude
relationship between a, b and VaRα(X) is unknown, the
value of CTEα(R(X)) is uncertain. -erefore, the discussion
should be divided into the following three circumstances.

Case 1. VaRα(X)≥ b:

L a, b, l1, l2, λ(  � l1 
+∞

a
g SX(x)( dx − l2 

+∞

b
g SX(x)( dx

+ λ
1
α


+∞

VaRα(X)
x − l1(x − a) + l2(x − b)( f(x)dx − N .

(5)

Solving the above equation,

b � a

a � a0
l1 − l2 � l

λ � g(SX(a0))

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

.

-e ceded loss function is I(x) � l(x − a0)+, where a0 and l
satisfies:


+∞

a0

g SX(x)( dx −
g SX a0( ( 

α


+∞

VaRα(X)
x − a0( f(x)dx � 0,


+∞

VaRα(X)
x − l x − a0( ( f(x)dx � αN.

(6)

Because l ∈ [0, 1], the value range of N,
N ∈ [a0,CTEα(X)] can be calculated in equation (6). When
N< a0, since there is no stable point for solving the equation,
only the boundary l � 1, a � N can be taken. At this time,
the ceded loss function is that I(x) � (x − N)+; when

N≥CTEα(X)≥CTEα(R(X)), the insurer can bear the risk
without purchasing reinsurance, that is, the optimal strategy
is no reinsurance, and the reinsurance premium is 0.

Case 2. a≤VaRα(X)< b:

L a, b, l1, l2, λ(  � l1 
+∞

a
g SX(x)( dx − l2 

+∞

b
g SX(x)( dx

+ λ
1
α


b

VaRα(X)
x − l1(x − a)( f(x)dx +

1
α


+∞

b
x − l1(x − a) + l2(x − b)( f(x)dx − N .

(7)

Solving the above equation,

b⟶ +∞
a � a0
l1 � l

l2 � 0
λ � g(SX(a0))

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

.-e ceded

loss function isI(x) � l(x − a0)+, where a0 and l satisfies


+∞

a0

g SX(x)( dx −
g SX a0( ( 

α


+∞

VaRα(X)
x − a0( f(x)dx � 0,


+∞

VaRα(X)
x − l x − a0( ( f(x)dx � αN.

(8)
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Because l ∈ [0, 1], the value range of N,
N ∈ [a0,CTEα(X)] can be calculated in equation (8). When
N< a0, since there is no stable point for solving the equation,
only the boundary l � 1 and a � N can be taken. At this
time, the ceded loss function is that I(x) � (x − N)+ when
N≥CTEα(X)≥CTEα(R(X)), the insurer can bear the risk

without purchasing reinsurance, that is, the optimal strategy
is no reinsurance, and the reinsurance premium is 0. -e
result is the same as in the first case.

Case 3. a>VaRα(X):

L a, b, l1, l2, λ(  � l1 
+∞

a
g SX(x)( dx − l2 

+∞

b
g SX(x)( dx

+ λ
1
α


a

VaRα(X)
xf(x)dx +

1
α


b

a
x − l1(x − a)( f(x)dx +

1
α


+∞

b
x − l1(x − a) + l2(x − b)( f(x)dx − N .

(9)

Solving the above equation, we can get two sets of
solutions:

(i) a � b � T(N≥CTEα(X)), the insurer is no need to
buy reinsurance

(ii)

b � a or b⟶ +∞
a � a0
l1 − l2 � l

λ � α · (g(SX(a0))/SX(a0))

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

, where a0 and l

satisfies 
+∞
VaRα(X)

(x − l(x − a0))f(x)dx � αN(VaRα

(X)≤N<CTEα(X)).

In this case, the optimal ceded loss function is
I(x) � l(x − a0)+.

Remark 1. Especially, if the internal constant g″(x) � 0
in (0, α) is established and if N and g (x) are given, PX will
be a constant value. a, b, l1, l2 only need to satisfy
CTEα(R(X)) � N. At this time, I(x) � l (x − a0)+

and I(x) � (x − a)+ that meet the condition CTEα(R(X)) �

N both can be used as the optimal reinsurance strategy, and
the value of reinsurance premiums is the same.

Theorem 1. For any given N and g(x), a special point
a0 ∈ [0,VaRα(X)]can be calculated, whereas a0 satisfies


+∞

a0

g SX(x)( dx −
g SX a0( ( 

α


+∞

VaRα(X)
x − a0( f(x)dx � 0.

