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By an inequality of partial sum and uniform convergence of the central limit theorem under sublinear expectations, we establish
precise asymptotics in the law of the iterated logarithm for independent and identically distributed random variables under

sublinear expectations.

1. Introduction

Motivated by the work of g-expectation of Peng [1], Peng
[2, 3] initiated the concept of the sublinear expectation
space, which is a powerful tool to model the uncertainty of
probability and distribution. We could consider sublinear
expectation as an extension of the classical linear expecta-
tion. Peng [2, 3] constructed the basic framework, inves-
tigated basic properties, and proved the law of large number
and central limit theorem under sublinear expectations.
Motivated by the seminal work of Peng [2, 3], more and
more limit theorems under sublinear expectation space have
been established, which generalize the corresponding fun-
damental, important limit theorems in probability and
statistics. Zhang [4-6] proved the exponential inequalities
and Rosenthal’s inequalities and obtained an extension of
the central limit theorem and Donsker’s invariance prin-
ciple under sublinear expectations. Wu [7] established
precise asymptotics for complete integral convergence
under sublinear expectations. Yu and Wu [8] studied
Marcinkiewicz-type complete convergence for weighted
sums under sublinear expectations. Wu and Jiang [9] ob-
tained a strong law of large numbers and Chover’s law of the
iterated logarithm under sublinear expectations. Ma and
Wu [10] studied the limiting behavior of weighted sums of
extended negatively dependent random variables under

sublinear expectations. Xu and Zhang [11, 12] studied three
series theorem for independent random variables and the
law of logarithm for arrays of random variables under
sublinear expectations. Chen [13] proved strong laws of
large numbers for sublinear expectations. For more results
about limit theorems under sublinear expectations, the
interested reader could refer to the studies of Hu et al. [14],
Fang et al. [15], Kuczmaszewska [16], Wang and Wu [17],
Hu and Yang [18], Zhang [19], and references therein.
Precise asymptotics in the law of the iterated logarithm is
one of the fundamental problems in probability theory.
Many related results have been derived in the probabilistic
space. Their results can be found in the work of Gut and
Spdtaru [20]; Zhang [21]; Xiao et al. [22]; Huang et al. [23];
Jiang and Yang [24]; Wu and Wen [25]; Xu et al. [26]; Xu
[27, 28]; and Xu [29]. However, in sublinear expectations,
due to the uncertainty of sublinear expectation and related
capacity, the precise asymptotics in the law of the iterated
logarithm under sublinear expectations have not been re-
ported. Motivated by the work of Wu [7], Xiao et al. [22], Xu
et al. [26], and Xu [29], we try to investigate precise as-
ymptotics in the law of the iterated logarithm under sub-
linear expectations. The aim of this paper is to prove the
precise asymptotics in the law of the iterated logarithm for
independent, identically distributed random variables under
sublinear expectations. The main contribution of this paper
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is that we prove an useful inequality under sublinear ex-
pectations in Lemma 1, and we extend the results of Xiao
etal. [22], Xu et al. [26], and Xu [29] to those of the sublinear
expectation spaces. Our results may have the potential ap-
plications in finance or engineering fields (cf. Wu [7], Peng
[3], Zhang [19], and references therein). Our basic idea in
this paper comes from that of Wu [7], Xiao et al. [22], Xu
etal. [26], Xu [29], Spétaru [30], and Fuk and Nagaev [31]. In
conclusion, our results combined with the work of Wu [7]
imply heuristically that many results about precise asymp-
totics in the law of the iterated logarithm in probability
spaces may still hold under sublinear expectations.

The rest of this paper is organized as follows: in Section 2,
we summarize necessary basic notions, concepts, and rel-
evant properties and give necessary lemmas under sublinear
expectations. In Section 3, we give our main results, The-
orems 1 and 2, whose proofs are presented in Sections 4 and
5, respectively.

2. Preliminaries

We use notations similar to those of Peng [3]. Let (Q, ) be
a given measurable space. Let 7 be a subset of all random
variables on (Q, &) such that I, € #, where A € &, and if
XX, €&, then ¢(X,...,X,)e for each
¢ € Cypip (R"), where Cp;,, (R") denotes the linear space of
(local Lipschitz) function ¢ satisfying

lo(x) —pWI<C(1+Ix" +yl") (Ix-yD), Vx yeR",

(1)

for some C >0, m € N, depending on ¢. We regard 7 as the
space of random variables.

