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The main outcome of this paper is to introduce the notion of orthogonal gauge spaces and to present some related fixed-point
results. As an application of our results, we obtain existence theorems for integral equations.

1. Introduction

Fixed-point theory is a very important tool for proving the
existence and uniqueness of the solutions to various
mathematical models, such as integral and partial differ-
ential equations, optimization, variational inequalities, and
approximation theory. Fixed-point theory has also gained
considerable importance in the recent past after the famous
Banach contraction theorem [1]. Since then, there have been
many results related to mappings satisfying various types of
contractive inequalities [2-5]. Recently, Gordji et al. [6]
introduced an exciting notion of the orthogonal sets after
which, orthogonal metric spaces were introduced. The
concept of a sequence, continuity, and completeness has
been redefined in this space. Further, they gave an extension
of the Banach fixed-point theorem on this newly described
shape and also applied their theorem to show the existence of
a solution for a differential equation, which cannot be ap-
plied by the Banach fixed-point theorem.

On the other hand, many definitions and theorems in the
literature do not require that all of the properties of a metric

hold true. In the last decades, many concepts of generalized
metrics (as controlled and double controlled metrics) have
been introduced (see [7, 8]).

Gauge spaces are characterized by the fact that the dis-
tance between two points may be zero even if the two points
are distinct. For instance, Frigon [9] and Chis and Precup [10]
gave a generalization of the Banach contraction principle on
gauge spaces. In the same direction, many interesting results
have been raised obtained by different authors in [11-17]. In
2013, Ali et al. [18] ensured the existence of fixed points for an
integral operator via a fixed-point theorem on complete gauge
spaces. In 2012, Wardowski [19] gave a new type of con-
tractions, named as F-contractions, and established new re-
lated fixed-point results. This contraction type nicely
generalizes the most famous Banach contraction condition.
Later on, many researchers worldwide generalized this result
(see [20-24]).

To give the ongoing research a new direction, we have
combined the above statements in two directions of re-
search. For this, we apply the concept of orthogonality in
gauge spaces and investigate the existence of solutions of
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integral equations through the fixed-point theorem on or-
thogonal complete gauge spaces.

2. Preliminaries and Basic Definitions

First, we include some basic definitions and theorems which
are useful to understand the results presented in this paper.

Wardowski [19] introduced the family & of all functions
F: (0,00) — R so that

(F,): for all #,,n, € (0,00) with 5, <#,, we have

F(n,)<F(n,)
(F,): for each positive sequence {&,}, lim, &, =0
iff lim,, , F(&,)=-0c0

(F5): there is £ € (0,1) so that limg_ . F(K) =0
The following are elements in F:

(i) F,(v) =In(v) for v>0

(ii) Fﬂ(v) =v+In(v) for v>0

T+ F(d(T¢, Tv)) < F<max{d(c, v),d (¢, T¢),d (v, Tv),

for all ¢,v € X, with d(T¢,Tv)>0. If F or T is continuous,
then T admits a unique fixed point.

Now, we explain the notion of a pseudometric.

Definition 1 (see [26]). Let X be a nonempty set. A function
d: Xx X — [0,00) is said to be a pseudometric on X if
for all p,p,0 € X:

(i) d(g,0) =0
(i) d (o, p) = d(p, )
(iii) d (o, 0) <d (o, p) + d(p, 0)

Example 1. Denote by X =C[0,00),R) the set of con-
tinuous real-valued functions f: X — Rwith ¢, € [0,00).
This point ¢, then induces a pseudometric on X defined as
d(f,g) =1f(ty,) —g(tylfor f,g e X.

In 2017, Gordji et al. [6] initiated the notion of an or-
thogonal set (or o-set).

Definition 2 (see [6]). Let X # @& and L be a binary relation
defined on X x X. The pair (X, 1) is called an orthogonal set
(or an o-set), if

(VyeX ylx,)

(3)
or (VyeX xyLly).

The element x, is said to be orthogonal. An orthogonal
set may have more than one orthogonal element.

Example 2 (see [6]). Let X = Z. We write that o L p if there
is k € Z so that p = kg. Note that 0 Lo for each g € Z.
Hence, (X, 1) is an o-set.
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(iii) F, (v) = =1/4/v for v>0

Further, Wardowski [19] introduced F-contractions and
the related fixed-point theorem in the following way.

