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In order to investigate the attitude containment control problem for a microsatellite cluster, an event-triggered adaptive sliding
mode attitude containment control algorithm is proposed for the satellite cluster flight system under directed topology, so that
attitude of followers asymptotically converges to the convex hull formed by the leaders’ orientations. At first, the event-triggered
control strategy is introduced into the attitude containment control problem for the microsatellite cluster. ,e triggering
condition consisting of state-dependent and time-dependent function is designed to adjust control period and avoid the Zeno
behaviour. When the function value meets the triggering condition, the event is triggered, state information is sampled, control
law is computed, and actuators are updated, while the control action performed in nontriggering time is the same as the previous
triggering instant. ,en, in the presence of model uncertainties and external disturbances, an event-triggered adaptive sliding
mode attitude containment control algorithm is presented under directed topology, and sufficient and necessary conditions for
the followers to enter into the target area formed by the leaders are given. Furthermore, cell partitions from graph theory are
employed to investigate the influence of information topology on steady states of followers, which provides theoretical basis for
orientation design of cluster satellites. Finally, simulation results show that the proposed control strategy could reduce control
execution frequency, as well as ensure the similar control performance with the time-triggered one, and followers belonging to the
same cell have the same steady states.

1. Introduction

Satellite cluster has received growing attention in the recent
years [1, 2] for its advantages of greater flexibility, faster
response, higher reliability, lower cost, and better reconfi-
gurability [3]. Contrary to satellite formation flight, cluster
flight does not impose strict limits on the geometry of the
cluster [4] and is hence more suitable for implementation by
multiple microsatellite systems. Satellite cluster has been
deployed by many institutes, such as ANTS [5], Break-
through Starshot project [6], and so on.

Several technical barriers need to be broken down to
pave the way for cluster satellites to come into being. Co-
ordinated attitude control of cluster satellites has been
identified as one of the enabling technologies. Although
there has been lots of results on coordinated control problem
for multiple satellites systems, we note that most of the

existing research studies consider leaderless [7, 8] or one
leader case [9, 10], where there exists no group objective or
only a single group objective.

However, the presence of multiple leaders is more at-
tractive for the satellite cluster system, owing to the fact that
such strategies provide attractive solutions to cluster
problems, both in terms of complexity and computational
load. As a kind of extended consensus problem, the case with
multiple leaders is what we call containment control [11].
,e objective of containment control is to guarantee that all
the followers asymptotically converge into the convex hull
formed by the leaders through information interaction and
coordinated control. ,e containment control problem
received significant research interest due to its various ap-
plications, such as mobile robots [12], unmanned aerial
vehicles (UAVs) [13], underwater vehicles [14], and satellite
formation systems [15, 16].
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By now, there has been lots of research studies on
distributed containment control, and research studies could
be divided into several types from different perspectives.
According to the dynamics, the research studies include
first-order systems [12, 17, 18], second-order systems
[19–21], linear systems [12, 17, 18], nonlinear systems
[15, 22–24], homogeneous and heterogeneous multiagent
systems [25], etc. In view of information topology, fixed
topology [15, 19, 22, 23], and switching topology [18],
undirected graph [20] and directed graph [17, 23] are, re-
spectively, considered. In many research studies, contain-
ment control is combined with other novel control
strategies, such as finite-time control [14, 15, 22], adaptive
control [14, 16], neural network [16], event-triggered control
[26], and so on. For the design of leaders, there exists the case
of stationary leaders [20, 24], dynamic leaders (constant
velocity or time-varying velocity) [17], leaders formation
[25, 27], and so on. In addition, other problems such as time
delay [11, 21], model uncertainties [15, 16, 23], external
disturbances [15, 16], collision avoidance [27], and un-
measured relative velocity [28] are also discussed.

Recently, distributed attitude containment control
strategies have gained increased attention in satellite
coordinated control community. In [22], the distributed
finite-time attitude containment control problem for
multiple rigid bodies was addressed. For multiple sta-
tionary leaders, a model-independent control law was
proposed to guarantee the attitudes of followers converge
to the stationary convex hull formed by leaders in finite
time by using both the one-hop and two-hop neighbours’
information. ,en, for dynamic leaders, a distributed
sliding mode estimator and a nonsingular sliding surface
were given to guarantee the attitudes and angular ve-
locities of followers converge, respectively, to the dynamic
convex hull formed by those of the leaders in finite time.
Under undirected fixed connected graph, Weng et al. [29]
investigated distributed robust finite-time attitude con-
tainment control for multiple rigid bodies with uncer-
tainties including parametric uncertainties, external
disturbances, and actuator failures. In [30], a distributed
control strategy combined with finite-time command
filtered backstepping (FTCFB) and an adaptive technique
was established to solve the attitude containment control
problem of spacecraft formation flying (SFF) with un-
known external disturbances. ,e proposed novel dis-
tributed adaptive FTCFB approach could guarantee the
containment errors of attitudes between leader spacecraft
and follower spacecraft reach the desired neighbourhood
in finite time under undirected topology. However, the
information topology of cluster satellites may be direc-
tional in actual space missions. Because only a fraction of
satellites was equipped with necessary sensors or com-
munication equipment to measure relative state in cluster
system, obviously, the directional information topology is
more general. Ma et al. [31] studied the distributed finite-
time attitude containment control problem for multiple
rigid body systems with multiple stationary and dynamic
leaders under directed graph. Based on sliding mode
observer, adaptive attitude control algorithms were given,

and the necessary and sufficient conditions were achieved
which rendered all the followers converge to the convex
hull spanned by the static and dynamic leaders in finite
time. In [24], an attitude containment control algorithm
was proposed in the case of undirected angle information
topology and directed angular velocity information to-
pology, and the case of unavailable relative angle velocity
was also investigated.

Continuous or periodic sampled control scheme is
usually applied to the aforementioned attitude containment
control problem of satellite formation, whose results belong
to time-triggered control. ,e state information of cluster
satellites is usually sampled with a fixed and high sampling
frequency, and the actuators are updated at each sampling
instant, which increase the pressure of the whole network
communication and lead to the wear of actuators and un-
necessary energy consumption, thus seriously shortening the
in-orbit operation life of cluster satellites. Moreover, in time-
triggered control schemes, control action updates periodi-
cally even when the system has reached the desired state with
satisfactory accuracy. Computation and communication
pressure will be greatly increased, while resource and net-
work bandwidth of the microsatellite cluster are extremely
limited.

Efforts to overcome these problems have led to the
proposal of event-triggered control strategy. Information
interaction and controller updates are not determined by
time, but by the triggering condition (event). Event-trig-
gered mechanism consists of two types: state-dependent
events [32] and time-dependent events [33]. In the event-
triggered control strategy, the control tasks, consisting of
sampling state information of satellites, computing control
law, and updating actuators, are executed when the well-
designed triggering condition is satisfied. ,us, communi-
cation and computation resources are utilized only when
“needed” to preserve desired control performance [34]. It
makes event-triggered control favourable, especially for
satellite cluster missions with limited bandwidth and
resources.

So far, event-triggered control has been investigated in
the multi-rigid body system model with nonlinear char-
acteristics. In [35], an event-triggered distributed adaptive
controller was proposed to study the leader-follower
consensus problem for a directed network of
Euler–Lagrange agents. For the attitude control problem of
spacecraft, Wu et al. [36] investigated the problem of
spacecraft attitude stabilization control system with limited
communication and external disturbances based on an
event-triggered control scheme. Sun et al. [37] introduced
an event-triggered control (ETC) strategy for the spacecraft
attitude stabilization problem from the view of cyber-
physical systems (CPSs); a new quaternion-based nonlinear
control algorithm was proposed to ensure attitude dy-
namics systems’ exponential stability, and parameter se-
lection of event function and controllers was discussed in
this paper.,ere are also research studies combining event-
triggered schemes with containment control. In [38],
distributed event-triggered cooperative attitude control of
multiple rigid bodies with leader-follower architecture was
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investigated; under the designed controllers with the event-
triggered strategies, the orientations of followers converge
to the convex hull formed by the desired leaders’ orien-
tations with zero angular velocities. Xu et al. [26] studied
the distributed event-triggered adaptive containment
control problem for multiple Euler–Lagrange systems with
stationary/dynamic leaders over directed communication
networks.

Although various novel control strategies have been
investigated for the attitude containment control problem
of a satellite cluster, which enables cluster members to
converge to the convex hull formed by leaders with a faster
convergence rate, little attention has been paid to the
relationship between system performance and informa-
tion topology design of the satellite cluster system. Note
that the interaction between satellites need not be bidi-
rectional in practice due to communication bandwidth or
sensor capability. Constrained by intersatellite distance
and performance of sensors, only parts of followers can
receive information from leaders directly. To the best of
the authors’ knowledge, the event-triggered attitude
containment control for the microsatellite cluster system
under directed topology is worth studying and awaits a
breakthrough. However, the existence of system uncer-
tainties and unavoidable external disturbances of cluster
system results in an unsatisfactory performance [39, 40].
,us, the sliding mode control (SMC) strategy, which is
robust to external disturbances and model uncertainties,
is employed. ,e adaptive control method is also com-
bined to realize the online estimation of uncertain pa-
rameters in real time, and it would not destroy the
robustness properties of SMC [41].

In this paper, the attitude containment control problem
and information topology structure design for the
microsatellite cluster are investigated. First, the triggering
condition consisting of the relative state error is given to
adjust controller update period. If and only if the triggering
condition is satisfied, state information is sampled, control
law is computed, and actuators are updated. ,en, an
event-triggered adaptive sliding mode attitude contain-
ment control algorithm is proposed in the pressure of
inertia uncertainties and external disturbances, which
makes attitude of cluster members to enter asymptotically
into the convex hull formed by leaders’ orientations.
Furthermore, cell partitions in the view of graph theory are
employed to investigate the influence of information to-
pology on orientation of followers, which provides theo-
retical basis for information topology design of satellite
cluster missions. Finally, simulation results show that the
proposed event-triggered adaptive sliding mode attitude
containment controller could drive the followers to enter
into the convex hull formed by the leaders’ orientations in
the presence of inertia uncertainties and external distur-
bances, and followers belonging to the same cell have the
same orientation. Compared with the existing results, the

proposed results in this paper have the following
advantages.