Definition 1. A sublinear expectation E on # is a functional
E: H-R: = [-00,00] satisfying the following properties:
for all X,Y € &, we have the following:

(a) Monotonicity: if X >Y, then E[X]>E[Y]

(b) Constant preserving: E[c] =¢, Vc € R

(c) Positive homogeneity: E[AX] = AE[X], VA>0

(d) Subadditivity: E[X +Y]>E[X]+E[Y] whenever

E[X] + E[Y] is not of the form co — 0o or —0c0 + 00

A set function V: F—[0,1] is called a capacity if it

satisfies the following:

@ V(g)=0,V(Q)=1
(b) V(A)<V(B), ACB, A, Be F

A capacity V is said to be subadditive if it satisfies
V(A+B)<V(A)+V(B), A,Be %.

In this paper, given a sublinear expectation space
(Q,Z,E), we define a capacity: V(A): =inf{E[&]:
I,<& EeH}, VA e F (see Zhang [4]). Clearly, V is a
subadditive capacity. We also define the Choquet expecta-
tions Cy, by

Cy(X) = J:O\/(X>x)dx+ﬁ (V(X>x)-1Ddx. (2)
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A sublinear expectation E: #Z—R is said to be contin-
uous if it satisfies the following:

(a) Lower continuity: E[X,]TE[X], if 0< X, TX, where

X, XeX
(b) Upper continuity: E[X,]|E[X], if 0< X, | X, where
X, XeZ

n

A capacity V: F—-[0, 1] is said to be continuous capacity
if it satisfies the following:

(1) Lower continuity: V(A4,)1V (A), if A,TA, where
A,AeF

(2) Upper continuity: V(4,)|V(A), if A,|A, where
A,AeF

Assume that X=(X,...,X,,), X;€#, and
Y=(Y,,....,Y,), Y, € #, are two random variables on
(Q, #,E). Y is said to be independent of X if for each
Q€ C,,Lip([R”‘ x R"), we have E[¢(X,Y)] = E[¢ (%, Y)|,x]
whenever 9(x): =E[|lp(x,Y)]]<oo for each x and
Ellp(X)I] <oco. {X,}2, is said to be a sequence of inde-
pendent random variables, if X,,; is independent of
(Xy,...,X,) for each n>1.

Suppose that X, and X, are two n-dimensional random
vectors defined, respectively, in sublinear expectation spaces
(Q,#,E,) and (Q,, #,,E,). They are said to be identi-
cally distributed if

Ei[o(X))] = B [9(X,)],

whenever the sublinear expectations are finite. {X,,},-; is
said to be identically distributed if for each i>1, X; and X,
are identically distributed.

For 0< g% <* <00, a random variable £ under a sub-
linear expectation space (Q,%,E) is called a G-normal
(0, [0%,5%]) distributed random variable, if for any
Qe Cl,Lip(lR"), u(x,t): =Elp(x+Vt ] (x e R, t>0) is
the unique viscosity solution of the following heat equation:

o,u — G(aixu) =0,

Vo € Cpp (R"),  (3)

(4)
u(0,x) = ¢(x),

where G (a) = (G%at — g?a™)/2.

In the rest of this paper, let {X, X, n> 1} be a sequence of
i.i.d. random variables under sublinear expectation space
(Q, %,E) with E(X) =E(-X) =0, E(X?) =7° <00, and
-E(-X?) = 0% lim,__ E(X?>-¢)" =0, Cy(X*) <o00. Set
S, =%, X;. Assume that E is continuous. Let & be a
G-normal-distributed random variable with
E(§) =E(-§) =0, E(¢%) =%, and —E(-&’) = 0. We de-
note by C a positive constant which may vary from line to
line.

To prove our results, we need the following lemmas.

