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Mechanical products are composed of two or more parts. (e geometric tolerance and dimensional tolerance of each feature in
part will affect the assembly performance of the product, which are accumulated and propagated between assembly fit and parts. In
this paper, through the secondary development of CAD software, the B-rep model of parts is obtained. (e model information is
decomposed and simplified based on geometric features to obtain the key information of parts in the assembly process, simplify
the operation, and improve the accuracy. (rough a directed graph network, the transmission model of assembly error in-
formation based on geometrical and dimensional tolerances (GD&T) on the surface of parts is established. Combined with the
error transfer characteristics of different geometric surfaces and different error sources, guided by the breadth-first search al-
gorithm and the shortest path theory, the search and establishment of a three-dimensional assembly chain are realized. Finally, the
three-dimensional chain is simulated by the Monte Carlo method. (e calculation results are compared with the error range
obtained by the traditional method to prove the effectiveness of the method.

1. Introduction

Assembly is an integrative process of joining a complete
mechanical product by bringing all individual parts to-
gether. (ere is a deviation between the nominal size and
the actual size of the product. (e manufacturing deviation
and fitting deviation are propagated and superimposed in
the component through the assembly of parts, affecting the
assembly quality and expected function of products.
(rough tolerance analysis and tolerance stack-up, engi-
neers can predict the final assembly accuracy before ma-
chining, so it has become a hot research area of automation
[1]. Tolerance stacks are a direct and straightforward
method to simulate dimensional deviation on the distance
between different assembly features. It usually only in-
cludes dimensional tolerance (DT), although modern
modification of this method also considers geometric
tolerance [2]. However, under the actual manufacturing
conditions, the propagation of geometric, dimensional
tolerances (GD&T), the gap between mating parts, and the

assembly sequence of parts will cause some mating features
to deviate from their nominal positions, thus affecting the
assembly accuracy [3].

In recent years, scholars have established general tol-
erance analysis methods [4–8], which can obtain the as-
sembly accuracy of mechanical products to a certain extent.
However, few researchers consider the influence of the as-
sembly sequence on assembly accuracy. Assembly sequence
planning and assembly accuracy calculation depend on the
assembly information model. To analyze the influence of the
assembly sequence in the calculation of assembly accuracy,
we should establish an appropriate model that can carry out
assembly sequence planning and assembly accuracy calcu-
lation. (e appropriate model needs to include the di-
mension and tolerance information of parts and the
assembly relationship information between parts and
components for assembly [4]. GD&T and assembly rela-
tionship information are added into parts’ geometric fea-
tures and propagated through parts’ direct geometric
contact.
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To model assembly information, several problems need
to be further studied. First of all, only some features in-
fluence the assembly process, so we are only aiming the key
features to do the subsequent calculation. Secondly, the
surface of parts determines geometric constraints between
parts and geometric feasibility of the assembly. Non-
geometric constraints have an influence on assembly effi-
ciency. It is necessary to combine the nongeometric
constraints that affect the assembly sequence to optimize the
feasible geometric sequence. Different tolerances on dif-
ferent types of assembly surfaces will have different effects on
assembly accuracy, so it is necessary to establish an assembly
error transfer model to obtain error transfer and superpo-
sition in parts.

(is paper presents a method to obtain the assembly
dimension relation model. (e key features of part obtained
by simplifying the part and determining the influence area of
error according to the different contact surfaces. (en, the
complete assembly dimension relationship model is formed
by combining the assembly error. Based on the model, the
three-dimension chain between the corresponding features
of two different parts of the assembly is searched by the
graph search algorithm and solving the assembly parts’
assembly error. (e basic process is as follows: (1) the hi-
erarchical assembly information model can establish the
decomposition of the geometric feature of the part repre-
sented by the B-rep model. (2) (e assembly information
model carries out assembly sequence planning. (3) On the
premise of obtaining the optimal assembly sequence under
multiple constraints, the three-dimensional chain of parts in
an assembly accuracy propagationmodel is searched. (4)(e
assembly accuracy of related parts is calculated based on
obtaining the dimension chain.

2. Literature Review

2.1. Assembly Constraint Model. (e optimal assembly se-
quence has an important influence on assembly time and
cost [9, 10]. For generating the valid assembly sequences, the
engineers must be pointed out the assembly precedence
between parts. However, it is challenging and time-con-
suming to find the optimal assembly sequence due to many
feasible assembly sequences. Assembly sequence planning
(ASP) is typical of the discrete optimization problem in
mathematics. In the early 1960s, researchers developed at
least one optimal feasible assembly sequence for a product
[11]. (en, through the assembly constraints between parts,
the feasible assembly sequence can be found using the
graphical method [12]. Although these traditional methods
provide a correct and complete solution for the assembly
configuration of some parts counting, they were time-
consuming and required many calculations [13]. Also, the
methods were semi-automated, which required skilled users
to oversee the decision-making process.

