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This paper aims to study the stability of fractional diﬀerential equations involving the new generalized Hattaf fractional derivative
which includes the most types of fractional derivatives with nonsingular kernels. The stability analysis is obtained by means of the
Lyapunov direct method. First, some fundamental results and lemmas are established in order to achieve the goal of this study.
Furthermore, the results related to exponential and Mittag–Leﬄer stability existing in recent studies are extended and generalized.
Finally, illustrative examples are presented to show the applicability of our main results in some areas of science and engineering.

1. Introduction
Fractional diﬀerential equations (FDEs) are recently developed in order to describe and model the dynamics of
systems having memory or hereditary properties. These
types of equations have been used and applied in various
areas of science and engineering such as epidemiology [1],
cancerology [2], viral immunology [3, 4], and viscoelastic
ﬂuid ﬂows [5], as well as adaptive control engineering [6].
It is well known that there are two main methods to
analyze the stability of ordinary diﬀerential equations
(ODEs). The ﬁrst one is called the Lyapunov indirect method
that aims to study the local stability by means of the linearization of a system around its steady state (equilibrium
point). The second method called the Lyapunov direct
method consists to ﬁnd or construct an appropriate auxiliary
function, named a Lyapunov candidate function. Furthermore, the Lyapunov direct method provides a substantial
tool for stability analysis of nonlinear systems. It can be used
to determine the global dynamical behaviors of these systems without the need to solve explicitly the solutions of
ODEs.
The stability of FDEs has attracted the attention of
several researchers. In 2010, Li et al. [7] studied the stability
of nonlinear systems of FDEs involving the Caputo fractional derivative with singular kernel [8]. They extended the

Lyapunov direct method to the case of FDEs. In the same
year, Sadati et al. [9] extended the Mittag–Leﬄer stability
theorem for fractional nonlinear systems of FDEs with delay.
The stability of a class of nonlinear systems of FDEs involving the Hadamard fractional derivative [10] was investigated in [11] by using a fractional comparison principle.
The theory of the stability of FDEs involving fractional
derivatives with nonsingular kernels is new, and it requires
an important development in order to study the dynamical
behaviors of several systems available in the literature and
using such derivatives. For these reasons, the main purpose
of this paper is to extend the Lyapunov direct method for
systems of FDEs involving the new generalized Hattaf
fractional (GHF) derivative [12], which covers the most
famous fractional derivatives with nonsingular kernels
existing in the literature such as the Caputo–Fabrizio
fractional derivative [13], the Atangana–Baleanu fractional
derivative [14], and the weighted Atangana–Baleanu fractional derivative [15].
The main advantage of using the GHF derivative is that it
is a nonlocal operator and it has a nonsingular kernel
formulated by the Mittag–Leﬄer function with a parameter
diﬀerent to the order of the fractional derivative. Furthermore, this operator is a weighted fractional derivative which
can be used to solve various types of integral equations with
elegant ways as in [16–18]. On the other hand, the novelties
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of this article are the study of the stability of FDEs with the
new GHF operator by means of the Lyapunov direct method
and the extension and generalization of the results related to
exponential and Mittag–Leﬄer stability presented in [7, 19],
as well as the establishment of some interesting properties
and inequalities of GHF derivative in order to easily prove
the Lyapunov stability theorems and construct Lyapunov
candidate functions of quadratic-type, which are frequently
used for demonstrating the global stability of many fractional order systems.
The outline of this paper is organized as follows. After an
introductory part, Section 2 introduces the basic deﬁnitions
and provides some lemmas and fundamental properties of
the GHF derivative with nonsingular kernel in Caputo sense
necessary to achieve the objective of this study. Section 3 is
devoted to stability analysis. Finally, Section 4 presents some
applications of our main results in the ﬁeld of epidemiology
as well as in the fractional linear systems theory.