Lemma 1. Suppose E|X|* < 0o, 1 <a<2. Then, for x,y>0,

eE|X | )"”

\/{|Sn| ZX} < 2n\/{|X| > y} + an/y(m

(5)
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Proof. We borrow the proofs from those of Theorem 2 by
Fuk and Nagaev [31], and Lemma 2 by Spataru [30]. Let

% = X; for IXi|Sy, o1 ,
1 0 for |X|>y, U

y (6)
5= 3,
i=1
Therefore, by the subadditivity property of V(-),
VIS, 2 x} <VfS, #S,} + V{S, > x}. (7)

By Markov’s inequality under sublinear expectations, for
any positive A,

\/{§n2x} Sefhx[E(ehg”). (8)

From this and (7), it follows that

V{S, 2 x} < i V| x| 2y} + e_hx[E<ehS">
i=1 ~ ©)
=nV{X >y} + efhx[E<ehs”>.

Application of the monotonicity of u~2 (e" — 1 — hu) for

u<yandu * (e — 1 — hu) for u>0 and the subadditivity
property of sublinear expectations yields

(10)
Hence, by Lemma 1.1 in the study of Gao and Xu [32],
e_hx[E<ehS”> < exp{(ehy -1- hy)y"“n[E(|X|“)

- hx + hn[E(XI‘Xlgy)}.

(11)

Setting

1 xya—l )
h="logl =—2——+1), (12)
y g(HE(IXI)

in the right-hand side of (11), we see that

xS, x [x-nE(XIjy,) ”[E(|X|) xy* !
e [E(e )s exp{;—( y 2 % log<w+l> . (13)

Since E(X) =E(-X) =0, by Proposition 3.6 in the
study of Peng [3] and Definition 1, we see that

E(XTxe,) = '[E(_XIIXIZy)| <E(IXIjxy)
(14)
< E(1XI"T\xs, ) <=7 E[1XI%].
Therefore,
1 E(]x|*
= (x - nE(XI)y,)) LHEXT) | x (15)
y y Y
Combining this with (13) and (9), we conclude that
a xly
ay(_ eEIX[T
V{S, > x} <nV{|X|> y} +n (n[E|X|"‘+xy"“1 :
(16)

Combining (16) with the inequality derived from it with —X
and —X, in place of X and X, respectively, leads to (5). O

lim &4 Z (log logn)

&0 nlog n

{|S,,| >ev/n (log logn)d} =

Remark 1. (see Lemma 2 in [7]). For any X € 7, we have

CV(X2)<001:) rox\/(lX| > x)dx < 0o. (17)
1

Lemma2 (see Lemma 5 in [7]). Assume that {X,; n>1}is
a sequence of independent and identically distributed random
variables  with E[X,]=E[-X,]=0 and lim,_
E(X?-¢)"=0. Write o =E[X?] and o> =-E[-X3].
Suppose that E is continuous and set A,(x)=V(|S,|/
Vi =x) = V(|&| = x), &~ (0, [0%,0%]) under E. Then,

A, = supx20|An (x)| — 0, asn — oo. (18)

3. Main Results

The following are our main results.

Theorem 1. For b,d >0, we have

cy (18"

p (19)



Theorem 2. For d >0, we have

lim 1 OZO: 1
i
0 —log ¢ &5 nlog nlog logn

3

In the following two sections, for M >3 and 0 <e< 1, set
b(e) = | exp{exp{Me=V}}|.

4. Proof of Theorem 1

Proposition 1. For b,d >0, we have

log lo nb ! C (|f|b/d)
I b/d(gg dy _ AL )
Elg)l Z #Tog 7 {IEI >¢(log logn) } Y
(21)
Proof.
lim b/dz (log logn) {If|>s(log logn)d}
N0 nlog n -

- lim J ® (log logy)""

d
lim . ylogy \/{Iflzs(log logy) }dy

= lim & J (y/e) D4 (17d) (1) 2w (18] > y)dy
&N € &

= lim J (Ud)y" 1V (|8 > y)dy

T bid

“tim [ V(> )ar

_(*® bid
_JO ABV(IE > t)de

B C\/(|E|b/d)
= T.
(22)

Thus, this completes the proof of Proposition 1. O

Remark 2. ay the proof of (24) and (25) in the study by Wu
[71, C\,(Iflb/ ) is finite for any b,d > 0.