Theorem 1 (see [19]). Let (X, d) be a complete metric space
and let T: X — X be an F-contraction mapping, that is,

there are Fe% and t1>0 so that for all
v eX,d(TgTv) >0 implies
7+ F(d(Tg, Tv)) <F(d (s, v)). (1)

Then T admits a unique fixed point in X.

Minak et al. [25] generalized this result as follows.

Theorem 2 (see [25]). Let (X,d) be a complete metric space
and T: X — X be a self-mapping. Suppose that there are
F e % and >0 so that

(2)

d(¢, Tv) +d (v, Tc)})
5 ,

Definition 3 (see [6]). Let (X, L) be an o-set. Any two el-
ements @, p € X are said to be orthogonally related iff o L p.

Definition 4 (see [6]). Let (X, 1) be an o-set. A mapping
I' X — X is said to be L-preserving if for all orthogonally
related elements g, p, we have T'(9) LT'(p).

Definition 5 (see [6]). Let (X,1) be an orthogonal set.
{0,}.en is said to be an orthogonal sequence (briefly, an
o-sequence) if

(V?’l, ingrﬁ—l )

(4)
or (Vﬂ, Qn+lJ‘9n)'

3. Orthogonal Gauge Space

The simplest way of defining an orthogonal gauge space is
that the gauge space defined on an o-set is called an or-
thogonal gauge space. The precise discussion is given below.

Let (X, 1) be an o-set and d: X x X — [0,00) be a
pseudometric on X, then (X,d, 1) is said to be an or-
thogonal pseudometric space (or an o-pseudometric space).

Example 3. Let X = C( [0, 00),R) be the set of continuous
real-valued functions f: X — R with t, € [0,00). This
element induces an orthogonal pseudometric on X defined
by d(o(t),p(t)) =lo(ty) — p(ty)lforo(t),p(t) € X and the
orthogonality on X is given as o Lp iff o(t)p(t)=p(t) or
o (t)p(t) =p(t).

Definition 6. Let (X,d, L) be an orthogonal pseudometric
space. Then, the orthogonal d-ball (or d-ball) of radius y >0
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and centered at o€ X is the set

{£ e X:d(0,8)<pu}.
Note that when we say that d is an o-pseudometric on X,
it means that (X, L) is an o-setand d is a pseudometric on X.

B (0,d,pu) =

Definition 7. A family 4 = {d,: A € %} of o-pseudometrics
on X is said to be separating if for each pair (p, p) such that
0 #p, there is d), € M with d, (p,p) #0.

Definition 8. Let M ={d,: A € %} be the family of
o-pseudometrics on X. Then, the topology I (.#) having as
a subbasis the set of balls

B(l) ={%B (0. d),¢):

is said to be the topology induced by the set .# of
o-pseudometrics. The pair (X, T (), L) is called an or-
thogonal gauge space.

0€X,dy € Me>0} (5)

Definition 9. Let (X, T (M), L) be an orthogonal gauge
space with respect to the family # ={ds: 6 € %} of
o-pseudometrics on X.

(i) An orthogonal sequence {v,} converges to v € X if
Vnzny,Vé e U.
(6)

Ve >0,3n, € Nsothatds(v,,v) <e,

(ii) An orthogonal sequence {v,} is Cauchy if

Ve>0,3n, € Nsothatd; (v, v,) <&, Ym,n>ny, V€ %.

(7)

(iii) (X, T (#), 1) is an o-complete gauge space iff each
Cauchy o-sequence in (X, T (), L) converges to
an element of X.

(iv) A subset of X is called closed if it contains the limit
of each convergent o-sequence.

4. Fixed-Point Results on Orthogonal
Gauge Structure

In this section, we study the existence of fixed points for a
mapping satisfying certain conditions on an orthogonal
gauge structure. Throughout this article, % is a directed set

7+ F(d) (0w}, 0,)) =1+ F(d) (Twy, Tw,))

and X is a nonempty o-set with an orthogonal element (say
w,) and also endowed with a separating o-complete gauge
structure {d,: A € %} of o-pseudometrics.