2. Fundamental Results

where w ∈ C1 (a, b), w, w′ > 0 on [a, b], N(α) is a normalization function obeying N(0) � N(1) � 1, μα � α/(1 − α),
k
and Eβ (t) � +∞
k�0 t /Γ(βk + 1) is the Mittag–Leﬄer function
of parameter β.
The GHF derivative introduced in the above deﬁnition
generalizes and extends many special cases available in the
literature. For instance, when w(t) � 1 and β � c � 1, (1)
reduced to the Caputo–Fabrizio fractional derivative [13]
given by
C

Deﬁnition 1 (see [12]). Let α ∈ [0, 1), β, c > 0, and
f ∈ H1 (a, b). The GHF derivative of order α in Caputo sense
of the function f(t) with respect to the weight function w(t)
is deﬁned as follows:
C

α,β,c

Da,t,w f(t) �

t
N(α) 1
d
 Eβ − μα (t − τ)c  (wf)(τ)dτ,
1 − α w(t) a
dτ
(1)

t

λ  e−
0

λ(t− τ)

t

Eβ − ρ(t − τ)c f(τ)dτ +  e−
0

where λ, ρ, Λ, δ > 0. In terms of the GHF operator, this
equation can be written as follows:
C

α,β,c

Da,t,w f(t) � A − μf(t),

(6)

where w(t) � eλt , N(α) � 1, α � ρ/(1 + ρ), A � Λ/(1 − α),
and μ � δ/(1 − α). Similar to the example of HIV infection
presented in [12], the solution of the above integral equation
when c � β is given by
A N(α)w(0)
A
αμ β
f(t) � +
f(0) − Eβ − t 
μ
aα w(t)
μ
aα

N(α) t
 exp− μα (t − τ)f′ (τ)dτ.
1− α a

(2)

When w(t) � 1 and β � c � α, (1) reduced to the
Atangana–Baleanu fractional derivative [14] given by
C

α,α,α

Da,t,1 f(t) �

N(α) t
 E − μα (t − τ)α f′ (τ)dτ.
1− α a α

(3)

Furthermore, the weighted Atangana–Baleanu fractional
derivative [15], given by
C

In this section of the paper, we present the deﬁnitions and
provide some fundamental results related to the GHF derivative with nonsingular kernel.

α,1,1

Da,t,1 f(t) �

α,α,α

Da,t,w f(t) �

t
N(α) 1
d
 Eα − μα (t − τ)α  (wf)(τ)dτ,
1 − α w(t) a
dτ
(4)

is a special case of GHF derivative; it suﬃces to take
β � c � α.
Considering the importance of weighted fractional derivatives to write and solve many integral equations in an
elegant way, the function w has been introduced in equation
(1). For instance, we consider the following integral
equation:

λ(t− τ)

Eβ − ρ(t − τ)c f′ (τ)dτ � Λ − δf(t),

(5)

quadratic-type functions. So, we provide the following
lemma that estimates the GHF derivative of these types of
Lyapunov candidate functions.
Lemma 1. Let x(.) ∈ IRn be a continuously diﬀerentiable
function and P ∈ IRn×n be a symmetric positive deﬁnite
matrix. Then, for any time t ≥ t0 , we have
C

α,β,c

α,β,c

Dt0 ,t,1 x(t)T Px(t) ≤ 2x(t)T PC Dt0 ,t,1 x(t).

(8)

(7)

AN(α)
αμ
−
E − tβ  ∗ w′ (t),
μaα w(t) β aα
where aα � N(α) + μ(1 − α).
In various areas of science and engineering, the method
of constructing Lyapunov functions is often based on

Proof. Similar to [19, 20], we consider the following
function:
α,β,c

α,β,c

g(t)�C Dt0 ,t,1 x(t)T Px(t) − 2x(t)T PC Dt0 ,t,1 x(t).
Then,

(9)
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g(t) �

3

N(α) t
_
_ dτ
− 2x(t)T Px(τ)
 E − μα (t − τ)c 2x(τ)T Px(τ)
1 − α t0 β

�

N(α) t
_ dτ
 E − μα (t − τ)c 2y(τ)T Py(τ)
1 − α t0 β

�

N(α) t
 E − μα (t − τ)c y(τ)T Py(τ)′ dτ,
1 − α t0 β

(10)
where y(τ) � x(τ) − x(t). Integrating by parts, we obtain
g(t) �

Remark 2. The Atangana–Baleanu fractional integral operator is a particular case of (7), and it suﬃces to take w(t) �
1 and β � α.
Now, we recall an important theorem that we will need
in the following. This theorem extends the Newton–Leibniz
formula introduced in [22, 23].
Theorem 1 (see [20]). Let α ∈ [0, 1), β > 0,
f ∈ H1 (a, b). Then, we have the following properties:

