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In order to solve the problem on optimal selection of old bridge reinforcement schemes, a decision-making method of gray
relation analysis based on fuzzy-AHP weights is proposed. Firstly, the fuzzy-AHP is used to develop the decision index system of
old bridge reinforcement schemes and determine the weight of decision indexes. )e 0.1–0.9 scale method is introduced as the
index judgment criterion, and the weight judgment matrix is established. )rough the consistency test, the relative weight vector
of each decision index in the index layer is calculated. Secondly, according to the gray relation model of the old bridge rein-
forcement schemes, the decision matrix is constructed, and the gray relation coefficient matrix is calculated to obtain the gray
relation coefficient corresponding to the ideal optimal scheme. Finally, the optimal scheme is determined.)rough an engineering
example, the reinforcement scheme of a concrete-filled steel tube arch bridge deck system is calculated and analyzed, and the best
reinforcement scheme is selected. )e optimal selection result is consistent with the actual reinforcement scheme available for the
bridge. )e decision-making method of gray relation analysis based on fuzzy-AHP weights make the evaluation system more
organized and systematic and the index weight more operable and quantitative, reduce the subjective evaluation impact, andmake
the evaluation result more objective and reliable. Considering the fuzzy and gray information of comparison and selection, the
optimal scheme with high feasibility and applicability is selected by the gray relation method.

1. Introduction

With the operation of in-service bridges, due to the in-
crease of traffic volume and vehicle load, the influence of
unfavorable factors in the surrounding environment, and
the natural aging of materials, the bridge structure is faced
with performance degradation during its life cycle,
resulting in the weakening of its function. In order to meet
the traffic development needs, ensure the safety of bridge
structure, satisfy the use function, and extend the service
life, it is necessary to reconstruct and reinforce the old
bridges. Many bridge reinforcement methods are now
available, such as reinforcing the main girder cross section,
reducing the dead load, and changing the structural system.
)ese methods comprehensively consider the bearing ca-
pacity, durability, impact of traffic interruption, economic

rationality of reinforcement cost, and complexity of re-
inforcement technology. )e determination of the rein-
forcement scheme is the key to the success of the
reconstruction and reinforcement, especially the feasibility,
reliability, and economy of the reinforcement scheme. )e
optimal selection process of the old bridge reinforcement
scheme is a multiobjective decision-making process. )e
multiobjective decision-making is characterized by the
conflicting objectives, inconsistent objective dimensions,
and adjustable “optimal solution,” making the decision-
making process more complicated [1]. Dağdeviren and
Yüksel developed the evaluation index system of bridge
reinforcement schemes based on the analytic hierarchy
process (AHP) and performed the optimal selection
analysis [2]. Nguyen et al. established a two-level fuzzy
optimal selection model and used the nonstructural fuzzy
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decision-making theory for the bridge scheme comparison
and selection [3]. Maghrabie et al. proposed a multilayer
and multiobjective fuzzy optimal selection model and
applied it to the comparison and optimal selection of bridge
schemes [4]. )akur and Ramesh combined the AHP
method and the entropy method to weigh the evaluation
indexes and established the gray relation method based on
the combined weight for the optimal selection of bridge
reinforcement schemes [5]. Li and Chen proposed to
improve the fuzzy belief structure method to determine the
weight and established the gray relation optimal selection
model for the optimal selection research of bridge rein-
forcement schemes [6]. Kalemci et al. used the combined
weight method to establish a simplified gray wolf opti-
mization algorithmmethodmodel for the optimal selection
of bridge reinforcement schemes [7]. For this reason,
according to the characteristics of the old bridge rein-
forcement scheme evaluation, this paper organically
combines the fuzzy theory [8–11] with AHP, proposes a
method to determine the index weight, and adopts the gray
relation method [12] to realize the comprehensive evalu-
ation of each reinforcement alternative and thus the se-
lection of optimal scheme, making the optimal selection
process more simple, objective, reasonable, and reliable.
)erefore, it is necessary to carry out the optimal selection
of bridge reinforcement schemes in order to achieve the
basic objectives in technical feasibility, reliability, eco-
nomic rationality, construction simplicity, and quality
assurance.

