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*e nonlinear equation is a fundamentally important area of study in mathematics, and the numerical solutions of the nonlinear
equations are also an important part of it. Fuzzy sets introduced by Zedeh are an extension of classical sets, which have several
applications in engineering, medicine, economics, finance, artificial intelligence, decision-making, and so on. *e most special
types of fuzzy sets are fuzzy numbers. *e important fuzzy numbers are trapezoidal fuzzy and triangular fuzzy numbers, which
have several applications. In this research article, we propose an efficient numerical iterative method for estimating roots of fuzzy
nonlinear equations, which are based on the special type of fuzzy number called triangular fuzzy number. Convergence analysis
proves that the order of convergence of the numerical method is three. Some real-life applications are considered as numerical test
problems from engineering, which contain fuzzy quantities in the parametric form. Engineering models include fractional
conversion of nitrogen-hydrogen feed into ammonia and Van derWaal’s equation for calculating the volume and pressure of a gas
and motion of the object under constant force of gravity. Numerical illustrations are given to show the dominance efficiency of the
newly constructed iterative schemes as compared to existing methods in the literature.

1. Introduction

One of the ancient problems of science and engineering in
general and in mathematics in particular is to approximate
roots of nonlinear equations. *e nonlinear equations play
a major role in the field of engineering, mathematics,
physics, chemistry, economics, medicines, and finance.
Many times the particular realization of such type of
nonlinear problems involves imprecise and non-
probabilistic uncertainties in the parameter, where the
approximations are known due to expert knowledge or due
to some experimental data. Due to these reasons, several
real world applications contain vagueness and

uncertainties. *erefore, in most of real world problems,
the parameters involved in the system or variables of the
nonlinear equations are presented by a fuzzy number. *e
concepts of fuzzy numbers and arithmetic operation with
fuzzy numbers were first introduced and investigated in
[1–10]. Hence, it is necessary to approximate the root of
fuzzy nonlinear equation:

F(x) � c. (1)

*e standard analytical technique like Buckley and Qu
method [11–14] cannot be suitable for solving the nonlinear
equations such as
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ax6 + bx4 − cx3 + dx − e � f, x + cos(x) � g, x ln(x)+

ex − (1/(1 + x2)) + tan(x) � h, where a, b, c, d, e, f, g, and h

are fuzzy numbers and x is a fuzzy variable.
We therefore look towards numerical iterative schemes,

which approximate the roots of fuzzy nonlinear equations.
To approximate the roots of fuzzy nonlinear equations,
Abbsbandy and Asady [15] used Newton Raphson method,
Sulaiman et al. [16] give Levenberg-Marquest method, and
Mosleh [17] used Adomian decomposition method; see also
[16, 18–20]. Iterative methods presented by them have low
convergence order to approximate the roots of fuzzy non-
linear equations. Iterative methods of lower convergence
order have high computational time and cost according to
Kung–Traub conjecture [21].

Engineers and mathematicians therefore look towards
those numerical methods which are more efficient and with
high convergence order and low computational cost, or time, to
approximate the roots of highly nonlinear fuzzy equations.*e
main aim of this research article is to propose efficient higher
order iterative method as compared to well-known classical
methods [15]. Numerical test results, CPU time, and log of
residual show the dominance efficiency of our newly con-
structed method over the existing methods in the literature.

*is paper is organized as follows: after introduction in
Section 2, we recall some fundamental results of fuzzy
numbers. In Section 3, we propose numerical iterative
schemes for approximating roots of fuzzy nonlinear equa-
tions and their convergence analysis. In Section 4, we il-
lustrate some real world applications as numerical test
examples to show the performance and efficiency of the
constructed method and conclusions in the last section.

2. Preliminaries

Definition 1. A fuzzy number is a fuzzy set like
x: R⟶ I � [0, 1], which satisfies the following [22, 23]:

(1) x is upper semicontinuous
(2) x(a) � 0 outside some interval [a1, a2]

(3) *e real numbers are b1, b2 such that a1 ≤ b1 ≤ b2 ≤ a2
and

x(a) is monotonic increasing on [a1, b1]

x(a) is monotonic decreasing on [b2, a2]

x(a) � 1, for b1 ≤ a≤ b2

We denote by E the set of all fuzzy numbers. An
equivalent parametric form is also given in [24] as follows.

Definition 2 (see [25]). A fuzzy number x in parametric
form is a pair (xL, xU) of function xL(τ), xU(τ), 0≤ τ ≤ 1,
which satisfies the following requirements:

(1) xL(τ) is a bounded monotonic increasing left con-
tinuous function

(2) xU(τ) is a bounded monotonic decreasing left
continuous function

(3) xL(τ)≤xU(τ), 0≤ τ ≤ 1

A popular fuzzy number is the triangular fuzzy
number, which is formed by simply taking b1 � b2 in
Definition 1. Triangular fuzzy number is simply written as
x � (a1, a2, a3) and defined in the form of membership
function as

x(a) �

x − a1

a2 − a1
, if a1 <x< a2,

a3 − x

a3 − a2
, if a2 <x< a3,

0, otherwise.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(2)

*e parametric form is given as

x
L
(τ) � a1 + τ a2 − a1( ,

x
U

(τ) � a3 + τ a2 − a3( .
(3)

Let TF(R) be the set of all triangular fuzzy numbers. *e
addition and scalar multiplication of fuzzy numbers are
defined by the extension principle and represented as
follows.

For arbitrary x � (xL, xU), y � (yL, yU), and k> 0, we
define addition (x + y) and multiplication by scaler k as

(x + y)
L
(τ) � x

L
(τ) + y

L
(τ),

(x + y)
U

(τ) � x
U

(τ) + y
U

(τ),

(kx)
L
(τ) � kx

L
(τ),

(kx)
U

(τ) � kx
U

(τ).

⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

(4)

3. Construction of Iterative Schemes

Now, our aim is to obtain a solution for fuzzy nonlinear
equation F(x) � c. *e parametric form is as follows:

F
L

x
L
, x

U
, τ  � c

L
(τ),

F
U

x
L
, x

U
, τ  � c

U
(τ),

⎧⎪⎨

⎪⎩
∀τ ∈ [0, 1]. (5)

Suppose that x � (ξL
, ξU

) is the solution to the system;
that is,

F
L ξL

, ξU
, τ  � c

L
(τ),

F
U ξL

, ξU
, τ  � c

U
(τ),

⎧⎪⎨

⎪⎩
∀τ ∈ [0, 1]. (6)

*erefore, if x0 � (xL
0 , xU

0 ) is an approximation solution
for this system, then ∀τ ∈ [0, 1] there exist hL(τ), hU(τ) such
that

ξL
� x

L
0 + h

L
(τ),

ξU
� x

U
0 + h

U
(τ).

⎧⎨

⎩ (7)

Using Taylor series of FL, FU about (xL
0 , xU

0 ), ∀τ ∈ [0, 1],
we have
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F
L ξL

, ξU
, τ  � F

L
x

L
0 , x

U
0 , τ  + h

L
F

L
xL x

L
0 , x

U
0 , τ  + h

U
F

L
xU x

L
0 , x

U
0 , τ +

O h
L

 
2

+ h
L
h

U
+ h

U
 

2
  � c

L
,

F
U ξL

, ξU
, τ  � F

U
x

L
0 , x

U
0 , τ  + h

L
F

U
xL x

L
0 , x

U
0 , τ  + h

U
F

U
xU x

L
0 , x

U
0 , τ +

O h
L

 
2

+ h
L
h

U
+ h

U
 

2
  � c

U
.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(8)

If xL
0 and xU

0 are near to ξL and ξU, respectively, then hL

and hU are small. We assume, of course, that all needed
partial derivatives exist and are bounded. *erefore, for
enough small hL and hU, we have, ∀τ ∈ [0, 1],

F
L

x
L
0 , x

U
0 , τ  + h

L
F

L
xL x

L
0 , x

U
0 , τ  + h

U
F

L
xU x

L
0 , x

U
0 , τ  � c

L
(τ),

F
U

x
L
0 , x

U
0 , τ  + h

L
F

U
xL x

L
0 , x

U
0 , τ  + h

U
F

U
xU x

L
0 , x

U
0 , τ  � c

U
(τ),

⎧⎪⎨

⎪⎩
(9)

and hence, hL(τ) and hU(τ) are unknown quantities that can
be obtained by solving the following equations, ∀τ ∈ [0, 1],

J x
L
0 , x

U
0 , τ 

h
L
0(τ)

h
U
0 (τ)

⎡⎢⎣ ⎤⎥⎦ �
c

L
(τ) − F

L
x

L
0 , x

U
0 , τ 

c
U

(τ) − F
U

x
L
0 , x

U
0 , τ 

⎡⎢⎢⎢⎢⎣ ⎤⎥⎥⎥⎥⎦, (10)

where

J x
L
0 , x

U
0 , τ  �

F
L
xL x

L
0 , x

U
0 , τ  F

L
xU x

L
0 , x

U
0 , τ 

F
U
xL x

L
0 , x

U
0 , τ  F

U
xU x

L
0 , x

U
0 , τ 

⎡⎢⎢⎢⎢⎣ ⎤⎥⎥⎥⎥⎦. (11)

*us, our method in component form becomes

x
L
1(τ)

x
U
1 (τ)

⎡⎢⎣ ⎤⎥⎦ �
x

L
0(τ)

x
U
0 (τ)

⎡⎢⎣ ⎤⎥⎦ +
(2 − β)J x

L
0 , x

U
0 , τ  + βK y

L
0 , y

U
0 , τ  

− 1

∗ (3 − β)J x
L
0 , x

U
0 , τ  +(β − 1)K y

L
0 , y

U
0 , τ  

⎛⎜⎝ ⎞⎟⎠

·
c

L
(τ) − F

L
xL x

L
0 , x

U
0 , τ 

c
U

(τ) − F
U
xL x

L
0 , x

U
0 , τ 

⎡⎢⎢⎢⎢⎣ ⎤⎥⎥⎥⎥⎦,

y
L
0(τ)

y
U
0 (τ)

⎡⎢⎣ ⎤⎥⎦ �
x

L
0(τ)

x
L
0(τ)

⎡⎢⎣ ⎤⎥⎦ +
h

L
0(τ)

h
U
0 (τ)

⎡⎢⎣ ⎤⎥⎦,

K y
L
0 , y

U
0 , τ  �

F
L
yL y

L
0 , y

U
0 , τ  F

L
yU y

L
0 , y

U
0 , τ 

F
U
yL y

L
0 , y

U
0 , τ  F

U
yU y

L
0 , y

U
0 , τ 

⎡⎢⎢⎢⎢⎣ ⎤⎥⎥⎥⎥⎦.

(12)

For approximate solutions of xL and xU, we use the
following recursive relation:

x
L
n+1(τ)

x
U
n+1(τ)

⎡⎢⎣ ⎤⎥⎦ �
x

L
n(τ)

x
U
n (τ)

⎡⎢⎣ ⎤⎥⎦ +
(2 − β)J x

L
n, x

U
n , τ  + βK y

L
n, y

U
n , τ  

− 1

∗ (3 − β) J x
L
n, x

U
n , τ  +(β − 1)K y

L
n, y

U
n , τ  

⎛⎜⎝ ⎞⎟⎠

·
c

L
(τ) − F

L
xL x

L
n, x

U
n , τ 

c
U

(τ) − F
U
xL x

L
n, x

U
n , τ 

⎡⎢⎢⎢⎢⎣ ⎤⎥⎥⎥⎥⎦,

(13)
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where

y
L
n(τ)

y
U
n (τ)

