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Our aim in this paper is to study the asymptotic global stability of the positive solutions for a class of first-order nonlinear
difference equations with a remarkable feature: the initial conditions are intrinsic and not explicitly given. Global stability results
are obtained in a particular case and then for a general class of first-order difference equations. We also provide the results of some
numerical experiments obtained by the mini software package FIXPOINT to illustrate asymptotic global stability as well as the rate
of convergence. To the best of our knowledge, our approach is the first one in the literature on the stability of difference equations

without explicit initial conditions and might generate an interesting new direction of further studies.

1. Introduction

Many important phenomena and dynamical processes in
several fields of applied sciences and engineering are de-
scribed by means of differential and/or difference equations.
On the contrary, difference equations also appear naturally
in connection with discretization schemes applied to ordi-
nary or partial differential equations. For such a difference
equation or system of difference equations, it is important to
study the local and global behaviour of their solutions. This
behaviour is influenced in many instances by the initial
conditions associated to the given difference equations,
making it an important issue in the study of concrete dy-
namical processes.

It is the main aim of this paper to study the asymptotic
global stability of the positive solutions for a general class of
first-order nonlinear difference equations with a remarkable
feature: the initial conditions are not explicitly given but are
intrinsic.

Our approach is motivated mainly by the fact that, in the
case of nonlinear difference equations, properties of solu-
tions, in most of the concrete situations, can only be ob-
served and conjectured by numerical simulations, and it is
extremely difficult to obtain them analytically. Therefore, it is

fundamentally important to identify those classes of non-
linear difference equations for which we still can perform
analytically a qualitative study of the properties of their
solutions, particularly the global behaviour, which is the
topic of the current study.

To the best of our knowledge, our approach is the first
one in the literature on the stability of difference equations
with no explicit initial conditions and might generate an
interesting new direction of further studies.

2. Preliminaries

In most of the studies devoted to the global stability of
k-order difference equations, the appropriate initial con-
ditions are explicitly assumed and the proofs are essentially
based on these conditions. For example, in [1], the authors
studied the dynamics and the global asymptotic stability of
the second-order difference equation:

yn+1=A+ In >

n-1

n=0,1,..., (1)

with the initial conditions y_;, ¥, € (0, 00), where A> 0.
It was shown in [1] that the unique positive equilibrium
¥ =1+ A of equation (1) is globally asymptotically stable.
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In [2], some partial answers to Conjecture 6.4.1 and
Open problem 6.4.1 in [1] were given by obtaining a suf-
ficient condition for the global asymptotic stability of the

unique positive equilibrium of the more general
(k + 1)-order difference equation:
V1 = A+ In w=0,1,..., (2)
Y-k

with the initial conditions y_, ..., y, € (0, 00), where A>0
and k € {2,3,...}. More recently, EI-Owaidy et al. [3], Stevi¢
[4-7], and many other authors have studied the dynamics of
the difference equations in the family:

Xy =a+—, n=0,1,..., (3)
X

with the initial condition x,>0, where a € [0,00) and
p € [1,00). In continuation of this research work, Alogeili
[8] studied the asymptotic behaviour of the rational dif-
ference equation:

xP
Xppp=a+—— n=01..., (4)
n—1
with the initial conditions x_;,x, € (0,+00), where

a € [0,00) and p € (0,1).
Alogeili [8] also studied a more general difference
equation, i.e.,
p

x
i =at+t—— n=01,..., (5)

Xk

X

with the initial conditions x_g,...,x, € (0,+00), where
a € [0,00), pe (0,1), and k € {1,2,...}.

We note that the technique of proof in [1-24] and in
many other related papers is essentially based on the line-
arized stability theorem, on the one hand, and on the initial
conditions, which are in almost all cases restricted to positive
values, on the other hand.

Starting from these facts, as announced in Section 1, our
aim in this paper is to obtain asymptotic stability results for a
class of difference equations with intrinsic initial conditions.

To this end, we need some basic notions and results used
in the study of difference equations. We shall be mainly
concerned with the particular case X: = I, whereI ¢ Risan
interval. In this context, a fixed point x* of f is usually called
an equilibrium point of the first-order difference equation
X, = f(x,), n>0.

