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The aim of this paper is to unify the extended Mittag-Leffler function and generalized Q function and define a unified Mittag-
Leffler function. Both the extended Mittag-Leffler function and generalized Q function can be obtained from the unified Mittag-
Leffler function. The Laplace, Euler beta, and Whittaker transformations are applied for this function, and generalized formulas
are obtained. These formulas reproduce integral transformations of various deduced Mittag-Leffler functions and Q function.
Also, the convergence of this unified Mittag-Leffler function is proved, and an associated fractional integral operator

is constructed.

1. Introduction

The exponential function naturally exists in the solution of
differential equations and plays a very vital role in solving
real-world problems modeled in the form of differential
mathematical systems. At the same time, the Mittag-Leffler
function provides assistance in the formulation of solutions
of complicated fractional dynamical systems. The aim of this
paper is to unify two types of functions, namely, an extended
generalized Mittag-Leffler function given in (7) and the Q
function given in (8). We study Laplace, Euler beta, and
Whittaker transformations of extended generalized Mittag-
Leffler function given in (7) and the Q function given in (8)
in the compact formulas. Also we will define a compact form
of fractional integral operator.

First, we give some basic definitions and notations which
will be helpful to understand later definitions. These include
the Laplace transform, Euler beta transform, Whittaker
transform, gamma function (I'), beta function (B), p-beta
function (B p), Mittag-Leffler function (E,g), extended

Mittag-Leffler function (E’;’El;;e), the fractional integral

operator associated with extended Mittag-Leffler function

. . A,p,0.k,
and generalized Q function (Q“’; v 87”).

Definition 1 (see [1]). Laplace transform of an integrable
function f on [0, 00) is defined as follows:

LIf ()] = jzoe Fdt, (1)

where s € C is the variable of the transform.

Definition 2 (see [2]). The Euler beta transform of a function
f is defined by the following definite integral:

B[f (t);a,b] = J:t“*(l — 0" (h)dt, (2)

where a and b are any complex number with R (a) >0 and
R (b)>0.

Definition 3 (see [2]). The Whittaker transform is defined by
the following improper integral:
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L((1/2) + p+ )T ((1/2)
[(1-A+v)

-+

>

) -1
J e 1Ry W, (H)dt =
. ,

(3)

where R (4 +v)> — (1/2) and Wy, is the Whittaker con-
fluent hypergeometric function.

Definition 4 (see [3]). The gamma function is defined by the
following improper integral:

I['(z) = I e 't (4)
0
where R (z) > 0.

Definition 5 (see [2]). The beta function is defined by a
definite integral and is given by

B(m,n) = Jl £ — ey L, (5)
0
where R (m), R (n) >0.

Definition 6 (see [4]). The Mittag-Lefller function with two
parameters is defined by the following series:

0 1
_ z
Ea,ﬁ (2) = ;m, (6)

where R («a) > 0.

Definition 7 (see [5]). An extended and generalized Mittag-

Leffler function (an k’) is defined by the following series:

MR (52 ) = i B, (A+1k,0- 1) (0)2
wpy 2 B(L,0-2)(y),T(al+p)

1=0

(7)

where z,a,5,7,0,A € C,R (o), R (B), R (), R(0),R(A)>0
with p>0, r>0, 0<k<r+R(a), and (0); = (T'(0+Ik)/
().

A,p,0,k,n )

Definition 8 (see [2]). A generalized Q function (Q%ﬁ,%a)w

is defined by the following series:

/\p O.kn . [T, B(b;,1) (A)pl(e)klzl
Qiponr (28) = Z T B(ap ) (g (Wl (ad + B)
(8)

where a= (a;,a,,...,a,),b= (b;,b,,..., b,),apB7,0,
‘u) 1); A)pa 6) ai) bi € C) mln{m (“))m(ﬁ)’m(y)7m(0))m(/\')a
R (), R(p)}>0,ke (0,1)UN.

