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As the signals of Galileo and the global BDS-3 navigation satellite system have been accessible, positioning users can use quad-
frequency even five-frequency signals nowadays. With multifrequency signals, one can form some useful combinations to
improve the positioning performance, e.g., the widely used extra-wide-lane (EWL)/wide-lane (WL) in triple-frequency cases.
For quad-frequency or five-frequency cases, better positioning performance can be expected since additional frequencies are
introduced. In this study, we systematically analyse the benefits of Galileo and BDS-3 quad-frequency signals on long-baseline
instantaneous positioning. First, the theoretical analysis of EWL/WL ambiguity resolution (AR) and satellite-station range
estimation with a single-satellite geometry-free and ionosphere-free model is studied, along with the comparison with triple-
frequency cases. Second, using the quad-frequency advantages, an instantaneous decimeter-level positioning model is
proposed, where the geometry-free model is adopted for the first two EWLAR and the geometry-based model is adopted for the
third WL AR. In the end, the AR and positioning performance are evaluated using real long-baseline date containing Galileo
and BDS-3 quad-frequency observations. (e results indicate that, with quad-frequency observations, both Galileo and BDS-3
EWL/WL ambiguities can be fixed reliably with a single epoch. Contributed by the resolved EWL/WL ambiguities, in-
stantaneous decimeter-level positioning can be obtained, with the accuracies of 0.116m/0.126m/0.351m in north, east, and up
directions, respectively.

1. Introduction

Chinese BDS-3 has started to provide full operational ca-
pability services by July 31, 2020. Along with GPS, GLO-
NASS, and Galileo, many more satellites and frequencies are
becoming available. At present (September 21, 2020), there
are 22 usable Galileo satellites and 29 usable BDS-3 satellites
in orbit. All these satellites can transmit more than three
frequencies for positioning, navigation, and timing (PNT)
service, where Galileo transmits signals on five frequencies
centered at E1 (1575.42MHz), E5a (1176.45MHz), E5b
(1207.14MHz), E5 (1191.795MHz), and E6 (1278.75MHz)
[1], and BDS-3 transmits signals on five frequencies centered
at B1C (1575.42MHz), B1I (1561.098MHz), B2a (1176.45
MHz), B2b (1207.14MHz), and B3I (1268.52MHz) [2].

With the availability of signals from more frequencies, the
performance of real-time kinematic (RTK) is expected to be
further improved, since more observation redundancies are
introduced and more possible combinations can be formed
[3, 4].

Researches about using multifrequency GNSS have been
started since the late 1990s, when Forssell et al. [5] and
Vollath et al. [6] first proposed the classical three-frequency
ambiguity resolution (TCAR) method. Enge et al. [7] and
Hatch et al. [8] proposed the cascaded integer resolution
(CIR) method, which also adopted the stepwise geometry-
free (GF) rounding strategy like TCAR. After that, many
researchers further proposed some modified triple-fre-
quency AR or positioning model. Compared with the early
GF models, Vollath [9], Feng and Rizos [10], Hatch [11],
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Feng and Li [12], and Tang et al. [13] applied the geometry-
based (GB) model to multiple-carrier AR as well, which can
further enhanced the ARmodel strength. Generally, whether
the GF or GB model, the basic and also the core idea of these
models is using the advantages of some extra-wide-lane
(EWL)/wide-lane (WL) combinations, which usually has the
characteristics of long wavelength, week ionosphere effect,
or relative low noise [14]. With these triple-frequency
models, cycle slip detection and repair, ambiguity resolution,
and positioning accuracy have been verified to be signifi-
cantly improved.