⎡⎢⎣ ⎤⎥⎦ �
x

L
n(τ)

x
L
n(τ)

⎡⎢⎣ ⎤⎥⎦ +
h

L
n(τ)

h
U
n (τ)

⎡⎢⎣ ⎤⎥⎦,

J x
L
n, x

U
n , τ 

h
L
n(τ)

h
U
n (τ)

⎡⎢⎣ ⎤⎥⎦ �
F

L
xL x

L
n, x

U
n , τ  F

L
xU x

L
n, x

U
n , τ 

F
U
xL x

L
n, x

U
n , τ  F

U
xU x

L
n, x

U
n , τ 

⎡⎢⎢⎢⎢⎣ ⎤⎥⎥⎥⎥⎦,

K y
L
n, y

U
n , τ  �

F
L
yL y

L
n, y

U
n , τ  F

L
yU y

L
n, y

U
n , τ 

F
U
yL y

L
n, y

U
n , τ  F

U
yU y

L
n, y

U
n , τ 

⎡⎢⎢⎢⎢⎣ ⎤⎥⎥⎥⎥⎦,

∀τ ∈ [0, 1].

(14)

For initial guess, one can use the fuzzy number

x0 � x
L
0(1), x

U
0 (1), x

L
1(1) − x

L
0(0), x

U
0 (0) − x

U
0 (1) ,

(15)

and in the parametric form

x0(τ) � x
L
0(1) + x

L
0(1) − x

L
0(0) (τ − 1),

x
U
0 (τ) � x

U
0 (1) + x

U
0 (0) − x

U
0 (1) (1 − τ).

(16)

Remark 1. Sequence (xL
n, xU

n ) 
∞
n�0 converges to (ξL

, ξU
) iff

∀τ ∈ [0, 1], limn⟶∞xL
n(τ) � ξL

(τ) and
limn⟶∞xU

n (τ) � ξU
(τ).

Lemma 1. Let F(ξL
, ξU

) � (cL, cU) and if the sequence of
(xL

n, xU
n ) 
∞
n�0 converges to (ξL

, ξU
) to NM method, then

lim
n⟶∞

Pn � 0, (17)

where

Pn � sup
0≤τ≤1

max h
L
n(τ), h

U
n (τ) . (18)

Proof. It is obviously because ∀τ ∈ [0, 1] in convergent case

lim
n⟶∞

h
L
n(τ) � lim

n⟶∞
h

U
n (τ) � 0. (19)

□

Under certain condition, finally it is shown that NM
method is cubic convergence for fuzzy nonlinear equation
F(x) � 0. *us, in compact form, we write

yn � xn − F′ xn( ( 
− 1

F xn( ,

xn+1 � xn − Z∗ F′ xn( ( 
− 1

F xn( ,

⎧⎪⎨

⎪⎩
∀τ ∈ [0, 1], (20)

where Z � (((2 − β)F′(xL
n, xU

n , τ) + βF′(yL
n, yU

n , τ))− 1 ((3 −

β)F′(xL
n, xU

n , τ) + (β − 1)F′(yL
n, yU

n , τ))) and β ∈ R (set of
real numbers).

Theorem 1. Let, ∀τ ∈ [0, 1], the functions FL and FU be
continuously differentiable with respect to xL

n(τ) and xL
n(τ).

Assume that there exist (ξL
(τ), ξU

(τ)) ∈ R2 and α1, α2 > 0
such that ‖J− 1(ξL

, ξU
, τ)‖≤ α1, ‖K− 1(ξL

, ξU
, τ)− 1‖≤ α2 and

J, K will be Lipschitz continuous with respect to xL
n and xL

n ;
then the NM method converges to (ξL

, ξU
) and satisfies the

following error equation:

en+1 � 2 A2( 
2

+
1
2
A3 − β A2( 

2
  en( 

3
+ O en( 

4����
����, (21)

where Aj � (1/j!)∗ ((F(j)(xn, τ))/F′(xn, τ)), j � 2, 3, . . ..

Proof. Let en � xn − ξ and en+1 � xn+1 − ξ be the errors in xn

and xn+1; then, by Taylor series of F(xn, τ) in the neigh-
borhood of ξ, if J− 1(xn, τ) exist, then

F(x, τ) � F xn, τ(  + F′ xn, τ(  x − xn( 

+
1
2!

F″ xn, τ(  x − xn( 
2

+ · · · ,

(22)

and F(ξ, τ) � 0,

F xn, τ(  � F′(x, ξ) en + A2 en( 
2

+ A3 en( 
3

  + O en( 
4����
����.

(23)

*is gives

F′ xn, τ( ( 
− 1

F xn, τ(  � en + A2 en( 
2

+ 2A2 + 2A3(  en( 
3

+ · · · ,

yn − ξ � A2 en( 
2

+ − 2A2(

· +2A3 en( 
3

+ · · · .

(24)

Expanding F′(yn, τ) about ξ, we have

F′ yn, τ(  � 1 + 2 A2( 
2 en( 

2
+ 2 − 2 A2( 

2


+ 2A3 en( 
3

+ · · · ,

Z F′ xn, τ( ( 
− 1

F xn, τ(  � en( 
2

+ − 2 A2( 
2

−
1
2
A3

+ β A2( 
2
 en( 

3
+ · · · ,

xn+1 − ξ � xn − ξ − en( 
2

+ − 2 A2( 
2



−
1
2
A3 + β A2( 

2
 en( 

3
+ · · · ,

en+1 � 2 A2( 
2

+
1
2
A3 − β A2( 

2
  en( 

3

+ O en( 
4����
����.

(25)

Hence, the theorem is proved. □

*ere are some well-known existing methods in the
literature for solving triangular fuzzy nonlinear equations.