In 1988, graphic representation methods such as con-
nection graph, interference graph, and assembly constraint
graph were proposed to represent assembly trajectory
constraints and were used to generate assembly priority
relationships [14]. de Mello and Sanderson introduced all

feasible assembly sequences of the product with the and/or
graph [15]. In the graph, the node is an assembly subpart, the
root node is a complete part, the leaf is a separate part, and
the arc corresponds to a feasible assembly operation, linking
each node to all combinations in which it can be split [16].
Wolter, on the other hand, used a partial assembly tree to
express the assembly. Its nodes correspond to subassemblies
in the assembly process. (e leaf node is a single part, while
the root node is the final mechanical product [17]. Besides,
there is an assembly directed graph [9, 18], whose nodes
correspond to the assembly of parts in the assembly and
whose arcs correspond to feasible assembly operations [19].

A researcher prefers extracting assembly sequence
constraints from Computer-Aided Design (CAD) software
to minimize human intervention. Some researchers have
developed automatic extraction methods to retrieve as-
sembly connection data, interference data, and assembly
stability information through CAD interfaces [20, 21].
However, this method requires manual operations, which
rely on engineers’ experience, so it is not the optimal so-
lution as human input errors are a significant factor [22].(e
existing methods cannot automatically establish the ap-
propriate assembly constraint information model. In this
paper, the surface included in the part is divided to obtain
the geometric structure and the topological relationship
between the geometric structures.(e introduction of model
simplification reduces the number of nodes in the model,
improves operation efficiency, and results in faster and more
accurate results. (e key features that affect the assembly
accuracy are combined with the nongeometric information
to form a complete assembly information model.

2.2. Error Transformation Model for Assembly. (e design
and calculation of dimensions and tolerances are difficult
problems in the industry. Scholars have carried out much
research on the mathematical model expression of assembly
tolerance to solve this problem. Typical tolerance models
include topologically and technologically related surface
(TTRS) [7, 23], polychromatic set model [24], small-dis-
placement sensor (SDT) [25], tolerance map (T-map) [5],
and degree of freedom model [26].

As a widely used model, Clément et al. [27] proposed the
TTRS model on seven-element surfaces, and twenty-eight
surface relationships determine the tolerance. Davidson and
Shah [28] established the T-map tolerance model of standard
plane features. On this basis, Xiao and Zhu [29] combined
with T-map and ASME standard, took the intersection axis
as the research object, established the spatial domain of
assembly feature deviation fluctuation, and improved the
accuracy of the transformed tolerance. Solving the problem
that the machining datum does not coincide with the design
datum in the machining process, the tolerance graph is
another model for calculating tolerance in the n-dimen-
sional Euclidean space, mapping the geometric features of
parts to the point space model. Ke et al. [30] established an
M-map to realize the transfer of the datum plane and re-
alized the adjustment and optimization of machining tol-
erance under different constraint conditions.
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(e stack-up of assembly errors is another problem in
the process of assembly accuracy calculation. Liu et al. [31]
divided the assembly errors into three categories: geometric
position deviation, geometric shape deviation, and assembly
position deviation, and then, they established the assembly
directed graph to express the transmission process of as-
sembly accuracy. Boccaletti et al. [32] divided a complex
network into different modules based on complex network
and dynamic cluster coefficient analysis, which provides a
new idea of error tracing. Based on the above principles [33],
Zhu et al. [34] established the deviation transfer network
model of the mechanical assembly process, identified the key
assembly surface, and realized the error traceability. (e
existing methods are limited to the transfer direction of
assembly error. In addition, few researchers regard the as-
sembly sequence as one of the constraints of assembly ac-
curacy. However, different assembly sequences will lead to
different contact sequences between parts and different error
transmission paths. In this paper, in the same model, the
optimal assembly sequence of parts is deduced, and the
assembly accuracy of parts is obtained under this sequence.

2.3. Problem Definition and Objectives of Present Research.
Every feature in a component is subjected to variation be-
tween design positions and is strictly applied with some
tolerances. When there are multiple components in a me-
chanical product, the variations will accumulate and
propagate, affecting the functional performance of parts.(e
sources of these changes can be divided into three categories:

(1) (e size change or tolerance superposition of a single
part

(2) (e change of geometric features
(3) (e change of parts and the change of transmission

between parts in the assembly process

In previous studies, the second and third types of de-
viations are not considered in evaluating fit accuracy, which
usually regards as null according to the translation or se-
lection changes added in the assembly process.

(e variation of geometric features can significantly
affect tolerance superposition, depending on the type of
translation and rotation variation added during assembly. In
the process of assembly accuracy simulation, considering the
assembly sequence of mechanical products and thematching
accuracy between parts, the assembly accuracy obtained is
more realistic than the simple dimensional accuracy. (e
propagation direction of different error sources on different
surfaces is also different. In searching the dimension chain, it
is necessary to determine whether each error has a com-
ponent in the calculation direction of assembly accuracy and
then ignore the interaction of multiple errors. So, the ex-
pected accuracy of precision assembly can be calculated, and
the service life of parts can be improved.