Reminding, see for example [18], that the equilibrium
point x* of the k-order difference equation

Xpr =T (X 3%y pnn)» n=k-Lkk+1,..., (6)
is said to be locally stable if, for every € > 0, there exists § >0
such that, for all xy,x,,...,x;_, €I satistying

|xo = x| +|x; = x|+ +|xpy = x7| <6, (7)

one has
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lxn—x*|<e, Vn>0. (8)

The equilibrium point x* of (6) is said to be stable if x* is
alocally stable solution and there exists > 0 such that, for all

Xg» X1, . .» X € I satistying (7), one has
li =x".
o 1 = % ©)

The equilibrium point x* of (6) is a global attractor if, for

all xq,x,,...,x,_; € I, one has
lim x, = x". (10)

The equilibrium point x™ of (6) is globally asymptotically
stable if x* is simultaneously locally stable and a global
attractor of (6).

The equilibrium point x* of (6) is unstable if it is not
locally stable.

3. Global Asymptotic Stability of First-Order
Difference Equations with Intrinsic
Initial Conditions

We start by studying the stability of the solutions of a simple
first-order difference equation with intrinsic initial
condition.

Theorem 1. The equilibrium point x* = 3 of the difference
equation

XpX, —2x,=3, n=0,1,2,..., (11)

is globally asymptotically stable.

Proof. First of all, we note that no explicit initial condition is
associated with the difference equation (11). It is also easy to
see that the equilibriums of equation (11) are the roots of the
quadratic equation x? — 2x — 3 = 0, that is, x* € {-1,3}.

We shall prove now that the equilibrium point x* = 3 is
globally asymptotically stable. Assume there exists m € N*
such that x,, = 3. Then, by (11), x,,_.; =3,...,, x; =3 and
X, = 3. Moreover, one can show by induction that, in this
case, we also have x, = 3, for all n>m.

Therefore, if one single term of the sequence {x,,} would
be equal to 3, in particular, if x, = 3, then all its terms have
the same value and so the equilibrium x* =3 is globally
asymptotically stable.

Furthermore, let us assume that x, # 3, for all n>0. In
this case, we can denote

Yy = , n>0. (12)
.= 3

Note also that x, # 2, for all #>0. Indeed, if we would
have x,, = 2 for a certain m € N, then, by (11), we would get
0 = 3, a contradiction.

So, by (11), we have
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5, = I 1 Xy —2
! Xp — 3 (3/ (xn+1 - 2)) -3 3(3 - xn+1)
(13)
11 1
3 3 x,,-3

which shows that the sequence {y,} satisfies the linear re-
currence relation

Vo1 =3y, -1, n=1, (14)

which can be written in a telescopic form as

Yni1 — Yn _ 1
(_ 3)n+1 (_ 3)” (_3)n+1’
Now, by summing up the 7 relations obtained from (15)
by letting n: =p,p+1,...,n+p-1,
yp+1 _ }’p _ 1
(_3)p+1 (_3)17 (_3)p+1’

n>1. (15)

yp+2 _ yp+1 1
T a\P2 APt o\ pt2
(=37 (=3 (-3 (16)
yn+p — yn+p—1 _ 1
(_ 3)n+p (_ 3)n+p—1 (_3)n+p)
one obtains
n+p-1
Yntp Yy e 1
= - ) — 17
(_3)"+P (_3)P I;: (_3)k+1 ( )

which yields, after computing the geometric progression
sum,

(=3)"-1

R n, p=>0. (18)

Ynip = (_3)n Vpt
Now, in view of (12), it follows that {x,} satisfies
x,—3+3(x,+1)(-3)"

* 3—xp+(xp+1)(—3)"’

n, p>0. (19)

n+p —

Since all transformations that lead us to (19) were well
determined, we conclude that the denominator of the
fraction in (19) is always nonzero, that is,

(-3)"+3

Y = 12,..p=012.... (20
AT p (20)

Hence, if we denote by E the set of excluded values for
any term of the sequence {xn}, ie.,

E:{(—s)”+3.

e n:1,2,...]>, (21)

then we conclude that the intrinsic initial condition for the
difference equation (11) is

x, € R/E. (22)

Now, under the intrinsic initial condition (22), by simply
letting n — oo in (19), we obtain

lim x, =3, (23)

which shows that the equilibrium point x* =3 of (11) is

globally asymptotically stable. O

Remark 1.
(a) Theorem 1 above extends Theorem 3.1 in [25], see also
[26], where the explicit initial condition was
Xy € (0,+00), while in Theorem 1, it is intrinsic.