Theorem 3. Let X be a nonempty o-set endowed with a
separating o-complete gauge structure {dy: A € %} of
o-pseudometrics. Let T: X — X be a mapping with F € &
and 7> 0 so that

a(x,y)21=7+ F(d\(Tx,Ty))<F(ayd) (x,y)
+bydy (x,Tx) +c;dy (y, Ty) +eyd) (x,Ty)
+Lyd, (y,Tx)),
(8)

for all x,y € X with x Ly and for each A € U, whenever
d, (Tx,Ty)#0 for A € U, where

ay,by,cy,e, Ly 20 and ay +by+cy+2e =1 for all
A € U. Further, assume that

(i) T is L-preserving
(ii) There is an element wy, € X with wy1lTw, and
a(wy, Twy) > 1

(iii) For each x,y € X with x Ly and a(x,y)>1, we
have a(Tx,Ty)>1

(iv) For any o-sequence {p,} in X such that
(P Pri1) =1 for each nx1 and
p, — pasn — 00, we have a(p,,,p) =1 and p,Lp
for each n>1

Then, T possesses a fixed point.

Proof. Due to (ii), there is w, € X with w,1Tw, and
a(wy, Twy)=1, and by considering (iii), we get
a(Twy, T?w,) > 1. Moreover, we have Tw, LT?w,, since T is
L-preserving. Repetition of the same arguments implies
a(T"wy, T"'wy) 21 and T'wyLT"™'w, for each n e N.
Consider w,, = T"w, for each n>1. Then we say that {w,} is
an o-sequence with « (w,,, w,,,;) =1 for each n>0. Also, note
that if there is some m, € Nso thatw,, = ®,, ,;,thenw,, isa
fixed point of T. Thus, we assume there does not exist any
such a natural number. As w, € X with w;lw, and
a(wy, w;) =1, then from (8), we have

<F(ayd) (0, ;) + bydy (wo, Twy) + iy (w1, Tw, ) + eydy (wg, Twy) + Lydy (@, Twp))
= F(ayd) (wp, ;) + byd) (wp, @) + 1) (wy, ;) + eyd) (wy, @,) + L. (0)) )

< F(ayd) (wp, 1) +byd) (w0, ) + 1d) (@, ;) + €)) (d) (wp, @) + d) (0, @,))

= F((ay + by + e))d) (wg, @) + (c) + €))d) (w, 0,)),

Since F is strictly increasing, from above we get
dy (wy, ) <(ay + by + €))d; (0, ;) + (1 + €3)d) (wy, ),
(10)

forallA € %.

that is,

(1 _C)L_e)t)dl(wl’ab) (11)
<(ay + by +e))d) (wy,w;), foralld € %.



Since a; + by +¢) + 2e, = 1, we have

dy (wy, w,) <dy (wg, w,), foralld € %. (12)

Now, from (9), we have

T+ F(d) (0y w3)) = 7+ F(d) (Tw,, Tw,))
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7+ F(d) (w, 0,)) <F(dy (wg, w;)), foralll e . (13)

Also, we know that w, Lw, and a(w;, w,) > 1. From (8),
we get

<F(ayd) (01, 0;) + byd) (w1, Tw,) + i) (w0, Twy) + 3y (w01, Twy) + Lydy (wp, Twy))

= F(ayd) (w0}, w,) + byd) (@), @,) + 63d) (03, w3) + €yd) (w1, w3) + L. (0)) (14)

<F(ayd) (01, w,) +byd) (01, @) + ¢dy (05, w3) +€)) (d) (@, ;) +d) (wy, w5))

=F((ay + by +e))d) (w;, ;) + (c) + €))d) (wy, w3)),

Since F is strictly increasing, again from above we get

d) (wy, w3) <(a) + by +e)d) (w1, ;) +(c) + €))d) (w,, w3),

(15)
that is,
(1-c1—e)dy (wp w3) <(ay + by +¢))
d)(w;,w,), foralll e %.
(16)
As ay + by + ¢ + 2ey = 1, thus we have
d) (w,, w3) <dy (wy, w,). (17)
Now, from (14), we have
7+ F(d) (wy, w3)) <F(d; (wy, 0,)). (18)
By the obtained inequalities, we get
F(d) (wy, w3)) <F(dy (0, @,)) = T
<F(d)(wy, w;))—27, foralll e %.
(19)
Working on the same steps, we conclude that
F(dy (00 0p01)) < F(dy (w09 0,) ~ 17, o)

foreachn € Nandforall) € %.

foralll € %.