N(α)
E − μα (t − τ)c y(τ)T Py(τ)|τ�t
τ�t0
1− α β
−

αcN(α) t
 (t − τ)c− 1 E2β,β+1 − μα (t − τ)c y(τ)T Py(τ)dτ.
(1 − α)2 t0

and

α,β
Iα,β
a,w Da,w f(t) � f(t) −

w(a)f(a)
,
w(t)

(15)

α,β
Dα,β
a,w Ia,w f(t) � f(t) −

w(a)f(a)
.
w(t)

(16)

(11)
Since limτ⟶t Eβ [− μα (t − τ)c ]y(τ)T Py(τ) � y(t)T Py(t)
� 0, we have
g(t) � −
−

N(α)
c
T
E − μα t − t0  y t0  Py t0 
1− α β

On the contrary, we need the following results.
Lemma 2. Let y(.) ∈ IRn . The solution of the following
Cauchy problem

αcN(α) t
 (t − τ)c− 1 E2β,β+1 − μα (t − τ)c y(τ)T Py(τ)dτ.
(1 − α)2 t0

(12)
This follows that g(t) ≤ 0, for all t ≥ t0 , and the proof is
completed.
□
Remark 1. It is important to note that the above lemma
extends the recent results presented in Lemma 2 of [19] and
Corollary 1 of [20]. Moreover, the results presented in
Lemma 3.1 of [21] to estimate the Atangana–Baleanu Caputo
derivative of quadratic Lyapunov functions is extended to
the case of GHF derivative.
α,β,β
For simplicity, denote C Da,t,w by Dα,β
a,w . By [12], the
generalized fractional integral associated to Dα,β
a,w is given by
the following deﬁnition.
Deﬁnition 2 (see [12]). The generalized fractional integral
operator associated to Dα,β
a,w is deﬁned by
Iα,β
a,w f(t)

1− α
α RL β
f(t) +
�
Ia,w f(t),
N(α)
N(α)

(13)

α,β

with initial boundary condition y(0) � y0 , is given by
y(t) �

N(α)w(0)y0
αλ
1− α
Eβ  tβ  +
u(t)
aα w(t)
aα
aα

where aα � N(α) − λ(1 − α) ≠ 0 and λ ≠ 0.
Proof. By (11), we have
α,β

w(t)D0,w y(t) � λw(t)y(t) + w(t)u(t).

β

t
1
1
 (t − τ)β− 1 w(τ)f(τ)dx.
Γ(β) w(t) a
(14)

(19)

By applying Laplace transform and using Theorem 2 in
[12], we obtain

Lw(t)y(t) �

(1 − α)sβ + μα 
[N(α) − λ(1 − α)]sβ − λα

β

Ia,w f(t) �

(18)

N(α) d
αλ
+
E  tβ  ∗ (wu)(t),
λaα w(t) dt β aα

where RL Ia,w is the standard weighted Riemann–Liouville
fractional integral of order β deﬁned
RL

(17)

D0,w y(t) � λy(t) + u(t),

+

N(α)w(0)y(0)sβ−

L{w(t)u(t)}

1

.
[N(α) − λ(1 − α)]sβ − λα
(20)

Then,
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Lw(t)y(t) �

N(α)w(0)y(0)
sβ− 1
1− α
sβ− 1
+
sL{w(t)u(t)}
aα
aα sβ − αλ/aα 
sβ − αλ/aα 
+

α
1
L{w(t)u(t)}
aα sβ − αλ/aα 

(21)

N(α)w(0)y(0)
αλ
1− α
αλ
LEβ  tβ  +
LEβ  tβ L(wu)′ (t) + w(0)u(0)
�
aα
aα
aα
aα
1
d
αλ
+ L Eβ  tβ L{w(t)u(t)}.
λ
dt
aα
Remark 3. By using (12), the solution of (11) can be rewritten as follows:

The passage to the inverse Laplace gives
w(t)y(t) �

N(α)w(0)y(0)
αλ
1− α
Eβ  t β  +
w(t)u(t)
aα
aα
aα
+

y(t) �

N(α) d
αλ
Eβ  tβ  ∗ (wu)(t).
λaα dt
aα

λy0 + u(0)N(α)w(0)
αλ
1
Eβ  tβ  − u(t)
λaα w(t)
aα
λ

(25)

N(α)
αλ
+
E  tβ  ∗ (wu)′ (t).
λaα w(t) β aα

(22)
From integration by parts, we have

Corollary 1. Let λ > 0 and f(t) be a function satisfying the
following inequality:

d
αλ
αλ
Eβ  tβ  ∗ (wu)(t) � Eβ  tβ (wu)(0) − (wu)(t)
dt
aα
aα

α,β

D0,w f(t) ≤ − λf(t).

