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In this paper, dynamic stiffness method is used to study the stability of multispan pipelines in temperature-dependent matrix. 0e
effects of temperature changes and different span combinations on the natural frequency, critical velocity, and critical pressure of
pipelines are discussed. 0e main conclusions are obtained and shown as follows. 0e increase of temperature will lead to the
decrease of the first three order natural frequencies. 0e first two order critical velocities and critical pressure of the system will
also decrease with increasing temperature.0e change of span combination has no influence on the first-order critical velocity and
first-order critical pressure of the system, but it has influence on the second order. 0e influence of the change of span
combination on the first-order natural frequency is regular, but that on the second-order and third-order is not. 0e increase of
the velocity will change the instability form of systems with different span combinations, while the change of the pressure inside
the tube will not change the instability form of the system.

1. Introduction

As an important transportation and storage carrier of gas
and liquid, pipeline plays an irreplaceable role in many
fields such as aerospace, energy, and biological sciences.
0e research on pipeline stability is always a hot topic.
Paı̈doussis and Li put forward that pipes’ conveying fluid
is a model dynamical problem [1]. Ibrahim and Li have
made overviews about mechanics of pipes’ conveying
fluids [2, 3]. Zhang et al. studied the two parameters
affecting the dynamics characteristics of a uniform con-
ical-assembled pipe conveying fluid [4]. Ni et al.
researched the natural frequency and stability analysis of a
pipe conveying fluid with axially moving supports im-
mersed in fluid [5]. Li et al. studied transient response of
multispan pipe conveying fluid [6]. Yang et al. researched
the adaptive vibration suppression of a pipe conveying
fluid [7]. Xu and Jiao studied the axial vibration of a tube
by interpolation [8].

In the application process, many pipelines are embedded
in various matrices, and many scholars have studied relevant
problems. Chang et al. researched flow-induced oscillations

of a cantilevered pipe-conveying fluid with base excitation
[9]. Lumentut and Friswell studied a smart pipe energy
harvester excited by fluid flow and base excitation [10].
Elaikh et al. researched the dynamic behavior of cracked
functionally graded material (FGM) pipe-conveying fluid
[11]. Wang and Liu discussed the transverse vibration of
FGM pipe-conveying fluid [12].

0e temperature change of the system is a key factor in
the stability analysis of the pipeline. Cao et al. studied the
effect of two cases of temperature distributions on vibration
of fluid-conveying functionally graded thin-walled pipes
[13]. Raminnea et al. investigated nonlinear higher order
Reddy theory for temperature-dependent vibration and
instability of embedded functionally graded pipe-conveying
fluid, nanoparticle mixture [14].

Compared with the existing literature, this paper in-
novatively introduces the concept of temperature-depen-
dent matrix and considers the influence of coupling effect of
variation in matrix elastic coefficient and axial force caused
by temperature change on pipeline stability. We analyze the
influence of not only temperature change but also different
span combinations on the stability based on critical velocity
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and pressure. 0e author hopes that this paper will help the
application of pipeline engineering.

0e structure of this paper can be summarized as follows:
firstly, the governing equation of the pipeline is established
based on Euler-Bernoulli beam theory, and then, the dy-
namic stiffness method is employed to solve the equation.
Finally, the effects of temperature change and different span
combinations on the natural frequency, critical velocity, and
critical pressure of pipelines are discussed.

2. Vibration Governing Equation

0e model of a multispan pipe embedded in the tempera-
ture-dependent matrix is demonstrated in Figure 1. 0e
length of the multispan pipeline is L1+ L2. U stands for flow
velocity. Ri and Ro stand for inner radius and outer radius,
respectively. Based on Euler-Bernoulli beam model theory,
the governing equation of the multispan pipe embedded in
the temperature-varying matrix can be deduced as [15, 16]
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wherem is the mass of pipe per unit length, t is the time, and
Nx is the axial force.
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where Q is shear force, Mb is bending moment, and EI is
bending stiffness.