(1) In the framework of the Euler–Lagrange system, this
paper presents an event-triggered adaptive sliding
mode attitude containment control algorithm for the
microsatellite cluster system under directed topol-
ogy, so that the followers asymptotically converge to
the target area formed by the leaders’ orientation in
the presence of inertia uncertainties and external
disturbances. ,e controller is updated only when
the triggering condition is satisfied, and the state
information of the triggering instant is utilized at the
nontriggering time. ,erefore, the control input is a
piecewise function and the controller update for each
satellite is asynchronous. Compared with the time-
triggered method, the event-triggered adaptive
sliding mode attitude containment control algorithm
not only ensures the similar control performance of
cluster satellites but also effectively reduces infor-
mation transmission and actuator update frequency
of the satellite cluster system. Event-triggered atti-
tude containment control is superior in micro-
satellite cluster missions with limited resource and
lower precision.

(2) ,e triggering condition of time-varying threshold
is given in this paper. Most researches only study
state-dependent or time-dependent triggering
condition. However, the triggering condition in
this paper is the combination of state-dependent
and time-dependent. ,e time-dependent function
is introduced to avoid the Zeno behaviour, i.e., the
controller does not update infinitely in finite time,
nor does it update in a periodical manner. When
the triggering condition is satisfied, state infor-
mation is sampled, control law is computed, and
actuator is updated, which can effectively reduce
the computation and actuator update frequency
while ensuring the control performance of cluster
system.

(3) From the perspective of graph theory, the control
algorithm is fully distributed in the sense that each
satellite can select their control gains according to
only local information. ,en, the influence of in-
formation topology design on orientation of the
microsatellite cluster is analysed. It is shown that in
an ideal environment, the stable state of each fol-
lower is a convex combination of all leaders’ states it
can access. Two kinds of cell partition of cluster
information topology are given, and it is proved that
satellites belonging to the same cell partition have the
same stable state. It provides a theoretical basis for
information topology design of microsatellite cluster
missions with performance requirements such as full
coverage of the target area.
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,e remainder of this paper is organized as follows.
Mission scenarios, relative attitude dynamics of satellite
cluster, basic knowledge of graph theory, and attitude
containment control problem are briefly given in Section 2.
In Section 3, the event-triggered adaptive sliding mode
attitude containment control algorithm is proposed for the
satellite cluster in the presence of inertia uncertainties and
external disturbances. ,en, sufficient and necessary con-
ditions for asymptotical convergence of the cluster system
and the absence of the Zeno behaviour are derived. Ori-
entation of cluster satellites based on information topology
design is given in Section 4, providing theoretical basis for
information topology design of the microsatellite cluster.
Numerical simulations to verify the effectiveness of the
proposed control algorithm and information topology
structure design are completed in Section 5, and concluding
comments are given Section 6.

2. Preliminaries and Problem Formulation

In this section, some problem descriptions about mission
scenarios are introduced, and then preliminary knowledge
about containment control strategies is given.

2.1.Mission Scenarios. Traditional single leader consensus
is a group of satellites aiming to achieve an agreement
through information interaction and coordinated con-
trol, where leader’s trajectory will be tracked by followers
of the cluster system. In contrast, containment control
can drive the followers to enter into the target area
formed by the multiple leaders. Containment control is
more robust in the case of leader failure and more
practical in microsatellite cluster missions with limited
resource and lower precision. Two typical microsatellite
cluster flying scenarios which are closely related to at-
titude containment control are firstly given and analysed
as follows.

2.1.1. Earth Observation or Deep Space Exploration of
Microsatellite Cluster. Microsatellite cluster has been
employed in many observation missions, such as the Earth
observation or deep space exploration. It is necessary for
satellites to obtain and maintain a certain relative attitude
[32]. In the observation missions, such as expanding ob-
servation view or searching observation target, members
are not required to converge to the same orientation, but to
enter into a target area formed by the leaders’ orientations,
which is called attitude containment control. One of the
basic objectives is that a subset of the satellite set (leaders)
stabilizes to a specific relative attitude, and the orientation
of the rest members (followers) enters into and remains
within the specific attitude, determined by a convex hull
formed by the leaders’ orientation. Meanwhile, each sat-
ellite is only allowed to communicate (attitude or angular
velocity) with a specific member of the set, and these
constraints limit the information interaction between
satellites.

2.1.2. Coordinated Attitude Control for Fractionated
Spacecraft. Fractionated spacecraft distributes the func-
tional capabilities of a monolithic spacecraft into multiple
free-flying, wirelessly linking modules (service modules and
different payloads) [42]. One of the main challenges of this
architecture is cluster flight, keeping the various modules
within bounded configurations. ,e fractionated spacecraft
generally does not require precise relative orbit and attitude
control, as long as the relative distance is within the range of
communication and the relative attitude control enables
power transmission links [43]. In this case, some (virtual)
module spacecraft form an orientation area for the cluster
members’ attitude, which makes modules to maintain
communication and power transmission.

,ere is no precise requirement for the final attitude of
cluster members in the aforementioned attitude control
missions of the microsatellite cluster. ,e attitude of fol-
lowers only needs to reach an area instead of the consensus
state. It is necessary to form the target area using (virtual)
leaders’ orientation and then control the followers to enter
into the target area through intersatellite information in-
teraction and properly designed coordinated attitude control
protocol.

Constrained by unidirectional measurement character-
istics of sensors or GPS-like radio frequency communica-
tion, as well as relative distance limitation between satellites,
information topology of microsatellite cluster is unidirec-
tional, asymmetric, and sparse. And the information to-
pology structure generally remains fixed in a short time if
there does not exist large disturbance. In the following, we
will study the attitude containment control problem of the
microsatellite cluster under fixed directed topology.

2.2. Relative Dynamics Model of Satellite Cluster. In this
paper, the modified Rodriguez parameters (MRPs) are used
to describe attitude motion of the satellite cluster. MRP is a
kind of attitude description method without redundancy
and singularity. Attitude vector σ ∈ R3 of MRPs is expressed
by Euler axis e and Euler angle Φ as follows:

σ � e tan
Φ
4

, − 2π <Φ< 2π. (1)

,e kinematic equation of follower i is

_σi � G σi( ωi, (2)

where σi ∈ R3 and ωi ∈ R3, respectively, are MRPs and
attitude angular velocity of the fixed-body coordinate system
of satellite i relative to the inertia coordinate system,
G(σi) � (1/4) (1 − σT

i σi)I3 + 2[σ×
i ] + 2σiσT

i , I3 is the 3×3
identity matrix, and σ× is the skew-symmetric matrix of σi

and is expressed as

σ×
�

0 − (σ)3 (σ)2

(σ)3 0 − (σ)1

− (σ)2 (σ)1 0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦, (3)

where (v)k represents the kth component of vector v.
Attitude dynamics equation of satellite i is expressed as
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Ji _ωi � − ω×
i Jiωi + τi + τdi, (4)

where Ji � JT
i ∈ R

3 is the positive inertia matrix, τi ∈ R3

represents the control torques, and τdi ∈ R3 represents the
external disturbance torques.

Attitude kinematic equation using MRPs as the attitude
parameter can be converted into an unified Euler–Lagrange
form by appropriate transformation [44]. ,e
Euler–Lagrange equation can effectively introduce the linear
relative attitude expression between different satellites,
which plays a beneficial role in coordinated attitude control
design of satellite cluster. Taking the derivative of (2) and
substituting (3) into (2), the Euler–Lagrange form of attitude
dynamics equation for satellite i could be obtained as
follows:

Mi σi( €σi + Ci σi, _σi(  _σi + gi σi(  � ui + di, (5)

where σi � [σ(1)
i , σ(2)

i , σ(3)
i ]T, Mi(σi) � G− T(σi)J0iG− 1(σi) is

symmetric positive-definite inertia matrix of satellite i,
Ci(σi, _σi) � − G− T(σi)J0iG− 1 (σi)

_G(σi)G− 1(σi) − G− T(σi)

[J0iG− 1(σi) _σi]
×G− 1(σi) is Coriolis and centrifugal torques

matrix, Ji � J0i + ΔJi, J0i is nominal inertia of follower i,ΔJi is
uncertainties part, gi(σi) is uncertainties causing by model
uncertainties, ui � G− T(σi)τi is control torques, and di �

G− T(σi)τdi is disturbance torques. According to Reference
[45], the Euler–Lagrange equation has the following prop-
erties: (a) Mi(σi) ∈ R3×3 is a symmetric positive-definite
matrix; (b) here we assume that there exist positive
km, km, kC, kg satisfying 0< kmIn ≤Mi(σi)≤ kmIn, ‖Ci(σi,
_σi)‖< kC‖ _σi‖, gi(σi)≤ kg; (c) for any σi, _σi ∈ R3,
(1/2)Mi(σi, _σi) − Ci(σi, _σi) is a skew-symmetric matrix, and
there exist x ∈ R3, xT((1/2) _Mi(σi) − Ci(σi, _σi))x � 0; (d) we
assume that the left-hand side of (5) can be parameterized in
linear expression as Mi(σi)x + Ci(σi, _σi)y + gi � Yi(σi, _σi,

x, y)Θi.gi, for any x, y ∈ R3, where Yi(σi, _σi, x, y) is the
regression function matrix and Θi is the unknown constant
parameter vector.

Assumption 1. All leaders’ states and state derivatives are
bounded, that is, there exist constants σLM and _σLM such that
‖σL(t)‖≤ σLM,‖ _σL(t)‖≤ _σLM. In this paper, we add an ad-
ditional assumption that limt⟶∞‖ _σL‖⟶ 0.

Assumption 2. ,e external disturbance torque di is
bounded, that is, there exists a positive constant dM such that
‖di‖≤ dM, where dM is bounded and unknown.

2.3. Graph /eory. Graph theory is introduced as an useful
mathematical tool to describe intersatellite information
interaction, providing theoretical basis for control perfor-
mance analysis of the cluster system.

Suppose there are N+M satellites in the cluster, con-
sisting of N followers (denoted by 1, 2, . . ., N) andM leaders
(denoted by N+ 1, . . ., N+M). We assume that the (virtual)
satellites belong to either one of the two subsets, namely, the
subset of followers F � 1, 2, . . . , N{ } or the subset of leaders
L � N + 1, . . . , N + M{ }.