αλ
+ Eβ  tβ  ∗ (wu)′ (t).
aα
(23)

y(t) �

Then,
f(t) ≤ f(0)Eβ 

Hence,
N(α)w(0)y0
αλ
1− α
Eβ  t β  +
u(t)
aα w(t)
aα
aα
+

(24)

N(α) d
αλ
E  tβ  ∗ (wu)(t).
λaα w(t) dt β aα

This completes the proof.

f(t) �

− αλtβ
.
N(α) + λ(1 − α)

(27)

Proof. From (14), we deduce that there exists a nonnegative
function u(t) such that
α,β

D0,w f(t) � − λf(t) − u(t).

□

(26)

(28)

By applying Lemma 2, we obtain

N(α)w(0)f(0)
− αλtβ
(1 − α)u(t)
Eβ 
−
N(α) + λ(1 − α)
[N(α) + λ(1 − α)]w(t)
N(α) + λ(1 − α)
+

N(α)
d
− αλtβ
Eβ 
 ∗ (wu)(t)
[N(α) + λ(1 − α)]
λ[N(α) + λ(1 − α)]w(t) dt
(29)

N(α)w(0)f(0)
− αλtβ
(1 − α)u(t)
�
Eβ 
−
N(α) + λ(1 − α)
[N(α) + λ(1 − α)]w(t)
N(α) + λ(1 − α)
−

Then,

αβN(α)
− αλtβ
β− 1 2
t
E


 ∗ (wu)(t).
β,β+1
[N(α) + λ(1 − α)]
λ[N(α) + λ(1 − α)]2 w(t)
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f(t) ≤

5

N(α)w(0)f(0)
− αλtβ
Eβ 
.
[N(α) + λ(1 − α)]w(t)
N(α) + λ(1 − α)
(30)

Theorem 2. Let x � 0 be an equilibrium point for system
(31). Let V(t, x): [0, +∞) × Ω ⟶ IR be a continuously
diﬀerentiable function and locally Lipschitz with respect to x
such that
k‖x‖p ≤ V(t, x),

(34)

D0,w V(t, x) ≤ − qV(t, x),

(35)

Since N(α) ≤ N(α) + λ(1 − α) and w(0) ≤ w(t), we
easily have (27).
□
α,β

3. Stability Analysis
In this section, we focus on the stability analysis of the
fractional diﬀerential equations with the GHF derivative.
Consider the following fractional diﬀerential nonautonomous equation:
α,β

(31)

D0,w x(t) � f(t, x(t)),

is the state variable and
where x(t) ∈ IRn
f: [0, +∞) × Ω ⟶ IRn is a continuous locally Lipschitz
function and Ω is a domain of IRn containing the origin
x � 0.
System (31) is said to be autonomous if f(t, x) � f(x).
In this case, (31) becomes
α,β
D0,w x(t)

where t ≥ 0, x ∈ Ω, and k, p, and q are arbitrary positive
constants. Then, x � 0 is Mittag–Leﬄer stable. If (34) and
(35) hold globally on IRn , then x � 0 is globally Mittag–Leﬄer
stable.
Proof. From (35) and according to Corollary 1, we deduce
that
− qαtβ
.
N(α) + q(1 − α)

V(t, x) ≤ V(0, x(0))Eβ 
From (34), we obtain

− qαtβ
,
N(α) + q(1 − α)

k‖x(t)‖p ≤ V(0, x(0))Eβ 

(32)

� f(x(t)).