K � K0 − aΔT (4)

where K0 is the initial matrix elasticity coefficient, a is its
coefficient varying with temperature, and T is the thermo-
dynamic temperature and the unit of T is Kelvin.

Fw is composed of centrifugal force, Coriolis force, and
inertia force:
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where M is the mass of fluid per unit length inside the pipe.

Nx � NT + Nm, (6)

where Nm is the additional axial force caused by internal
liquid pressure and NT is the axial load caused by temper-
ature change.

Nm � −pAf (7)

where p is fluid pressure and Af is fluid cross-sectional area.

NT � −
EAa

1 − 2]
ΔT. (8)

Substituting equations (2), (3), (5), (7), and (8) into (1),
the vibration governing equation is obtained as follows:
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3. Solution of the Governing Equation

In this paper, the dynamic stiffness method is adopted to
solve the control equation. Set

w(x, t) � W(x)e
iωt

, (10)

where W (x) is the set solution of displacement in the
frequency domain, ω is natural frequency, and i is imaginary
unit.

Substituting equation (10) into (9) yields
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0e solution form can be formulated as

W(x) � ce
ikx

, (12)

where k is wave number and c is undetermined constant.
Substituting equation (12) into (11) yields

EIk4 − MfU
2

+ pAf − Nx k
2

− 2ωMfUk + K − ω2
Mf + m  � 0. (13)
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0en, the solution of the displacement in the frequency
domain can be set to

W(ω, x) � 
4

j�1
wje

ikjx
. (14)

According to Euler–Bernoulli theory, the solutions of the
rotation angle, bending moment, and shear force in fre-
quency domain can be expressed as
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0e displacement of the mth unit node of the pipeline is
shown in Figure 2.

0e relationship between the node displacement and the
degree of freedom of the node in Figure 2 is shown as
follows:

Wml � W(0), φml � W′(0), Wmr � W lm( , φmr � W′ lm( , (18)

Mml � −M(0), Qml � −Q(0), Mmr � M lm( , Qmr � Q lm( ,

(19)

where lm is the length of the mth cell node of the pipeline,
subscript l represents the left end of the unit, and subscript r
represents the right end of the unit.

In the local coordinate system, the node displacement of
the unit can be expressed as follows:
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(20)

where λj � ikj (j� 1, 2, 3, 4).

Equation (20) can be expressed as

Wm � Ym(ω)wm, (21)

where Wm is the displacement vector and wm is the coef-
ficient vector.

0e force of the unit node can be expressed as
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where cj � ik3jEI and βj � −k2
jEI (j� 1, 2, 3, 4).

Equation (22) can be expressed as

Fm � Xm(ω)wm, (23)

where Fm is the nodal force vector.
From equation (21) and equation (23), the relationship

between the nodal force vector and the node displacement
vector of themth unit node of the pipeline can be obtained as
follows:

Fm � Km(ω)Wm, (24)

in which

Km(ω) � Xm(ω)Ym(ω)
−1

, (25)

where Km is the dynamic stiffness matrix of the mth unit
node of the pipeline.

0e dynamic stiffness matrix of the remaining subspan
units can be established in the same way. 0e relationship
between nodal displacements and nodal forces in the global
coordinate system of multispan pipeline embedded in the
temperature-dependent matrix can be constructed from the
unit dynamic stiffness matrix, which can be shown as

Kg(ω)Wg � Fg, (26)

where Kg is the dynamic stiffness matrix in the global co-
ordinate system,Wg is the displacement vector in the global
coordinate system, and Fg is the nodal force vector in the
global coordinate system.