Letting n—> 0o in (20), we get
lim, | F(d,(w,,w,,;)) =—-co for all A€ %. Thus, by
property (F,), we have lim, , d,(w,,w,,;) =0V1e%.
Let (d,), =d, (w,,w,,,) for all A € % and for each n € N.
Using (F;), there is n € (0,1) so that

lim (d))!F((d)),) =0, forallle . (21)

From (20), we have

(dnF (1)) = (d)aF ((d))o) < = (d))n

(22)
<0, foreachn e NandA e %.
Letting n — oo in (22), we get
lim n(d))! =0, foralll e %. (23)

n—~o0
This implies that there is n; € N with n(d,)! <1 for each

n>n; and for all A € %. Thus, we have

(dA)ns%, foreachn>n, andA € %. (24)
n

To ensure that {w,} is a Cauchy o-sequence, take
m,n € N with m>n>n;. Using (24) and triangular in-
equality, we have

dl (wn’ wm) = d/\ (wn’ wn+l) + d)t (wn+1’ wn+2) Tt dk (w w )

—_

m—

= Z (dy)i<

1=n 1

M8

]
N

The  series Yo 1/i% is  convergent,  so
lim d) (w,, w,,) =0 forall A € %. It yields that {w,,} is

n,mMm—00

a Cauchy o-sequence. Since X is o-complete, there is w* € X

(@)<Y forall e .
i=nl

m-1>"'m

(25)

so that w,, — E"asn — oo. By (iv), we have a (w,,, 0*) > 1
and w,lw* for each neN. We now claim that

dy(w*, Tw*) =0 for all A € Z. On contrary, suppose that
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there is A, € # with dAo(cu*,Tw*)>0, then there exists
1y € N such that d) (w,,;,Tw*)>0 for each n>n,. Now,

T+ F(d% (Tw,, Tw*)) < F(a;todl0 (w,, ")

note that we have w,,, 0* € X with a(w,, w*) 21, w, Lw*, and
d/\o (Tw,, Tw*) >0 for all n>n,. Then, from (8), we get

(26)

+b)d), (0, Tw,) + ¢, dy (0, Tw") + e d) (w,,Tw") + L) d) («", Twn)), foralln>n,.

This implies that

d/\o (T(Un, T(U*) < alod% (wn, w*) + b/\od% ((l)n, Twn) + Clodlo (w*, T(U*) + e,\od% ((l)n, T(U*) + LAodAo ((IJ*, T(l)n),

Thus, by considering the triangular property and (27),
we have for each n>n,

foralln>n,.
(27)

dy, (0", T0") <dy, (0", 0y01) + dy (0001, T@")

= dlo (w*’ wn+1) + dho (Twn’ Tw*)

(28)

<d) (0%, w,1) + Ay dy, (0 07) + by d) (0,0 0,01) + 64 ) (07, Tw")

+ e/\UdAU (wn’ Tw*) + L)todlo ((1)*, wn+1)'

At the limit n» — 00, one obtains
d, (0", Tw") < (e, + ), )d), (0", Tw") <d) (@, Tw").
(29)

It is a contradiction, so d) (w*, Tw*) = 0 forallA € %. As
X is separating, we obtain w* = Tw*. O

Example 4. Let X = D([0,100],R) be the collection of all
twice differentiable real-valued functions. Take the metric

d, (x, y) = max, (o, |x (£) = y (¢)] (30)
for each me{l,2,3,...,100}. For x,y € X, consider
x1lyexy=0.Let T: X — X be defined by

2
X0 XD sow,
3 dt
Tx(t)= (31)
d
x (t), otherwise.
dt

Given a: X x X — [0,00) as

1, x, ybothareconstantor linear functions,
alx,y) = .
0, otherwise.
(32)
Suppose that x, y € X with x L y and a(x, y) = 1. Then
x and y are both constant functions with at least one of them

is the zero function. Say x = 0 and y # 0. Then, we have the
following two cases:

Case 1: for x=0 and y>0, we have Tx =0 and
Ty = y/3.Thus,d, (Tx,Ty) = y/3andd, (x, y) = y for
each n €{1,2,3,...,100}.