The Mittag-Leffler function takes place naturally similar
to that of the exponential function in the solutions of
fractional integro-differential equations having the arbitrary
order. The Mittag-Leffler functions have to gain more rec-
ognition due to their wide applications in diverse fields
[5-9]. They are used to define new fractional integral op-
erators, and the fractional integral operators are used to
generalize mathematical inequalities, see [5, 8, 10-14].
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Our motivation is to introduce the unified Mittag-Leffler
function. In this paper, we unify the extended Mittag-Leffler
function (7) and generalized Q function (8) in a single
function named unified Mittag-Leffler function. We studied
the Laplace, Euler beta, and Whittaker transformation of the
unified Mittag-Leftler function and obtained the compact
formulas which reproduce integral transformations of
Mittag-Leffler function and generalized Q function. Fur-
thermore, the convergence of unified Mittag-Leffler function
is proved, associated fractional integral operator is defined,
and its boundedness is provided.

In the next section, we give the definition of unified
Mittag-Leffler function and deduce extended generalized
Mittag-Leffler function and generalized Q functions.

2. Unified Mittag-Leffler Function

We define a Mittag-Leffler function (will be called the

unified Mittag-Leffler function) which unifies the functions

given in (7) and (8) as follows:

zabep ZH; pr(bt’a (A)pl(e)kl 2

5 [T B(ciai) ()or () T (ol + B)’

(9)

an)) Q = (blina e )bn)a g = (C1$ C2a

,n such that R (a;),R(b,),

Ap,0ik,;n

Moc,[i,y,&,y,v

where a = (a;,a,,...,
cCy)s ap b eCri=1,. ..

R(c)>0,Vi. Also let apf,y.8,uv4p, 0,z€C,
min{R (a), R (B), R(y), R (), R(A),R(0)}>0, and ke
(0,1)UN with  k+R(p)<R(G+7v+a), Im(p) =

Im(§+ v+ a).
For n =1, (9) will obtain the following form:
APk

(bpal (A) 1 (D) Zl
by, . ’
“ﬁ’%a%” (Z 4.5¢ p) Z (cl,al)(y)(;l ([4)7,1 F(“Z +B)

(10)

By setting b, =¢, +lk,a, =0-A,¢c,=A4p=7v=0,6>0

in (10), we will get (7). Also, by substituting a; = I, p = 0 and

R (p) >0 in (9), we will obtain (8). Hence the newly defined

Mittag-Leffler function provides different kinds of related

functions by setting the specific values of the parameters. The

functions defined in [2, 4-9, 15] are particular cases of this
newly defined function.

2.1. Integral Transforms of Unified Mittag-Leffler Function.
Now we give the integral transforms of the unified Mittag-
Leftler function. These transformations include the Laplace
transform, Euler beta transform, and Whittaker transform.

2.1.1. Laplace Transform. First we give the Laplace trans-
form of the unified Mittag-Leffler function.

Theorem 1. For a = (a;,a,,...,a,),b=
c= (¢ ¢cp-.56,)a,bhc;,€Cii=1,. such  that
R(q;),R(b),R(c;)>0,Vi. Also let a, ﬁ Y, 6, i, v, A, ps
6,t € C, min{R(a),R(B), R (), R, RA),R(O)}>0,
and ke (0,)UN  with k+R(p)<RO+v+a),
Im(p) = Im (8 + v + «), and the Laplace transform of unified
Mittag-Leffler function is given as follows:

(bl,bz, ..by),
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Apbkn o, Apbkln( -1, Proof. By the definition of the Laplace transform of a
L M%ﬁ)%&ﬂ,v (t ab.cp )] =s M%ﬁ»%&w( a.b.¢p ) function, we have

(11)

[ pppbkn (t:a )] _ JOO e—srool_[:'l:l B, (b a;) (A)pl(g)kl £ ,
afpdpy & bop s [T, B(ca:) (P)si (@) T(ad +B)

Z i1 B, bva)(/\)pl(e)kl 1 I
< [T B(ca;) (Vs (), T(ad +B) &

ZH, 1B, (b a; )(/\)pl(e)kz 1

1
LTI Blera) Dy (@) T+ )

Hence the Laplace transform of the unified Mittag-  Corollary 1. For a;=1,p =0, and R (p)>0, the Laplace

Leffler function can be given as follows: transform of the unified Mittag-Leffler function will become
Ap.6k, —1p Apbklng ~1 Lp.0k, Lp.0k;
L[M¥M (1abep)| = s ML (<L b, p). L[ Mgk (abiep)| = L[ Qe (o) | ()
(13)