First, we give some deﬁnitions that we will need in the
following.
Deﬁnition 3. The trivial equilibrium point x � 0 of (31) is
said to be stable if, for each ϵ > 0, there exists a η > 0 such
that, for any initial condition x(t0 ) � x0 satisfying ‖x0 ‖ < η,
the solution x(t) of (31) satisﬁes ‖x(t)‖ < ϵ, for all t ≥ t0 .
Furthermore, x � 0 is said to be asymptotically stable if it is
stable and limt⟶+∞ x(t) � 0.
Deﬁnition 4. A scalar function V(x) is called a Lyapunov
candidate function of autonomous system (32) if it is a
positive deﬁnite in a neighborhood U of the origin, i.e.,
V(0) � 0 and V(x) > 0, for all x ∈ U∖{0}. In addition, a
scalar function V(t, x) is a Lyapunov candidate function of
nonautonomous system (31) if it is positive deﬁnite, i.e.,
V(t, 0) � 0, for all t ≥ t0 , and if there is a time-invariant
function V0 (x) which is positive deﬁnite such that
V(t, x) ≥ V0 (x), for all t ≥ t0 .
Also, we introduce the deﬁnition of stability in the
Mittag–Leﬄer sense.
Deﬁnition 5. The trivial solution of (31) is called Mittag–Leﬄer stable if
β

]

‖x(t)‖ ≤ m x t0 Eβ − λ t − t0   ,

(36)

(37)

which leads to
1/p

‖x(t)‖ ≤ m1 (x(0))Eβ − λtβ 

,

(38)

where m1 (x) � V(0, x)/k and λ � qα/(N(α) + q(1 − α)).
Clearly, m1 (0) � 0 and m1 (x) ≥ 0. Since V(t, x) is locally
Lipschitz with respect to x, we deduce that m1 (x) is locally
Lipschitz on x. Therefore, the equilibrium x � 0 is globally
Mittag–Leﬄer stable.
□
Remark 5. Theorem 2 generalizes the result of the exponential stability presented in Theorem 2 of [19]. Indeed, it
suﬃces to take w(t) � 1, β � c � 1, and k � 1.
Theorem 3. Let x � 0 be an equilibrium point for system
(31). Let V(t, x): [0, +∞) × Ω ⟶ IR be a continuously
diﬀerentiable function and locally Lipschitz with respect to x
such that
k1 ‖x‖p ≤ V(t, x) ≤ k2 ‖x‖pq ,
α,β

D0,w V(t, x) ≤ − k3 ‖x‖pq ,

(39)
(40)

where t ≥ 0, x ∈ Ω, and k1 , k2 , k3 , p, and q are arbitrary
positive constants. Then, x � 0 is Mittag–Leﬄer stable. If (39)
and (40) hold globally on IRn , then x � 0 is globally Mittag–Leﬄer stable.

(33)

where t0 is the initial time, λ ≥ 0, ] > 0, m(0) � 0, m(x) ≥ 0,
and m(x) is locally Lipschitz on x ∈ IRn with the Lipschitz
constant m0 .

Proof. According to (39) and (40), we have
α,β

D0,w V(t, x) ≤ −

k3
V(t, x).
k2

(41)

By applying Corollary 1, we have
Remark 4. Mittag–Leﬄer stability generalizes the exponential stability and it implies asymptotic stability.

V(t, x) ≤ V(0, x(0))Eβ − κtβ ,

(42)
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where κ � k3 α/(k2 N(α) + k3 (1 − α)). By (39), we obtain
β

p

(43)

k1 ‖x(t)‖ ≤ V(0, x(0))Eβ − κt ,
which implies that
β

‖x(t)‖ ≤ m2 (x(0))Eβ − κt 

1/p

(44)

,

where m2 (x) � V(0, x)/k1 . This completes the proof.

□

Remark 6. Theorem 3 extends the result of the Mittag–Leﬄer stability presented in Theorem 5.1 of [7] for the
GHF derivative with nonsingular kernel. Moreover, the
result given in Theorem 4 of [19] for Caputo–Fabrizio
fractional derivative is recovered when w(t) � 1, β � c � 1,
p � 2, and q � 1.