Applying boundary conditions to Kg, we obtain
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Figure 1: 0e model of a multispan pipe embedded in the temperature-dependent matrix.
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Kcg(ω)Wcg � Fcg, (27)

where the subscript cg represents the matrices and vectors
that apply the boundary conditions. Set

h(ω) � det Kcg  � 0. (28)

0e natural frequency of the system can be obtained
from the above equation. In this paper, the real part of the
frequency is the vibration frequency (Re (ω)) and the
imaginary part is damping (Im (ω)).0e stability form of the
pipeline can be divided into three situations: stable state: (Re
(ω)> 0 and Im (ω)� 0), for divergence instability (Re (ω)� 0
and Im (ω) has negative value), and flutter instability (Re (ω)
> 0 and Im (ω) has negative value).

4. Calculation Results and Analysis

0e parameters of the pipeline, liquid, and elastic matrix are
shown as follows: L1+ L2 � 20m, Ro � 0.2m, and Ri � 0.19m,
the pipe density ρp � 7.93×103 kg/m3, elasticity modulus
E� 2.06×1011 Pa, v � 0.3, the density of liquid
ρf � 0.8×103 kg/m3, K0 �1× 105N/m, and a� 5000N/
(m×K).

In order to verify the correctness of the calculation
results in this paper, the data used in the study of Deng et al.
[17] are substituted into the calculation program used in this
paper, and we can get the results shown in Table 1. It can be
seen from the table that the results are highly consistent,
which proves the correctness of the calculation in this paper.

In order to study the influence of temperature change on
the first three order vibration frequency, critical velocity, and
stability of the multispan pipeline embedded in the tem-
perature-varying matrix and the influence of velocity change
on the natural frequency and stability of the pipeline, we take
p � 0, L1 � 10 m, and L2 �10 m, and the results are shown in
Figure 3 and Table 2.

By comprehensively analysis, Figure 3 obtains that, as the
velocity increases, when the real part of the first-order
natural frequency of the pipeline decreases to zero, the
corresponding flow velocity is the critical velocity. When it
reaches critical velocity, Im (ω) starts to have negative values,
so this velocity is also the velocity at which the first-order
divergence instability occurs. As the velocity continues to
increase, the second-order natural frequency of the system
decreases to 0, and the velocity is the second-order critical
velocity. Further increase of the flow velocity will lead to the

simultaneous occurrence of the first-order and second-order
divergence instability of the system.

WhenΔT� 0 andU� 0, the first-order natural frequency
is 55Hz, the second-order natural frequency is 81Hz, and
the third-order natural frequency is 201Hz. When ΔT� 0,
the first-order critical velocity is 252m/s, the second-order
critical velocity is 344m/s, the maximum value of first-order
imaginary value is 50 iHz, and the maximum value of sec-
ond-order imaginary value is 43 iHz. When ΔT�10K and
U� 0, the first-order natural frequency is 48Hz, the second-
order natural frequency is 76Hz, and the third-order natural
frequency is 195Hz. When ΔT�10K, the first-order critical
velocity is 220m/s, the second-order critical velocity is
320m/s, and the maximum value of first-order imaginary
value is 52 iHz, the maximum value of second-order
imaginary value is 49 iHz. When ΔT� 20K and U� 0, the
first-order natural frequency is 39Hz, the second-order
natural frequency is 70Hz, and the third-order natural
frequency is 190Hz. When ΔT� 20K, the first-order critical
velocity is 180m/s, the second-order critical velocity is
296m/s, the maximum value of first-order imaginary value
is 55 iHz, and the maximum value of second-order imagi-
nary value is 55 iHz.

0e above data shows that, with the increase of tem-
perature, the value of the first three natural frequencies of the
pipeline will decrease when the velocity is 0, and the critical
velocity of the first-two orders will also decrease. Moreover,
the first-order natural frequency decreases more obviously
than the second-order and third-order natural frequency,
and the first-order critical velocity decreases more obviously
than the second-order critical velocity. 0e imaginary value
of the system will change with the change of temperature,
but the form of instability of the system is always static. With
the increase of temperature change, the first-two imaginary
values gradually approach and eventually merge together.