Case2:forx =0and y <0,wehaveTx =0and Ty = 0.
Thus, d,(Tx,Ty)=0 and d,(x,y)=-y for each
ne{l,2,3,...,100}.

Take ay =1 and by =c;=¢ =L, =0 for all Ae
{1,2,3,...,100}. Then

2l
exp (1)

a(x,y)>1=d,(Tx,Ty) S?dl (x, )< d, (x, y).

(33)

By taking 7 = 1 and F (t) = Int, one can conclude that (8)
holds for all x,ye€X with x1ly and for each
Ae%=1{1,2,3,...,100}.

Also, for x L y, we have x(¢)y (t) = 0 for each ¢, then at
least one of them is the zero function, and hence,
Tx(t)Ty(t) =0 for each ¢, that is, Tx LTy. Thus, T is
L-preserving. Further, for w,=-1, Tw, =0, and so
wy L Tw, and a(w,, Tw,) = 1. Furthermore, for all x, y € X
with x L y and a(x, y) =1, we know that x and y are
constant functions, then Tx and Ty are also constant
functions, and so a(Tx,Ty) = 1.

Moreover, for each o-sequence {p,} in X with
(P> Pue1) =1 for each n>1 and p, — pasn — oo, we
have p = 0. Therefore, a(p,,p) =1 and p, Lp for each n>1.



Consequently, all the conditions in Theorem 3 are
verified. One can conclude that T' possesses a fixed point.

Remark 1. For the functions defined in the above example,
note that (8) does not hold for every x, y € X. It suffices to
take x(t) = -5t and y(f) = —15¢, then Tx(f) =-5 and

alx, y)21=1+ F(d,\ (Tx, T}’))

d
gF(aA max{dl(x, V) dy (%, Tx), dy (3, Ty), =

for all x,y € X with x Ly and for each A € U, whenever
d,(Tx,Ty)#0 for A € U, where ay,b, are positive real
numbers with a, + by = 1 for all A € U. Further, assume that
(i) T is L-preserving
(ii) There is w, € X with wyLTw, and a(wy, Tw,)>1

(iii) For each x,y € X with x Ly and a(x,y)=1, we
have a(Tx,Ty)>1

(iv) For any o-sequence {p,} in X so that a(p,,p,.,)>1
for each n e N and p,, — pasn — 00, we have
a(pp)=1 and p,Lp for each n € N

Then, T admits a fixed point.

7+ F(d) (0, 0,)) = 7+ F(d) (Twy, Tw,))

< F(a,\ max{dA (wg, 1), dy (wg, Twy), dy (wy, Tw,),

< F(max{d) (wg, w,),d) (0}, w,)}),

If we assume that max{d) (wg, @), d; (w;, w,)} = d) (w;,
w,), then we have a contradiction with respect to (35). Thus,
max{d) (wy, w,),d, (w;, w,)} = d (wy, ;) for all Ae%.
Using (35), we have

7+ F(d) (03, w3)) = 7+ F(d) (Tw,, Tw,))

< (o el w00 (0 ).y 0, ),

< F(max{d, (w;, 0,),d) (w0, w3)}),
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Ty(t)=-15. Also note that
d, (Tx,Ty) = 10.

d;(x,y)=10 and

Theorem 4. Let X be a nonempty o-set endowed with a
separating o-complete gauge structure {dy: A € U} of
o-pseudometrics. Let T: X — X be a self-mapping with
F e % and v>0 so that

(x,Ty) +d,(y,Tx) (34)

> } +b)\d/\ (y,Tx)),

Proof. Using (ii), there is w, € X with w,1Tw, and
a(wy, Twy) =1, and by considering (iii), we get
a(Twy, T*w,) > 1. Moreover, we have Tw, L T?w,, since T is
L-preserving. Repetition of the same arguments implies that
a(T"wy, T wy) 21 and T"wyLT"'w, for each n>1.
Consider w, = T"w,. Then {w,} is an o-sequence with
a(w,, w,,,) =1 for each n> 0. Also, note that if there is some
mg > 1 such that w,,, = @, ,,, then w,,, is a fixed point of T.
Thus, we assume that such a natural number does not exist.
As w, € X with wy Lw, and a(w, w;) > 1, then from (34), we
get

dy (w;, Twy) + dy (wp, Tw;)
2

} +byd, (wl,Tw0)>

foralll € %.