Fuzzy version of well-known Newton method [15]
(abbreviated as NR) for finding roots of triangular fuzzy
equation is as follows:
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x
L
n+1(τ)

x
U
n+1(τ)

⎡⎢⎣ ⎤⎥⎦ �
x

L
n(τ)

x
L
n(τ)

⎡⎢⎣ ⎤⎥⎦ +
h

L
n(τ)

h
U
n (τ)

⎡⎢⎣ ⎤⎥⎦, (26)

where

h
L
n(τ)

h
U
n (τ)

⎡⎢⎣ ⎤⎥⎦ � J
− 1

x
L
n, x

U
n , τ 

c
L
(τ) − F

L
x

L
n, x

U
n , τ 

c
U

(τ) − F
U

x
L
n, x

U
n , τ 

⎡⎢⎢⎢⎢⎣ ⎤⎥⎥⎥⎥⎦.

(27)

Midpoint iterative schemes [26] (abbreviated as NP) for
triangular fuzzy equation are as follows:

x
L
n+1(τ)

x
U
n+1(τ)

⎡⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎦ �

y
L
n(τ)

y
U
n (τ)

⎡⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎦ + J

− 1 x
L
n + y

L
n

2
,
y

U
n + x

U
n

2
, τ 

·

c
L
(τ) − F

L
x

L
n, x

U
n , τ 

c
U

(τ) − F
U

x
L
n, x

U
n , τ 

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦,

(28)

where

y
L
n(τ)

y
U
n (τ)

⎡⎢⎣ ⎤⎥⎦ �
x

L
n(τ)

x
L
n(τ)

⎡⎢⎣ ⎤⎥⎦ +
h

L
n(τ)

h
U
n (τ)

⎡⎢⎣ ⎤⎥⎦. (29)

4. Numerical Applications

Here, we present examples to illustrating Newton’s method
for fuzzy nonlinear equations. Examples 1 and 2 are con-
sidered from Buckley and Qu [11, 27, 28]. All the

computations are performed using CAS Maple 18 with 64-
digit floating point arithmetic with stopping criteria as
follows:

(i) en � ‖F(x, τ)‖< ∈,

(ii) en � xn+1(τ) − xn(τ)
����

����< ∈,
(30)

where en represents the absolute error. We take ∈ � 10− 15. In
all numerical calculations, we used β � 0.000001.

Figure 1 shows computational time in seconds of iter-
ative schemes NM, NR, and NP for nonlinear fuzzy equa-
tions in Examples 1–3 (Cases 1 and 2) and 4, respectively
(Algorithm 1).

4.1. Engineering Applications

Example 1. Fraction conversion of Nitrogen-Hydrogen feed
to ammonia is known as fractional conversion. Here, we
consider the value of temperature and pressure as triangular
fuzzy number, which results in the following fuzzy nonlinear
equation:

∇1(x(τ))
4

− ∇2(x(τ))
3

+ ∇3(x(τ))
2

+ ∇4x(τ) � ∇5,
(31)

where ∇1 � (1, 2.5, 3.7), ∇2 � (7.7, 7.9, 8.1), ∇3 � (14.7,

14.8, 14.9),∇4 � (2.5, 2.7, 2.9), and ∇5 � (1.6, 1.7, 2.0) are
triangular fuzzy numbers. Without any loss of generality,
assume that x is positive; then the parametric form of this
equation is as follows:

(1 + 1.5τ) x
L
(τ) 

4
− (7.7 + 0.2τ) x

L
(τ) 

3
+(14.7 + 0.1τ) x

L
(τ) 

2
+(2.5 + 0.2τ)x

L
(τ) � (1.6 + 0.1τ),

(3.7 − 1.2τ) x
U

(τ) 
4

− (8.1 − 0.2τ) x
U

(τ) 
3

+(14.9 − 0.1τ)
2
x

U
(τ) +(2.9 − 0.2τ)x

U
(τ) � (2 − 0.3τ).

⎧⎪⎨

⎪⎩
(32)

Figure 2 shows analytical and numerical approximate
solution of fuzzy nonlinear equation in Example 1.

Table 1 clearly shows the dominance behavior of NM
over NR and NP in terms of absolute error on the same
number of iterations n� 3 for Example 1.

To obtain initial guess, we use the above system for τ � 1
and τ � 0; therefore,

2.5 x
L

 
4
(1) − 7.9 x

L
 

2
(1) + 14.8 x

L
 

2
(1) + 2.7 x

L
 (1) � 1.7,

2.5 x
U

 
4
(1) − 7.9 x

U
 

2
(1) + 14.8 x

U
 

2
(1) + 2.7 x

U
 (1) � 1.7,

⎧⎪⎨

⎪⎩

1 x
L

 
4
(0) − 7.7 x

L
 

3
(0) + 14.7 x

L
 

2
(0) + 2.5 x

L
 (0) � 1.6,

3.7 x
U

 
4
(0) − 8.1 x

U
 

2
(0) + 14.9 x

U
 (0) + 2.9 x

U
 (0) � 2.

⎧⎪⎨

⎪⎩

(33)

Mathematical Problems in Engineering 5



Consequently xL(0) � 0.2, xU(0) � 0.2, and
xL(1) � xU(1) � 0.2737. *erefore, initial guess is
x0 � (0.26, 0.2737, 0.29). After 3 iterations, we obtain the

solution which the maximum error would be less than 10− 3.
Now suppose x is negative; we have

(1 + 1.5τ) x
L
(τ) 

4
− (7.7 + 0.2τ) x

L
(τ) 

3
+(14.7 + 0.1τ) x

L
(τ) 

2
+(2.5 + 0.2τ)x

L
(τ) � (1.6 + 0.1τ),

(3.7 − 1.2τ) x
U

(τ) 
4

− (8.1 − 0.2τ) x
U

(τ) 
3

+(14.9 − 0.1τ)
2
x

U
(τ) +(2.9 − 0.2τ)x

U
(τ) � (2 − 0.3τ).

⎧⎪⎨

⎪⎩
(34)

For τ � 0, we have xU(0)> xL(0), and therefore, nega-
tive root does not exist.