O  Proof. From Theorem 1, we have

o T" ) 2] -1
L Mig@lsnv(t_ah’g)p)]=S—lznz 1 p( z)( )pl( Dk (1)s (15)
o = T2 B(cia:) (0o () T(ad + p)
For p=0, B, (x,¥) = B(x, y). Therefore the above expression becomes
B(b;,a;) (1), (0
L Mﬁ’Z’i"E’"v(t;ﬂ b, p ] B -121_[1 1 B(bpa) V(0 (1)s7 (16)
e o [T B(cina;) (V)a (W) Tad + B)
Putting a; = and R (p) > 0, we get the following:
B(b;,1) (1), (6 157!
[ i;elgnv(t7 abcp ] an L B(b,1)( )pz( D s (17)
e 5 [T B D) (0ot () T(ad + B)
Hence we get 2.1.2. Euler Beta Transform. The Euler beta transformation of

the unified Mittag-Leffler function is given in the next theorem.
Ap,O.k.n Ap,0.k,n .
L[M“’ﬁ’%&“’”( abop )] L[Q“"*’Y"?’W (t:8, g)]' U8 heorem 2. For a= (anay..a)b= (b by ..b),
c= (c,¢p--5Cy)apbc;,€Cii=1,...,n such that
R(a;), R (b)), R(c;)>0,Vi. Also let o, fB,y,8,u,v,Ap,
6,t € C, min{R(a),R(B), R (), R, RA),R()}>0,
Aok Lok and ke (0,1)UN  with k+R(p)<R(E+v+a),
[ aBpdpy (t;a,b,c,p )] = L[Ea’,l;’,y’ (t; P)]- (19)  Im(p) = Im(8 + v + &), and the Euler beta transform of the
O unified Mittag-Leffler function is given as follows:

Similarly forn=1,bl=cl+lk,al=0-1,cl1=1,p=v=0
and § >0 one can have



[T By (b a:) (M), (0)ia B(1 +m, )
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L.p.0.k.n «
B|M ,(t;a,b,¢, ;m,n] = - . (20)
fntus (105 P) 2T Blera) Py Tal+ )
Proof. By the definition of beta transform of an integrable
function, we have the following:
!
Ap.0kn m 1 n—1 Hz 1B (bl’a (A)pl(e)kl t
B|M t;g>b)£’ ym,n :J (]. t) dr
osniur (585:6:2) 2T B eo) (a0 Tl
©I. B, (b, a;) (M), (0 1
=y pp %) WOy 1 J A SR L (21)
£ B (e a,) M (0 T(@d+ ) Jo
ZHI 1B (bia;,) (V) (0 B(I+m, n)
o [T B(cpa) (Vo (w)y T(al+p)
O
Corollary 2. Fora; =1,p =0, and R (p) >0, the Euler beta 6,t € C, min{R(a),R(B),R(y), R (), R (), R()}>0,
transform of unified Mittag-Leffler function will become and ke (0,1)UN  with k+R(p)<R(E+v+a),
bk T Im(p) =Im(8 + v+ «), and we have
B[Myk (abiep)| = B[ (b.0)] @2 o e e
—(¢t/2) i-1 p0.kn
JO e W2y w/\w((pt)Mafl)iy)&w (wt";a,b,c, p)dt
Similarly forn=1,bl=cl +lk,al=0-1,cl=1,p=v=0 (24)

and & >0 one can have

ApOkn (t;@b,gp)] _ B[Eifgl;e(t p)] (23)

B [Ma,ﬂ,y,ﬁ,y,v

2.1.3. Whittaker Transform. The Whittaker transformation
of the unified Mittag-Leftler function is given in the next
theorem.

Theorem 3. For a—(al,az,...,a)b (by,b,,...,b,),

c=(c;,¢p..5¢,)a5b,c;,€Cii=1,. such  that
R(aq;),R(b;),R(c;)>0,Vi. Also let a,ﬁ,y,&,y,v,(,p,

0 1
@) q {,p,0,k,n
J 0 ° ' (‘/5> Ory (DM g5

-¢
¢ (f =D ok fyn -
- M S y1 (@9 s a,b, ¢, p),

where f = (1/2) ry+&and g=1-1+L&

Proof. Consider the following improper integral:

R - .0k,
jo e W lwA,w(¢t)Mif;;’%5Z‘)v(wt”;g,b,g,p)dt. (25)

By substituting ¢t = g in the above integral, we obtain
the following:

(w(i)"wp)i?