Information interaction topology of the cluster system
can be modelled by a digraph G � (V, E) with node set
V(G) � 1, . . . , N + M{ } denoting satellite with dynamics or
kinematic characteristics and edge set E(G) � V(G) × V(G)

denoting intersatellite information interaction. Each edge
(i, j) ∈ E(G) means satellite j can access state information
from satellite i, and satellite i is called a neighbour of satellite
j. ,e neighbour set Ni � j ∈ V(G)|(j, i) ∈ E(G)  of sat-
ellite i is a collection of all the satellites from which satellite i
can access state information. If
(i, j) ∈ E(G)⇔ (j, i) ∈ E(G), bidirectional edge (i, j) in-
dicates that satellites i and j can access state information
from each other. A directed path from node i to node j is a
sequence of edges of the form (i, i1), (i1, i2), . . ., (in, j), in a
directed graph. A directed tree is a directed graph, where
every node has exactly one parent except for one node, called
the root, and the root has directed paths to every other node.
A directed spanning tree of a directed graph is a direct tree
that contains all nodes of the directed graph. A directed
graph has or contains a directed spanning tree, if there exists
a directed spanning tree as a subset of the directed graph.

Two matrices are frequently used to represent interac-
tion topology: one is adjacency matrix A � [aij] with aij ≥ 0,
aij > 0 if (i, j) ∈ E(G). In this paper, we assume that self-
edges are not allowed, i.e., aii � 0. And the other is Laplacian
matrix L � [lij] with lii � 

N
j�1,j≠i aij, lij � − aij, (i≠ j).

,e system Laplacian matrix L can also be written as
block matrix:

L �
LF LFL
0 0

 , (6)

where LF is the N×N submatrix composed by rows and
columns in which the followers of L are located, and it
represents information interaction relationship among fol-
lowers. LFL is the N × M submatrix composed by rows and
columns in which the followers and leaders of L are, re-
spectively, located, and it represents the information flow
from leaders to followers. GF denotes followers and infor-
mation interaction between followers.

Several graph theory tools are given to provide theo-
retical basis for information topology design of the cluster
system.

Definition 1 (see [46]). For directed graph G, a k partition π
of V(G) is composed of k cells C1, . . . , Ck with Ci ∩Cj � Φ,
(i, j � 1, . . . , k, i≠ j) and ∪ k

i�1Ci � V(G). Cj is a neighbour
of Ci (i, j � 1, . . . , k, i≠ j) if there exist i′ � ci and j′ � cj

such that j′ is a neighbour of i′.

Definition 2 (see [47]). Suppose that π � C1, · · · , Ck  is a k
partition of V(G); if any two distinct vertices in Ci have the
same number of neighbours in Cj for all j≠ i, then π is called
a π1 partition. In particular, π1 � H1, . . . , Hm  denotes the
π1 cell partition containing Hi(i � 1, . . . , m) asm cells of π1.

Definition 3 (see [46]). Suppose π � C1, . . . , Ck  is a k
partition of V(G); if for each vertex in Ci, it has the same
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number of neighbours in all neighbour cells of
Ci(i � 1, . . . , m), then π is called a π2 partition.

2.4. Containment Control Model. ,e following definitions,
assumptions, and lemmas related to containment control
strategy are needed to derive the main results of this paper.

2.4.1. Convex Hull. ,ere may exist multiple leaders in
microsatellite cluster missions, and all followers are required
to enter into the target area formed by the leaders’ state
instead of reaching a consensus state. Several vertices on the
boundary of the target area are selected so that the target area
can be approximately replaced by convex polygons which
are formed by these vertices [48]. Generally, the more the
vertices are selected, the higher the approximate accuracy is.

Suppose that the target area (moving or stationary) can
be approximated by a convex hull formed by M vertices.

,e definition of convex hull is given as follows.

Definition 4 (see [23]). Let C be a set in a real vector space
V ⊆ Rp. ,e set C is convex if, for any x and y in C, the point
(1 − t)x + ty ∈ C for any t ∈ [0, 1]. ,e convex hull for a set of
pointsX � x1, . . . , xM  inV is theminimal convex set containing
all points inX.We use CO(X) to denote the convex hull ofX, that
is, CO(X) � 

M
i�1 αixi|xi ∈ X, αi ∈ R, αi ≥ 0, 

M
i�1 αi � 1 .

Vertex information of the target area could be provided
by the Earth station or could be autonomously generated by
cluster members which have strong sense, communication,
and information processing capability.

Once the convex hull which approximates the target area
is selected, vertex information of the convex hull can be seen
as (virtual) leaders of the cluster system, while cluster
members are regarded as followers.

2.4.2. Distributed Attitude Containment Control
Formulation. Followers need to generate control decisions
based on absolute state of itself and relative state information
of its neighbours, which makes attitude of followers to
converge to the convex hull formed by the leaders’
orientation.

Containment control protocol for followers could be
written in the following form:

ui � hi σF,ωF, σL,ωL( , i ∈ F, (7)

where σF � [σT
1 , . . . , σT

N]T, ωF � [ωT
1 , . . . ,ωT

N]T,
σL � [σT

N+1, . . . , σT
N+M]T, and ωL � [ωT

N+1, . . . ,ωT
N+M]T, re-

spectively, are the attitudes and angular velocities of fol-
lowers and leaders.

We assume that there is no information interaction
between leaders. ,e trajectories of leaders are not affected
by other members, while followers need to generate control
instructions with neighbours’ information [49]. To drive all
the states of followers to enter into the convex hull formed by
the leaders’ orientation, it must be ensured that each follower
can receive information from leaders directly or indirectly.
Otherwise, there will exist followers whose motion is not
affected by any leader, nor will converge to the convex hull

formed by the leaders’ orientation. ,us, the information
topology of the cluster system needs to meet the following
assumption.

Assumption 3 (see [20]). Suppose that for each follower i,
there exists at least one leader j that has a path to the follower
i.

Lemma 1 (see [20]). If Assumption 3 holds, then LF is
invertible; each entry of − L− 1

F LFL is nonnegative and each row
sum of − L− 1

F LFL is equal to one.

Lemma 2 (see [23]). Let L be the Laplacian matrix asso-
ciated with a directed graph G. /en, L has a single zero
eigenvalue and all other eigenvalues have positive real parts if
and only if G has a directed spanning tree.

Lemma 3 (see [50]). Consider the system _x � f(t, x, u),
where f(t, x, u) is continuously differentiable and globally
uniform Lipschitz in (x, u) for all t. If the unforced system
_x � f(t, x, 0) has a globally exponentially stable equilibrium
point at the origin x � 0, then the system _x � f(t, x, u) is
input-to-state stable.

According to Definition 4 and Lemma 1, the desired state
is convex weighted average of the leaders’ attitude and
angular velocity, which can be written as

σd � − L− 1
F LFLσL,

ωd � − L− 1
F LFLωL,

(8)

where σd and ωd, respectively, are the desired attitude and
desired angular velocity.

Our aim in this paper is to propose appropriate dis-
tributed attitude control algorithm for the followers (i.e.,
those indexed from 1 toN), so that in an asymptotic manner,
they can travel into the convex hull formed by the leaders
(i.e., those satellites indexed from N+ 1 to N+M). We will
also analyse under what conditions the containment be-
haviours can be guaranteed and perform rigorous conver-
gence with less sampled information and control action, that
is, limt⟶∞σF(t)⟶ − (L− 1

F LFL ⊗ I3)σL,
limt⟶∞ωF(t)⟶ 0, ∀i ∈ F. On this basis, the influence of
information topology design on orientation of followers is
analysed, which provides a theoretical reference for orien-
tation design of cluster members.

3. Distributed Attitude Containment
Control for Microsatellite Cluster

For attitude containment control problem of leader-follower
satellite cluster, an event-triggered adaptive sliding mode
control algorithm is proposed in the presence of inertia
uncertainties and external disturbances. ,e triggering
condition based on relative attitude error is set for each
follower, that is, the entire system is triggered asynchro-
nously and triggering time of each follower is different. State
information is sampled, control law is computed, and ac-
tuators are updated if and only if triggering conditions are
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met. At nontriggering time, controller of followers uses the
state information of triggering instant.

,e event-triggered adaptive slidingmode controller and
triggering condition are designed to make attitude of fol-
lowers asymptotically enter into the convex hull formed by
the leaders and attitude angular velocity converge to 0;
meanwhile, the update frequency of control tasks is reduced.

3.1. Event-Triggered Formulation for Attitude Containment
Control. ,e traditional time-triggered control scheme is
usually updated periodically, and periodic sampling may be
a better control scheme in the view of control scheme design
and problem analysis. However, when the system is working
normally, periodic control will cause unnecessary energy
consumption and actuator update.

To reduce the pressure of computation, communica-
tion, and actuators and meet the constraints of mass,
volume, and power on the microsatellites, the event-trig-
gered mechanism is introduced to solve coordinated at-
titude control of the microsatellite cluster, while to ensure
the control performance of the microsatellite cluster, the
triggering condition is used to adjust update period of
controller and reduce the amount of computation and
communication pressure. ,e design of the event-triggered
coordinated attitude controller could be divided into two
main steps. First is the setting of triggering condition. ,e
triggering function with relative attitude error is designed
to adjust update period of controller, state information is
sampled, control law is computed, and actuator is updated
if and only if the event is triggered. Second, the event-
triggered distributed attitude controller is designed in the
presence of model uncertainties and external disturbances,
which makes followers to converge to the convex hull
formed by the leaders’ orientation. And the Zeno behaviour
is excluded. Triggering frequency is reduced and resource is
saved as well as control performance of cluster system is
ensured. ,e triggering condition is given in this section,
and distributed attitude containment control protocol will
be proposed in the next section.

First, to rewrite the dynamics equation of the satellite
cluster into the form which is convenient for stability
analysis, auxiliary variable _σri is introduced:

_σri � − α 
N+M

j�1
aij σi(t) − σj(t) , i ∈ F, j ∈ F∪ L. (9)

Design the sliding variable si:

si � _σi(t) − _σri(t) � _σi(t) + α 

N+M

j�1
aij σi(t) − σj(t) ,

(10)

where α is a positive constant and aij is the weight of ad-
jacency matrix A of directed graph G.

According to the properties of equations (5) and (9), the
dynamics system could be rewritten as

Mi σi( €σri + Ci σi, _σi  _σri + gi

� Yi σi, _σi, €σri, _σri( Θi + εi, i � 1, . . . , N.

(11)

In coordinated attitude control of the satellite cluster, Θi

is the inertia matrix with unknown parameters,
Θi � [J11, J22, J33, J12, J13, J23]

T. For any x ∈ R3, there exists
Jix � L(x)Θi. εi is the approximation error for the ith fol-
lower, ‖εi‖≤ εM. Linear operator L(x) is shown as follows:

L(x) �

x1 0 0 x2 x3 0

0 x2 0 x1 0 x3

0 0 x3 0 x1 x2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦. (12)

Regression function matrix:

Yi σi, _σi, _σri, €σri(  � G− T σi( L G− 1 σi( €σri 

− G− T σi( L G− 1 σi(  _G σi( G− 1 σi(  _σri 

+ G− T σi(  G− 1 σi(  _σri 
×
L G− 1 σi(  _σi .