Among the numerous advantages of multifrequency
GNSS signals, a notable advantage is that some EWL/WL
ambiguities can be resolved more easily, even with only a
single epoch in some cases. Single-epoch AR essentially
support instantaneous positioning, which will be very
meaningful for some applications, e.g., precise vehicle
navigation and self-driving. In these application scenarios,
users prefer the faster (even instantaneous), more contin-
uous, and more reliable positioning and navigation per-
formance [15, 16]. Although short-baseline instantaneous
centimeter-level RTK positioning with multisystem obser-
vations is possible, it is limited by the short-baseline length.
Network-RTK enables large-scale positioning situation;
however, it needs dense reference stations, which is usually
unavailable for some special cases, e.g., offshore positioning.
For medium or long baselines, instantaneous narrow-lane
(NL) AR has always been difficult due to the short wave-
length and easily affected by the unmodelled errors, even
though multifrequency observations are applied [17]. An-
other rapid precise positioning approach is using ambiguity-
resolved EWL/WL carrier phase observations, which can be
seen as more precise pseudoranges [15, 18]. With triple-
frequency simulated data, Li et al. [18] and Feng and Li [19]
proposed the long-range RTK positioning model, and in-
stantaneous submeter- to meter-level positioning could be
obtained. If the amplified noise could be smoothed with NL
carrier phase multiple epochs, the positioning results would
be more precise. Later with real triple-frequency observa-
tions gradually available from BDS-2, GPS, and Galileo, the
positioning performance using ambiguity-resolved EWL/
WL carrier phase observations is verified [20–22]. In recent
two years, Laurichesse and Banville [23] and Geng et al.
[24, 25] also using ambiguity-resolved EWL/WL in

undifferenced precise point positioning (PPP) to obtain
rapid positioning results.

Nowadays, Galileo and BDS-3 signals with more than
three frequencies have been feasible for most survey-grade
receivers. It is necessary to reveal the benefits of these
multifrequency signals on PNTservices. In this study, we will
develop the combined Galileo and BDS-3 quad-frequency
signals, i.e., Galileo E1, E5a, E5b, and E6 and BDS-3 B1C,
B1I, B2a, and B3I signals, on long-baseline instantaneous
positioning. (e rest of this paper is organized as follows: in
Section 2, the basic observation equations for quad-fre-
quency combinations are introduced, together with the
stochastic model for the observation equations. In Section 3,
theoretical analysis of quad-frequency EWL/WL AR and
range estimation is studied, and an instantaneous decimeter-
level positioning model is proposed. In Section 4, we mainly
test the single-epoch AR and instantaneous positioning
performance using real long-baseline quad-frequency data.
Some conclusions will be given in Section 5.

2. Materials and Methods

2.1. Fundamental Equations and Corresponding Stochastic
Model. Without loss of simplicity, double-difference (DD)
carrier phase and pseudorange observation equations in
meters can be described as follows:

Δϕj � Δρ + ΔT − ηjΔI1 + λjΔNj + Δεϕj
,

ΔPj � Δρ + ΔT + ηjΔI1 + ΔεPj
,

⎧⎨

⎩ (1)

where Δ is the station- and satellite-difference double-dif-
ference operator; ϕ is the carrier phase observation and p is
pseudorange observation; ρ represents geometric distance
from satellite to receiver; T is the troposphere delay; I1 is the
first-order ionosphere delay on the first frequency;
ηj � f2

1/f
2
j represents the ionosphere scale factor on jth

frequency; fj is signal frequency; λj is the wavelength at the
corresponding frequency; Nj is the integer phase ambiguity;
εϕj

and εPj
represent the noise for carrier phase and pseu-

dorange measurement, respectively.
With quad-frequency signals for Galileo or BDS-3, the

carrier phase and code linear observation combinations can
be formulated as

Δϕ(i,j,k,m) �
i · f1 · Δϕ1 + j · f2 · Δϕ2 + k · f3 · Δϕ3 + m · f4 · Δϕ4

i · f1 + j · f2 + k · f3 + m · f4
,

ΔP(i,j,k,m) �
i · f1 · ΔP1 + j · f2 · ΔP2 + k · f3 · ΔP3 + m · f4 · ΔP4

i · f1 + j · f2 + k · f3 + m · f4
,

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(2)
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where the subscript i, j, k, m are integer coefficients of
combinations. For the combined observations, the corre-
sponding f(i,j,k,m), λ(i,j,k,m), η(i,j,k,m), N(i,j,k,m) can be
expressed as

f(i,j,k,m) � i · f1 + j · f2 + k · f3 + m · f4,

λ(i,j,k,m) �
c

f(i,j,k,m)

,

η(i,j,k,m) �
f
2
1 i/f1 + j/f2 + k/f3 + m/f4( 

f(i,j,k,m)