(10)

(i) 0≤N< a0: the optimal ceded loss function
is I(x) � (x − N)+, that is, the optimal reinsurance
is the stop-loss reinsurance with a deductible of N.

(ii) a0 ≤N<CTEα(X): the optimal ceded loss function
is I(x) � l(x − a0)+, where a0 and l satisfy the
following constraints:


+∞

a0

g SX(x)( dx −
g SX a0( ( 

α


+∞

VaRα(X)
x − a0( f(x)dx � 0,


+∞

VaRα(X)
x − l x − a0( ( f(x)dx � αN.

(11)

If the internal constant g″(x) � 0 in x ∈ (0, α) is
established, it can be satisfied. a, b, l1, l2 only need to
satisfy CTEα(R(X)) � N. At this time, the ceded
loss function I(x) � l(x − a0)+, I(x) � (x − a)+

that meet the condition CTEα(R(X)) � N can be
used as the optimal reinsurance strategy.

(iii) N≥CTEα(X): in this situation, the insurer can bear
the risk without purchasing reinsurance contract, so
the optimal strategy is not to buy reinsurance, and
the reinsurance premium is zero.

Remark 2. Especially, when g(x) � x, at that time, Wang’s
premium principle altered to the net premium principle.
Calculating the following formula 

+∞
a0

g(SX(x))

dx − (g(SX(a0))/α) 
+∞
VaRα(X)

(x − a0)f(x)dx � 0 can be
solved as a0 � VaRα(X), for a N ∈ [0,CTEα(X)] which is
given by the insurer, and I(x) � (x − a)+can be selected as
the optimal reinsurance strategy. -is result is consistent
with the conclusion in [14].

3. Numerical Examples

Assume that the insurer’s loss variable X obeys the Pareto
distribution. For any x≥ 0, the corresponding survival
function

SX(x) �
200

200 + x
 

3
, x≥ 0. (12)

-emean value of the variableX is 100.We assume that the
confidence level of the insurance company to measure the risk
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is 1 − α; according to the insurer’s different confidence levels,
when the retained risk is less than the insurer’s maximum risk
tolerance, solve the reinsurance strategy when the reinsurance
premium is the smallest. Since the different distortion func-
tions of Wang’s premium can get the optimal ceded loss
function under the corresponding premium principles, this
paper considers the following two distortion functions:

(1) When g(x) � 1 − (1 − x)3, then PX is the dual risk
premium principle

(2) When g(x) � x, then PX is the principle of net
premium

According to the above two premium principles, -e-
orem 1 and (α, N) under different risk levels, the optimal
reinsurance form can be obtained, as shown in Tables 1 and
2.

When g(x) � x, the proportional coefficient l can always
get 1, so the expression of the optimal ceded loss function is
I(x) � (x − a)+, when 0≤N≤VaRα(X), a � N, whereas
VaRα(X)≤N≤CTEα(X), and there was 

a

VaRα(X)
xf(x)dx + 

+∞
a

af(x)dx � αN.
Since the expected premium principle is similar with the

net premium principle, the net premium is merely multi-
plied by a coefficient. By contrasting different risk levels, it
can be discovered that the premium of the dual risk pre-
mium principle is significantly higher in various situations.

4. Conclusion

-e purpose of this paper is to control the insurer’s risk level
within his own capacity and choose a reinsurance contract

that minimizes the reinsurance premium. In this paper, a
threshold can be obtained based on the distortion function in
Wang’s premium principle and the insurer’s confidence level.
When the insurer’s risk tolerance levelN is less than this value,
the insurer will choose a stop-loss reinsurance with a de-
ductible of N, and when the insurer’s risk tolerance level N is
greater than this threshold, the insurer will choose a pro-
portional stop-loss reinsurance with this threshold as the
deductible. With deliberate consideration, this conclusion is
reasonable. Since Wang’s premium calculation guidelines
charge higher premiums for tail risk, when the insurer’s risk
tolerance is large, the tail risk will not be fully ceded, but a
proportional stop-loss reinsurance will be considered. When
the insurer’s risk tolerance is low, even if the insurer knows
that the reinsurance premium for tail risk is high, the insurer
still must choose reinsurance to control the risk.
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