In order to study the influence of temperature change on
the critical pressure of the multispan pipeline embedded in
the temperature-varying matrix and the influence of pres-
sure change on the natural frequency and stability of the
pipeline, we take U� 0, L1 � 10m, and L2 �10m, and the
results are shown in Figure 4 and Table 2.

When ΔT� 0 and p � 0, the first-order natural fre-
quency is 55Hz, the second-order natural frequency is
81Hz, and the third-order natural frequency is 201Hz.
When ΔT� 0, the first-order critical pressure is 5.1× 107N/
m2, the second-order critical pressure is 9.3×107N/m2, the
maximum value of first-order imaginary value is 53 iHz, and
the maximum value of second-order imaginary value is
22 iHz. When ΔT�10K and p � 0, the first-order natural
frequency is 48Hz, the second-order natural frequency is
76Hz, and the third-order natural frequency is 195Hz.
When ΔT�10K, the first-order critical pressure is
3.85×107N/m2, the second-order critical pressure is
8.15×107N/m2, the maximum value of first-order imagi-
nary value is 61 iHz, and the maximum value of second-
order imaginary value is 37 iHz. When ΔT� 20K and p � 0,
the first-order natural frequency is 39Hz, the second-order
natural frequency is 70Hz, and the third-order natural
frequency is 190Hz. When ΔT� 20K, the first-order critical

m − 1 m

lm

Wml Wmr

φml φmr

Figure 2: 0e displacement of the mth cell node of the pipeline.
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Table 1: Dimensionless natural frequency comparison (p � 0).

Dimensionless flow velocity Dimensionless natural frequency In this paper Deng et al. (2017)

U� 0
ϖ1 21.33 21.33
ϖ2 70.42 70.41
ϖ3 147.96 147.91

U� 1.5
ϖ1 20.24 20.24
ϖ2 69.52 69.52
ϖ3 147.08 147.04
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Figure 3: Continued.
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Figure 3: Frequency varies with flow velocity: (a) ΔT� 0, (b) ΔT�10K, and (c) ΔT� 20K.

Table 2: 0e key point data of Figures 3 and 4.

Temperature variation Natural frequency U� 0, p � 0 (Hz) Critical velocity (m/s) Critical pressure (N/m2)

ΔT� 0
1st order 55 1st order 252 1st order 5.1× 107

2nd order 81 2nd order 344 2nd order 9.3×107

3rd order 201

ΔT�10K
1st order 48 1st order 220 1st order 3.85×107

2nd order 76 2nd order 320 2nd order 8.15×107

3rd order 195

ΔT� 20K
1st order 30 1st order 180 1st order 2.6×107

2nd order 70 2nd order 296 2nd order 6.95×107

3rd order 190
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Figure 4: Continued.
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pressure is 2.6×107N/m2, the second-order critical pressure
is 6.95×107N/m2, the maximum value of first-order
imaginary value is 67 iHz, and the maximum value of sec-
ond-order imaginary value is 48 iHz.

By comprehensively analysis, Figure 4 obtains that the
influence of internal pressure change on system stability is
basically the same as that of flow velocity. With the increase of
pressure in the pipe, when Re (ω) decreases to zero, the
corresponding pressure is critical pressure. 0e critical
pressure is also the pressure of its first-order divergence in-
stability. As the pressure continues to increase, the second-
order natural frequency of the system decreases to 0, and the
pressure at this time is the second-order critical pressure. If

the pressure continues to increase, the first- and second-order
divergence instability of the system will occur simultaneously.

0e effect of temperature change on critical pressure is
similar to that on critical velocity. And, the first and second
critical pressure decrease obviously with the increase of
temperature. 0e imaginary value of the system will change
with the change of temperature, but the form of instability of
the system is always divergence instability. With the increase
of temperature, the imaginary values of the first two orders
have no tendency to get closer.