,

ΔN(i,j,k,m) � i · ΔN1 + j · ΔN2 + k · ΔN3 + m · ΔN4.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(3)

(eoretically, i, j, k, m could be arbitrary integers, so that
an infinite number of combinations can be formed.
According to the existing researches, the sum of those
observation combinations with long wavelength, week
ionosphere effect, and low noise is equal to 0. In the study,
we mainly focus on the instantaneous positioning based on
single-epoch AR; thus only those carrier phase EWL/WL
combinations with i + j + k + m � 0 are considered.
According to the previous study in [20,22], only n− 1 in-
dependent EWL/WL combinations can be formed for n
frequencies. (en for the purpose of instantaneous posi-
tioning calculation, the carrier phase observations in (1) can
be replaced with three independent EWL/WL combinations,
as in the following equation:

Δϕ i1 ,j1 ,k1 ,m1( ) � Δρ + ΔT − η i1 ,j1 ,k1 ,m1( )ΔI + λ i1 ,j1 ,k1 ,m1( )ΔN i1 ,j1 ,k1 ,m1( ) + Δεϕ i1 ,j1 ,k1 ,m1( )
,

Δϕ i2 ,j2 ,k2 ,m2( ) � Δρ + ΔT − η i2 ,j2 ,k2 ,m2( )ΔI + λ i2 ,j2 ,k2 ,m2( )ΔN i2 ,j2 ,k2 ,m2( ) + Δεϕ i2 ,j2 ,k2 ,m2( )
,

Δϕ i3 ,j3 ,k3 ,m3( ) � Δρ + ΔT − η i3 ,j3 ,k3 ,m3( )ΔI + λ i3 ,j3 ,k3 ,m3( )ΔN i3 ,j3 ,k3 ,m3( ) + Δεϕ i3 ,j3 ,k3 ,m3( )
.

⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(4)

Although the selected three EWL/WL combinations in
(4) are independent, the cross correlations still need to be
properly handled in the stochastic model, as the basic carrier
phase measurements are crossly used in these combinations.
In addition, when forming the difference among satellites,
the correlation between the reference satellite and non-
reference satellites also needs to be considered. Considering
the two kinds of correlations, the stochastic model matrix R
for the uncombined pseudorange observations and the
combined carrier-phase observations can be expressed as

R �
RΔP

RΔϕ
⎡⎣ ⎤⎦ �

D1RΔP,0D
T
1

D3 D2RΔϕ,0D
T
2 DT

3

⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦,

(5)

where RΔP and RΔϕ represent the pseudorange part and
carrier phase part, respectively. RΔP,0 and RΔϕ,0 represent the
stochastic model matrix of independent station-differenced
(SD) pseudorange and carrier phase observations, respec-
tively, as

RΔP,0 � diag σ2ΔP1,1
, σ2ΔP2,1

, σ2ΔP3,1
, σ2ΔP4,1

, . . . , σ2ΔP1,n
, σ2ΔP2,n

, σ2ΔP3,n
, σ2ΔP4,n

  ,

RΔϕ,0 � diag σ2Δϕ1,1
, σ2Δϕ2,1

, σ2Δϕ3,1
, σ2Δϕ4,1

, . . . , σ2Δϕ1,n
, σ2Δϕ2,n

, σ2Δϕ3,n
, σ2Δϕ4,n

  .

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

(6)

In (6), σ2ΔPj,n
and σ2Δϕj,n

(j � 1, 2, 3, 4) represent the
variances of SD pseudorange and carrier phase, respec-
tively, where the second subscript 1, . . . , n refers to the
satellite index. Further, σ2ΔPj,n

and σ2Δϕj,n
can be derived

based on the exponential elevation weighting function [26]
and SD amplification. Empirically, we set the a priori ze-
nith-referenced phase and code precision (standard

deviation) for undifferenced observations empirically to
2mm and 30 cm, respectively, in this study. (e satellite-
difference operation matrix D1 for pseudorange observa-
tions, the cross correlation operation matrix D2, and the
satellite-difference operation matrix D3 for combined
carrier phase observations can be expressed as in the fol-
lowing equations:

Mathematical Problems in Engineering 3



D1 � −I4×4 ⊗ en−1 I4×4 ⊗ I(n−1)×(n−1) , (7)