(is paper aims to apply geometric tolerance and di-
mensional tolerance, surface tolerance, assembly error, and
assembly sequence of parts to the calculation of assembly
accuracy. (erefore, it is necessary to establish a model
containing all the assembly information of the parts. (e

influence of geometric constraints between parts on the
feasible motion range of parts is analyzed. It is important to
determine the feasible transfer direction of assembly devi-
ation of different kinds of error sources on different surfaces.
In establishing the model, the key features of the parts
participating in the assembly process are obtained through
simplification and planning the assembly sequence of the
products. After obtaining the contact sequence between
parts, it is necessary to analyze the influence of GD&T
deviation on assembly accuracy. We propose a breadth-first
algorithm combined with the assembly sequence to search
the 3D chain of the required assembly size in the assembly
error transfer model to solve this problem. Finally, the as-
sembly accuracy of the product is obtained by the Monte
Carlo method.(e shaft and its related parts of the two-stage
reducer are an example. Analyzing is carried out in order to
understand the proposed method.

3. Assembly Information Model

(e assembly constraint relation model expresses constraint
andmating relations between parts. Assembly tolerances can
be used as attributes of assembly models and are attached to
them. (is paper builds a hierarchical representation model
whose structure is shown in Figure 1. (e representation
model includes five levels: assembly level, part level, as-
sembly feature level, surface level, and assembly tolerance
level.

To meet the design requirements, CAD models usually
contain accurate geometric information. (ere are some
structures in part, such as chamfering, fillet, or tool
retracting groove, which will increase the number of nodes
in the assembly information model and increase calculation
difficulty. (erefore, it is necessary to calculate the key
features of parts to improve operational efficiency. In this
paper, by simplifying the model extracted from CAD, the
key features with assembly constraints are obtained. If a
simplified basic unit is a surface, the part may not be a
complete entity. To avoid this problem, take the feature as
the minimum simplified element. Because different engi-
neers understand that the CAD modeling process is dif-
ferent, using feature trees directly in CAD software cannot
get the simplest simplified results. (erefore, through the
secondary development of the CAD system, the digital
model of part B-rep representation is obtained. (is method
generates a feature-based model from the B-rep model by
applying the volume decomposition method. (e assembly
information model of mechanical products is constructed
hierarchically to store the assembly constraints and the
nongeometric information related to the parts.

3.1. B-Rep Model. Obtaining the geometric constraint in-
formation between parts, through the contact surface be-
tween parts, we can obtain the geometric structure of parts,
including contact surface and noncontact surface. (e
noncontact surface ensures the transmission of geometric
constraints on the part, while the contact surface ensures the
transmission of geometric constraints between the part. (e
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B-rep model established the model of parts’ contact rela-
tionship through the secondary development of CAD. (e
feature tree of the part is obtained through the decompo-
sition of the volume feature.

(e assembly information model can represent con-
straint information at each level and indicate the reasoning
relation matrices built at different levels. Boundary repre-
sentation is a common geometric description method in
CAD. (e B-rep model retains the information of points,
lines, and surfaces in the CAD model, which helps calculate
the geometric features of parts. In the B-rep model, as shown
in Figure 2, the type of part surface is obtained, and the
concave-convex of the edge formed by the intersection of
two surfaces is judged by the angle between the normal
vectors of two surfaces.

3.2. Geometric Feature Decomposition. (e mechanical
product can be seen as a complex geometry formed by many
simple subfeatures and their Boolean operation. When
applying additive features, convex inner loops are often
generated at feature intersections. So, the convex inner loops
can be the sign of additive features. Koo and Lee [35]
proposed the wrap-around operation to decompose parts.
(e algorithm for the wrap-around operation on a given
shape S is described as follows:

(1) Find and mark the convex inner loops {Li} of S
(Figure 3(a)).

(2) Separate every faces {Fj} (Figure 3(b)).
(3) Find {Li} in {Fj} (Figure 3(b)).
(4) Remove {Li} and add new surface according to {Li}

(Figure 3(c)).

(5) Sew all {Fj} and add corresponding plane
(Figure 3(d)).

(6) Unite T and W with a regularized Boolean union
(Figure 3(d)).

(7) If T has convex inner loops, apply the wrap-around
operation again to T1 and obtain T2. Repeat the wrap-
around operation until convex inner loops do not
exist.

3.3. Assembly Constraints Model. Most studies on the sim-
plification of feature-based 3D CAD models involve the
following two steps: feature rearrangement according to
importance and removal of features with low importance
until the termination condition. In this study, through the
effective volume of features and the contact features between
parts, the parts are simplified on the premise of maintaining
the connectivity of the model using a feature adjacency
graph.

A feature tree is generated by decomposing the part and
reconstructing the simple subfeatures. Different deletion
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processes lead to different results, so it is necessary to deter-
mine a reasonable deletion order to ensure the integrity of the
constraint information of the final part. Kim andMun [36] and
Kang et al. [37] proposed several recombination strategies.(is
study evaluates the importance of subfeatures according to the
following criteria. (e main results are as follows:

(1) (e importance of additive features is higher than
that of subtractive features.

(2) Larger features are more important than smaller
ones.

(3) Features need to be retained in contact with other
parts.

(4) (e first adjacent feature near the port is more
important than the other features. We use the fol-
lowing formula to measure the importance of
features:

f � n × C1 + C2 + C3( . (1)

If it is a port feature, it cannot be deleted and retained. At
this time, n� 1, making f> 0. Otherwise, n� −1 making f< 0.
C1 is the volume ratio of the feature to the largest feature in
the part, which is a number greater than 0 and less than 1. If
it is an additive feature,C2 �1; otherwise, it is 0. Suppose that
it is the first feature near the port, C3 �1. Otherwise, it is 0.
(e results are shown in Figure 4.

