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Some endeavors have been recently dedicated to explore the dynamic properties of the fractional-order discrete-time chaotic
systems. To date, attention has been mainly focused on fractional-order discrete-time systems with “self-excited attractors.” 'is
paper makes a contribution to the topic of fractional-order discrete-time systems with “hidden attractors” by presenting a new 2-
dimensional discrete-time system without equilibrium points. 'e conceived system possesses an interesting property not
explored in the literature so far, i.e., it is characterized, for various fractional-order values, by the coexistence of various kinds of
chaotic attractors. Bifurcation diagrams, computation of the largest Lyapunov exponents, phase plots, and the 0-1 test method are
reported, with the aim to analyze the dynamics of the system, as well as to highlight the coexistence of chaotic attractors. Finally, an
entropy algorithm is used to measure the complexity of the proposed system.

1. Introduction

Exploring chaotic dynamics has received considerable at-
tention during the past few years [1]. Numerous attempts
have been dedicated to analyze the classical systems (out-
lined by differential or difference equations of integer order),
as well as fractional-order systems (outlined by differential
or difference equations of fractional order) [2]. Generally
speaking, regardless of the type of system, chaos can appear
in the form of “hidden attractors” or “self-excited attractors”
[3–6]. On the first occasion, the initial conditions, for the
purpose of getting chaos, are situated near the saddle points
of the motion [3], whereas, on the last occasion, the initial
conditions may only be set up via a wide range of computer-
based search [4], given that the corresponding dynamic

systems are distinguished by the presence of stable equi-
librium points [5] or else by the absence of them at all [6].

Referring to fractional-order chaotic discrete-time sys-
tems (i.e., systems outlined by difference equations of frac-
tional order), many scholars have mainly focused on the
system’s dynamics characterized by the presence of “self-
excited attractors” [7, 8]. For example, the so-called gener-
alized Hénon map of three dimensions has been studied in
[9], while some dynamics of the fractionalized logistic map
were examined in [10]. In [11], three different fractional-order
discrete-time systems (FoDs) have been investigated, i.e.,
Wang’s, Rossler’s, and Stefanski’s maps. In [12], the chaotic
behaviors of the fractional-order sine and standardmaps were
analyzed, whereas in [13], the dynamic properties of the
fractional-order Grassi–Miller map have been illustrated in
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detail. Additionally, the presence of chaos in the fractional-
order discrete double scroll map has been investigated in [14],
whereas in [12], the fractional-order delayed logistic map was
analyzed regarding to its chaotic behavior. It is worthy to state
that all these FoDs have shown “self-excited attractors.” On
the other hand, very few FoDs characterized by “hidden
attractors” have been investigated in the previously published
works up to this time [15–19]. For example, in [15], the
dynamics of the fractional-order version of the standard
iterated map have been investigated, whereas in [18], a 2-
Dimensional FoDs (2D-FoDs) without discontinuity for all
equations of the system has been presented. However, these
FoMs with “hidden attractors” do not show any coexisting
chaotic attractors. Based on these considerations, this
paper aims to make a contribution to the topic of FoDs
with “hidden attractors” by presenting a new 2D-FoD
without equilibrium points. 'e conceived system pos-
sesses an interesting property, i.e., it is characterized by

the coexistence of various kinds of chaotic attractors. Here
is how this paper is arranged. Section 2 introduces a new
2D-FoD time system without equilibria, along with some
primary preliminaries associated with discrete-time non-
integer-order calculus. In Section 3, the dynamic prop-
erties of the conceived map are analyzed via bifurcation
diagrams and computation of the Largest Lyapunov Ex-
ponents (LLEs). In Section 4, a 0-1 test is reported to
highlight the existence of chaotic hidden attractors. Also,
an entropy algorithm is used to measure the complexity of
the proposed system. Finally, a number of phase plots are
reported, which highlight the coexistence of several types
of chaotic attractors for various fractional-order values of
the conceived system.

2. A New 2D-FoDs

'is paper considers the following 2D-difference system:

cΔc
a x(t) � y(t − 1 + c) − x(t − 1 + c),

cΔc
a � − αy(t − 1 + c) − 0.37y

2
(t − 1 + c) + 0.81x(t − 1 + c)y(t − 1 + c) + 1.79, (1)

wherex and y stand for state variables of the FoDs, αis the
system’s parameter, and cΔc

a is the Caputo-like difference
operator of fractional-order c, where c ∈ ]0, 1].