D2 �

i1 · f1

f i1 ,j1 ,k1 ,m1( )

j1 · f2

f i1 ,j1 ,k1 ,m1( )

k1 · f3

f i1 ,j1 ,k1 ,m1( )

m1 · f4

f i1 ,j1 ,k1 ,m1( )

i2 · f1

f i2 ,j2 ,k2 ,m2( )

j2 · f2

f i2 ,j2 ,k2 ,m2( )

k2 · f3

f i2 ,j2 ,k2 ,m2( )

m2 · f4

f i2 ,j2 ,k2 ,m2( )

i3 · f1

f i3 ,j3 ,k3 ,m3( )

j3 · f2

f i3 ,j3 ,k3 ,m3( )

k3 · f3

f i3 ,j3 ,k3 ,m3( )

m3 · f4

f i3 ,j3 ,k3 ,m3( )

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⊗ In×n, (8)

D3 � −I3×3 ⊗ en−1 I3×3 ⊗ I(n−1)×(n−1) . (9)

In order to avoid the intersystem biases [27, 28], Galileo
and BDS-3 observations are processed with the conventional
intrasystem model; i.e., no intersystem differencing is
formed.

2.2.4eoreticalAnalysis of EWL/WLAmbiguity Fixing and Its
Benefits on Range Estimation. In (4), one has many choices
for selecting three independent EWL/WL combinations.
However, for the purpose of reliable AR and positioning
estimation, we need to find the optimal choices. For the
aspect of positioning, actually arbitrary three independent
ambiguity-resolved EWL/WL combinations will lead to the
same results [22]. (en we only need to be concerned with
the EWL/WL selection for AR performance. A reasonable
criterion is that the EWL/WL AR should have maximal
success rate, i.e., the minimum variance. However, it is
complicated to determine the three combinations simulta-
neously through rigorous theoretical derivation. Here, we
adopt the strategy proposed by Laurichesse and Banville
[23], where a sequential determination method is used with
considering the constraint of the fixed ambiguities to unfixed
ambiguities. In their method, a simple geometry-free and
ionosphere-free (GIF) model with estimation of the DD
satellite-station ranges is adopted, so that the quantized
ambiguity and range precision can be derived from the
parameter variances. For each DD satellite-pair, combining
the four uncombined pseudorange observations and the first
EWL combination with undetermined coefficients, we si-
multaneously estimate three parameters, i.e., the compre-
hensive DD satellite-station range which contains Δρ, ΔT,
and other geometric items, the DD ionosphere delay ΔI, and
the EWL ambiguity. (e alternative integer coefficients
i, j, k, m are selected within [−10, 10]. During the adjustment
calculation, the DD pseudorange and carrier phase precision
are set as 0.5m and 5mm, respectively. In these alternative
combinations, we can choose the candidate with minimum
ambiguity variance as the first EWL combination. Referring
to the frequency order of Galileo E1-E5a-E5b-E6 and BDS-3
B1C-B1I-B2a-B3I, Galileo (0, −1, 1, 0) and BDS-3 (1, −1, 0, 0)
are the best in all combinations, with the ambiguity precision
of 0.043 cycles and 0.041 cycles, respectively (shown in
Table 1). According to the formula for rounding success rate

in (10) [29], the high-precision float ambiguities can be
reliably fixed with a priori success rate of almost 100%.

P(−0.5<x< 0.5) � 
0.5

−0.5

1
σ

���
2π

√ exp −
x
2

2σ2
 0x. (10)

When the first EWL ambiguity is fixed, the ambiguity-
resolved EWL observation can be treated as pseudorange to
assist the following ambiguity estimation. (e second op-
timal EWL/WL combinations are not unique, as there are
several combinations that have the same minimum vari-
ances with 0.060 cycles and 0.110 cycles, respectively, in each
system. For simplicity, in these optimal combinations we
select the ones with small coefficients as the representatives,
which are (0, 0, −1, 1) for both Galileo and BDS-3. Overall,
the second EWL ambiguities can also be fixed reliably with
high a priori success rate larger than 99.9%. Meanwhile,
from Table 1 we can see that even though the second EWL
ambiguity is resolved directly without the constraint from
the first fixed EWL ambiguity, it can also be fixed with high
success rate. Particularly for BDS-3, there was almost no
difference with or without the constraint, although more
decimals are not shown. (is means that the first and the
second EWL ambiguities can be resolved simultaneously
instead of being resolved sequentially. (is can slightly
simplify the sequential calculation process.