Example 2. A chemical engineering problem is finding the
volume of van derWaal’s equation. Van derWaal’s equation
interprets real and ideal gas behavior, which results in the
following equation:

P +
A1n

2

x
2  x − nA2(  � nRT. (35)

By using the specific values of parameter, we have the
following fuzzy nonlinear equation:

Δ1(x(τ))
3

− Δ2(x(τ))
2

+ Δ3x(τ) � Δ4, (36)

where Δ1 � (0.3, 0.4, 0.7), Δ2 � (1, 2.3, 3.4),
Δ3 � (6.8, 7, 8.9),Δ4 � (4.1, 5.2, 6.7) are triangular fuzzy
numbers and x represents the volume of the gas under
observation, P for pressure, R for general gas constant, n for
number of mole, and T for temperature, and A1,A2 are used
for general parameters. Without any loss of generality,

Example 1 Example 2 Example 3
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Example 3
(case 2)
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Figure 1: Computational time in seconds.

Step 1: transform F(x, τ) � c into F
L
(x

L
, x

U
, τ) � c

L
(τ),

F
U

(x
L
, x

U
, τ) � c

U
(τ),

 ∀τ ∈ [0, 1].

Step 2: solve F
L
(x

L
, x

U
, τ) � c

L
(τ),

F
U

(x
L
, x

U
, τ) � c

U
(τ).

 for τ � 0 and τ � 1 to obtain xL(0) and xU(0).

Step 3: evaluate F(x, τ) � c at xL(0) and xU(0) and compute Jacobian matrix J(xL, xU, τ).
Step 4: use NM to compute next iterations.
Step 5: for given ∈ > 0, (i) en � ‖F(x, τ)‖<∈ (ii) en � ‖xn+1(τ) − xn(τ)‖<∈, then stop.
Step 6: set k � k + 1 and go to Step 1.

ALGORITHM 1: NM method.
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assume that x(τ) is positive; then the parametric form of this
equation is as follows:

(0.3 + 0.1τ) x
L
(τ) 

3
− (1 + 1.3τ) x

L
(τ) 

2
+(6.8 + 0.2τ)x

L
(τ) � (4.1 + 1.1τ),

(0.7 − 0.3τ) x
U

(τ) 
3

− (3.4 − 1.1τ) x
U

(τ) 
2

+(8.9 − 1.9τ)x
L
(τ) � (6.7 − 1.5τ).

⎧⎪⎨

⎪⎩
(37)

Figure 3 shows analytical and numerical approximate
solution of fuzzy nonlinear equation in Example 2.

Figure 3 shows analytical and numerical approximate
solution of fuzzy nonlinear equation in Example 2.
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Figure 2: Analytical and numerical approximate solutions of Example 1. (a) Analytical solution for Example 1. (b) NMmethod for Example
1. (c) NR method for Example 1. (d) NP method for Example 1.

Table 1: Comparison of iterative schemes NM, NR, and NP on the same number of iterations n � 3.

τ xL xU
NM NR NP

‖xn+1 − xn‖ ‖f(xn)‖ ‖xn+1 − xn‖ ‖f(xn)‖ ‖xn+1 − xn‖ ‖f(xn)‖

0.0 0.2699 0.2977 3.9e − 19 6.9e − 20 0.3e − 5 2.7e − 4 6.3e − 8 7.3e − 9
0.1 0.2703 0.2954 1.3e − 19 1.3e − 18 6.2e − 5 5.2e − 6 6.2e − 9 5.9e − 8
0.2 0.2707 0.2931 2.1e − 17 7.1e − 18 5.2e − 5 7.4e − 5 1.6e − 9 6.4e − 7
0.3 0.2711 0.2908 9.7e − 15 1.8e − 19 6.4e − 6 4.6e − 4 8.8e − 9 4.3e − 8
0.4 0.2715 0.2884 9.5e − 16 8.5e − 16 6.1e − 5 5.3e − 6 7.8e − 9 1.4e − 9
0.5 0.2718 0.2860 1.4e − 15 1.9e − 15 5.7e − 7 8.3e − 5 7.7e − 9 0.5e − 8
0.6 0.2722 0.2836 4.0e − 16 6.9e − 19 7.5e − 5 3.4e − 4 5.5e − 8 3.8e − 7
0.7 0.2726 0.2812 7.6e − 17 3.9e − 18 8.1e − 6 4.8e − 3 8.7e − 9 1.2e − 7
0.8 0.2729 0.2787 0.4e − 18 8.2e − 19 5.8e − 7 0.4e − 6 8.9e − 8 2.6e − 9
0.9 0.2733 0.2762 2.6e − 17 6.1e − 18 3.8e − 5 1.3e − 8 4.8e − 9 2.3e − 9
1 0.2737 0.2737 9.6e − 19 1.2e − 17 7.9e − 5 7.8e − 7 9.8e − 8 1.8e − 8
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Table 2 clearly shows the dominance behavior of NM
over NR and NP in terms of absolute error on the same
number of iterations n� 3 for Example 2.

To obtain initial guess, we use the above system for τ � 1
and τ � 0; therefore

0.4 x
L

 
3
(1) − 2.3 x

L
 

2
(1) + 7.0 x

L
 (1) � 5.2,

0.4 x
U

 
3
(1) − 2.3 x

U
 

2
(1) + 7.0 x

U
 (1) � 5.2,

⎧⎪⎨

⎪⎩

0.3 x
L

 
3
(0) − 1.0 x

L
 

2
(0) + 6.8 x

L
 (0) � 4.1,

0.7 x
U

 
3
(0) − 3.4 x

U
 

2
(0) + 8.9 x

U
 (0) � 6.7.