Next, two main definitions that will pave the way for
obtaining novel results are given below for completeness.
Such two definitions are stated for the cΔc

a in its cth- order
version and also for the cth-fractional sum operator, Δ− c,
respectively.

Definition 1. Let c> 0 and y(t) ∈ Na. We define the
cth-order Caputo-like operator as [20]

cΔc
ay(t) �

1
Γ(1 − c)



t− (1− c)

τ�a

(t − τ − 1)
− cΔτy(τ), (2)

where Γ(.) denotes the gamma function and t ∈ Na+1− c.

Definition 2. Let c> 0; we define the cth-fractional sum, Δ− c

as

Δ− c
a y(t) �

1
Γ(c)



t− c

τ�a

(t − τ − 1)
(c− 1)Δτy(τ). (3)

Using Δ− c makes (1) to be also rewritten as an integral
equation in the Volterra sense as follows:

x(t) � x0 +
1
Γ(c)



t− c

τ�a+1− c

(t − τ − 1)
(c− 1)

(y(τ + c − 1) − x(τ + c − 1)),

y(t) � y0 +
1
Γ(c)



t− c

τ�a+1− c

(t − τ − 1)
(c− 1)

− αy(τ + c − 1) − 0.37y
2
(τ + c − 1)+

0.81x(τ + c − 1)y(τ + c − 1) + 1.79

⎛⎜⎜⎜⎜⎜⎜⎝
⎞⎟⎟⎟⎟⎟⎟⎠.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(4)

In the present work, some numerical methods are
adopted to examine the complex dynamics of the proposed
FoDs. First of all, we discuss the equilibrium points of the
model at hand. Actually, the equilibrium points can be
determined by finding the solution of the following system:

y − x � 0 ,

− αy − 0.37y
2

+ 0.81xy + 1.79 � 0.
 (5)

From system (5), it follows that

− αy − 1.18y
2

+ 1.79 � 0. (6)
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'us, FoDs (1) has no equilibrium point when
− 2.9067< α< 2.9067. 'is result shows that FoDs (1) is
able to produce a chaotic hidden attractor for appro-
priate choice of initial conditions and fractional order as
well.

Secondly, we present the numerical formulae corre-
sponding to all equations given in FoDs (1). 'is is can be
carried out by first setting the initial point a to be equal to 0,
then assuming τ + c � κ, and finally, replacing
(t − τ − 1)(c− 1)/Γ(c) by Γ(t − τ)/(Γ(c)Γ(t − τ − c + 1)).
'us, (4) becomes

x(n) � x0 +
1
Γ(c)



n

κ�1

Γ(n − κ + c)

Γ(n − κ + 1)
(y(κ − 1) − x(κ − 1)),

y(n) � y0 +
1
Γ(c)


n

κ�1

Γ(n − κ + c)

Γ(n − κ + 1)
− αy(κ − 1) − 0.37y

2
(κ − 1) + 0.81x(κ − 1)y(κ − 1) + 1.79 ,

⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

(7)

where x0 and y0 are the initial states. According to the
discrete equation (7), the proposed fractional system (1) has
memory effects, which means that the iterated solutions x

and y are determined by all the previous states. In the next
section, some dynamic characteristics of the novel 2D-FoD
system are analyzed numerically.

3. Bifurcations and LLEs

When plotting bifurcation diagrams, two sets of symmetrical
initial states are considered. 'e bifurcation diagram is
plotted in blue for the initial state x0 � 1.78, y0 � − 0.79 and
in red for the initial states x0 � − 1.78, y0 � 0.79.

3.1. Bifurcation and LLEs versus the System’s Parameter α.
Firstly, the bifurcation diagram of FoDs (1) is studied as α
varies from 1.35109 to 1.9199. Besides, the bifurcation dia-
grams and LLEs of the state variable x(n) are also studied
corresponding to two distinct fractional-order values of c, as
exhibited in Figures 1 and 2. It can be seen that the states of
FoDs (1) change qualitatively with the variation of α and c. In
particular, the bifurcation diagram of FoDs (1) is illustrated in
Figure 1(a), for c � 0.9362. When α increases from 1.35109 to
1.9199, the states of the system go, via period-doubling bi-
furcation, to chaotic motion. It is noteworthy that FoDs (1)
exhibits chaotic behavior in larger intervals for the initial
condition x0 � 1.78, y0 � − 0.79.As shown in Figure 2, when
c is increased starting from 0.9362 up to 0.992, FoDs (1) shows
chaotic motion over most of the range (1.7387, 1.9136).