In Table 1, the corresponding range precision is also
calculated under the constraint with different number of
fixed EWL/WL ambiguities. From Table 1, we can see after
fixing two EWL ambiguities that the range precision can be
slightly improved from 1.249m to 1.169m for Galileo and
from 1.012m to 0.816m for BDS-3. However, this im-
provement is not significant and still cannot meet the de-
mand of decimeter-level positioning. (us the third EWL or
WL ambiguity further needs to be resolved. With the
constraint of the two ambiguity-resolved EWL observations,
all the third independent EWL or WL combinations will
have the same precision as well as the range precision, al-
though not all results are listed here. From the table, we can
see Galileo has the ambiguity precision of 0.298 cycles and
BDS-3 has the precision of 0.209 cycles, which correspond to
the rounding success rates of 90.7% and 98.3%, respectively.
Unlike the first two EWL ambiguities, it cannot be fixed to an
integer reliably by rounding directly. Here, we adopt the
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geometry-based model which is a function of baseline pa-
rameters to enhance the model strength. If the third WL
ambiguity can also be fixed successfully, it is worth noting
that the range estimation can get a remarkable precision, as
0.316m for Galileo and 0.333m for BDS-3, and thus support
decimeter-level positioning in theory.

To reveal the benefits of Galileo and BDS-3 quad-frequency
signals compared with the existing triple-frequency GPS and
BDS-2, the EWL/WL ambiguity and corresponding range
estimation precision in triple-frequency case are listed in Ta-
ble 2. (rough comparison between Tables 1 and 2, we can see
the optimal EWL ambiguities in triple-frequency cases can also
get a high precision less than 0.1 cycles. For the WL AR, the
quad-frequency cases are better than that in triple-frequency
cases on the whole, especially in BDS-3. (e most significant
improvement is range estimation precision, which is from
0.483m (GPS) and 0.516 (BDS-2) to 0.316m (Galileo) and
0.333m (BDS-3), with the improvement over 30%. (is is also
the benefit of using the fourth frequency signal.

According to the analysis above, we conclude that the
first two EWL ambiguities can be fixed reliably with single-
epoch GF model whether for Galileo or BDS-3. Although it
may get better AR performance using geometry-based
model, the computing efficiency is also a factor which should
be considered due to the high-dimensional parameters in
multifrequency case. Besides, with the GF model, we can
easily determine the EWL ambiguity subset by judging the
fractional part of ambiguities, so that reliable ambiguity
subset can be easily determined. (us, in this study, we
resolved the first two EWL ambiguities with GF model
directly. However, for the third WL ambiguity, since the GF
model cannot obtain an ideal precision with a single epoch,
the GB model is adopted. In general, as the flowchart in
Figure 1, the computing efficiency and AR reliability are
coordinately taken into account.

3. Results and Discussion

3.1. DataDescription and Processing Strategy. In this section,
we mainly test the single-epoch EWL/WL AR and instan-
taneous positioning performance using real Galileo and
BDS-3 data. (e data of a baseline with the length of
104.2 km were collected on May 9, 2020, using the Trimble
Alloy receiver in Shanxi Province, China.(e data collection

lasted for 24 hours with the sampling interval of 10 s. Since
the instantaneous positioning is emphasized, all the calcu-
lation process is carried out with the single-epoch mode.
Besides the instantaneous positioning, the troposphere de-
lays are directly corrected with the empirical GPT2w model
[30], as if the zenith tropospheric delays (ZTD) or relative
zenith tropospheric delay (RZTD) is estimated as unknown
parameter(s); it will take a long time for convergence due to
the correlation with the height component. Actually, with
the advanced empirical model, the relative troposphere
delays can be correct with over 90% and just have small
residual errors. (e DD ionosphere delays are estimated
with consideration of the arbitrariness as no effective em-
pirical model like troposphere delays can be used for long
baselines.