(13)

Let the triggering time sequence of follower i be
ti
0, ti

1, . . . , ti
k, . . ., where k � 0, 1, . . . , and ti

0 � 0. ti
k denotes

the kth event time of the ith satellite.
Two types of state errors are defined to facilitate the

design of the triggering condition:

esi t
i

  � si t
i
k  − si t

i
 ; t

i ∈ t
i
k, t

i
k+1 ,

eJi t
i

  � Yi t
i
k  Θi t

i
k  − Yi t

i
  Θi t

i
 ,

(14)

where Θi(ti) is the estimation of Θi at time ti.
According to Reference [35], the triggering condition

can be defined as follows:

eJi t
i

 
�����

����� + λmax Ki(  esi t
i

 
�����

����� −
ci

2
λmin Ki(  si t

i
 

�����

����� − μi t
i

 ≥ 0,

(15)

whereKi is the symmetric positive-definite matrix, 0< ci < 1,
μi(ti) � ρi

�������
λmin(Ki)


exp(− ]it

i), ρi > 0, and 0< ]i < 1.

Remark 1. μi(ti) is a time-dependent function. ,e intro-
duction of μi(ti) can completely avoid the Zeno behaviour.
,e initial attitude and angular velocity σi(ti

0), ωi(ti
0), i ∈ F

of followers and attitude and angular velocity σi(ti
0), ωi(ti

0),
i ∈ L of leaders are given at initial time ti

0. ,e system
continuously monitors the auxiliary state si(ti) and un-
certain parameter Θi(ti) of each follower. Once the trig-
gering condition of satellite i is satisfied, that is,
fi(esi(ti), eJi(ti))≥ 0, the event of satellite i is triggered
immediately, triggering time is ti � ti

k, state information is
sampled, control law is computed, and actuators are
updated. ,e state errors eJi(ti) and esi(ti) are reset to 0. In
nontriggering time, the controller uses state information of
the last triggering instant, i.e., for ti ∈ [ti

k, ti
k+1),

ui(ti) � ui(ti
k). Control law is not computed until the next

event is triggered, and thus the control input is piecewise
constant. Under the action of the event-triggered attitude
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containment controller, the attitude of followers asymp-
totically converges to the convex hull formed by the leaders’
orientation.

In this paper, the event-triggered distributed attitude
control algorithm could be written in the following form:

ui t
i
k  � hi si t

i
k ,Yi t

i
k  Θi t

i
k  ,

ui t
i

  � u t
i
k , t

i ∈ t
i
k, t

i
k+1 .

⎧⎪⎨

⎪⎩
(16)

It is noteworthy that the control law does not need be
computed until the next event.

Attitude dynamics equation of followers could be re-
written in the following form:

Mi σi(  _si + Ci σi, _σi( si � ui + di − Yi σi, _σi, €σr, _σr( Θi

− εi, i � 1, . . . , N.

(17)

Correspondingly, triggering time is defined as

t
i
k+1 � inf t

i > t
i
k|fi esi t

i
 , eJi t

i
  ≥ 0 . (18)

Once ti � ti
k, the event is triggered, state information is

sampled, control law is computed and actuators are updated
for satellite i, and the corresponding triggering function is
less than 0 again.

,e event-triggered control scheme is shown in Figure 1.
,e scenarios we consider include sampling time and
triggering time; the sampling time is determined by the fixed
clock frequency of the sensor, and the latter is controlled by
the triggering condition based on the state. It is noteworthy
that the time interval between two consecutive events is
usually variable and can be equal to the minimum interval
(that is, the sampling period). When the interval between
two consecutive events is a fixed sampling period, the system
degenerates into a traditional periodic sampling control. For
the triggering conditions in this paper, continuous detection
is necessary, which may require additional equipment and is
a waste of communication and computing resources.

3.2. Event-Triggered Adaptive Sliding Mode Attitude Con-
tainment Control. For each follower i, the event-triggered
adaptive sliding mode control protocol is designed as

ui t
i

  � − Kisi t
i
k  + Yi t

i
k  Θi t

i
k 

− ki t
i
k sgn si t

i
k  , i ∈ F, t

i ∈ t
i
k, t

i
k+1 .

(19)

Adaptation law of Θi(ti) and ki is defined as follows:
_Θi(t) � − ΛiY

T
i t

i
 si t

i
 , (20)

_ki t
i

  � Γi si t
i

 
�����

�����1
, (21)

where Λi is a symmetric positive-definite matrix and Γi is a
positive constant.

According to (9) and (10), system (17) can be rewritten as

Mi σi(  _si t
i

  + Ci σi, _σi( si t
i

  � − Kisi t
i
k  + Yi t

i
k  Θi t

i
k 

− kisgn si t
i
k   + di − Yi t

i
 Θi

− εi, i ∈ F, t
i ∈ t

i
k, t

i
k+1 .

(22)

,e following conclusion shows that event-triggered
adaptive sliding mode attitude control protocol (19),
adaption laws (20) and (21), and triggering condition (15)
can realize attitude containment control of microsatellite
cluster system (5) under directed information topology.
When t⟶∞, the attitude and angular velocity of fol-
lowers asymptotically enter into the convex hull formed by
leaders, that is, limt⟶∞σF(t)⟶ − (L− 1

F LFL ⊗ I3)σL and
limt⟶∞ωF(t)⟶ 0. Moreover, it can be further proved
that the Zeno behaviour will not occur in the microsatellite
cluster system under the action of the proposed event-
triggered attitude control strategy.

Theorem 1. If Assumptions 1 and 2 hold, under the action of
triggering condition (15), event-triggered adaptive sliding
mode attitude control protocol (19), and adaption laws (20)
and (21), the attitude of followers asymptotically enters into
the convex hull formed by leaders’ orientation, that is,
limt⟶∞σF(t)⟶ − (L− 1

F LFL ⊗ I3)σL and limt⟶∞ωF(t)

⟶ 0, and then the sufficient and necessary condition is that
Assumption 3 holds.

(1) Proof. Sufficiency: ,e proof includes the following two
consecutive steps. (i) State trajectory asymptotically con-
verges to the sliding surface, that is, limti⟶∞si � 0. (ii) In
the case of si � 0, the state of followers will reach
limt⟶∞σF(t)⟶ − (L− 1

F LFL ⊗ I3)σL, limt⟶∞ωF(t)⟶ 0
asymptotically.

First, consider the following Lyapunov candidate:

V1 �
1
2



N

i�1
sT

i Mi σi( si +
1
2



N

i�1

ΘT

i Λ
− 1
i

Θi +
1
2



N

i�1
ki − ki 

2
Γ− 1i ,

(23)

where ki ≥ εM + dM and the estimation error is
Θi � Θi − Θi. (24)

Taking the derivative of V1, we can obtain
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_V1 �
1
2



N

i�1
sT

i
_Mi σi( si + 

N

i�1
sT

i Mi σi(  _si + 
N

i�1

ΘT

i Λ
− 1
i

_Θi − 
N

i�1
ki − ki Γ− 1i

_ki

� 
N

i�1
sT

i

1
2

_Mi σi(  − Ci σi, _σi(  si − 
N

i�1
sT

i Kisi t
i
k  + 

N

i�1
sT

i Yi t
i
k  Θi t

i
k 

− 
N

i�1
sT

i
kisgn si t

i
k   − 

N

i�1
sT

i YiΘi − 
N

i�1
sT

i εi + 
N

i�1
sT

i di + 
N

i�1

ΘT

i Y
T
i si − 

N

i�1
ki − ki  si


.

(25)

According to property (c) of the Euler–Lagrange
equation, (1/2) _Mi(σi) − Ci(σi) is a skew-symmetric matrix;
substituting (24) into (25), we can obtain that

_V1 � − 
N

i�1
sT

i Kisi t
i
k  + 

N

i�1
sT

i Yi t
i
k  Θi t

i
k  − 

N

i�1
sT

i
kisgn si t

i
k  

− 
N

i�1
sT

i Yi
Θi + Θi  + 

N

i�1

ΘT

i Y
T
i si − 

N

i�1
ki si


 + 

N

i�1

ki si


 + 

N

i�1
sT

i di − εi( 

� − 
N

i�1
sT

i Kisi t
i
k  + 

N

i�1
sT

i Yi t
i
k  Θi t

i
k  − Yi

Θi  − 
N

i�1
sT

i Yi
Θi + 

N

i�1

ΘT

i Y
T
i si

− 
N

i�1
sT

i
kisgn si t

i
k   + 

N

i�1

ki si


 − 

N

i�1
ki si


 + 

N

i�1
sT

i di − εi( .

(26)

Substituting definitions of state errors (14) into (26), it
can be obtained that

_V1 � − 
N

i�1
sT

i Kisi − 
N

i�1
sT

i Kiesi + 
N

i�1
sT

i eJi

− 
N

i�1
sT

i
kisgn si t

i
k   + 

N

i�1

ki si


 − 

N

i�1
ki si


 + 

N

i�1
sT

i di − εi( .

(27)

According to Assumption 2, we can get
sT

i (di − εi)≤ |si||di| + |si||εi|≤ ki|si|. ,us,

_V1 ≤ − 
N

i�1
sT

i Kisi − 
N

i�1
sT

i Kiesi + 
N

i�1
sT

i eJi

− 
N

i�1
sT

i
kisgn si t

i
k   + 

N

i�1

ki si


.

(28)

In the time interval ti ∈ [ti
k, ti

k+1), we can know that the
system trajectories start from a region where
sgn(si(ti

k)) � sgn(si(ti)). And Ki is a symmetric positive-
definite matrix; then, the upper bound for _V1 can be
expressed as

Controller for satellite i

Triggering conditionNeighbour
satellite j

Model uncertainties External disturbances

Attitude dynamics of microsatellite i
Mi (σi)σi + Ci (σi, σi)σi + gi (σi) = ui + di

ui (tk
i ) = hi (si (tk

i ), Yi (tk
i ) Θi (tk

i ))

ui (ti) = ui (tk
i ), ti ∈ [tk

i , tk
i + 1)

si (ti), Yi (ti) Θi (ti)

si (tk
i )

Yi (tk
i ) Θi (tk

i )

.. . .
ˆ

ˆ

ˆ

Figure 1: Control scheme of the event-triggered strategy.
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_V1 ≤ − 
N

i�1
sT

i Kisi − 
N

i�1
sT

i Kiesi + 
N

i�1
sT

i eJi

≤ − 
N

i�1
λmin Ki(  si

����
����
2

+ 
N

i�1
λmax Ki(  si

����
���� esi
����

���� + 
N

i�1
si

����
���� eJi
����

����.