(35)

7+ F(d) (w;, w,)) <F(dy (wg, wy)), foralld € Z. (36)

Again, we know that w,lw, and a(w;,w,)>1; then,
from (34), we have

dy (w3, Tw,) + d) (w, Tw,)
2

} +byd, (0, Tw1)>

forallA € .

(37)
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If we assume that max{d, (w;, w,,d, (w,, w3 )} = d) (w,,
w5 ), then we have a contradiction to (37). Thus,

max{d, (w;, w,),d) (w,, w3)} = d) (0, w,) VA € %.  Thus,
from (37), we have
7+ F(d) (wy, w3)) <F(dy (w;, w,)), foralll e %Z. (38)
From (36) and (38), we have
F(d) (wy, w3)) <F(dy (wg, w;)) =27, foralld € %.
(39)
Working with the same steps, we obtain
F(d) (w,, w,.1)) <F(d) (wy, wy)) — nr,
(s (0 0,0)) < F (s (0 0) o

foreachn € NforallA € .

Letting n—> 0o in (40), we get
lim, , F(d)(w,w,,;)) =-0co for all Ae%. Thus, by
property (F,), we have lim, . d,(w,w,, ) =0. Let
(dy), =dy(w,,w,,;) forall A € % and for each n € N. From
(F;), there is 51 € (0,1) so that

7
lim (d))'F((d,),) =0, forall)e %. (41)
From (40), we have
(d)aF ((d1),) = (d)iF ((d))o) < = (d))ynT <0 (2)
foreachn € Nandforall A € %.
Letting n — oo in (42), we get
lim n(d))! =0, Vie%. (43)

This implies that there is 7, € N so that n(d))!<1 for
each n>n, and for all A € %. Thus, we have
1
(dy)n<—7,» foreachnzn, andforalll € %. (44)
n
We claim that {w,} is a Cauchy o-sequence. Take the

integers m, n with m >n>n,. Using (44) and the triangular
inequality, one writes

d/l (wn’ wm) < d/\ (wn’ wn+1) + d)l (wn+1’ wn+2) teet d/\ (wm—l’ wm)

m—1 (o]

= (dy); < Z

i=n i=n
The series Yo 1/t converges, so
lim, ,,_.d) (w,,w,) =0 for all A € %. That is, {w,} is a

Cauchy o-sequence. Since X is o-complete, there is w* € X
so that w,, — w* asn — 00. By (iv), we have a (w,,, 0*) > 1
and w,lw* for each neN. We now claim that

T+ F(d)LO (Tw,, Ta)*)) < F(aAU max{d% (@0 0*),dy, (@, Tw,), d) (@0, Tw"),

+ b)lod)to ((,()*, Twn))

This implies that

dy, (Tw,, Tw")<ay, max{d% (0 0*),dy, (@, Tw,), d) (0", Tw"),

(d)),; < Z%, forallA € %.
1

(45)

i=n

d) (w*,Tw*) =0 for all A € %. On contrary, suppose that
there is Ay € % with d) (w*,Tw")>0. Then, there exists
ny € N such that d) (w,,,,T@")>0 for each n>n,. Now,
note that w,,w* € X with a(w,,0*)>1, w,lw* and
dlo (Tw,, Tw*) >0 for all n>n,. Then, from (34), we get

dy, (0", Tw,) +d) (@, Tw*)}

2 (46)

d) (0", Tw,) +d) (w,, Tw"
)Lo( ) . /\0( )} + blod/lo ((A)*,T(Un).