00 ' B, (b, q 0 il

1) Vs (W)y T(ad+p) 1 (26)

Hl B (bz’a )(C) l(e)kl w (1/(/))’11 o
4 1 p 12) (E+ql)—
- Z a;) (Vg (W) T(d + ) J e g

Hl:1 B( Ci>

q' w),y (@)dg.
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By using the definition of Whittaker transformation, we
get

e EZHHB (b5,0;) (O (Og ' (1/¢)™ T((1/2) + y + & + qT ((172) — v + &+ 7l)
5 [T B(cia:) o (1) T(ad + ) L(1=A+&+7)

ZH, 1 By (05:3) (0 (O & (1) T((1/2) £y + &+ 7))
]_L 1 Blcina) (P (@) T(ad+P) T(L=A+&+xDI(1+1)

ZHI 1B, (0a)) (0,1 Oy ' (1/9)"  T(g)T(f +yDT(f) (27)
o [T IB(cua ) (W)si (@) T(al+B) T (9T (g +nhI(1+DI(f)

ZHI 1B, (61,a:) (0, (0 o' (/)" (f = DNy
5 [T B(cina;) (W () Tad +B) (g = DHG)y (1)

z(f Cp ik fonn -1,
=¢ 1)‘M“>l3’%5)14>”)9)’1,1 (0p "sa.b,¢, p),

where f: = (1/2) + y+& and g: =1-1+¢, and the re-  Theorem 4. The unified Mittag-Leffler function (MM;SYG)E;J)
quired result is obtained. O  converges absolutely for all values of te ¢

k+R(p) <R +v+a) with Im(p) =Im(+ v+ a).
Corollary 3. For a; =1,p =0 and R(p) >0, we have

0
J o~ (9124 1ww (¢t) Mi’/}%:iy (wt";a,b, ¢, p)dt Proof. By the definition of the unified Mittag-Leffler func-
0 (28)  tion, we have the following series:
(ee]
—(¢t/2) &~ 1 Cp.0k,n .
= JO e M wy (GDQ s (@t by c)dr. Mi%%zv (t;a,b,¢, p)

an 1 B (bv a;) My (O t

Similarly forn=1,bl=cl +lk,al=0-1,cl1=1,p=v=0 T Blepar) (D (0 T(ad ) (31)

and & >0 one can have
(o)
- — p,0:k,
JO e ((Pt/Z) t£ lw,Lv/ (¢t)Mi»i§,Yx5:;:V (wtﬂ; a, b’ [ p)dt
(29) 1=0

(o)
—(¢t/2) £-1 {,8kn n
e " w t)E wt'p)dt.
J 0 Ay (90) apy (wt"p) where

[T B, (bi>a;) M (O 1
[T B(cina:) (V) (@) T(ad +P)

a 0y 6 [(al+a+
Before stating the theorem for the convergence of the unified Ia : I I ) 2 ((0))“ ()(/)‘;M . (‘21)1)'1” . (F (@l /3)/3 )I.
Mittag-Leffler function, we give an important formula that bl Pip kiek Ve W
will be used in the proof of our theorem. (32)

3. Convergence of Unified a; =

Mittag-Leffler Function

Definition 9. The asymptotic formula for the gamma Applying limit on both sides, we get the following:

function is given in [5] the following:

fa29 o, Bierb=D (1))
*J1 30

I'b+z) 2z z

|z| — oo, |argz| < .

I(A)Pl O Wores Wy Tlal+a+p)

li .
Rolaral T oMy @ Mt Wy T(ad+p)