(29)

It is worth noting that triggering condition (15) guar-
antees ‖eJi‖ + λmax(Ki)‖esi‖≤ (ci/2)λmin(Ki)‖si‖ + μi(t)

holds throughout the evolution of cluster system (5). ,us,
we can get

_V1 ≤ − 
N

i�1
λmin Ki(  si

����
����
2

+ 
N

i�1

ci

2
λmin Ki(  si

����
����
2

+ 
N

i�1

��������

λmin Ki( 



ρie
− ]it si

����
����.

(30)

Because ∀x, y ∈ R, |xy|≤ (ci/2)x2 + (1/2ci)y
2 holds.

For 0< ci < 1, analysing the right-hand side of (24), the
upper bound of _V1 can be expressed as

_V1 ≤ − 
N

i�1
1 − ci( λmin Ki(  si

����
����
2

+ 

N

i�1

ρ2i
2ci

e
− 2]it. (31)

Integrating both sides of (25), for any ti > 0, we can get

V1(t) + 
N

i�1
1 − ci( λmin Ki(  

ti

0
si(τ)

����
����
2dτ ≤V1(0) + 

N

i�1

ρ2i
4ci]i

.

(32)

Because 0< ci < 1,
N
i�1(1 − ci)λmin(Ki) 

ti

0 ‖si(τ)‖2dτ > 0,
we obtain that V1(t)≤V1(0) + 

N
i�1(ρ

2
i /4ci]i), and thus V1 is

bounded. According to (23), si and Θi(t) are bounded for
every i � 1, . . . , N. When Assumption 3holds, we can know
L− 1

F exists according to Lemma 1.,en, (10) can be rewritten as
follows:

_σF � − α LF ⊗ I3( σF − α LFL ⊗ I3( σL + sF. (33)

Let σF � σF + (L− 1
F LFL ⊗ I3)σL, and equation (33) can be

written as
_σF � − α LF ⊗ I3( σF + L− 1

F LFL ⊗ I3  _σL + sF. (34)

According to Lemma 2, all eigenvalues of LF have
positive real parts. According to Assumption 1, _σL is
bounded and limt⟶∞ _σL⟶ 0. It thus follows that when
sF � 0, (34) is globally exponentially stable at the origin
σF � 0. We can conclude from Lemma 3 that cluster system
(34) is input-to-state stable with respect to the input sF and
the state σF. According to Lemma 3, because input sF is
bounded, state σF is bounded. ,us, we can obtain that _σF is
bounded from (34). Equation (9) can be written as

_σr � − α(LF ⊗ I3)σF, and thus _σr is bounded. It also follows
from (10) that _σF is bounded. Differentiating (9), we can get
that €σr is bounded.

According to property (b) of the Euler–Lagrange
equation, Mi(σi), Ci(σi, _σi) _σr, gi(σi) _σr, €σr, and εi, i ∈ F are
all bounded.,en, according to equation (11), we can obtain
that Yi(σi, _σi, _σri, €σri) is bounded. Because
‖Ci(σi, _σi)si‖< kC‖ _σi‖‖si‖, we can obtain from (17) that _sF is
bounded.

Because V1(t) ≥ 0, and si, _si ∈ L∞, then it can be derived
from (32) that



N

i�1
1 − ci( λmin Ki(  

t

0
si(τ)

����
����
2dτ ≤V1(0) + 

N

i�1

ρ2i
4ci]i

,

(35)

which implies that 
t

0 ‖si(τ)‖2dτ is bounded, that is, si ∈ L2.
si, _si ∈ L∞, si ∈ L2, and thus si(t) is uniformly contin-

uous. According to Barbalat’s lemma [51], limt⟶∞sF⟶ 0.
Because (34) is input-to-state stable with respect to the input
sF and state σF(t), it can be concluded that
limt⟶∞σF(t)⟶ 0. As a result, it follows that
limt⟶∞σF(t)⟶ − (L− 1

F LFL ⊗ I3)σL, so similarly
limt⟶∞ _σF⟶ − (L− 1

F LFL ⊗ I3) _σL; according to Assump-
tion 1, limt⟶∞ _σL⟶ 0, and thus limt⟶∞ _σF⟶ 0.
According to _σi � G(σi)ωi, we can obtain that
limt⟶∞ωF⟶ 0. ,e attitude of followers asymptotically
converges to the convex hull formed by leaders’ orientation.

According to Reference [52], we see that the system
trajectories are attracted towards the sliding manifold as
long as sgn(si(ti

k)) � sgn(si(ti)). ,is holds for all triggering
instants whenever sgn(si(ti

k)) � sgn(si(ti)). As a result, the
trajectories reach the neighbourhood of the sliding manifold
due to limt⟶∞sF⟶ 0 and enter the region where the sign
of si changes before next triggering occurs. So, in the time
interval, the decrement of V1 cannot be guaranteed because
zero crossing of si occurs, and hence the trajectory increases.
However, the sliding trajectories are ultimately bounded
within this region. ,erefore, the ultimate band is the region
where sgn(si(ti

k))≠ sgn(si(ti)). ,e size of this band can be
calculated by finding the maximum deviation of sliding
trajectory with zero crossing.

,is ultimate region can now be derived as follows. We
know that for any ti ∈ [ti

k, ti
k+1),

si t
i
k  − si t

i
 

�����

����� � esi t
i

 
�����

�����≤
1

λmax Ki( 

ci

2
λmin Ki(  si(t)

����
����

+ μi(t) − eJi(t)
����

����.

(36)

,is gives the maximum deviation of sliding variable
from its immediate sampled value. ,en, the maximum
value of band can be obtained for the case si(ti

k) � 0 and is
given in (15).

10 Mathematical Problems in Engineering



According to (32), V1(t)≤V1(0) + 
N
i�1(ρ

2
i /4ci]i); then,

substituting (23) into it, we can obtain



N

i�1
sT

i Misi + 
N

i�1

ΘT

i Λ
− 1
i

Θi + 
N

i�1

k
2
i Γ

− 1
i ≤ 

N

i�1
sT

i (0)Mi(0)si(0)

+ 
N

i�1

ΘT

i (0)Λ− 1
i

Θi(0) + 
N

i�1

k
2
i (0)Γ− 1i + 

N

i�1

ρ2i
2ci]i

.

(37)

Because 
N
i�1

ΘT

i Λ
− 1
i

Θi + 
N
i�1

k
2
i Γ

− 1
i ≥ 0, we can obtain

that



N

i�1
sT

i Misi

���������

���������
≤ 

N

i�1
sT

i (0)Mi(0)si(0) + 
N

i�1

ΘT

i (0)Λ− 1
i

Θi(0)

���������

+ 

N

i�1

k
2
i (0)Γ− 1i + 

N

i�1

ρ2i
2ci]i

���������
.

(38)

Further,



N

i�1
sT

i si

���������

���������
≤ λmin Mi( ( 

− 1


N

i�1
sT

i (0)Mi(0)si(0)

���������

+ 

N

i�1

ΘT

i (0)Λ− 1
i

Θi(0) + 
N

i�1

k
2
i (0)Γ− 1i + 

N

i�1

ρ2i
2ci]i

���������
.

(39)

,at is,

sF

����
����≤

�����������������������������������������������������������������

λmin Mi( ( 
− 1



N

i�1
sT

i (0)Mi(0)si(0) + 
N

i�1

ΘT

i (0)Λ− 1
i

Θi(0) + 
N

i�1

k
2
i (0)Γ− 1i + 

N

i�1

ρ2i
2ci]i

���������

���������




� sM.

(40)

Second, consider the following Lyapunov function
candidate:

V2 � σT
F D⊗ I3( σF. (41)

Taking the derivative of V2 along (34) gives

_V2 � _σT

F D⊗ I3( σF + σT
F D⊗ I3(  _σF

� 2 L− 1
F LFL ⊗ I3  _σL + sF  D⊗ I3( σF − ασT

F DLF + LT
FD σF

≤
2max di(  L− 1

F LFL ⊗ I3  _σL + sF

�����

�����
�������
min di( 


���
V2


−
αλmin(Q)

max di( 
V2.

(42)

,ere exists a diagonal matrix D � diag(d1, . . . , dN)

with di > 0, ∀i � 1, · · · , N, such that Q � DLF + LT
FD is

symmetric positive definite. Because ∀x, y ∈ R,
|2xy|≤ cix

2 + (1/ci)y
2 holds. ,en, (42) can be written as

_V2 ≤ 2

�����������
αλmin(Q)

2max di( 
V2



·

���������
2max di( 

αλmin(Q)



·
max di(  L− 1

F LFL ⊗ I3  _σL + sF

�����

�����
�������
min di( 

 −
αλmin(Q)

max di( 
V2

≤
2max di( 

3 L− 1
F LFL ⊗ I3  _σL + sF

�����

�����
2

αλmin(Q)min di( 
−
αλmin(Q)

2max di( 
V2.

(43)
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Furthermore,

_V2 +
αλmin(Q)

2max di( 
V2 ≤

max di( 
3 L− 1

F LFL ⊗ I3  _σL + sF

�����

�����
2

αλmin(Q)min di( 
.

(44)

It can be obtained that

V2(t)≤V2(0)e
− αλmin(Q)/2max di( )( )t

+
4 max di( ( 

4 L− 1
F LFL ⊗ I3  _σL + sF

�����

�����
2
1 − e

− αλmin(Q)/2max di( )( )t
 

α2 λmin(Q)( 
2 min di( 

. (45)

Let cM � 2(max(di))
2/(αλmin(Q)min(di)). Because

limt⟶∞e− (αλmin(Q)/2max(di))t⟶ 0, then according to (41),
we can get

lim sup
t⟶∞

σF

����
����≤ cM lim sup

t⟶∞
L− 1

F LFL ⊗ I3  _σL + sF

�����

�����

≤ cM lim sup
t⟶∞

sF

����
���� + cM lim sup

t⟶∞
− L− 1

F LFL ⊗ I3  _σL

�����

�����.
(46)

According to the aforementioned analysis,
limt⟶∞‖sF‖⟶ 0. According to Assumption 1, _σL is
bounded, and thus lim supt⟶∞‖ − (L− 1

F LFL ⊗ I3) _σL‖ is
bounded. Moreover, we assume that limt⟶∞‖ _σL‖⟶ 0,
and thus we can obtain that limt⟶∞‖σF‖⟶ 0.