As shown in Figure 5, all the nodes are connected, and all
the nodes in the graph are ordinary nodes. When deleting
node 4, node 2 will become the cut node, while node 3, node
5, and node 1 remain unchanged. After the deletion of node
3 on the above condition, all the nodes in the graph become
ordinary nodes. (us, the graph nodes can switch between
cut nodes and ordinary nodes in the simplification process.
Furthermore, the set of cut nodes need to reevaluated when
the graph changes.

During the reduction of nodes on the diagram in the
graph above, the nature of the retained node as a cut node
also changes. (erefore, it is necessary to determine whether
the node in the graph is a cut node after deleting a feature.
When the node to be deleted is a cut point in the geometric
contact diagram, skip the feature. (en, the part model is
simplified according to the order.

(e assembly constraints graph is highlighting the fea-
tures from the same part in the same color. (e node code is
a 4-digit string.(e first two digits are the ID of the part, and
the last two digits are the ID of the face in part, as shown in
Figure 6(d).

3.4. Assembly Variation Model. A complex component is
considered to have a high number of parts and a large
degree of connectivity between subfeatures or parts. Most
of the existing assembly accuracy analysis methods sim-
plify the machining error of the part surface to the
translation and rotation of the ideal geometric surface
along with its theoretical position. (is simplification
ignores the influence of surface morphology on the po-
sition of parts, thus affecting the accuracy of precision
analysis results.

(e assembly tolerances mentioned in this paper include
dimensional tolerances, shape tolerances, and position tol-
erances. Form tolerances and position tolerances are col-
lectively referred to as geometric tolerances. (e error of the
part can be regarded as an ideal surface, which is translated
and rotated under the limitation of orientation and posi-
tioning error and then superimposed with the deformation
caused by shape tolerance. (erefore, the small-displace-
ment torsor (SDT) represents the orientation and posi-
tioning error of the part, and then, the shape error is
expressed in the form of the point cloud. (e superposition
of the two is the final assembly error .

(a) Positioning Tolerance Modeling.
When geometric features are constrained by location
tolerance and orientation tolerance, location and
orientation errors can be expressed by SDT, which
include a set of translation components along the x-
axis, y-axis, and z-axis ([u, v,w]) and a set of rotation
components along the x-axis, y-axis, and z-axis ([α,
β, c]).(e SDTrepresentation of common geometric
features and their value range is shown in Table 1. In
Table 1, L and W represent the length and width of
the rectangular plane, φd and φD represent the outer
diameter of the circle, and H and h represent the
height of the cylinder and cone. On this basis [38],
the geometric surface with positioning/orientation
errors can be obtained by translating and rotating the
geometric surface in the ideal position, and the given
SDT parameters determine the values of translation
and rotation.

(b) Form Tolerance Modeling.
Similar to positioning or orientation tolerance, form
tolerance also limits the variation range of geometric
features. (e rectangular plane is taken as an ex-
ample; its form tolerance region is also the area
between two parallel planes, as shown in Figure 7.
(e nonideal surface generated by form error
modeling still needs to meet the constraints of form
tolerance. Form error can be modeled by point cloud
simulation.

S

F5

F4

F3

F2

F1
T

W

+

Figure 3: Concept of volume decomposition.
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(e nonideal surface model is generated by super-
imposing a randomly generated geometric surface with form
error on the geometric surface with location and orientation
error based on the modeling of location, orientation error,
and form error, as shown in Figure 8. Form tolerance and
position tolerance are independent of each other, and they
constrain the surface of parts together. It should be noted
that, in the process of using numerical simulation, in some
cases, the plane will exceed the constraint range of tolerance,
so manual correction is needed.

4. Assembly Sequence Planning

(e essence of part assembly is to impose constraints on
geometric elements to adjust the position and the rotation of
the part model. (e geometric elements involved in the
constraints between parts include various geometric sur-
faces, such as planes, cylinders, and cones.(is paper focuses
on the geometric surfaces with contact relationships between
two different parts.

4.1. Geometrically Feasible Assembly Sequence. In 3D space,
the assembly constraints of different kinds of geometric
surfaces are transformed into the remaining feasible motion
direction of the part. (e unit spherical coordinates are
stored in the form of a set, as shown in Figure 9.

Table 2 shows the constraints of the geometric contact
surface in part on the feasible direction of movement and the
assembly direction. When there are constraints between the
planes, the part can move in the opposite hemisphere of the
plane normal vector, and the assembly direction is the
normal direction of the plane; when there are cylindrical
constraints, the part can move in the positive and negative
direction of the vector, and the assembly direction is also the
positive and negative direction of the vector; when there are
conical constraints, the part can move in the opposite di-
rection of the vector, and the assembly direction is the
component of the vector.

(e potential assembly sequence for N parts in a me-
chanical product is N!. Geometric constraints between parts
result in a reduction in the number of parts. (e method of
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Figure 4: Geometric features are rearranged according to their importance. (a) Two sections according to feature importance. (b) Im-
portance of the feature. (c) Rearrange the features according to their importance.
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Figure 5: (e change of cut points in the process of node deletion in the undirected graph.