Proposition 2. For b,d >0, we have

lim ¢ Z
SO L B

(log logn)b*1
nlog n

|\/{|S,,| >ev/n (log logn)d}

- \/{Ifl >e(log logn)dH =
(23)

\/{|Sn| >eo/n (log logn)d} =
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! 2
7 (20)

Proof. By Lemma 2 and Toeplitz’s lemma,

. bid
lim £ Z
&\o

n<b(e)

(log logn)b_1
nlog n

|\/{|Sn| >¢ev/n (log logn)d}

- \/{IEI >e(log logn)dH

b-1
(log logn) A

. bid
<lime Z 1 Tog 1

1)

b b-1
lim CM (log logn) A =0

&0 (log log(b(e)’ 5y nlogn "
(24)
The proof is complete. O
Proposition 3. For b,d >0, we have
hm lim sup & Z M\/“Ebe(log logn)d} =
M—00 o W M log n -
(25)

Proof. We could obtain that

loo 1 b-1
limsupsh/d Z %\/{Iflzs(log logn)d}

0 n>b(e)

bid ro (log logy)""
b(e)

<Climsupe
y log y

e\No

\/{IEI >e(log logy)d}dy

scj P 2 e
Md

A% bid
—cf i >

(26)
Note that J’?Wob \/{Iﬁlb/d zt}dt is integrable:
0 bld
| viia=har —o, (27)
Mb
as M — 00. Proposition 3 is established. O
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Proposition 4. For b,d >0, we have

: : bld
lim limsupe Z
M—00  e\0 n>b(e)

Proof. When 0<b<2d, by Markov’s inequality under
sublinear expectations, we have

lim sup e Z

o n>b(e)

(log logn)b*1 d
Tgn\/ﬂsnhsx/ﬁ (log logn)’}

. bld-2 (log log”)b_ e
<Climsupe Z 5 E [Sn]
N0 nSbe) n’log n
l 1 b-1-2d
= Clim sup -2 Z (log logn)
0 w55l nlog n

<Climsup e’ 2 (log log(b(e)))" **

eNo

SCMhiZd — 0, asM — oo.

(29)

For b>2 d, by Lemma 1, we see that

y Uos logn™ !y 1o o i (g logn))
Lo n log n nl| = g g

(log logn)b_1 d
< Z W\/{IKD&\/E (log logn) /T}

n>b(e)
+c ¥ (log logn)”' 1 L
n>be) 7 logn  (log logn)2 dr 2T 1+ Lo

(30)

where T is a positive constant to be specified later. On the
one hand, we obtain that

(log logn)bf1
nlog n

5
\/{|Sn| >ev/n (log logn)d} =0. (28)
log 1 b-1-2 dT
lim sup sh/sz < lim sup 2t Z (log_logr)
£\0 £\0 e nlog n
< lim sup cei-2t (log logb (e))b_ 2dt
o
<CcMP 29T 0, as M — o0,
(31)

for any T > b/ (2 d). On the other hand, for L,, without loss
of generality, set T =1. By the countable subadditivity
property of sublinear expectations and the fact that
((log logx)bil/log x) — 0,as x >b(e) — 0o, we obtain
that

b-1
L = Z M\/{|X|>E\/ﬁ (log logn)d}

n>b(e) log n
(log logx)b*1 d
SCJ 7\/{|XI >ev/x (log logx) }dx
x>b(e) log x

< CJ \/{IXI2 > elx (log logx)2 rJl}dx
x>b(e)

SCS_ZJ \/{IX|2>y}dy.
x>b()M?
(32)

Hence, for b>2 d, we have

limsup /L, < Csb/d_zj \/{|X|2 > y}dy =0.
eNo x>b(e)M2 4
(33)