3.2. Bifurcation versus Fractional-Order c. In order to
highlight the effect of c on the dynamic behavior of FoDs (1),
its bifurcation with respect to ctoo is considered. We fix the
parameter α to be equal to 1.73 and change c within [0, 1].
'e bifurcation diagram and the LLE are illustrated in
Figures 3(a) and 3(b), respectively. As one can see, the
system has positive LE when c takes the smallest values,
indicating that FoDs (1) is chaotic. Besides, when
c ∈ [0.9362, 0.9402]⋃ ]0.9816, 0.9834], FoDs (1) shows
chaotic behavior. 'e phase diagrams are plotted in Figure 4

for different values of c. From these diagrams, it is clear that
as the value of c increases, different chaotic attractors are
observed. Moreover, these figures indicate that the fractional
order c is another bifurcation parameter.

3.3. Coexisting Chaotic Attractors. Herein, the dynamics of
FoDs (1) are analyzed using the phase portraits, obtained by
fixing the parameter α and by considering the two previous
different sets of initial conditions. For c � 0.992, as shown in
Figure 5(a), FoDs (1) highlights the coexistence of a hidden
chaotic attractor corresponding to the two initial conditions
(1.78, − 0.79). Similarly, when the order c is selected to be
equal 0.9992 in FoDs (1), Figure 5(b) highlights the coexistence
chaotic hidden attractors corresponding to the two initial
conditions (− 1.78, 0.79) and (1.78, − 0.79), respectively.
Finally, when c is taken to be equal to 0.96, the coexisting
chaotic hidden attractors are plotted as in Figure 5(c). One
might deduce that the dynamic behavior of the new FoDs given
in (1) is complex and interesting, by virtue of the presence of
different types of coexisting hidden chaotic attractors.

4. Test for Chaos and Approximate Entropy

In the following section, we present the influence of both
fractional-order and initial-conditions on the dynamical
behavior of the suggested discrete-time system by consid-
ering the 0-1 test method. 'en, we introduce the ap-
proximate entropy to further investigate the complexity of
fractional-order discrete-time system (1).

4.1.Test forChaos. To reflect the sensitivity of the FoDs, the 0-1
test is considered. 'is test was proposed in [21] for fractional-
order systems to distinguish regular and chaotic dynamics. As
opposed to the Lyapunov exponents method, the 0-1 test is
applied to known or unknown systems regarding the phase
plane. 'us, it is able to identify the chaos in a series of data
where the phase space reconstruction is not necessary. For
model (1), this method works for the finite points (yi)i�1,...,N

and is a suitable choice of c ∈ (0, 2π). Using the approach in
[21], one can define the two terms for m � 1, N as
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pm � 

m

i�1
yi cos(ic),

sm � 
m

i�1
yi sin(ic).

(8)

Such terms are called the translation components. In
order to study the boundedness or unboundedness of the
functions pm and sm, we calculate the time-averaged mean-
square displacement, which can be defined as

Mm � lim
N⟶+∞

1
N



N

j�1
pj+m − pj 

2
+ sj+m − sj 

2
 . (9)

In practice n≪ N. Finally, we obtain the asymptotic
growth rate K via

K � median Kc( , (10)

where Kc � lim
m⟶∞

(logMm/logm).

On the other hand, the “0-1 test” has been developed in
[22], such that the output K of the test is obtained using
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Figure 1: (a) Bifurcation diagrams of FoDs (1) vs. α when c � 0.9362; (b) LLE diagram according to (a).
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Figure 2: (a) Bifurcation diagrams of FoDs (1) vs. α when c � 0.992; (b) LLE diagram according to (a).
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correlation to measure the growth rate of the mean-square
displacement Dm for better convergence property. Gener-
ally, Dm is calculated as

Dm � Mm − Vosc, (11)

where Vosc is the oscillatory term:

Vosc(c, n) � lim
N⟶∞

1
N



N

j�1
x(j)⎛⎝ ⎞⎠

2
1 − cos(mc)

1 − cos(c)
. (12)
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Figure 3: (a) Bifurcation diagram vs. c, when α � 1.73; (b) LLE according to diagram (a).
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It is shown in [22] that the modified mean-square
deplacement Dcprocesses better convergence than Mc.
'erefore, the output K can now be performed as the co-
variance cov(x, y) � (1/m) 

m
i�1(x(i) − x)(y(i) − y) and

variation var(x) � cov(x, x) of m element as follows:

Kc �
cov(r, s)

�����������
var(r)var(s)

 ∈ [1, 1], (13)

where r � 1, 2, . . . , m{ } and s is the vector formed by the
mean-square displacement Dm.