Substituting (41) into equation (45), we can get

σF(t)
����

����≤

������������������������������
V2(0)

min di( 
+ c

2
M L− 1

F LFL ⊗ I3  _σL + sF

�����

�����
2



≤

�������������������������������������

max di( σ2F(0)

min di( 
+ c

2
M λmax L− 1

F LFL  _σLM + sM

�����

�����
2



� σFM.

(47)

From definitions of σF and _σF, we can also obtain

σF

����
����≤ σF

����
���� + L− 1

F LFL ⊗ I3 σL

�����

�����

≤ σFM + λmax L− 1
F LFL σLM

� σFM,

_σF

����
����≤ α LF ⊗ I3( σF

����
���� + α LFL ⊗ I3( σL

����
���� + sF

����
����

≤ αλmax LF( σFM + αλmax LFL( σLM + sM

� _σFM.

(48)

,erefore, for any bounded initial states and t≥ 0, the states
of (5) using equations (15) and (19)–(21) will always lie in the
compact set (σi(t), _σi(t))|‖σF(t)‖≤ σFM, ‖ _σF(t)‖≤ _σFM .

(2) Proof. Necessity: Necessity is proven by contradiction. If
Assumption 3 does not hold, then there must exist parts of
followers which cannot receive information from any leader
directly or indirectly (through other followers). According to
Reference [53], the followers can be divided into two subsets,

namely, one set with the followers that can receive the in-
formation from the leaders directly or indirectly, denoted by
F1, and the follower set, which cannot receive information
from leaders denoted by F2. ,e system Laplacian matrix L
can also be in the following form:

L �

LF1F1
LF1F2

LF1L

0 LF2F2
0

0 0 0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦. (49)

Let the attitude of F1 and F2 be σF1
and σF2

. Auxiliary
variables sF1

,sF2
are given with respect to σF1

and σF2
. ,en,

we can obtain

_σF1
� − α LF1F1

⊗ I3 σF1
− α LF1F2

⊗ I3 σF2

− α LF1L⊗ I3 σL + sF1
,

_σF2
� − α LF2F2

⊗ I3 σF2
+ sF2

.

(50)

Because sF1
and sF2

are proved to converge to zero, the
final states of σF1

and σF2
will depend on the equilibrium

points. We can get from equation (50) that the trajectories of
the followers in F2 are independent of the leaders, and thus
these followers cannot always converge to the convex hull
formed by the leaders from any initial state. For the followers
in F1, Assumption 3 holds. From the analysis of the suffi-
ciency in this proof, the motion of followers in F1 may also
be affected by its neighbours including leaders and followers
in F2, and thus there might exist some followers in F1 that
cannot converge to the convex hull formed by the leaders.

,e proof is completed.

Remark 2. In order to avoid the chattering problem caused
by the sign function, controller (19) can be substituted by
saturation function

sat(x, δ) �

1, x> δ,

x

δ
, |x|≤ δ,

− 1, x < − δ,

⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

(51)

where δ is a small positive constant.
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Remark 3. ,e attitude containment control problem with
multiple leaders has been studied in the context. Obviously,
if there exists one leader in control protocol (19), the
multiple leader-follower coordinated attitude containment
control problem becomes the coordinated attitude tracking
problem with single leader.

3.3. /e Absence of Zeno Behaviour. Zeno behaviour means
the minimum time interval between two consecutive events
is 0 and the event triggers infinite times in a finite time,
which is forbidden in control tasks. Let T denote interevent
time interval of event-triggered attitude control protocol
(19)–(21) and triggering condition (15). T needs to be strictly
positive to exclude the Zeno behaviour.

limti⟶∞si⟶ 0 is satisfied in the context. But at ti
k+1,

there may exist the case of si(ti) � 0, _si(ti)≠ 0. ,e attitude
containment control is not reached at this moment.
,erefore, the event is triggered in the following two cases:

(1) If ‖si(ti
k+1)‖≠ 0, the interevent time interval of this

case is denoted as T1 and triggering condition is
‖eJi(ti

k+1)‖ + λmax (Ki)‖esi(ti
k+1)‖≥(ci/2) λmin (Ki)‖si

(ti
k+1)‖ +μi (ti

k+1).
(2) If ‖si(ti

k+1)‖ � 0, the interevent time interval of this
case is denoted as T2 and triggering condition is
‖eJi(ti

k+1)‖ + λmax(Ki)‖esi(ti
k+1)‖≥ μi(ti

k+1).

Comparing the aforementioned two cases, we can know
that for any ‖si(ti

k+1)‖≠ 0, there exists ‖si(ti
k+1)‖> 0, so it can

be concluded that case (1) takes longer time, which implies
T2 <T1. We just need to prove that there exists strictly
positive T2 to exclude the Zeno behaviour.

Theorem 2. If conditions of /eorem 1 hold, then the
interevent time interval T of triggering condition (15) has
positive lower bound.

Proof. According to Reference [35], for any k≥ 0 and
ti ∈ [ti

k, ti
k+1), i � 1, . . . , N, the derivative of ‖esi(ti)‖ with

respect to time satisfies

d
dt

esi t
i

 
�����

�����≤ _si t
i

 
�����

�����, (52)

where _si(ti) has been proved to be bounded. Let positive
constant Bs denote the maximum of ‖ _si(ti)‖, and we obtain
(d/dt)‖esi(ti)‖≤Bs.

Similar to equation (42), the derivative of ‖eJi(ti)‖

satisfies
d
dt

eJi t
i

 
�����

�����≤
d
dt

Yi t
i

  Θi t
i

  

�������

�������
� _Yi t

i
  Θi t

i
  + Yi t

i
 

_Θi t
i

 

������

������.

(53)

It can be seen from the Section 3.1 that Yi(ti) and Θi(ti)

are both bounded; according to Assumption 1 in Reference
[35], we know that _Yi is bounded. ,en, because Yi(ti) and
si(ti) are bounded, _Θi(ti) is bounded according to adaption
update law. Let positive constant BJ denote the upper bound
of ‖(d/dt)(Yi(ti) Θi(ti))‖, and (d/dt)‖eJi(ti)‖≤BJ can be
obtained.

Let B � max BJ, λmax(Ki)Bs ; it follows that

eJi t
i

 
�����

����� + λmax Ki(  esi t
i

 
�����

�����≤ 2
ti

ti
k

Bdt � 2B t
i
− t

i
k , t

i ∈ t
i
k, t

i
k+1 .

(54)

According to case (2), the lower bound of interevent time
interval T2 can be derived:

2BT2 ≥ ρi

��������

λmin Ki( 



exp − ]iT2( , (55)

where B> 0. T2 can get positive solution from equation (55).
,us, there exists time interval between two consecutive
events, and the system avoids continuous control. It means
that the interevent time interval of triggering condition (15)
has positive lower bound.

4. The Influence of Information Topology
Design on Followers’ Orientation

Compared with single leader/leaderless case, containment
control has lower accuracy requirement for the final state of
cluster members. However, in practical space missions, the
orientation of satellites in the target area needs to meet
certain constraints, such as multiple satellites observing the
same orientation simultaneously, the observation field
covering the entire target area, and so on.

It indicates in [46] that the steady state of each follower is
a convex combination of all leaders’ states it can access, and
the combination coefficient is a quantity related to the
system Laplacian matrix. It can be concluded that the ori-
entation of followers in the target area is determined by
system information topology (including the weights that are
assigned to edges).

In this section, approaches from graph theory to in-
vestigate influence of information topology on the distri-
butions of followers are presented to provide a reference for
orientation design of the microsatellite cluster.

4.1. /e Constraints of Leader Reachable Set on Followers’
Orientation. Denote C � − L− 1

F LFL as the coefficient matrix
of steady state of followers with respect to the state of leaders,
where 0≤ cij ≤ 1, 

M
j�1 cij � 1. It reflects the relationship

between system information topology and steady state of
followers. According to the definition of reachable set [46],
(1) if follower i is reachable from multiple leaders including
N + j, 0< cij < 1, the motion of i is affected by multiple
leaders, and its stable state is correspondingly determined by
the states of these leaders. (2) If follower i is only reachable
from leader N + j, cij � 1, there exists a directed path from
N + j to i, that is, the motion of follower i will be only
affected directly or indirectly by leader N + j. (3) If follower i
is not reachable from leader N + j, cij � 0, the motion of i
will not be affected by leader N + j, and thus the steady state
of follower i is not related to N + j.

Rj(j � 1, 2, . . . , m) is denoted as the reachable set of
leader N + j. Hj � (Rj/∪ j≠iRi) is a set of all followers which
is only reachable from leader N + j. Yj � (F/Rj) represents
the unreachable set from leader N + j. Pj � (Rj/Hj)
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represents other follower set in Rj without Hj, and Hj �

(Hj/ N + j ) represents the subset without N + j in Hj.
,en, LF and LFL can be written in the following block

matrix forms:

LF �

LHj

0 0

L
Pj

Hj

LPj
LPjYj

0 0 LYj

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

LFL � δ1, . . . , δN ,

(56)

where δj � LT

Hj,N+j
LT

Pj,N+j 0 

T

.

Theorem 3. Assume all leaders have converged to the steady
states σe

N+1, σ
e
N+2, . . . , σe

N+M. /en, under the action of trig-
gering condition (15), adaptive sliding mode attitude con-
tainment control algorithm (19), and adaption laws (20) and
(21), all followers of cluster system (5) will asymptotically
converge to the steady state σe

i � 
M
j�1 cijσe

N+j, i ∈ F, j ∈ L.

Proof. Since

LHj

1Hj

+ LH,N+j
� 0, (57)

we have

L− 1
Hj

LH,N+j
� − 1Hj

, (58)

and we can obtain that

− L− 1
F δj � −

L− 1
Hj

LHj,N+j

− L− 1
Pj
L

Pj
Hj,N+j

+ L− 1
Pj
LPj,N+j

0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

�

1Hj

L− 1
Pj

L
Pj

Hj

1Hj

+ LPj,N+j
 

0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

(59)

Further, each entry of L− 1
Pj

(L
Pj

Hj

1Hj

+ LPj,N+j
) is positive.

Otherwise, L
Pj

Hj

1Hj

+ LPj,N+j
� 0, which means Pj does not

have neighbours in Hj, which contradicts the definition of
Pj.

Now ,eorem 3 has been proved.