⎧⎪⎨

⎪⎩

(38)

Consequently xL(0) � 0.6, xU(0) � 1.1, and
xL(1) � xU(1) � 1.028015150. *erefore, initial guess is
x0 � (0.6, 1.028015150, 1.1). After 3 iterations, we obtain the
solution which the maximum error would be less than 10− 3.
Now suppose x(τ) is negative; we have

(0.3 + 0.1τ) x
L
(τ) 

3
− (1 + 1.3τ) x

L
(τ) 

2
+(6.8 + 0.2τ)x

L
(τ) � (4.1 + 1.1τ),

(0.7 − 0.3τ) x
U

(τ) 
3

− (3.4 − 1.1τ) x
U

(τ) 
2

+(8.9 − 1.9τ)x
L
(τ) � (6.7 − 1.5τ).

⎧⎪⎨

⎪⎩
(39)

For τ � 0, we have xU(0)> xL(0), and therefore, nega-
tive root does not exist.

Example 3. In engineering, the problem concerns the
motion of object under fuzzy environment, resulting in two
cases.

Case 1. Vertical motion of object.
Here, we are concerned with the vertical motion of ball

by neglecting air resistance and assume constant accelera-
tion 32 ft/sec2. Positive direction of the object y is upward
from earth. *en, the resulting fuzzy nonlinear equation is
written as

A1 ∗x(τ)
2

+ V1 ∗x(τ) � Y1, (40)

where A1 � (0.8, 1.0, 1.2), free parameter, V1 � (1.3,

1.75, 2.2), velocity of the moving object under constant force
of gravity, and Y1 � (0.1, 0.15, 0.20), initial position of the
object. By substituting the value of A1, V1, and Y1 in the
above equation of motion, we get

(0.8, 1.0, 1.2) x(τ)
2

  +(1.3, 1.75, 2.2)x(τ) � (0.1, 0.15, 0.20).

(41)

*en, we find the time x(τ) of the ball to hit the ground
which depends on fuzzy parameter τ ∈ [0, 1]. Without any
loss of generality, assume that x(τ) is positive; then the
parametric form of this equation is as follows:

(0.8 + 0.2τ) x
L
(τ) 

2
+(1.3 + 0.45τ)x

L
(τ) � (0.1 + 0.05τ),

(1.2 − 0.2τ) x
U

(τ) 
2

+(2.2 − 0.45τ)x
U

(τ) �(0.2 − 0.05τ).

⎧⎪⎨

⎪⎩

(42)

Figure 4 shows analytical and numerical approximate
solution of fuzzy nonlinear equation in Example 3 (Case 1).

Figure 4 shows analytical and numerical approximate
solution of fuzzy nonlinear equation in Example 3 (Case 1).

Table 3 clearly shows the dominance behavior of NM
over NR and NP in terms of absolute error on the same
number of iterations n� 3 for Example 3 (Case 1).

To obtain initial guess, we use the above system for τ � 0
and τ � 1; therefore

1 x
L

 
2
(1) + 1.75 x

L
 (1) � 0.6,

1 x
U

 
2
(1) + 1.75 x

U
 (1) � 0.15,

⎧⎪⎨

⎪⎩

0.8 x
L

 
2
(0) + 1.3 x

L
 (0) � 0.1,

1.2 x
U

 
2
(0) + 2.2 x

U
 (0) � 0.2.

⎧⎪⎨

⎪⎩

(43)

Consequently xL(0) � 0.0735, xU(0) � 0.0867, and
xL(1) � xU(1) � 0.0818. *erefore, initial guess is
x0 � (0.0735, 0.0818, 0.0867). After 3 iterations, we obtain
the solution which the maximum error would be less than
10− 3. Now suppose x is negative; we have

(0.8 + 0.2τ) x
L
(τ) 

2
+(1.3 + 0.45τ)x

L
(τ) �(0.1 + 0.05τ),

(1.2 − 0.2τ) x
U

(τ) 
2

+(2.2 − 0.45τ)x
U

(τ) � (0.2 − 0.05τ).

⎧⎪⎨

⎪⎩

(44)

For τ � 0, we have xU(0)> xL(0), and therefore, nega-
tive root does not exist.

Case 2. Downward motion of object.
Here, we discuss the downward motion of object which

results in the following fuzzy nonlinear equation:

(3, 4, 5)(x(τ))
2

+(1, 2, 3)x(τ) � (1, 2, 3). (45)

Without any loss of generality, assume that x is positive;
then the parametric form of this equation is as follows:

(3 + τ) x
L
(τ) 

2
+(1 + τ)x

L
(τ) � (1 + τ),

(5 − τ) x
U

(τ) 
2

+(3 − τ)x
U

(τ) � (3 − τ).

⎧⎪⎨

⎪⎩
(46)
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Figure 5 shows analytical and numerical approximate
solution of fuzzy nonlinear equation in Example 3
(Case 2).

Figure 5 shows analytical and numerical approximate
solution of fuzzy nonlinear equation in Example 3 (Case 2).

Table 4 clearly shows the dominance behavior of NM
over NR and NP in terms of absolute error on the same
number of iterations n� 3 for Example 3 (Case 2).

To obtain initial guess, we use the above system for τ � 0
and τ � 1; therefore,

4 x
L

 
2
(1) + 2x

L
(1) � 2,

4 x
U

 
2
(1) + 2x

U
(1) � 2,

⎧⎪⎨

⎪⎩

3 x
L

 
2
(0) + x

L
(0) � 1,

5 x
U

 
2
(0) + 3x

U
(0) � 3.

⎧⎪⎨

⎪⎩

(47)

Consequently xL(0) � 0.4343, xU(0) � 0.5307, and
xL(1) � xU(1) � 0.5. *erefore, initial guess is
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Figure 3: Analytical and numerical approximate solution of Example 2. (a) Analytical solution for Example 2. (b) NMmethod for Example
2. (c) NR method for Example 2. (d) NP method for Example 2.

Table 2: Comparison of iterative schemes NM, NR, and NP on the same number of iterations n � 3.