I—00

(33)
al+1



Using (30), the fractions involving Pochhammer sym-
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bols and gamma function in (33) become the following: (z)))/‘;lw = (8°| 1+ 2y +2(15 -1 + O< (511)2>]’ (36)
al I
(/\)pz _ 2A+p-1 1
= (pl) P[1— +o< 2)] (34) -
(A) I+ 2l (Pl) (:u)vlw 2.” +v-1 1
pltp W, =) - 1+ 5 +0 o)l (37)
(O k[ 20+k-1 ( 1 )]
=(kl)""|1- +0 , (35) r
(O 21 (kI)? T+a+p) | of. 2B+a-1 1
Kl+k 7”“1 ) = (al) -1 + 5] +0 o) | (38)
Using (34)-(38) in (33), we get the following:
e |y 2A+p-1 1
Jim anl Jim 1 (D) [1 21 O( (pl)2>]
k|, 20+k-1 2y+8 1
<) [1 2 ((kl) )] o0 [ O( (61)2>]
2 1 2B+a-1 1 3%
) Yt — +a-
<00 [“ 2 +O<(v) )]( l)[ 2 +O((al)2)]"
lim a ~ lim v a” [ @rrea)—(prh)
l—o0|a)q I—00 p k

The formula for the radius of convergence of a series is

lim |2 = R (40)

I—00

aryy

Therefore, the function M , ,, converges absolutely

for all values of f if k+&(p)<m(6+v+a) with
Im(p) =Im(5+7v+w). O O

Next, we give recurrence relations of unified Mittag-
Leffler function.
Theorem 5. Leta = (a,,a,,...

aan),b = (bl)b2)~ .. )bn))g =

6,t € C, min{R (), R(B),R(y),R(),RA),R()}>0,
and ke (0,1)UN  with k+R(p)<ROE+v+a),
Im(p) =Im (8 + v+ «), and then the difference of two con-
secutive unified Mittag-Leffler functions is given as follows:

Ap.6.k.n

Lp.0.k.n
B0 (t; a, b’ S P) -M

. afytoun (£ b6 p)

(41)
t6 d Ap.Okn
- m EM‘XJ;)%&,[J,V (t; a, Q: [&N p),

with R (y) > 1.

(C1sCpr--osCp)rlpbync; €Cii=1,...,n such that  Proof. By the definition of the unified Mittag-LefHler func-
R(a;),R(b;),R(c;)>0,Vi. Also let o, fB,7,6m7Ap, tion, we have
19,0,k A0k,
Mot,f/)i,y,&:i,v (t; a, b’ S P) - Ma,l[;,y—lr,l&y,v (t; a, b’ S P)

Hl 1 B bl’ a; ) (A)pl (e)kl

- ; Hl 1 B(Cz’a )(ﬂ)vl

1
T(al+B) | (Pa  (y- 1)51]

tl T'(y) ol

OZO: bna)(/l)pl(e)kl
1=0 Hl 1 B(Ct’a )(Au)vl

T(ad+P) T(y+d) 1—y (42)

Hz 1B (bz’a )(A) l(e)kl ltl_l

-y ; [T B(cia;) (W) (p)s T(al +B)

t§ d

_ A Apbkn
1—ydt

Mlx,ﬁ,y,ﬁ,y;u (ta a, Q; [oN P)
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Theorem 6. For meZ', a=(ay,a,...,a,),b=
(by,by,...5b,),c = (¢1,¢y- . .5 C,), Wherea;, by, ¢; € Cyi =

L,...,n such that R(a;),R(b,),R(c;)>0,Vi. Also let
By, 8,7 p,  0,teC,  min{R(a),R(P),R©H),R

D ()i QL Ti2y By (bia;) (A +

(0, R(A),R(O}>0 and ke (0,1)UN with k+R(p) <
RS +v+a), Im(p) =Im(d + v+ ), and mth derivative of

unified Mittag-Leffler function is given by

pm),y (0+km)y  (1+1),¢

s (W 55 TTE Bcina) (y +
Proof. Differentiating the unified Mittag-Leftler function m

times, we get

d " Ap,0k
,p,0,K.n .
(dt) Maﬁ,%a,[t,v (t7 a, b, [oN p)

dm)g (u+vm),; T (a(l+m)+p)

.., (I=(m-1)]F"

ZHI lB bt’a) /\)pl Kkl [l(l_
Hl IB(Cl’a )(Y)(Sl (‘u)vl

I'(al+f5)

[T B, (b a:) D),y ey Okt [(l+m)<l+m—1) L+

Z H; 1B(Cna)()’)a(1+m () 1em)

We know that (0),, = (0+a),(0),. Therefore, we
obtain

d\" ek
pOkn (.
(5) M“’ﬁ)%&w (t:a,b.c,p)

ocl+ﬁ)