(47)




Thus, for each n>n; by considering the triangular
property and (47), we have

dlo (w*’ Tw*) < d)to (w*’ wn+1) + d)»o (wn+1’ Tw*)

=d), (@0, @) + d, (Tw,, Tw")

<d) (0", w,p1) +ay, max«]d)to (0 @), dy, (@, Tw,), d) (@, Tw"),

+ b/lod/‘() (w*, T(Un)
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dy, (0", Tw,) +d) (@, Tw*)}
2

(48)

<d) (0", w,) +ay, maxJl dy (0, 0"),dy (w0, Tw,),d) (0", Tw"),

d"o ((IJ*, wn) + dlo (wn, T(Un) + d)lo (a)n, w*) + dAo ((U*, Tw*)

2

} + blod/lo (w*, T(Un)

<d) (@0, w,) + a)to(d% (w0 0*) +dy (w0, Tw,) +d, (0, Tw*)) +byd) (0", Tw,).

Letting n — oo in the above inequality, we have
dy (0", Tw")<ay d), (0", Tw")<d) (0", Tw").  (49)

It is a contradiction, so d) (w*, Tw*) = 0 forallA € %. As
X is separating, hence we obtain w* = Tw*.

In the following corollaries, we assume that X is a
nonempty o-set with an orthogonal element (say w,) and
endowed with a separating o-complete gauge structure
{dy: A € %}. Further, assume that a directed graph
G = (V, E) is defined on X so that the set of its vertices V
coincides with X (i.e., V = X) and the set of edges E is so that

A C E, where A = {(0,0): 0 € X}. Moreover, G is supposed
that it has no parallel edges.

The following corollaries can be obtained from our re-
sults by defining a: X x X — [0,00) as

bl .f bl E)
oc(x,y):{l it (x,y) € (50)

0, otherwise.
O

Corollary 1. Let T: X — X be a mapping with F € & and
7>0 such that

(x,y) € E=>1+ F(d,(Tx,Ty))<F(ayd, (x, y) + byd, (x,Tx) + c;dy (, Ty) + e,d, (x, Ty) + L, d, (y, Tx)), (51)

for each x,y € X with x L y and for each A € U, whenever
d, (Tx,Ty)#0 for A € U, where ay, by, cy, ey, Ly >0 and a, +
by +c, +2e, =1 for all A € . Further, assume that

(i) T is L-preserving

(ii) There is an element w, € X with wylTw, and
(wy, Twy) € E

(iii) Foreach x,y € X withx L y and (x, y) € E, we have
(Tx,Ty) € E

(x,y) € E=>1+F(d,(Tx,Ty))

< F(aA max<]dl (%, ), dy (x, Tx),dy (. Ty),

for each x,y € X with x L y and for each A € %, whenever
d,(Tx,Ty)#0 for A €U, where ay,b, are positive real
numbers with a, + by = 1 for all A € U. Further, assume that

(i) T is L-preserving

(iv) For any o-sequence {w,} in X with (w,, w,,,) € E for
each neN and w, — xasn — 0o, we have
(w,,x) € E and w, Lx for each n € N

Then, T admits a fixed point.

Corollary 2. Let T: X — X be a mapping with F € & and
7> 0 such that

d, (x,Ty) +d, (y,Tx) (52)

2

} + b/\d/\ (y, Tx)),

(ii) There exists an element w, € X with wy1Tw, and
(wg, Twy) € E

(iii) Foreachx,y € X withx 1 y and (x, y) € E, we have
(Tx,Ty) € E
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(iv) For any o-sequence {w,} in X such that
(w,,w,.1) € E for each neN and
w, — xasn — 00, we have (w,,x)€E and
w,Lx for each n e N

Then, T admits a fixed point.

5. Application to Integral Equations

Consider the following Volterra-type integral equation:

f(t)
x(t)=g(t)+j K(ts,x(s))ds, tel=[0,00),
0
(53)
where
(i) g: I — [1,00) is continuous
(ii) f: I — [0,00) is continuous
(i) K: IXIXxR — R*=[0,00) is
function

Let X = C([0,00),R*) be the space of all real-valued
continuous functions from [0,00) into [0,00). We can
define orthogonality relation on X by

xlyex(t)y()=y()orx(t)y(t)=x (). (54)

a continuous

Define  the family of  pseudometrics  as
d, (x, y) = max,c g, |x (t) - y(t)le"”', for each neN,
where 7 is a positive real number. Clearly, # = {d,: n € N}
defines a gauge structure on X, which is separating and
o-complete.