6 Mathematical Problems in Engineering



obtaining the assembly sequence is to inverse the disas-
sembly sequence. In this paper, a geometrically feasible
assembly sequence for all parts is obtained by continuously
removing the parts from the product.

An undirected graph of assembly constraints of me-
chanical products is established through the port features of
parts and the B-rep model of assembly. (e node represents
the contact surface between parts and records the type and
direction of the surface. (e assembly sequence is repre-
sented as a string, so the sequence [1 3 4 5 6 7 8 91015 16 212
11 13] is represented as “01, 03, 04, 05, 06, 07, 08, 09, 10, 15,
16, 02, 12, 11, 13,” and each part number is represented by

two digits. Part 2 has ID number 02, and part 13 has ID
number 13.

Parts with the not empty feasible moving area can be
disassembled when constraints are received. (en, surface
nodes and connections between surface nodes and link edges
can be deleted, which contact other parts. Record the re-
moved parts, update the assembly constraint relationship
model, and then, obtain the parts with no empty feasible
moving area again. When there are several removable parts,
store them separately to form several strings representing the
disassembly sequence. Repeat this process until all parts are
completely removed. Invert the obtained disassembly

03
07

06

02

05

01

09

08
04

10

(a)

03
02

09 08

07

04

06

01

05

10

(b) (c)

0201
0205

0206
0109 0110

0108

0107

0111
0106

0104

0105

0103

0102
0101

0201

0209

0210

0203

0204
0208

0207

(d)

Figure 6: Contact relationship of parts based on surface representation. (a) Part 1 CAD model. (b) Part 2 CAD model. (c) Fitting model of
parts. (d) Feature representation of part fitting model.

Table 1: Analysis of the tolerance zone in common geometric features.
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sequence to define the geometrically feasible assembly se-
quence of a part.

For example, there are two pairs of surface contact in
model A and model B. (ey are marked as x1, y1, x2, and y2,
and the assembly direction constraint of the part between x1
and x2 is shown in Figure 10(a), and the constraint of the
part between y1 and y2 is shown in Figure 10(b). (e feasible

assembly domain of the two parts is shown in Figure 10(c).
(e details are shown in Figure 10.

4.2. Assembly Sequence Optimization. Before optimizing the
assembly sequence, it is necessary to determine the fitness
function, which describes the difficulty and complexity of

S: actual surface

S0: ideal surface

TZ

diinf

disup

Figure 7: Form error of the plane.
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Figure 8: Error transfer between two surfaces.
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Figure 9: Feasible assembly region represented by spherical coordinates.
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assembly sequence operation. (e fitness function includes
the following:

(1) (e number of tools changes in the assembly process

(2) (e number of times the assembly direction changes
in the assembly process

(3) (e fitness difficulty between parts

(e optimization function used in this paper is shown in
formula (2), and the calculation method of variables is
shown in Table 3.

Fn represents the assembly process factors, including the
change times of assembly tools R1, the difficulty of assembly
operation R2, and the change times of assembly direction R3.
Xie and Zhong used the analytic hierarchy process to
evaluate the assembly sequence, in which the weights of
various constraints were obtained by consulting experts
using the sadi scale. (is paper referred to the relevant
conclusions [39]. (e value of weight factors was set as
ω1 � 0.2, ω2 � 0.3, and ω3 � 0.5. (en, using the fitness
function to select the geometric feasible assembly sequence
to get the optimal solution under the constraint:

Table 2: Constraints of the surface on the feasible assembly region of parts.
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Fn � ω1R1 + ω2R2 + ω3R3. (2)

5. 3D Dimension Chain Search Based on the
Breadth-First Algorithm

According to the assembly error model established in the
previous paper, the assembly error of parts can be obtained
by calculating the three-dimensional dimension chain of
mechanical products. According to the assembly sequence,
we need to obtain the error transfer path in each part of the
product and the error transfer relationship between parts
and gradually obtain the three-dimensional chain of this
precision. When the number of nodes increases, the ac-
cumulated error on the path also increases, so transforming
the assembly accuracy calculation problem can be trans-
formed into a shortest path problem.

Based on the model network established in the previous
paper, a directed graph G is constructed, in which the faces
are mapped to the node n of G and the transfer relationship
of assembly errors between faces is mapped to the edge e of
G. For the edge e, if the precision level between two sides is
high, the distance W(e) of edge e is smaller. If the precision
level between two sides is low, the distance W(e) of edge e is
larger. If there is no component of the error precision be-
tween two sides in the band direction, then W(e) is a large
numberM. Let d(vi, vj) be the set of paths with u and v as the
endpoints in G and W(d(vi, vj)) denote the sum of the
distances on the top of the path d(vi, vj). (e three-di-
mensional dimension chain search problem can be
expressed as finding a path P0(vi, vj) in d(vi, vj) in G such
that

W P0 vi, vj   � min W p ui, vj   ∈ d ui, vj  . (3)

Typical shortest path algorithms include Dijkstra algo-
rithm, Floyd algorithm, Bellman–Ford algorithm, and SPFA
algorithm. In this paper, we get the shortest path when the
starting vertex and the ending vertex are known. (erefore,
we are choosing the Floyd algorithm as the search algorithm
for the 3D dimension chain.