Wy (O)yse STTi1 By (b @) (A + pr)y (6+ k) (1+1),,,¢

" W Wy S TTE Benar) (y +

Next, we give the definition of fractional integral op-
erator with unified Mittag-Leftler (Mfunction) as the kernel.

at,a.f,y,0,4,v

g
[oretkn g (f;g,lz,g,P)=J -0

WA p.Bikn b B-1
Lt vsunf (abcp) = L t-&"'M

Wlth Q: (al’aZ)---aan))b: (blabZ)---abn)’gz (C1>C27
...,¢,),wherea;, b,c,0eC;i=1,...,n such that
R(a,),Rb,),R(c;)>0,Vi. Also let «pB,y,8uvAp,

Sm)g (u+vm),; T(a(l+m)+p)

(43)

(44)

(45)

O

Definition 10. Let f € L,[a,b]. Then V& € [a,b], the frac-
tional integral operator with Mfunction as its kernel is

defined as follows:

MR (@(E= 0% a,b,c,p)f (£)dt,

o,B,7,0,1,V

o,B,7,0,1,V

L0kn (o (¢~ 8% a,byc, p) f (1)L,

(46)

6,t € C, min{R(a),R(B),R(y),R(),R(),R(O)}>0,
and ke (0,1)UN with k+R(p)<R(G+7v+a),

Im(p) =Im(+ v+ ).
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Remark 1. For n=1, by=c;+1lk, a;=0-1, c;=A, p=v=0, Theorem 7. Let f € L,[a,b]l. If a= (a;,a,...,a,),b=

0> 0, we obtain the fractional integral operator containing (by,b,,...,b,),¢c= (¢1,¢5,...,¢,), wherea;, b;,c;,w € C;i =
extended generalized Mittag-Leffler function in its kernel 1,...,n such that R(a,), ER(b) R(c;)>0,Vi. Also let
and is given by [5]; o B9, 0,4, A p,  O,teC, min{?{ (), R(B),R(y),R

£ (8, R(\),R(0)}>0, and ke (0,1)UN with k+R(p)<
‘”“kgf(f p) = J (E—t)’s_lEA"s’k’g(w(f—t)“,p)f(t)dt, R +v+a), Im(p) =Im(6+v+a), and then the frac-

Catafy wpy whp.bkn
P f is bounded on L, [a,b].

tional integral operator 1,7 5 5

b
ST &R = [ (-0 B -0 )
Proof Applymg 1-norm to the fractional integral operator

(47) Zﬂf By.our) > We get the following:

Now we give the proof of boundedness of the fractional
integral operator defined above.

bl &
.0k, 1, Apkn «
] Hj (€0 M (0(E D" abep)f (t)dt‘df
b b R(B)-1]| 5 ;Ap.0k:n “ b déld “
< | If@I ] -0 PME (0@ - 0% a b p)|ds|dt
By substituting £ -t =s, we obtain the following
inequality:
whp,0kn b bt R(B)—1| bk a
st o] [ g, oo plas]a
b P R (B 1]y Ok «
<] f(t>|“0 SO (050, p)]ds]dr
1_[1 1 B l) (/\)pl (e)kl (A)l |
i= 1 i vl r(“l +ﬁ)| (49)
PO R (LR (B-1
x JO S@OERETqq) 111,
© .\ B, bl,a)(a)pl(e)kl o (- | b O]
i B(ci u Tlal+B) R(a)l+ m(ﬁ)| v
w,\,p,0,k,n
1 A <Kl
where 4. Conclusions
1 R ()l
—'H’ 1By (80 a) W Oy _w (b-a) I(b — )R, In this paper, we extended the Mittag-Leffler function and

| T B(co “)(7)51 W T(ed+ ) R(l+R(B)| generalized Q function simultaneously. By applying the

(50)  Laplace, Euler beta, and Whittaker transformations on the
O unified Mittag-Leffler function, compact formulas are
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established from which formulas for generalized Q function
and extended generalized Mittag-Leffler function are de-
duced. These formulas also reproduce integral transfor-
mations of various deduced Mittag-Leftler functions.
Moreover, we proved the convergence of this unified Mittag-
Leffler function and constructed the associated fractional
integral operator. Our proposed unified Mittag-Leffler
function and constructed fractional integral operator will
give new directions to the researcher working in this field.
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