(b) We note that the points 0, —(3/2), and —(6/7) which
are the borders of the set of initial conditions in
Theorem 3.3 in [26] are actually the first three ele-
ments e,, of the set E defined above and are obtained
for n =1, n =2, and n = 3, respectively.

(c) It is easy to check that

(3" +3

e, =————— —1, asn— 00, 24
1-(=3)" =

which explains why the equilibrium point y* = -1 of the
difference equation (11) is unstable.

One may prove similarly the following more general
result.

Theorem 2. Let a,b € R*, a+b, and |a|>|b|. Then, the
equilibrium point x* = a of the difference equation

XpX, —(@a+b)x,+ab=0, n=0,1,..., (25)

is globally asymptotically stable.

Proof. We note that no explicit initial condition is asso-
ciated with the difference equation (25). It is also easy to see
that the equilibriums of the difference equation (25) are the
roots of the characteristic equation x> — (a + b)x + ab = 0,
that is, x* € {a, b}.

We shall prove now that the equilibrium point x* = a is
globally asymptotically stable, while x* =b is unstable.
Assume there exists m € N* such that x,,, = a. Then, by (25),
Xpo1 = @5 ..., X = a,and so x;, = a. Moreover, one can show
by induction that, in this case, we also have x, = a, for all
n>m.

Therefore, if one single term of the sequence {x,,} would
be equal to g, in particular, if x, = a, then all its terms would
have the same value and so the equilibrium x* = a is globally
asymptotically stable.

Now, let us assume that x,, # a, for all n>0, and denote

1
In = >

x,—a

n=0. (26)

In this case, we also have x,, #a + b, for all n> 0. Indeed,
if we would have x,, = a + b, for a certain m € N, then, by
(25), we would get immediately 0 = ab, a contradiction.



So, by (25), we have
1 1 1

T —a (abl(a+b-x,,,))-b b

n

Xnt1 -b-a
bl
Xptl -b

(27)

which shows that, in this way, we have linearized the
nonlinear difference equation (25), since {y,} satisfies a
linear difference equation:

1

b
Yur1 = _;yn +;’

n>0. (28)

Similar to the proof of Theorem 1, one obtains

a\” 1% ra\k
J’n+p=<g> .yp+5;0<5>, n, p>0. (29)

Since a # b, by evaluating the sum in (29), one obtains

a}’l
Yntp :<E> 'yp+

which, in view of (26), yields

1 - (a/b)"

bg n,p=0, (30)

1 _xp—a+(b—xp)(a/b)"
n+p_a— (b—a))(xp—a) , n,p>0. (31)

Since all transformations that lead us to (31) were
equivalent, we conclude that the numerator of the fraction in
the right-hand side of (31) is always nonzero, that is,

ab" — ba"
S

Hence, if we denote by E, the set of excluded values for
any term of the sequence {x,}, i.e.,

{ab" - ba"
E={2 %,

X

x n=12...;p=0,1,2,.... (32)

b'—a"

n=1,2,...}, (33)

then we conclude that the intrinsic initial condition for the
difference equation (25) is

xo € R/E. (34)
Now, by (31), we have

pa=— = a) (35)

- X, a +(b - xp) (alb)”

X

and having in view the fact that |a| > |b], by letting n — oo
in the previous equality, we obtain

lim x, =a, (36)

n—~oo

which shows that the equilibrium point x* = a of (25) is
globally asymptotically stable. O
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Remark 2. (a) One can check that

ab" — ba"
e Y
which shows that the equilibrium point b of the difference
equation (25) is unstable.

(b) Ifa = 3and b = —1, then the difference equation (25)
in Theorem 2 reduces to the difference equation (11)
from Theorem 1.

e asn — 00, (37)

In the particular case a = 2 and b = -1, by Theorem 2, we
obtain a stability result that extends Theorem 3.1 in [25] to
the case of an intrinsic initial condition. Note that, in
Theorem 3.1 from [25], the initial condition is x, € (0, c0).