(e Floyd algorithm thought is that the shortest path
from any node vi to any node vj is no more than two
possibilities, one is directly from node vi to node vj and the
other is from vi through several nodes to vj. Suppose that
distance between node u and node v, which is expressed as
dist(vi, vj), is the shortest path distance from node vi to node
vj for each node k, and check whether
dist(vi, k) + dist(k, vj)< dist(vi, vj) holds. If it is true, it is
proved that the path from node vi to node k and then to vj is
shorter than the path from u to v. After traversing all nodes
k, dist(vi, vj) records the shortest path distance from vi to vj.

(e error transfer graph G � V, E{ } of each part and the
assembly sequence s � [a(i)]n under multiple constraints
are calculated. (e weight adjacency matrix τ � [a(i, j)]n×n

is constructed, and a subsequent node matrix path
p � [a(i, j)]n×n is introduced to record the shortest path
between two points. (e specific algorithm steps are as
follows:

(1) Determine the transfer direction of the error.
According to the start and end surfaces of assembly
error, spherical coordinates are recording the error
transfer direction.

(2) (is can be obtained between the contact surfaces
and the contact order of the parts by the determined
assembly sequence. Judge whether there is a com-
ponent in the direction of error transmission. (e
error transfer path between parts, the participating
parts, and the start and end surfaces of the partici-
pating parts is obtained

(3) For each part, the weighted error transfer digraph is
established from any path. (e distance between all
the two points is the weight of the edge. If there is no
edge connection between the two points, the weight
is infinite. (e graph weight adjacency matrix and
node matrix path are constructed.

(4) Use the Floyd algorithm to find intermediate node k.
If there is a vertex k, update the result.

(5) Repeat the above step (2)–step (4) until all nodes are
traversed until the end. (e shortest path formed is
the three-dimensional dimension chain of parts.

(6) (rough the dimension chain of parts and the fitting
error between parts, the three-dimensional dimen-
sion chain of the error to be solved is formed.

6. Assembly Accuracy Calculation

After obtaining the three-dimensional dimension chain of
the product, the assembly accuracy of the product can be
calculated, including the error transfer and numerical
calculation.

6.1. Error Transfer of Homogeneous Transformation Matrix.
Based on the coordinate transformation theory of robot
kinematics, a 4× 4 homogeneous transformation matrix is
used to express the tolerance model transmit [40]:

M �

1 −c β u

c 1 −α v

−β α 1 w

0 0 0 1‘

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (4)

(en, the transformation relation of the coordinate
position of P point from S2 to S1 is as follows:

ps2 �

Xs2

Ys2

Zs2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ � T•

Xs1

Ys1

Zs1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ � T•Ps1. (5)

As shown in Figure 11, the nominal coordinate system
and the actual coordinate system of the geometric features of
the mating surface are established at the mating surface
between parts. (ey represent mapping of the measuring
point P from one space coordinate system to another space
coordinate system by the homogeneous coordinate trans-
formation matrix.
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(e transformation of any mating surface from the
nominal feature coordinate system to the actual feature
coordinate system will affect the spatial attitude of subse-
quent parts in the global coordinate system. For the mea-
surement point P, its spatial position and pose in the global
coordinate system will be affected by the surface changes of
each link in the dimensional chain. It is mathematically
described as a cross product of the series transformation
matrices of all adjacent coordinate systems on the transfer
path:

Ps3 � T11•T12•T22•T23•T33( Ps1. (6)

Among them, T11, T22, and T33 represent the coordinate
transformation matrix of the actual mating surface relative
to the nominal mating surface between parts P1, P2, and P3.
T12 and T23 represent the relative transformation matrix of
nominal coordinates between parts P1 to P2 and P2 to P3.

6.2. Calculation Accuracy Based on Monte Carlo Method.
In the process of calculating assembly accuracy, the process
of tolerance superposition optimization is extremely com-
plex. An optimization strategy combined with the Monte
Carlo method has been proposed to solve this problem.
According to the distribution law of the uncertain values in
the error domain, the specific size of each assembly is
randomly selected, and the error domain of the final as-
sembly error is obtained by multiple stack calculation.

In the three-dimensional dimension chain of error
transfer, for the numerical simulation of the errors con-
tained in the nodes, the manufacturing errors usually
conform to the normal distribution. (rough the statistical
simulation, the approximate solution of the assembly error is
obtained. After determining the three-dimensional dimen-
sion chain of assembly error transfer, the number of sim-
ulation N needs to be determined, and the distribution
function of error sources determines each error source in the
chain, and random sampling is carried out within the error
range. In the analysis of geometric tolerance, the parameters
of SDT which control geometric features are randomly se-
lected in their value range to obtain the corresponding
random sequence. According to the stacking process shown
in Figure 8, calculate and repeat this step until the number of
repetitions meets the simulation number N. (e maximum

and minimum values of the calculation results are the
prediction range of the corresponding assembly accuracy.