4. Applications
In this section, we apply the main results obtained in this
paper to investigate the stability of the following examples of
fractional systems.
Example 1. Consider the following fractional linear system:
α,β

(45)

D0,w x(t) � Ax(t),
n

Example 2. Consider the following fractional epidemic
model:
α,β
⎧
⎪
D0,1 S(t) � A − ]S(t) − F(S(t), I(t))I(t),
⎪
⎪
⎪
⎨ α,β
D0,1 I(t) � F(S(t), I(t))I(t) − (] + d + r)I(t),
⎪
⎪
⎪
⎪
⎩ Dα,β R(t) � rI(t) − ]R(t),
0,1

where S(t), I(t), and R(t) are the susceptible, infected, and
recovered individuals at time t, respectively. Here, the
susceptible individuals are recruited at a constant rate A and
become infected by eﬀective contact with infected individuals at rate F(S, I)I. The natural death rate in all classes
is denoted by ], while d is the death rate due to the disease.
Furthermore, r is the recovery rate of the infected
individuals.
Obviously, the ﬁrst two equations of (50) do not depend
on the variable R. Then, model (50) can be rewritten by the
following system:
α,β
⎪
⎧
⎨ D0,1 S(t) � A − ]S(t) − F(S(t), I(t))I(t),
⎪ α,β
⎩
D0,1 I(t) � F(S(t), I(t))I(t) − (] + d + r)I(t).

V(t, x) � xT Px,

(46)

where P ∈ IRn×n is a symmetric positive deﬁnite matrix.
Hence,
2

2

λmin (P)‖x‖ ≤ V(t, x) ≤ λmax (P)‖x‖ ,

(H) F(0, S) � 0,

α,β

α,β

D0,1 V(t, x) ≤ 2xT PD0,w x
� xT AT P + PAx

zF
zF
(S, I) > 0,
(S, I) ≤ 0,
zS
zI

(48)

R0 �

FS0 , 0
,
(] + d + r)

L(S, I) � ϖS0 − S + I,

where Q � − (AT P + PA). It is obvious that Q is a symmetric
matrix. Assume that Q is a positive deﬁnite matrix and let
λmin (Q) be the minimum of its positive eigenvalues. Then,
we have
2

− λmin (Q)‖x‖ .

(53)

which epidemiologically represents the number of secondary infections produced by a single infected individual
throughout the period of infection when all individuals are
uninfected. Based on the same technique in [24], we can
easily prove that model (51) has another equilibrium when
R0 > 1.
Let Ω � (S, I) ∈ IR2+ : S ≤ S0 . Assume that R0 < 1 and
consider the following Lyapunov function:

� − xT Qx,

α,β
D0,1 V(t, x) ≤

(52)
for all S, I ≥ 0.

It is clear that E0 � (S0 , 0) is the disease-free equilibrium
of (51), where S0 � A/]. Then, the basic reproduction
number of (51) is deﬁned as follows:

(47)

where λmin (P) and λmax (P) are the minimum and the
maximum eigenvalues of the matrix P, respectively. Since P
is positive deﬁnite, we have λmin (P) > 0 and λmax (P) > 0.
According to Lemma 1, the GHF derivative of the
Lyapunov function V along the trajectories of (45) satisﬁes

(51)

As in [24], we assume that the general incidence F is
continuously diﬀerentiable in the interior of IR2+ and satisﬁes
the following conditions:

n×n

where x(t) ∈ IR is the state variable and A ∈ IR .
To establish the stability of (45), we deﬁne the Lyapunov
candidate function as follows:

(50)

(54)

where ϖ � (1 − R0 )/2R0 . Obviously, L is a candidate
Lyapunov function. Indeed, we have L(E0 ) � 0 and
L(S, I) > 0, for all (S, I) ∈ Ω∖E0 . Moreover, we have
α,β

α,β

α,β

D0,1 L(S, I) � − ϖD0,1 S + D0,1 I

(49)
δ 1 − R0 
≤ − ϖ]S − S −
I,
2

(55)

0

By applying Theorem 3, we deduce that the trivial solution of system (45) is globally Mittag–Leﬄer stable under
the condition that Q is positive deﬁnite. This condition is
satisﬁed when A is Hurwitz, i.e., all the eigenvalues of A have
negative real parts.

where δ � ] + d + r. Hence,
α,β

D0,1 L(S, I) ≤ − ϱ1 L(S, I),

(56)
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where ϱ1 � min], δ(1 − R0 )/2.
Let X � (S, I) ∈ IR2 with the norm ‖X‖ � |S| + |I|. Then,
��
��
(57)
ϱ2 ��X − E0 �� ≤ L(S, I),
where ϱ2 � min{ϖ, 1}. By applying Theorem 2, we conclude
that the disease-free equilibrium E0 of (51) is Mittag–Leﬄer
stable in Ω when R0 < 1.
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