4.2. /e Constraints of Graph Differentiation on Followers’
Orientation. In microsatellite cluster flying missions, each
member obtains the information from its neighbours
through communication or relative state measurement. Due
to the performance difference of sensors and communica-
tion equipment, as well as relative distance between mem-
bers, neighbour satellite sets of each satellite are different.
However, there may exist some commonalities among
cluster members in information interaction, according to
which cluster members can be divided into several subsets,
and dynamic behaviour of cluster members belonging to the
same subset may also have commonalities.

Although steady orientation of followers can be roughly
estimated based on leader reachable sets, in some obser-
vation missions, there exist more constraints on followers’
orientation. ,e steady state of followers can be described
using π1 partition and π2 partition of cluster information
topology.,ese two graph theory tools can divide the cluster
member into several subsets, and the number of neighbours
in other subsets of cluster members belonging to the same
subset has a certain commonality, which provides theoretical
basis for information topology design of the microsatellite
cluster.

At first, we prove that the satellites in the same cell
partition belonging to π1

H1 ,...,Hm{ }
partition have same steady

state.

Theorem 4. For event-triggered adaptive sliding mode at-
titude containment control protocol (19), triggering condition
(15), and adaption laws (20) and (21) of the microsatellite
cluster system which satisfies σe

F � − L− 1
F LFLσL, if system in-

formation topology G has a cell partition
π1

H1 ,···,Hm{ }
� C1, · · · , Ck , then all the followers that belong to

the same cell Ci(i � 1, · · · k) have the same steady state.

Proof. According to Reference [46], suppose π1
H1 ,···,Hm{ }

�

C1, . . . , Ck  is a cell partition of V(G) with
C1 � H1, . . . , Cm � Hm; then, according to the cell partition
of V(G), by ordering the vertices appropriately, the graph
Laplacian can be written in the following form:

L �

LC1C1
· · · 0 0 · · · 0

⋮ ⋱ ⋮ ⋮ ⋱ ⋮

0 · · · LCmCm
0 · · · 0

LCm+1C1
· · · LCm+1Cm

LCm+1Cm+1
· · · LCm+1Ck

⋮ ⋱ ⋮ ⋮ ⋱ ⋮

LCkC1
· · · LCkCm

LCkCm+1
· · · LCkCk

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (60)

,e block matrix at the lower left corner and the lower
right corner is denoted by A, B, respectively. Since Lσe

F � 0,
Aσe

H + Bσe

F
� 0 is obtained. ,en, by Lemma 2 in [46],

σe

F
� − B− 1Aσe

H. Assuming that each vertex in Ci has sij
number of neighbours in Cj(i, j � 1, . . . , k, i≠ k), then,
according to the definition of π1 partition, each row sum of
the submatrix LCiCj

(i, j � 1, . . . , k, i≠ j) equals sij. Com-
bining with Corollary 1 in [46], it is given that

Aσe
H �

− sm+1,11rm+1

⋮

− sk,11rk

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦σ
e
N+1 + · · · +

− sm+1,m1rm+1

⋮

− sk,m1rk

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦σ
e
N+M,

(61)

where ri is the cardinality of Ci(i � m + 1, . . . , k).
It follows that
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σe

F
� B− 1

sm+1,11rm+1

⋮

sk,11rk

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦σ
e
N+1 + · · · + B− 1

sm+1,m1rm+1

⋮

sk,m1rk

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦σ
e
N+M.

(62)

By using Lemma 3 in [46], it can be concluded that all the
followers that belong to the same cell Ci(i� 1, . . ., k) have the
same steady state.

Now ,eorem 4 has been proved.
,en, another cell partition, π2

H1 ,...,Hm{ }
partition, is pro-

vided to prove that satellites in the same cell partition belonging
to π2

H1 ,...,Hm{ }
partition have the same steady state.

Theorem 5. For event-triggered adaptive sliding mode
containment control protocol (19)–(21) of microsatellite
cluster which satisfies σe

F � − L− 1
F LFLσL, if the system infor-

mation topology G has a cell partition π2 � C1, . . . , Ck  with
Ci ⊆ Hj or Ci ⊆ F, i � 1, . . . , k, j � 1, . . . , m, then all the
followers that belong to the same cell Ci(i � 1, . . . , k) have the
same steady state.

Proof. According to Reference [46], construct the deduced
unweighted graph G

2 of G as follows: use a follower i to
represent cell Ci and draw an edge from j to i is a neighbour
cell of Ci. ,en, G

2 has m reaches according to Assumption
3. Let L

2 be the Laplacian matrix of the deduced graph G
2; it

can be derived that L
2σF � 0 with σi � σe

N+j if Ci ⊆Hj has
unique solution. Finally, it can be verified that σe

FCi
� σi1Ci

is
the solution of Lσe

F � 0.
Now ,eorem 5 has been proved.

5. Simulation Results

5.1. Simulation Results and Analysis of Attitude Containment
Control. In this section, simulations for multiple leader-
follower satellite cluster are presented to illustrate the ef-
fectiveness of the proposed control protocol and informa-
tion topology design. Suppose that in microsatellite cluster
observation mission, six satellites, denoted by
F � 1, 2, . . . , 6{ }, are needed to obtain observation infor-
mation from three different directions. Suppose the target
area is defined by three attitude orientations, and the leaders
L � 7, 8, 9{ } are stationary relative to the reference frame.
,e attitude of leaders, respectively, is

σ7 � 0.09 0.06 − 0.08 
Trad,

σ8 � 0.06 − 0.1 0.05 
Trad,

σ9 � − 0.08 0.1 0.09 
Trad.

(63)

,e nominal inertia of six followers, respectively, is

J1 �

20 0 2

0 25 0

2 0 29

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦kgm
2
,

J2 �

22 1 0.5

1 24 3

0.5 3 22

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦kgm
2
,

J3 �

25 0.8 2

0.8 29 1

2 1 21

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦kgm
2
,

J4 �

23 0.4 0

0.4 26 0.8

0 0.8 28

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦kgm
2
,

J5 �

22 0.2 0

0.2 26 0.6

0 0.6 24

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦kgm
2
,

J6 �

23 0.4 0

0.4 24 0.8

0 0.8 28

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦kgm
2
.

(64)

,e initial estimation parameter is
Θi(0) � [22, 26, 25, 0, 0, 0]T.

,e initial state of followers is, respectively, shown in
Table 1.

System information topology is shown in Figure 2.
Control gain coefficients and adaptive parameters are

αi � 0.02,

Ki � 1 1 1 
T
,

Λi � diag 2 2 2 ( ,

Γi � 0.001.

(65)

Triggering parameters are ci � 0.6, ρi � 2, ]i � 0.5.
A microsatellite cluster in LEO is mainly affected by the

gravity gradient torque, while the disturbances such as the
solar radiation pressure torque will be dominant for a cluster
in high-Earth orbits such as the geostationary orbit. All these
torques are slowly varying and can be treated as signals
composed of constants and periodic trigonometric func-
tions. Taking into account these factors, the disturbances are
chosen as

di � dli + duni, (66)

where
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dl1 � 0.0012 − 0.0018 0.0012 
TN.m,

dl2 � 0.001 0.0014 − 0.0017 
TN.m,

dl3 � − 0.0013 0.0016 − 0.001 
TN.m,

dl4 � 0.0015 − 0.0014 − 0.0013 
TN.m,

dl5 � − 0.001 − 0.001 0.0015 
TN.m,

dl6 � − 0.0012 0.0013 0.0014 
TN.m

(67)

denote the constant disturbing torques and

duni �
1
5

dli(1) sin
t

12
 

dli(2) cos
t

15
 

dli(3) sin
t

10
 cos

t

15
 

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(68)

is used to simulate the residual disturbances including
aerodynamic torques, solar radiation torques, and similar
effects.

5.1.1. Event-Triggered Attitude Containment Control.
Simulation results of satellite cluster are shown in Figure 3.
Figures 3(a) and 3(b) are the curves of relative attitude and
relative angular velocity over time, respectively. It can be
seen that the relative attitude converges to the convex hull
formed by the leaders at about 600 s, and relative angular
velocity converges to 0 within 700 s. ,e followers can
converge to the convex hull even though there exists large
disturbance torque. ,e interevent time of each follower is
shown in Figures 3(c) and 3(d). At the initial stage, the state
of cluster members is far from the desired state, then the
event is triggered frequently, and the update of control
input is relatively frequent, but when the system asymp-
totically converges to the desired state, fewer events are

triggered, and interevent time increases and tends to be
stable finally. We can find that if satellites are influenced by
periodic disturbance, the interevent time also changes
periodically. ,e control torques acting on each satellite are
shown in Figure 3(e). It can be seen that control torques
acting on the followers are piecewise function, and the
control input is only updated at the next triggering instant.
,e control torques are limited within the range of
[− 1, 1]N · m. Attitude trajectories of followers are shown in
Figure 3(f ), from which we can see that followers as-
ymptotically converge to the convex hull formed by the
leaders. Figures 3(g) and 3(h) show the event error and
triggering threshold for each follower in 200 s. It can be
seen that if event error exceeds threshold, the event is
triggered and the state is sampled.

In a word, under the action of the event-triggered
adaptive sliding mode attitude controller, the attitude of
each satellite asymptotically converges to the convex hull
formed by the leaders, and angular velocity asymptotically
converges to 0.

5.1.2. Traditional Time-Triggered Attitude Containment
Control. According to Reference [53], the time-triggered
adaptive sliding mode attitude containment control algo-
rithm is

ui(t) � − Kisi + Yi
Θi − kisgn si( , i ∈ F,

_Θi(t) � − ΛiY
T
i (t)si(t),

_ki(t) � Γi si(t)
����

����1.

(69)

,e simulation results of time-triggered distributed
attitude adaptive sliding mode controller are shown in
Figure 4. ,e attitude of the cluster system converges to the
convex hull formed by the leaders at about 600 s, and at-
titude angular velocity converges to 0 within 700 s. ,e
controller is continuously updated while the convergence
rate and control accuracy are not better than the event-
triggered one.

It can be clearly seen from Figures 3 and 4 that both
time-triggered and event-triggered control strategies can
realize attitude containment. In addition, it is noteworthy
that event-triggered containment control is updated in an
aperiodic manner, while time-triggered control is updated at
a fixed interval of 0.01 s. Within 1200 s, the sampling and
control input update times of the time-triggered control
method are 120,000, while the event of each follower, re-
spectively, is 391, 445, 405, 354, 402, and 480, fromwhich the
update frequency of control action is greatly reduced by the
event-triggered control strategy. Compared with time-
triggered attitude containment control protocol, event-
triggered one can effectively reduce the control input update
frequency while ensuring the similar control performance.
,rough the reasonable selection of control parameters and
triggering function, event-triggered control can guarantee
the convergence rate and control accuracy and reduce the
amount of computation and communication, as well as the
update frequency of actuators.