7. Case Study

In this paper, the assembly of a shaft in the speed reducer is
taken as an example for algorithm verification, implemented
by Matlab 2017b and Solidworks API programming. (e
shaft is mainly composed of shaft, key, gear, locating ring,
end cover, sleeves, two bearing, gaskets, and screw. In order
to save analysis time and cost and improve disassembly
efficiency, we use one fastener to express multiple fasteners.
A three-dimensional model of a shaft in the speed reducer is
shown in Figure 12 and Table 4. (e fit relationship between
parts in the assembly is shown in Table 5, and the rest fit
relationship is clearance fit.

(e model is decomposed into Boolean operation sets of
several basic subfeatures according to the volume feature
decomposition method. (e types of planes included in the
simple subfeatures are counted, the normal vectors and
contact relationships of the planes are determined, and the
assembly information model is established. According to the
simplified method proposed in this paper, the port features
of each part are determined and the importance of neutron
characteristics of each part is ranked.(e importance of each
subfeature of the most complex shaft part is shown in
Figure 4(c) and is then sequenced on this basis. Obtain the
contact relationship between the features, and establish the
undirected diagram of the contact relationship between the
features, as shown in Table 6. Parts are gradually simplified
by an algorithm until further simplification is not possible.
(e feasible movement direction of each part under as-
sembly constraints and the geometrically feasible sequence
of mechanical products are obtained through the contact
relationship between the surfaces of the parts.

According to the results, the simplified shafts are
composed of 9 features, and 11 are reduced. It retains all
features of contact with other parts; the volume is 48.98 dm3

before simplifying, the reduction volume is 37.55 dm3, the
volume change is 11.86 dm3, and the reduction ratio is about
23.3%. It retains the number of surfaces of 46 before sim-
plifying, and the number of surfaces after simplifying is 26,
the number of surfaces reduced is 20, and the reduction
percentage is about 43.5%.(e characteristic topology of the
simplified model has a change of 24.3%, where the node
represents the feature in the part and the line represents the
contact relationship between the two features. By simpli-
fying the parts in the assembly and combining the contact
relation between the parts, the following assembly relation
characteristic diagram is obtained (Figure 13).

Based on the above analysis of geometric constraints
between parts in the product, we obtain 36 geometrically
feasible assembly sequences as the input of subsequent as-
sembly sequence optimization, which refer to Table 7 for
complete information.

Firstly, the disassembly sequence is reversed to obtain
the geometrically feasible assembly sequence of the part, and
the feasible direction of the part is determined according to
the contact relationship of the direct surface of the part.

Tolerance transfer path

T1′

T2′ T3′

T2
T3

T1

Figure 11: Tolerance transfer path in the product.
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According to the sequence, the number of assembly di-
rection changes in different sequences is calculated. (e
number of tool changes in different sequences is calculated
according to the tools required for assembling parts shown
in Table 8. Finally, the assembly difficulty of different parts in
different sequences is obtained through different matching
types.(emaximum number of changes of tools is 6, and the
maximum number of direction changes of parts is 5. (e
evaluation value of the geometrically feasible assembly se-
quence is obtained by the adaptability function. (e results
are shown in Table 9.

9 5 7 4

10

3 2

1

8 6

Figure 12: Exploded view of reducer shaft and related parts.

Table 4: (e list of features in the shaft.

Feature no. Feature type Feature volume vi(mm3) Bool Port

01 Step 13760804 Increase True
02 Step 11191924 Increase True
03 Step 4618141 Increase True
04 Step 8286893 Increase True
05 Step 11625063 Increase False
06 Cone 202845.4 Decrease False
07 Chamfering 3081.902 Decrease False
08 Ring channel 2814.73 Decrease False
09 Fillet 15133.4 Increase False
10 Fillet 3506.017 Decrease False
11 Fillet 2716.042 Increase False
12 Fillet 2392.43 Increase False
13 Fillet 580.5962 Decrease False
14 Chamfering 3002.734 Decrease False
15 Key channel 221326 Decrease True
16 Chamfering 110.0858 Increase False
17 Screw hole 21714.69 Decrease True
18 Screw hole 21714.69 Decrease True
19 Screw hole 21714.69 Decrease True
20 Screw hole 21714.69 Decrease True

Table 5: Fit relationship between parts in assembly shown in
Figure 11.

Reference part no. Target part no. Fit type Value
1 3 Transition H7/m6
1 7 Interference H7/p6
1 8 Interference H7/p6
1 10 Clearance None

Table 6: (e contact relationship between the features.

Aij �

0 1 0 0 0 0 1 1 1 0 0 0 0 0 0 0 1 1 1 1
1 0 1 0 0 0 0 0 1 1 1 0 0 0 1 1 0 0 0 0
0 1 0 1 0 1 0 0 0 0 1 1 0 0 0 0 0 0 0 0
0 0 1 0 1 0 0 0 0 0 0 1 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 1 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.
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Based on the assembly sequence of geometrically feasible
parts, the breadth-first algorithm is applied to obtain three
optimal sequences: 1-2-3-4-7-5-9-10-8-6, 1-2-8-6-3-4-7-5-
9-10, or 1-8-6-2-3-4-7-5-9-10.

(e topological relationship between parts can be
represented as the transfer matrix of assembly error

based on the surface by the undirected graph. Taking the
axis as an example, the simplified shaft surface rela-
tionship is shown in Figure 14(a), while the relationship
between the axis surface after adding dimension toler-
ance and form position tolerance is shown in
Figure 14(b). (e error transfer model of the assembly

(a)
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0106 0103
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(b)

0119

0110
0102

0101
0109

0111
0108

0104

0103

(c)

Figure 13: Part simplification results. (a) Before and after shaft simplification. (b) Topological relations of features before simplification.
(c) Topological relations of features after simplification.