(e sky plots of the Galileo and BDS-3 satellites used in
the long-baseline are shown in Figure 2. We can see at
present that BDS-3 has better visibility than Galileo in China
region, as there are several GEO and IGSO satellites in BDS-
3 over Asian-Pacific region and also because Galileo is still in
construction period. (e numbers of Galileo and BDS-3
visible satellites for the baseline with a cut-off elevation of 10°
are given in Figure 3. We can see with combined Galileo and
BDS-3 that there are no less than 10 satellites available at all
24-hour time. (is means that some specific positioning
applications which rely on quad-frequency or five-frequency
have been feasible. (e corresponding position dilution of
precision (PDOP) is shown in Figure 4. With combined
Galileo and BDS-3, we can get a good PDOP smaller than
3.0. Similar to the analysis for Figure 2, this also indicates
that the Galileo and BDS-3 can support standalone posi-
tioning without GPS and other systems.

3.2. EWL AR Performance with Geometry-Free Model.
About the EWL/WL ambiguity resolution, we first inves-
tigate the single-epoch EWL AR performance. Figures 5 and
6 show the distribution of EWL ambiguity fraction biases
and the corresponding statistics for Galileo and BDS-3,
respectively. In theory, the fraction biases may not be equal
to the true ambiguity bias due to the integer part. However,
after the comparison with the postprocessing multiepoch
results, all the EWL ambiguities are confirmed to be fixed
correctly in this baseline. From Figures 5 and 6, we can see

Table 1: Ambiguity and range estimation precision for quad-frequency Galileo and BDS-3.

Parameters Wavelength (m)
Number of fixed EWL/WL ambiguities

0 1 2 3
Galileo
E5a–E5b: (0, −1, 1, 0)/cycles 9.77 0.043 — — —
E5b–E6: (0, 0, −1, 1)/cycles 4.19 0.070 0.060 — —
E1–E5a: (1, −1, 0, 0)/cycles 0.75 0.379 0.358 0.298 —
Range/m — 1.249 1.173 1.169 0.316
BDS-3
B1C–B1I: (1, −1, 0, 0)/cycles 20.93 0.041 — — —
B2a–B3I: (0, 0, −1, 1)/cycles 3.26 0.110 0.110 — —
B1I–B2a: (0, 1, −1, 0)/cycles 0.78 0.323 0.314 0.209 —
Range/m — 1.012 0.949 0.816 0.333
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Table 2: Ambiguity and range estimation precision for triple-frequency GPS and BDS-2.

System Frequencies EWL/cycles WL/cycles Range/m Range (pseudorange)/m
GPS L1, L2, L5 0.066 0.359 0.483 1.273
BDS-2 B1I, B2I, B3I 0.077 0.302 0.516 1.433

WL ambiguity fixing using lambda method

Positioning estimation with pseudorange

Yes

No

Galileo and BDS-3 DD
pseudorange and carrier phase observation

Forming carrier phase EWL/WL combinations

Resolving two EWL ambiguities with
geometry-free and ionosphere-free model

Threshold test of EWL ambiguity fraction
with bm = 0.2

Number of DD sat. with
successfully resolved EWL ≥ 4

Parameter estimation with constraint of resolved
integer EWL ambiguities

Selecting WL ambiguity subset for fixing with
corresponding EWL resolved and elevation ≥ 20°

Positioning estimation with resolved integer EWL
and WL ambiguities

Figure 1: (e AR and positioning flowchart.
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Figure 2: (e sky plots of Galileo (a) and BDS-3 (b) satellites in the used baseline.
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Figure 5: Continued.
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Figure 5: Distribution of Galileo EWL ambiguity fraction biases and the corresponding statistics. (a) Distribution of (0, −1, 1, 0) fraction
biases. (b) Distribution of (0, 0, −1, 1) fraction biases. (c) Cumulative distribution of EWL fraction biases.
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with the unbiased GF and IF model that most of the EWL
fraction biases are almost within ±0.2 cycles and with the
mean value of nearly zero. For Galileo, the RMS of the two
EWL ambiguity biases are 0.0321 cycles and 0.0465 cycles,
while for the BDS-3 they are 0.0229 cycles and 0.0638 cycles.
From the high-precision results, we confirm with real data
that the first two EWL ambiguities can be resolved very
reliably with single epoch. Besides, the EWL AR model is
baseline-length independent, since it has to eliminate the
troposphere error, ionosphere error, and orbital errors, etc.
In practical use, we can further control the AR reliability by
checking the fraction bias with a set threshold. In this study,
referring to the research in [31, 32], the fraction threshold for
rounding is set as 0.2.