Thus, (28) holds for each b,d > 0.
Now, by Proposition 1-4 and the triangle inequality,
V>0, 3M >0, which is sufficiently large, such that
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lim £/ Z (log logn) {|S |>s\/ﬁ (log lo n)d}
£N0 “ nlogn ne § 08
T (log logn)” d
< 181{101 Z nlog 7 {IEI >¢(log logn) }
+lim &7 Z (log_logn)”” ' {]S | > evn (log logn)d} —\/{If|>s(log logn)d}'
0 nlog n e -
+ lim sup &4 Z M\/{Ifbe(lo lo n)d}
0 P e nlog n - & 08
+ lim sup &4 Z M\/{IS | > evn (log lo ”)d}
ns p L n log n n| Z g log
_Gy(1E”) iy
=——+b
(34)
T (log logn)” d
lslxo Z nlog n {IS"I 2evn (log logn) }
> lim ¢ Z (log log™ {|§| >¢(log logn)’}
e nlog n =e108 108
—lim " Z (log logn) ' {]S |2 evn (log logn)d} - \/{Iﬂ >¢(log logn)d}'
N0 nlogn "
— lim sup P Z M\/“ﬂ >¢(log logn)d}
0 Wy N log n -
- lim sup P Z M\/{]S | >e/n (log lo n)d}
0 w5t nlogn e & 08
C(1€")
2~ B.
: e lim ! i ! \/{If| >¢(log logn)d}
We derive Theorem 1 from the arbitrariness of §>0. [ 0 —log ¢ £ n log n log logn =
5. Proof of Theorem 2 =1 ! ro ! d
151{[01 —log & Je y log y log logy\/{lflze(log o8 }dy
Proposition 5. For d >0, we have 1 1
= lim J —\/{|5| > t)dt
1 ) ] d =0 —log ¢
li Y log logn)?} ==
o -log ¢ an log n log logn {|f| z¢(log logn) } d L
(35) 4

Proof. We claim that

(36)

Indeed, by Lemma 4 in the study by Wu [7], Va >0,
36> 0, such that Vt <8< 1, V{|{| >t} > 1 — a d. Therefore,
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1 1 1
— |l -V t}dt -1
delg)l—logsjg t e1=1 ’
1] o1 |1 (o1
<2 ftim o [ vogz a1 st [ Cviesnar
0 —loge Jet eo|—loge Js t (37)
1 0] 1 | 5
~1i ~(1- — 1|+l ~E
<d1s1{%—loge Lt( wdde—1]+ i ~log ¢ Ja t € ]dt‘
<a.
This establishes (35). O Proposition 6. For d >0, we have
. 1 1 | d al| _
181{51 Tlog e, 4 nlognlog lOgl’l'WHS”I >ev/n (log logn) } \/{Ifl >¢(log logn) H =0. (38)
Proof. By Lemma 2 and Toeplitz’s lemma,
. 1 d d
—V{[S,| = log 1 - V{|€] = e(log 1
19 e g oI o) (e o}
1 1
= lim A, 39
0 —log & nszb(s)n log n log logn (39)
1 -
Mim og(M) —log(e)/d 1 Z 1 .
&0 —log ¢ log loglog b(e) n oo log n log logn
The proof is complete. O  Proof. By Markov inequality under sublinear expectations,
we see that
Proposition 7. For d >0, we have
. 1 1 a
181{13 —log e 5 nlognlog logn\/{lgI z¢(log logn) } =0
(40)
lim—— Y 1 V{|€| 22 (log logn)’}
o0 —loge e nlognlog logn =&tos 08
<clim—— [ : V{lél2e(log logy)’}d
i
T e —log € Jue) y log y log logy =e108 To8y) jey
(41)
1]
<Clim—— [ Jviiel>ndr
0 —log & Jmat
Sl (1,
<Clim J —3[E[€ ]dt=0.
Mt

0 —log ¢



Thus this proves Proposition 7. O
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Proposition 8. For d >0, we have

1 1
i
o —log ¢ Z nlog n log logn

n>b(e)

Proof. By Markov inequality under sublinear expectations,
we deduce that

1 1
T
o —log ¢ Z n log n log logn

n>b(e)

1

< lim

1

0 —¢"log € , S50 nzlog n(log logn)

<Clim

N0 —g’log & n>p(e 1 log n(log logn)

(log log(b(e))) **

<Clim >
N0 —-¢log €
-2d
<Clim =0.
&0 —log €

The proof is complete.

Finally, similar to the proof of Theorem 1, by the triangle
inequality and Propositions 5-8, we finish the proof of
Theorem 2. O
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