In both methods, fractional-order discrete-time system
(1) is evaluated to be chaotic if the plot of p and s in the p − s

plane present Brownian-like trajectories and if K approaches
1, while it becomes regular as K approaches 0, and p and s
display bounded-like trajectories. Figure 6, however, depicts
the results of the test for different values of fractional order c

in which (x0, y0) � (− 1.78, 0.79). Based on this figure, one
can observe that the output K has appeared in a similar
manner to the results of the maximum LE and bifurcation
diagram, shown in Figure 3, which clearly confirms the
abovementioned results.
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Next, the translations functions p and s of the 0-1 test for
different fractional-order values are plotted in Figure 7, and it fits
well with the phase diagrams in Figure 4. In particular, Figure 7
depicts the Brownian-like trajectories for all the three fractional-
order values indicating that the suggested map is chaotic in this
case. To further confirm the results, we choose to plot a 3D view
of the asymptotic growth rate K of the 0-1 test when
1.3< α≤ 1.9 and by varying c from 0.92 to 1 (see Figure 8). It is
clear that the dynamics of system (1) shift to small intervals of α
as the fractional order c decreases and disappears as the frac-
tional order and system parameter α values decrease.

4.2.ApproximateEntropy. 'e approximate entropy (ApEn)
[23] is the measurement of the degree of complexity of a
series of data from a multidimensional perspective. 'is
method estimates the regularity by assigning a nonnegative
number, where higher values indicate higher complexity. By
applying the technique in [23], we consider (xi)i�1,..,N points
that are obtained from discrete formula (4). 'e value of the
approximate entropy depends on two important parameters,
i.e.,m and τ, where the input τ is the similar tolerance whereas
m is the embedding dimension. We reconstruct a subse-
quence of x such that χ(i) � [x(i), . . . , x(i + m − 1)], where
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Figure 6: Asymptotic growth rate K vs. c, when α � 1.73.
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m presents the points from x(i) to x(i + m − 1). Let K be the
number of χ(i) such that the maximum absolute difference of
two vectors χ(i) and χ(j) is lower or equal to the tolerance τ.

'e relative frequency of χ(i) is similar to χ(j), and it has the
form Cm

i (τ) � K/(N − m + 1). From Cm
i , we calculate the

logarithm and then define the average for all i as follows:
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Figure 8: Asymptotic growth rate of the 0-1 test method of the fractional-order map (1) in three-dimensional space with the variation of
system parameter α and fractional order c.

1.6 1.7 1.8 1.9 2
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

α

Ap
En

(a)

1.6 1.7 1.8 1.9 2
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

α

Ap
En

(b)

Figure 9: 'e approximate entropy (ApEn) of FoDs (1) versus α for (a) $c � 0.9362 and (b) c � 0.992.

8 Mathematical Problems in Engineering



ϕm
(r) �

1
N − m − 1



N− m+1

i�1
logC

m
i (r). (14)

'us, the approximate entropy of order m is set as

ApEn � ϕm
(r) − ϕm+1

(r). (15)

Herein, the structural complexity of FoDs (1) is analysed
via equation (15) by varying the control parameter α and the
fractional order c as reported in Figures 9 and 10. In par-
ticular, the approximate entropy (ApEn) diagrams with two
different initial conditions are plotted in Figure 9. It can be
seen that the complexity of FoDs (1) strongly depends on the
variations of c and α. In particular, Figure 10 highlights that
there are some combined values of α and c for which the
approximate entropy ApEn is high, indicating that FoDs (1)
is characterized by complex dynamic behaviors for both
initial conditions. 'e results agree will with the bifurcation
diagrams in Figures 1 and 2.

5. Conclusions

Referring to a fractional-order discrete-time system (FoDs)
with “hidden attractors,” this paper has introduced a new 2D
system without equilibrium points. 'e system possesses the
interesting property of being characterized by the coexis-
tence of various kinds of chaotic attractors, for various
fractional-order values. Bifurcation diagrams, computation
of the Largest Lyapunov Exponents (LLEs), and phase plots
have been reported to investigate the dynamics of the map,
indicating the effectiveness of the approach developed herein

along with the 0-1 test. Finally, an entropy algorithm is used
to measure the complexity of the proposed system.
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