In order to make the results of Figures 3 and 4 more
intuitive, the data results of Figures 3 and 4 are summarized
as Table 2.
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Figure 4: Frequency varies with pressure: (a) ΔT� 0, (b) ΔT�10K, and (c) ΔT� 20K.
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In order to study the influence of different span com-
binations on critical pressure, critical velocity, natural fre-
quency, and stability of the multispan pipeline embedded in
the temperature-varying matrix, we take T� 0, and the re-
sults are shown in Figure 5 and Table 3.

When L1 � 10m, L2 �10m, U� 0, and p � 0, the first-
order natural frequency is 55Hz, the second-order
natural frequency is 81Hz, and the third-order natural
frequency is 201Hz. When L1 � 10m and L2 �10m, the
first-order critical velocity is 252m/s, the second-order
critical velocity is 344m/s, the first-order critical
pressure is 5.1× 107N/m2, and the second-order critical
pressure is 9.3×107N/m2. When L1 � 10m, L2 �10m,
and U� 400m/s, the maximum imaginary of the first-
two orders occurs, the maximum value of first-order
imaginary value is 50 iHz, and the maximum value of
second-order imaginary value is 43 iHz. When
L1 � 10m, L2 �10m, and p� 10×107N/m2, the maxi-
mum imaginary of the first-two orders occurs, the
maximum value of first-order imaginary value is
53 iHz, and the maximum value of second-order
imaginary value is 22 iHz. With the increase of velocity
and pressure, the value of imaginary changes in the
parabolic form.

When L1 � 12m, L2 � 8m, U� 0, and p � 0, the first-
order natural frequency is 48Hz, the second-order
natural frequency is 100Hz, and the third-order natural
frequency is 163Hz. When L1 � 12m and L2 � 8m, the
first-order critical velocity is 252m/s, the second-order
critical velocity is 348m/s, the first-order critical
pressure is 5.05×107N/m2, and the second-order
critical pressure is 9.65×107N/m2. When L1 � 12m,
L2 � 8m, and U� 400m/s, the maximum value of the
imaginary is 47 iHz; when U� 356m/s, there is an
obvious inflection point in the first-order imaginary
change diagram, where the second-order imaginary
occurs and coincides with the first-order imaginary.
When L1 � 12m, L2 � 8m, and p � 10× 107N/m2, the
maximum imaginary of the first-two orders occurs, the
maximum value of first-order imaginary value is
49 iHz, the maximum value of the second-order
imaginary value is 20 iHz; with the increase of pressure,
the value of imaginary changes in the parabolic form.
When L1 � 16m, L2 � 4m, U� 0, and p � 0, the first-
order natural frequency is 35Hz, the second-order
natural frequency is 92Hz, and the third-order natural
frequency is 188Hz. When L1 � 16m and L2 � 4m, the
first-order critical velocity is 248m/s, the second-order
critical velocity is 332m/s, the first-order critical
pressure is 4.9×107N/m2, and the second-order critical
pressure is 9.05×107N/m2. When L1 � 16m, L2 � 4m,
and U� 400m/s, the maximum value of imaginary
value is 46 iHz; when U� 332m/s, there is an obvious
inflection point in the first-order imaginary change
diagram, where the second-order imaginary occurs and
coincides with the first-order imaginary. When
L1 � 16m, L2 � 4m, and p� 10×107N/m2, the

maximum imaginary of the first-two orders occurs, the
maximum value of the first-order imaginary value is
44 iHz, and the maximum value of the second-order
imaginary value is 25 iHz; with the increase of pressure,
the value of imaginary changes in the parabolic form.