τ xL xU
NM NR NP

‖xn+1 − xn‖ ‖f(xn)‖ ‖xn+1 − xn‖ ‖f(xn)‖ ‖xn+1 − xn‖ ‖f(xn)‖

0.0 0.6534 1.1234 3.9e − 17 2.9e − 16 7.3e − 5 3.7e − 3 5.3e − 9 6.3e − 8
0.1 0.6795 1.1185 1.3e − 15 1.3e − 16 1.2e − 3 8.2e − 6 4.2e − 9 6.9e − 8
0.2 0.7071 1.1134 3.1e − 16 4.1e − 16 1.2e − 5 7.6e − 6 5.6e − 9 8.4e − 9
0.3 0.7364 1.1080 2.7e − 15 1.3e − 17 4.4e − 3 1.6e − 4 8.8e − 8 3.3e − 8
0.4 0.7677 1.1024 3.5e − 15 8.3e − 13 6.0e − 4 8.3e − 4 7.2e − 9 5.4e − 9
0.5 0.8013 1.0965 1.4e − 14 1.9e − 15 6.7e − 6 0.3e − 5 7.7e − 7 8.5e − 9
0.6 0.8378 1.0903 4.0e − 16 7.9e − 17 7.5e − 5 1.4e − 6 5.2e − 7 9.8e − 8
0.7 0.8776 1.0838 7.6e − 16 3.9e − 18 8.6e − 6 0.8e − 6 8.7e − 9 2.2e − 8
0.8 0.9218 1.0770 8.4e − 18 8.2e − 16 6.8e − 6 4.4e − 6 3.9e − 7 0.6e − 9
0.9 0.9713 1.0689 9.6e − 17 2.1e − 17 4.8e − 5 5.3e − 7 4.1e − 9 1.3e − 9
1 1.0280 1.0280 9.0e − 18 1.2e − 17 7.9e − 5 7.8e − 7 9.6e − 7 1.0e − 7
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x0 � (0.4343, 0.5, 0.5307). After 3 iterations, we obtain the
solution which the maximum error would be less than 10− 3.
Now suppose x is negative; we have

(3 + τ) x
L
(τ) 

2
+(1 + τ)x

L
(τ) � (1 + τ),

(5 − τ) x
U

(τ) 
2

+(3 − τ)x
U

(τ) � (3 − τ).

⎧⎪⎨

⎪⎩
(48)

For τ � 0, we have xU(0)> xL(0), and therefore, nega-
tive root does not exist.

Example 4. Consider the fuzzy nonlinear equation:

(3, 4, 5)(x(τ))
2

+(1, 2, 3)sin(x(τ)) � (1, 2, 3). (49)

Without any loss of generality, assume that x is positive;
then the parametric form of this equation is as follows:

(3 + τ) x
L

 
2

+(1 + τ)sin x
L
(τ)  � (1 + τ),

(5 − τ) x
U

 
2

+(3 − τ)sin x
U

(τ)  � (3 − τ).

⎧⎪⎨

⎪⎩
(50)

Figure 6 shows analytical and numerical approximate
solution of fuzzy nonlinear equation in Example 4.

Table 3: Comparison of iterative schemes NM, NR, and NP on the same number of iterations n � 3.

τ xL xU
NM NR NP

‖xn+1 − xn‖ ‖f(xn)‖ ‖xn+1 − xn‖ ‖f(xn)‖ ‖xn+1 − xn‖ ‖f(xn)‖

0.0 0.0735 0.0867 4.9e − 16 2.9e − 16 7.3e − 6 3.7e − 6 1.4e − 8 1.3e − 8
0.1 0.0746 0.0863 2.3e − 15 1.3e − 15 1.2e − 5 1.2e − 5 3.2e − 8 6.6e − 8
0.2 0.0756 0.0859 3.1e − 15 0.1e − 16 1.2e − 5 1.6e − 5 5.6e − 8 5.4e − 8
0.3 0.0766 0.0855 1.7e − 14 1.2e − 15 2.4e − 5 1.3e − 5 8.8e − 8 4.3e − 8
0.4 0.0775 0.0850 3.5e − 14 5.3e − 14 3.0e − 4 1.0e − 4 1.2e − 7 3.4e − 8
0.5 0.0783 0.0846 6.4e − 15 1.3e − 15 3.7e − 5 0.3e − 5 1.7e − 7 2.5e − 8
0.6 0.0791 0.0841 1.0e − 16 7.0e − 16 4.5e − 5 5.4e − 5 2.2e − 7 1.8e − 8
0.7 0.0798 0.0836 1.6e − 16 3.9e − 16 5.6e − 6 0.2e − 6 2.7e − 7 1.2e − 8
0.8 0.0805 0.0830 2.4e − 13 1.2e − 16 4.8e − 7 1.4e − 7 3.3e − 7 7.6e − 9
0.9 0.0812 0.0824 3.6e − 17 3.1e − 17 3.8e − 6 2.3e − 6 4.0e − 7 1.4e − 9
1 0.0818 0.0818 7.0e − 18 1.0e − 18 7.0e − 6 1.8e − 6 4.6e − 7 1.8e − 9
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Figure 4: Analytical and numerical approximate solution of Example 3 (Case 1). (a) Analytical solution for Example 3 (Case 1). (b) NM
method for Example 3 (Case 1). (c) NR method for Example 3 (Case 1). (d) NP method for Example 3 (Case 1).
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Figure 6 shows analytical and numerical approximate
solution of fuzzy nonlinear equation in Example 4.

Table 5 clearly shows the dominance behavior of NM
over NR and NP in terms of absolute error on the same
number of iterations n� 3 for Example 4.

To obtain initial guess, we use the above system for τ � 0
and τ � 1; therefore,

4 x
L

 
2
(1) + 2 sin x

L
(1)  � 2,

4 x
U

 
2
(1) + 2 sin x

U
(1)  � 2,

⎧⎪⎨

⎪⎩

3 x
L

 
2
(0) + sin x

L
(0)  � 1,

5 x
U

 
2
(0) + 3 sin x

U
(0)  � 3.