3.3. WL AR Performance with Geometry-Based Model.
After the EWL ambiguities are resolved, the WL ambiguities
can be constrained with the ambiguity-resolved EWL ob-
servations as in (4). As analysed previously, the thirdWL AR
with single-epoch GF model cannot get an ideal precision,
and thus they are resolved with GB model. In GB model, the
baseline components are estimated together with the WL
ambiguities, and the residual troposphere errors after cor-
rection are still ignored for the instantaneous convergence.
(e least-squares ambiguity decorrelation adjustment
(LAMBDA) method [33] is adopted to fix integer ambi-
guities due to the correlation among ambiguities. In the WL
GB model, the geometric errors are not completely elimi-
nated and the float ambiguities with low elevation are easily

affected by the residual geometric errors, measurement
noises and multipath effects. (erefore, for the reliable and
fixing efficiency, only the ambiguity subset with elevation
larger than 20° is selected to be fixed.

Figure 7 shows the ambiguity dilution of precision (ADOP)
series for the WL ambiguity subset, where the red dotted line
represents the commonly used threshold of 0.12 cycles, which
corresponds to an ambiguity success rate larger than 99.9%.We
can see with the GB model and the constraint of EWL ob-
servations that theWL ambiguities can be resolved with high a
priori success rate. (is guarantees the feasibility of model
strength for single-epoch ambiguity resolution. Figure 8 shows
the ratios of WL AR with LAMBDA, where Figure 8(a) rep-
resents the overall ratios and Figure 8(b) represents the ratios
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Figure 6: Distribution of BDS-3 EWL ambiguity fraction biases and the corresponding statistics. (a) Distribution of (1, −1, 0, 0) fraction
biases. (b) Distribution of (0, 0, −1, 1) fraction biases. (c) Cumulative distribution of EWL fraction biases.
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Figure 7: ADOP of WL ambiguity resolution with GB model.
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less than 10. (e red dotted line represents commonly used
ratio threshold of 3.0. In all 8640 epochs, only 27 epochs cannot
get ratio values larger than 3.0, which also means that about
99.7% epochs can obtain an ideal ambiguity fixing effect. In
fact, through comparison with the postprocessing multiepoch
AR results, theWL ambiguities in these 27 epochs are also fixed
correctly.

3.4. Instantaneous Positioning Performance with EWL/WL
Observations. With three EWL or WL ambiguities resolved,
we can implement the instantaneous positioning with the
constraint of ambiguity-resolved EWL/WL. (rough the
analysis before, we know that the satellite-station range
precision can be improved to 0.316m for Galileo and
0.333m for BDS-3; thus the decimeter-level positioning can
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Figure 8: Ratio of WL ambiguity resolution with GB model using LAMBDA method. (a) (e overall ratios. (b) (e ratios less than 10.
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Figure 9: Positioning results with pseudoranges and ambiguity-resolved EWL/WL observations from Galileo and BDS-3 quad-frequency
observations. (a) Positioning results with quad-frequency ionosphere-float model of pseudorange observations. (b) Positioning results with
quad-frequency ionosphere-float model of EWL/WL observations.
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be expected, along with the good PDOP shown in Figure 4.
(e positioning results are shown in Figure 9. For com-
parison, the positioning results with quad-frequency iono-
sphere-float model of pseudorange observations are also
shown in Figure 9. As mentioned before, although ratio
values in a few epochs cannot reach the threshold of 3.0, the
WL ambiguities are also fixed correctly.(us in Figure 9, the
EWL/WL positioning results in all epochs are all produced
from ambiguity-fixed solutions. From Figure 9, we see that
using pseudoranges, the RMS of positioning errors in three
directions are 0.355m, 0.356m, and 0.843m, respectively,
while with EWL/WL observations, the RMS are 0.116m,
0.126m, and 0.351m. (e positioning accuracies in three
directions are significantly improved by factors of 3.1, 2.8,
and 2.4, respectively. (e improvement amplitude is gen-
erally consistent compared to the analysis result in Table 1,
although a little smaller, which may be the reason that the
assumed pseudorange precision relative to carrier phase
should be higher. Overall, it can be seen that decimeter-level
positioning is verified to be feasible using the quad-fre-
quency EWL/WL observations.