By comprehensively analysis Figure 5 obtains that dif-
ferent span combinations have little influence on the first-
order critical velocity. When the span combination is
16m+ 4m, the second-order frequency of the system does
not decrease to zero, which is obviously different from the
previous two span combinations. 0e increase of the length
of the first section of the pipeline will lead to the decrease of
the first-order critical pressure of the system, but the change
rule of the second-order critical pressure is not obvious. In
addition, among the three span combinations, the
12m+ 8m span combinations have the highest second-
order critical pressure, and the 16m+ 4m span combina-
tions have the lowest second-order critical pressure. When
U� 0 and T� 0, with the first section of the pipeline length
increasing and the length of the second section of the
pipeline decreasing, the first-order natural frequency will
decrease, but the system of second-order natural frequency
will increase after the first decreases, and the change law of
the third-order natural frequency is opposite with the sec-
ond-order natural frequency. As the flow velocity increases,
different span combinations will eventually lead to the in-
stability form of the system change. When the span com-
binations is 10m+ 10m, the first-order divergence
instability of the system will occur, and then the first and
second-order divergence instability will occur. When the
span combinations are 12m+ 8m, the divergence instability
of the system will occur. With the increase of flow velocity,
the first-order imaginary change rule of the absolute value is
that it first increases then decreases and then increases and
the second-order imaginary will appear and will soon
coupled with the first-order imaginary. It will eventually lead
to the divergence instability of the system under the coupling
of the first and second modes. When the span combinations
is 16m+ 4m, the instability form of the system will be
different from the previous two. 0e second-order natural
frequency of the system does not change to 0, which can lead
to flutter instability of the system. With the increase of flow
velocity, the first-order imaginary change rule of the ab-
solute value is that it first increases then decreases and then
increases and the second-order imaginary will appear and
will soon coupled with the first-order imaginary. Finally, the
system will change from divergence instability to flutter
instability under the coupling of the first and second modes.

With the increase of pipeline internal pressure, the in-
stability forms caused by different span combinations are
exactly the same, which are the first divergence instability in
the first-order mode, and then there is the divergence in-
stability in the first-order mode and the second-order mode
at the increase of internal pressure.

In order to make it easier for readers to understand the
instability modes changes of pipelines with different span
combinations, we summarize the instability modes and
critical points in Figure 5 and Table 3.
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Figure 5: Continued.
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Figure 5: Continued.
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Figure 5: Different span combinations: (a) 10m+ 10m, (b) 12m+ 8m, and (c) 16m+ 4m.

Table 3: Instability modes and critical points under different span combinations.

Span combination Instability mode (U m/s) Instability mode (p N/m2)

L1 � 10m, L2 �10m 1st order divergence instability 252 1st order divergence instability
5.1× 107

1st and 2nd order divergence instability 344 1st and 2nd order divergence instability 9.3×107

L1 � 12m, L2 � 8m 1st order divergence instability 252 1st order divergence instability
5.05×107

1st and 2nd order coupling divergence instability 348 1st and 2nd order divergence instability 9.65×107

L1 � 16m, L2 � 4m 1st order divergence instability 248 1st order divergence instability
4.9×107

1st and 2nd order coupling flutter instability 332 1st and 2nd order divergence instability 9.05×107
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5. Conclusions

0rough summarizing and sorting out the results of this
paper, the conclusions are shown as follows:

(1) 0e increase of temperature will lead to the reduction
of the first three natural frequencies of the system
when the flow velocity and pressure are 0, among
which the first natural frequency decreases most
obviously. 0e increase of the temperature also leads
to a significant decrease in the first-two order critical
flow velocity and pressures, and the decrease in the
first critical flow velocity is more obvious than that in
the second. 0e increase of the temperature has a
certain influence on the change of imaginary value,
but it does not change the mode of system instability.

(2) 0e change of span combinations has little influence
on the first-order critical velocity and first-order
critical pressure of the system. However, it will cause
the second-order critical pressure and the velocity of
the system change. When U� 0 and T� 0, the first-
order natural frequency of the system obviously
increases and then decreases as the length of the first
pipe increases, but the second-order and third-order
natural frequency changes have no such phenomena.

(3) 0e increase of flow velocity will lead to the change of
the instability form of different span combination
systems, while the pressure change in the pipeline
will not lead to the change of the instability form of
different span combinations.
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