Corollary 1. The equilibrium point x* = 2 of the difference
equation

2
Xpyp =1 +—,
n

n=0,1,..., (38)

is globally asymptotically stable.

We end the paper with a stability result that covers the
case a =b.

Theorem 3. Ifa € R*, then the equilibrium point x* = a of
the difference equation

XX, —2ax,+a =0, n=0,1,..., (39)

is globally asymptotically stable.

Proof. 1t is also easy to see that the unique equilibrium of
the difference equation (39) is the double root of the

characteristic equation x* —2ax +a? =0, that is, x* = a.
The case x,, = a for some m is trivial. Consider x,, # a for all

n=20,1,2,..., and similar to the proof of Theorem 2, we
obtain
1 nx, - (n—1)a
= ) (40)
Yup=@  afx,-a)

from which we deduce that the intrinsic initial condition
associated to (39) is

Xt .a, (41)
n
and therefore,

4= a(xp'a)

=—Fr 7 _ 50, asn— 00. (42)
nxp—(n— 1a

O
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TaBLE 1: Numerical experiments for six values satisfying the intrinsic initial condition corresponding to the difference equation (11).

n X, X, X, X, X, X,
0 -1.01 —-1.001 10 0.01 -0.76 -0.751
1 -0.9703 —-0.977 2.3 302 -1.94737 -1.99467
2 -1.09184 -1.009 3.304348 2.009934 0.459459 0.495995
3 -0.74766 -0.9732 2.907895 3.492586 8.529412 8.048452
4 -2.0125 -1.0827 3.031674 2.858962 2.351724 2.372742
5 0.509317 -0.771 2.989552 3.049332 3.27566 3.26436
6 7.890244 -1.8912 3.003495 2.983822 2.9155846 2.919016
7 2.380216 0.4137 2.998836 3.005422 3.028861 3.027743
8 3.26039 9.2516 3.000388 2.998196 2.990471 2.990837
9 2.920135 2.3243 2.999871 3.000602 3.003186 3.003064
10 3.02735 3.2907 3.000043 2.999799 2.998939 2.99898
N 20 18 15 16 17 17

4. Numerical Experiments

We performed some numerical experiments for the differ-
ence equation (11) and for various values of x, satisfying the
intrinsic initial condition. The most significant ones are
presented in Table 1.

Except for the initial value x, = 10, the values of x,, in the
other five cases were chosen in such a way to be close enough
to the unstable equilibrium point y* = -1, that is,
X, € {-1.01;-1.001}, or close enough to some points in the
exception set E, that is, x, € {-0.76;-0.751} and x, = 0.1,
respectively. The obtained results are presented in Table 1
and illustrate both the global asymptotical stability of the
equilibrium point x* = 3 and the rate of convergence (N
denotes the number of iterations needed to reach the so-
lution, with 6 exact digits).

Note that the rate of convergence of the dynamical
system {x,,} defined by the difference equation (11) is linear,
see [27], that is,

Ixn+1 -3 | _ 1

lim —/——— =, (43)
n—so00 I X, — 3|1 3

a fact which is illustrated by the numerical results given in
Table 1.

5. Conclusion

In this paper, we have studied the asymptotic global sta-
bility of the positive solutions for a class of first-order
difference equations with an innovative feature: the initial
conditions are intrinsic and not explicitly given, as usual in
the literature. Global stability results have been obtained
first in a particular case and then for a general class of first-
order difference equations. We also illustrate the theo-
retical results by some numerical experiments obtained by
the use of the mini software package FIXPOINT. The
numerical tests illustrate both the asymptotic global sta-
bility of the solutions and the rate of convergence of the
iterative process.

To the best of our knowledge, our approach is the first
one to study the stability of solutions for second-order
difference equations without explicit initial conditions and
might generate an interesting new direction of further

studies with important applications in the study of phe-
nomena and dynamical processes from several fields of
applied sciences and engineering.

The future work is planned to extend this idea by
considering first fractional difference equations, following
the ideas in [28-31], as well as by considering k-order
difference equations and k-order fractional difference
equations with k>3, see [32, 33].

Data Availability

The data used to support the theoretical findings of this study
were obtained by means of the mini software package
FIXPOINT and are available from the corresponding author
upon request.
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