Table 1: ,e initial attitude information of followers.

Followers Attitude σi(rad) Angular velocity ωi(rad/s)

1 0.1 0.4 − 0.3 
T 0.01 0 0 

T

2 0.3 0.2 0.3 
T 0 0.01 0 

T

3 − 0.2 0.1 − 0.1 
T 0 0 0.01 

T

4 − 0.4 0.2 − 0.1 
T 0 0 − 0.01 

T

5 0.3 − 0.5 0.1 
T 0 − 0.015 0 

T

6 0.2 0.2 − 0.3 
T 0 0 0.015 

T

9

1 2 3 4

7

5

8

6

Figure 2: Topology structure of satellite cluster.
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Figure 3: Continued.
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5.2. /e Influence of Information Topology on Follower’s
Orientation. Suppose in the Earth observation mission of
the microsatellite cluster, twelve satellites are used to obtain
the observation information of three different orientations.
In order to meet the accuracy requirement, two satellites can
be used to observe the same azimuth at the same time.
Suppose the target area is formed by three attitude orien-
tations. ,e initial state of leaders, respectively, is

σ10 � 0.09 0.06 − 0.08 
Trad,

σ11 � 0.06 − 0.1 0.05 
Trad,

σ12 � − 0.08 0.1 0.09 
Trad.

(70)

Nominal inertia of followers, respectively, is
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Figure 3: Simulation results of controller (19) and Figure 2. (a) Attitude of follower satellites. (b) Attitude angular velocity of follower
satellites. (c) Interevent time of follower satellites 1–3. (d) Interevent time of follower satellites 4–6. (e) Control torques acting on followers.
(f ) Attitude trajectories of follower satellites. (g) Triggering condition of follower satellites 1–3 in 200 s. (h) Triggering condition of follower
satellites 4–6 in 200 s.

18 Mathematical Problems in Engineering



0 200 400 600 800 1000 1200
–0.5

0

0.5

0 200 400 600 800 1000 1200
–1

–0.5

0

0.5

0 200 400 600 800 1000 1200
–0.5

0

0.5

t (s)

1
2
3

4
5
6

σ z (
ra

d)
σ y (

ra
d)

σ x (
ra

d)

(a)

0 200 400 600 800 1000 1200
–0.01

0

0.01

0.02

0 200 400 600 800 1000 1200
–0.02

0

0.02

0 200 400 600 800 1000 1200
–0.01

0

0.01

0.02

t (s)

1
2
3

4
5
6

ω z
 (r

ad
/s

)
ω y

 (r
ad

/s
)

ω x
 (r

ad
/s

)
(b)

0 200 400 600 800 1000 1200
–1

–0.5
0

0.5
1

0 200 400 600 800 1000 1200
–1

–0.5
0

0.5
1

0 200 400 600 800 1000 1200
–1

–0.5
0

0.5
1

t (s)

0 50 100
–0.5

0

0.5

1

u x (
N

m
)

u y (
N

m
)

u z (
N

m
)

(c)

–0.6
–0.4

–0.2
0

0.2
0.4

–1

–0.5

0

0.5
–0.4

–0.2

0

0.2

0.4

σz

σy σx

(d)

Figure 4: Simulation results of controller (69). (a) Attitude of follower satellites. (b) Attitude angular velocity of follower satellites. (c)
Control torques acting on followers. (d) Attitude trajectories of follower satellites.
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(71)

,e initial estimation parameter of followers is
Θ(0) � [22, 26, 25, 0, 0, 0]T.

,e constant disturbance acting on the followers 1–6 and
periodic disturbances are the same as Section 5.1, while
constant disturbance acting on followers 7–9 is

dl7 � − 0.0016 0.001 0.0012 
TN · m,

dl8 � − 0.0018 0.001 − 0.0012 
TN · m,

dl9 � 0.0011 − 0.0015 − 0.0014 
TN · m.

(72)

,e initial state of followers is, respectively, shown in
Table 2.

Information topology of the cluster system is shown in
Figure 5.

,e information topology structure of the micro-
satellite cluster system is shown in Figure 5. It can be seen
that Figure 5 belongs to π1 partition. Satellites 1, 2, 7, and 8
belong to the same cell, 3 and 4 belong to the same cell,
and 5 and 6 belong to the same cell. According to,eorem
4, satellites belonging to the same cell converge to the
same azimuth under the action of control torques in the
presence of model uncertainties and external distur-
bances. ,is property can be used to observe the same
azimuth. Simulation results are shown in Figure 6. ,e
attitude of follower converges to the convex hull formed

Table 2: ,e initial attitude information of followers.

Followers Attitude σi(rad) Angular velocity ωi(rad/s)

1 0.1 0.4 − 0.3 
T 0.01 0 0 

T

2 0.3 0.2 0.3 
T 0 0.01 0 

T

3 − 0.2 0.1 − 0.1 
T 0 0 0.01 

T

4 − 0.4 0.2 − 0.1 
T 0 0 − 0.01 

T

5 0.3 − 0.5 0.1 
T 0 − 0.015 0 

T

6 0.2 0.2 − 0.3 
T 0 0 0.015 

T

7 0.2 − 0.1 − 0.4 
T 0.01 − 0.01 0 

T

8 − 0.4 − 0.3 0.1 
T 0 0.015 − 0.01 

T

9 − 0.2 − 0.3 0.2 
T 0.01 0 − 0.015 

T
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Figure 5: Topology structure of satellite cluster satisfying π1 cell partition.

0 200 400 600 800 1000 1200
–0.5

0

0.5

0 200 400 600 800 1000 1200
–1

–0.5

0

0.5

0 200 400

1
2
3

4
5
6

7
8
9

600 800 1000 1200
–0.5

0

0.5

σ z
 (r

ad
)

σ y
 (r

ad
)

σ x
 (r

ad
)

t (s)

(a)

1
2
3

4
5
6

7
8
9

ω z (
ra

d/
s)

ω y (
ra

d/
s)

ω x (
ra

d/
s)

0 200 400 600 800 1000 1200
–0.04

–0.02

0

0.02

0 200 400 600 800 1000 1200
–0.02

0

0.02

0 200 400 600 800 1000 1200
–0.02

0

0.02

t (s)

(b)

0 200 400 600 800 1000 1200

0 200 400 600 800 1000 1200

0 200 400 600 800 1000 1200

0 200 400 600
Time (s)

800 1000 1200

0

10

20

t1 k+
1 –

 t1 k

0

20

40

t2 k+
1 –

 t2 k

0

10

20

t3 k+
1 –

 t3 k

0

10

20

t4 k+
1 –

 t4 k

(c)

0 200 400 600 800 1000 1200

0 200 400 600 800 1000 1200

0 200 400 600 800 1000 1200

0 200 400 600 800 1000 1200

0 200 400 600 800 1000 1200
Time (s)

0
20
40

t5 k+
1 –

 t5 k

0
20
40

t6 k+
1 –

 t6 k

0
20
40

t7 k+
1 –

 t7 k

0
5

10

t8 k+
1 –

 t8 k

0
10
20

t9 k+
1 –

 t9 k

(d)

Figure 6: Continued.
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22 Mathematical Problems in Engineering



by the leaders within 600 s, and attitude angular velocity
converges to 0 within 700 s. ,e control torques are
piecewise constant. Satellites 1 and 2 converge to the same
azimuth, and 7 and 8 converge to same azimuth, re-
spectively. Because satellites in C5 only receive informa-
tion from C3, 3, 4, 5, and 6 converge to the same azimuth.
Within 1200 s, the sampling and control input update
times of each follower, respectively, are 232, 247, 522, 420,
162, 142, 196, 288, and 315.

6. Conclusion

In this paper, an event-triggered adaptive sliding mode
attitude containment control protocol is proposed in the
framework of the Euler–Lagrange model for the attitude
containment control problem of the microsatellite cluster
system. Considering the constraints of resource and
power on the microsatellite cluster system, the event-
triggered control strategy is introduced into the attitude
containment control problem of the microsatellite cluster.
,e triggering condition consisting of state-dependent
function and the time-dependent function is given to
adjust controller update period and exclude the Zeno
behaviour. If and only if the triggering condition is sat-
isfied, state information is sampled, control law is com-
puted, and actuators are updated. ,en, under directed
topology, the event-triggered adaptive sliding mode at-
titude containment control algorithm is proposed, which
makes attitude of followers asymptotically enter into the
convex hull formed by leaders’ orientation in the presence

of inertia uncertainties and external disturbances. Nu-
merical simulation is carried out to verify the effectiveness
of the proposed event-triggered distributed attitude
containment control algorithm. ,en, compared with the
time-triggered one, it can be seen that while ensuring the
control performance of the cluster system, the designed
event-triggered attitude containment controller only
updates control law in the triggering instant, which ef-
fectively reduces the amount of computation and com-
munication and update frequency of actuators and saves
resources on board.

Furthermore, the influence of cluster information
topology structure design on the stable state of con-
tainment control algorithm is also studied. An appro-
priate information topology is designed to meet the
attitude orientation requirements of containment con-
trol. It is shown that the steady state of each follower is a
convex combination of all leaders’ states it can access.
,e cell partition of cluster information topology is given
based on the number of satellite’s neighbours, and it is
proved that the cluster members belonging to the same
cell have the same stable state. However, there is no
requirement for the information interaction between
satellites inside the cell, and the information links inside
the cell will not affect the stable state of cluster members.
It provides a theoretical basis for the design of infor-
mation topology of the microsatellite cluster system.
Numerical simulation is conducted to verify the influ-
ence of information topology on steady state of the
microsatellite cluster system.
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Figure 6: Simulation results of controller (19) and Figure 5. (a) Attitude of follower satellites. (b) Attitude angular velocity of follower
satellites. (c) Interevent time of follower satellites 1–4. (d) Interevent time of follower satellites 5–9. (e) Control torques acting on followers.
(f ) Attitude trajectory of followers projected on σx-σy axis. (g) Attitude trajectory of followers on σx-σz axis. (h) Attitude trajectory of
followers on σy-σz axis. (i) Triggering condition of follower satellites 1–3 within 200 s. (j) Triggering condition of follower satellites 4–6
within 200 s.
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