4. Conclusions

In this study, we systematically analyse the benefits of Galileo
and BDS-3 quad-frequency signals on long-baseline in-
stantaneous decimeter-level positioning. As the research
aims at long-baseline positioning, the arbitrariness of ion-
osphere delays is considered with parameterization and
without any ionosphere constraint. (e fundamental ob-
servation model and stochastic model are introduced, and
the theoretical and practical analyses on single-epoch EWL/
WL ambiguity resolution and decimeter-level instantaneous
positioning are implemented. (rough the theoretical
analysis with single-satellite GF and IF model, we reveal that
the first two EWL ambiguities whether for Galileo or for
BDS-3 can be fixed reliably with high success rate of more
than 99.9%. (e practical calculation results also verify this
conclusion, with unbiased distributions and rather small
RMS less than 0.1 cycles. For the third WL AR, since the GF
model cannot obtain an ideal precision with single-epoch,
the GB model is adopted in this process. With the constraint
of EWL observations, the WL AR can get good model
strength with ADOP better than 0.1 cycles. In the experi-
ments with real data, over 99.7% epochs can get ratio values
larger than 3.0 and all epochs can get correct ambiguity
fixing.

Once the three EWL/WL ambiguities are resolved
successfully, one can obtain much more precise range es-
timation than that using pseudoranges. We also compare the
results with the existing triple-frequency GPS and BDS-2.
(rough comparison, we find that using Galileo and BDS-3
quad-frequency observations, the range estimation precision
with ambiguity-resolved EWL/WL observations can be
further improved from 0.483m (GPS) and 0.516m (BDS-2)
to 0.316m (Galileo) and 0.333m (BDS-3). (is improve-
ment reflects the most meaningful benefits of Galileo and
BDS-3 quad-frequency signals to long-baseline positioning.
With the high-precision range estimation, decimeter-level

positioning is verified to be feasible, with the RMS of po-
sitioning errors of 0.116m, 0.126m, and 0.351m in three
directions. It can be expected that this characteristic will also
be beneficial for the further estimation of NL ambiguity
resolution or other parameters.

It should be noted that the results presented in this study
are all calculated with single-epoch mode, as we are mainly
concerned with the instantaneous positioning performance.
In practical application, as researched in [22], one can use
continuous basic carrier phase observations to smooth the
noise-amplified EWL/WL observations, and thus better
positioning performance can be obtained in subsequent
epochs.
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[30] J. Böhm, G. Möller, M. Schindelegger, G. Pain, and R. Weber,
“Development of an improved empirical model for slant
delays in the troposphere (GPT2w),” GPS Solutions, vol. 19,
no. 3, pp. 433–441, 2015.

[31] B. Li, Y. Shen, Y. Feng, W. Gao, and L. Yang, “GNSS am-
biguity resolution with controllable failure rate for long
baseline network RTK,” Journal of Geodesy, vol. 88, no. 2,
pp. 99–112, 2014.

[32] W. Gao, C. Gao, S. Pan, X. Meng, and Y. Xia, “Inter-system
differencing between GPS and BDS for medium-baseline RTK
positioning,” Remote Sensing, vol. 9, no. 9, p. 948, 2017.

[33] P. J. G. Teunissen, “(e least-squares ambiguity decorrelation
adjustment: a method for fast GPS integer ambiguity esti-
mation,” Journal of Geodesy, vol. 70, no. 1-2, pp. 65–82, 1995.

12 Mathematical Problems in Engineering

http://www.gpsworld.com/innovation-instantaneous-centimeter-level-multi-frequency-precise-point-positioning
http://www.gpsworld.com/innovation-instantaneous-centimeter-level-multi-frequency-precise-point-positioning
http://www.gpsworld.com/innovation-instantaneous-centimeter-level-multi-frequency-precise-point-positioning