⎧⎪⎨

⎪⎩

(51)
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Figure 5: Analytical and numerical approximate solution of Example 3 (Case 2). (a) Analytical solution for Example 3 (Case 2). (b) NM
method for Example 3 (Case 2). (c) NR method for Example 3 (Case 2). (d) NP method for Example 3 (Case 2).

Table 4: Comparison of iterative schemes NM, NR, and NP on the same number of iterations n � 3.

τ xL xU
NM NR NP

‖xn+1 − xn‖ ‖f(xn)‖ ‖xn+1 − xn‖ ‖f(xn)‖ ‖xn+1 − xn‖ ‖f(xn)‖

0.0 0.4343 0.5306 1.4e − 15 1.1e − 29 3.0e − 4 2.0e − 7 4.4e − 9 5.3e − 16
0.1 0.4441 0.5258 6.9e − 24 2.1e − 29 2.0e − 6 1.5e − 7 1.5e − 13 2.1e − 16
0.2 0.4529 0.5233 1.3e − 22 4.8e − 30 4.4e − 6 1.0e − 7 6.5e − 13 2.2e − 16
0.3 0.4608 0.5205 1.1e − 21 7.2e − 31 7.2e − 5 7.3e − 8 1.9e − 12 0.1e − 20
0.4 0.4680 0.5176 6.1e − 21 0.1e − 32 1.0e − 5 4.5e − 8 4.5e − 12 6.0e − 17
0.5 0.4745 0.5145 2.6e − 20 8.1e − 35 1.4e − 5 2.5e − 8 9.0e − 12 3.1e − 17
0.6 0.4805 0.5144 8.3e − 20 8.7e − 33 1.9e − 5 1.1e − 8 1.5e − 11 1.0e − 16
0.7 0.4859 0.5112 2.1e − 19 9.4e − 33 2.3e − 5 4.4e − 9 2.5e − 11 6.6e − 17
0.8 0.4910 0.5077 4.9e − 19 3.0e − 33 2.8e − 5 1.0e − 9 3.8e − 11 1.1e − 15
0.9 0.4956 0.5040 9.9e − 19 0.1e − 36 3.3e − 5 7.5e − 11 5.3e − 11 2.1e − 16
1 0.5 0.5 1.8e − 18 2.0e − 36 3.9e − 5 0.1e − 15 7.2e − 11 0.1e − 18
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Consequently xL(0) � 0.4380, xU(0) � 0.5399, and
xL(1) � xU(1) � 0.5071. *erefore, initial guess is
x0 � (0.4380, 0.5071, 0.5399). After 3 iterations, we obtain
the solution which the maximum error would be less than
10− 3. Now suppose x is negative; we have

(3 + τ) x
L
(τ) 

2
+(1 + τ)x

L
(τ) � (1 + τ),

(5 − τ) x
U

(τ) 
2

+(3 − τ)x
U

(τ) � (3 − τ).

⎧⎪⎨

⎪⎩
(52)

For τ � 0, we have xU(0)> xL(0), and therefore, nega-
tive root does not exist.

5. Conclusion

In this research paper, we construct highly efficient family of
two-step numerical iterative method to approximate roots of
triangular fuzzy nonlinear equations. A set of real life appli-
cations are considered as numerical test problems show the
practical performance and dominance efficiency of NM over
NP and NR. From Tables 1–5 and Figures 1–6, we observe that
numerical results of test examples, CPU time, and residual
errors corroborate theoretical analysis and illustrate the ef-
fectiveness and rapid convergence of our proposed family of
iterative method NM as compared to the methods NP and NR.
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Figure 6: Analytical and numerical approximate solution of Example 4. (a) Analytical solution for Example 4. (b) NMmethod for Example
4. (c) NR method for Example 4. (d) NP method for Example 4.

Table 5: Comparison of iterative schemes NM, NR, and NP on the same number of iterations n � 3.

τ xL xU
NM NR NP

‖xn+1 − xn‖ ‖f(xn)‖ ‖xn+1 − xn‖ ‖f(xn)‖ ‖xn+1 − xn‖ ‖f(xn)‖

0.0 0.4380 0.5399 2.7e − 25 4.7e − 28 3.6e − 6 2.4e − 7 1.1e − 14 4.2e − 15
0.1 0.4483 0.5377 1.2e − 23 1.7e − 28 2.4e − 6 1.4e − 7 2.8e − 13 3.3e − 15
0.2 0.4575 0.5374 1.8e − 22 5.3e − 29 9.5e − 6 6.4e − 7 5.2e − 13 2.5e − 16
0.3 0.4658 0.5348 1.4e − 21 1.3e − 29 2.6e − 6 3.6e − 7 8..2e − 12 1.8e − 16
0.4 0.4733 0.5320 6.8e − 21 3.0e − 30 5.8e − 5 1.8e − 7 1.1e − 12 1.3e − 16
0.5 0.4801 0.5290 2.4e − 20 4.6e − 31 1.1e − 5 0.1e − 8 1.7e − 11 4.2e − 17
0.6 0.4864 0.5259 6.8e − 20 3.5e − 32 4.5e − 5 2.1e − 8 2.0e − 17 5.1e − 18
0.7 0.4922 0.5226 1.6e − 20 9.4e − 33 2.8e − 5 1.2e − 8 2.5e − 11 2.7e − 18
0.8 0.4975 0.5191 3.3e − 19 3.0e − 34 4.1e − 5 3.4e − 8 2.4e − 11 1.1e − 19
0.9 0.5025 0.5113 6.2e − 19 2.1e − 35 5.7e − 5 7.3e − 9 3.4e − 11 3.6e − 19
1 0.5071 0.5071 1.0e − 19 3.0e − 36 7.6e − 5 2.0e − 10 3.9e − 11 5.8e − 19
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