Theorem 6. Tuke X = C([0,00),R"). Define the operator
T: X — X by

f(t)
Tx(t) :g(t)+JO K(ts,x(s))ds, tel=[0,00),
(55)

where g1 —[1,00), f:I— [0,00), and
K:IxIxR — R"=[0,00) are continuous functions.
Also, assume that there are T > 0 and y: X — (0, 00) so that
for all x,y € X with x(t)y (t) = y(t) orx(t)y (t) = x(t) and
t,s € [0,n], we have

IK(t,s,x) - K(t,s, y)l SV ¢ d, (x, y)foreachn e N.

(x+y)
(56)
Moreover,
F@® 1
—— ds<e™, (57)
Jo y(x(s) + y(s))
for each t € 1. Then, (53) admits at least one solution.
Proof. For x € X, take
f®
Tx(t)=g(t) + J. K(t,s,x(s))ds>1, (58)
0

for every t € I = [0,00). Note that Tx (t)Ty (¢t) =Ty (t) for
every t € I. Hence, we say that if x Ly, then Tx 1L T'y. Also,
note that for each w, € X, we have w, (t)Tw, (t) > w, (t) for
every t € I, that is, wyLTw,.

Now, for all x, y € X with x(£)y(t) = y (t)orx (£)y (¢) >
x(t) and t € [0,n] for each n>1, we have
f

)
[Tx(t) -Ty(t) < Jo IK(t,s,x(s)) — K(t,s, y(s)lds

[ aa—y
< ————————d, (x, y)ds
0o yEE+yE)
“"d (x.y) Jf ® 1 q
=e X, ——ds
AN PRI S FSE)
<e™e "d, (x, y).
(59)
Thus, we have
ITx(t) - Ty (t)le ™ <e "d, (x, y). (60)
This implies that
d,(Tx, Ty)<e 'd,(x,y). (61)
One writes
Ind, (Tx,Ty) < In(e” "d, (x, y)). (62)
That is,

7+Ind, (Tx,Ty)<Ind,(x,y) foreachneN. (63)

Therefore, it can be concluded that Theorem 4 is applied
for the operator T with the choice of a (g, v) =1 for all
¢gveX,ay=landb) =c; =e, =L; =0foreachA € Nand
F(x) =In(x). Hence, T possesses a fixed point, i.e., (53)
admits at least one solution.

Take

b
x(t):g(t)+J K(t,s,x(s))ds, tel=[0,00),

(64)
where

(i) g: I — R is continuous

(i) K: IxI x R — R is continuous

The above equation is a Fredholm-type integral
equation. O

Theorem 7. Let X =C([0,00),R) and let the operator
T: X — X be defined by

b
Tx(t):g(t)+j K(ts,x(s))ds, tel=[0,00),
(65)
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where g: I — and K: IXIXxR — R are continuous
functions (a <b). Assume that

(i) If

x(W)y )=y (t)orx(t)y(t) =x(t), (66)

then we have

Tx()Ty(t)=2Ty(t)orTx(t)Ty(t)=Tx(t). (67)

(ii) There are >0 and y: X — (0, 00) so that for each
x,yeX with x()y®)=y)orx(t)y(t)=x(t)
and t,s € [0,n], we have

IK (t,s,x) - K(t,s, y)| Sy ¢ d, (x, y)foreachn e N.

(x+y)
(68)
Moreover,
! (69)
— —ds<1. 69
L)/(x(S) +y(s)
(iii) There is wy € X S0 that

wy ()T wy (1) =Tw, (t) or wy ()T wy (t) = w, (1).

(iv) For any sequence {w,} in X with w,w,,,;>w, or
W, W, 2w, foreachn € N and w, — x, we have
w,X 2w, or W,X = X.

Then, (64) admits at least one solution.

Let X =(C[0,00),R) be the set of all real-valued
continuous functions. Again, define orthogonality relation on
X by

xLlyex(t)y(t)=y(t)orx(t)y(t) = x(t) (70)

and family of pseudometrics given as d,(x,y)=
maX,c o, 1% (t) - y(t)le"”', for each neN, where T is a
positive real number. Note that F = {d,: n € N} defines a
gauge structure on X, which is separating and o-complete, so
the conclusion of this theorem can be obtained from Theorem
4 by taking a(g,v) =1 forallgve X, ay=1and by =, =
ey =L, =0 for each A € N and F(x) = In(x).
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