14 Mathematical Problems in Engineering



product is built after the error transfer model of each part
is established. According to the algorithm proposed in
the previous paper, the error transfer path in the part is
obtained, as shown in Figure 15.

Table 10 shows the results of 10, 100, 1000, and manual
dimensional chain calculations. (e comparison of data
shows that the error obtained by multiple iterations meets
the manual calculation results and improves the accuracy.

Table 7: Assembly sequence planning results.
No. 1 No. 2 No. 3 No. 4 No. 5 No. 6 No. 7 No. 8 No. 9 No. 10 No. 11 No. 12 No. 13 No. 14 No. 15 No. 16 No. 17 No. 18
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2
3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3
4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 8 8 8
7 7 7 7 7 7 7 7 7 7 8 8 8 8 8 4 4 4
5 5 5 5 5 5 8 8 8 8 6 7 7 7 7 6 7 7
8 8 8 9 9 9 5 5 5 6 7 5 5 5 6 7 5 5
6 9 9 8 8 10 6 9 9 5 5 6 9 9 5 5 6 9
9 6 10 6 10 8 9 6 10 9 9 9 6 10 9 9 9 6
10 10 6 10 6 6 10 10 6 10 10 10 10 6 10 10 10 10
No. 19 No. 20 No. 21 No. 22 No. 23 No. 24 No. 25 No. 26 No. 27 No. 28 No. 29 No. 30 No. 31 No. 32 No. 33 No. 34 No. 35 No. 36
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
2 2 2 2 2 2 2 2 2 2 8 8 8 8 8 8 8 8
3 3 3 8 8 8 8 8 8 8 2 2 2 2 2 2 2 6
8 8 8 3 3 3 3 3 3 6 3 3 3 3 3 3 6 2
4 4 6 4 4 4 4 4 6 3 4 4 4 4 4 6 3 3
7 7 4 6 7 7 7 7 4 4 6 7 7 7 7 4 4 4
5 6 7 7 5 5 5 6 7 7 7 5 5 5 6 7 7 7
9 5 5 5 6 9 9 5 5 5 5 6 9 9 5 5 5 5
10 9 9 9 9 6 10 9 9 9 9 9 6 10 9 9 9 9
6 10 10 10 10 10 6 10 10 10 10 10 10 6 10 10 10 10

Table 8: Tool for the shaft in speed reducer assembly shown in Figure 12.

Part no. Part name Tool
1 Shaft None
2 Key None
3 Gear None
4 Locating ring None
5 End cover None
6 Sleeves None
7 Bearing Tool group
8 Bearing Tool group
9 Gaskets None
10 Screw Screwdriver

Table 9: Assembly sequence planning results.

Assembly sequence Number of assembly direction changes Number of assembly tool changes Fitness function value
1-2-3-8-4-6-7-5-9-10 5 5 0.867
1-2-3-4-7-5-9-10-8-6 2 5 0.667
1-8-2-3-4-7-5-9-6-10 4 5 0.867
1-8-2-3-4-7-5-9-10-6 3 6 0.800
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(a) (b)

Figure 14: Tolerance transfer model of the shaft. (a) Contact relation of the surface in parts. (b) Tolerance relation of the part surface.

Start surface

End surface

Figure 15: Error transmission path.
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8. Conclusion

An assembly information model based on the internal
structure of parts and the contact relationship among parts is
proposed. Firstly, the product is divided into product layer,
part layer, feature layer, surface layer, and constraint layer.
(e assembly information model is built through the to-
pological relationship of features and the contact relation-
ship between parts. On this basis, the assembly constraint
model and assembly error transfer model are deduced from
the assembly information model. (e corresponding rela-
tionship between the factors affecting the assembly per-
formance and the total weight is established, and the 3D
dimension chain search algorithm is constructed. (e main
contributions of this study are as follows.

(1) (e assembly information model with multilevel
features of the product, part, and assembly process is
introduced as a bridge between the product CAD
model and the assembly process. High-level se-
mantic concepts of CAD systems and CAD model
data of specific products are integrated into a model
framework. (e assembly information model is built
according to the multilevel andmultifactor principle,
which is the link of CAD and CAPP integration.

(2) According to the assembly information model, the
key features in the assembly process are obtained by
using the graph theory to simplify the subsequent
calculation complexity.

(3) According to the contact relationship between parts,
the feasible assembly area of parts is deduced, and the
assembly information undirected graph is estab-
lished. By analyzing the influence factors of the as-
sembly informationmodel, the fitness function of the
assembly process is constructed.

(4) (e assembly sequence planning and assembly
precision calculation are carried out in a model,
and the error transfer dimension chain of the as-
sembly is obtained through the sequence planning
results. (e assembly sequence is taken as the
reference factor of precision calculation, which
further improves simulation reality. After obtain-
ing the three-dimensional dimension chain of the
product, the assembly accuracy of the product can
be calculated, including the error transfer and
numerical calculation.
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