In this paper, four bridge reinforcement schemes for
an old bridge are carried out. Many factors need to be
considered, such as the aging and disease degree of the
original structure, the technical feasibility, and the impact
of traffic interruption, which are more risky and difficult
compared with the new bridge construction. In order to
solve the problem on optimal selection of old bridge
reinforcement schemes, a decision-making method of
gray relation analysis based on fuzzy-AHP weights is
proposed.

2. Evaluation Index System

Since several optimal selection indexes need to be com-
prehensively considered in the decision-making process for
optimal selection of old bridge reinforcement schemes, the
fuzzy-AHP [13] shall be firstly used to organize and hi-
erarchize the optimal selection problem, thus developing a
hierarchy-based optimal selection index system, as shown
in Table 1. )e system is divided into three layers: the first
layer mainly includes the optimal selection purpose or
desirable result, that is, to determine the optimal rein-
forcement scheme; the second layer includes the subor-
dinate indexes of the upper layer, which represent the
optimal selection index factors to be satisfied before the
optimal selection purpose is achieved; the third layer is the
basic index layer, which includes the most basic decom-
position indexes of the optimal selection problem and
directly reflects the comprehensive attribute information of
each reinforcement scheme.

3. Decision IndexWeightDetermined by Fuzzy-
AHP

3.1. Construction of Fuzzy Complementary Judgment Matrix.
Based on the principle of fuzzy-AHP, the mutual priority
relationship among the decision indexes is determined, and
the 0.1–0.9 scale method [14] is used as the judgment cri-
terion for the pairwise comparison of the indexes to establish
the weight judgment matrix C � (cij)n×n:

C �

c11 c12 ... c1n

c21 c22 ... c2n

... ... ...

cn1 cn2 ... cnn

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (1)

where cij is the relative weight vector based on the jth de-
cision index than the ith decision.

3.2. Consistency Check of Judgment Matrix. )e weight
vector of matrix C is obtained by solving the judgment
matrix with the formula derived in [15]
W � w1 w2 · · · wn 

T:

wi �


n
j�1 cij +(n/2) − 1

n(n − 1)
. (2)

Set

wij �
wi

wi + wj

, (i, j � 1, 2, . . . , n). (3)

)en, the N-order matrix S � (wij)n×n is taken as the
characteristic matrix of the judgment matrix C. )e com-
patibility index of C and S is

I(C, S) �
1
n
2 

n

i�1


n

j�1
cij + wij − 1



. (4)

With regard to the attitude α of the decision maker,
when the compatibility index I(C, S)≤ α, the judgment
matrix is considered to be satisfactorily consistent. )e
smaller the α, the higher the consistency requirement for the
matrix, which is generally taken as α � 0.2.

Assuming there are k experts, then the fuzzy judgment
matrix Ck � (ck

ij)n×n; when k � 1, 2, . . . , t, the corresponding
weight vector set Wk � W1 W2 ... Wt  [15], and the
characteristic matrix Sk � (wk

ij)n×n. If t judgment matrices
B(k) and other judgment matrices are of satisfactory con-
sistency, the fuzzy-AHP weight is

W �
1
t



t

k�1
Wk. (5)

3.3. Total Hierarchical Sorting. Assuming that, in a decision
index system with r layers, the relative weight vector based

on the hth decision index is P
(r)
h � p

(r)
1h p

(r)
2h ... p

(r)
nrh 

T

;

when h � 1, 2, . . . , nr−1, thenr × nr−1 order matrix is
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P
(r)

� P
(r)
1 P

(r)
2 ... P(r)

nr− 1
 

T
, (6)

where p
(r)
n h is the relative weight vector based on the hth

decision index than the hth decision.
If the comprehensive weight vector matrix of all decision

indexes from the r − 1 layer to the decision layer is W(r− 1) �

W
(r−1)
1 W

(r−1)
2 ... W(r− 1)

nr− 1
 

T
[16], then the comprehensive

weight of all decision indexes from the r layer to the decision
layer is

W
(r)

� W
(r)
1 W

(r)
2 ... W(r)

nr
 

T
� P

(r)
W

(r− 1)
. (7)

Generally,

W
(r)

� P
(r)

P
(r− 1)

· · · P
(3)

W
(2)

, (8)

where W(2) is actually the same as the relative weight vector
under the single hierarchical sorting.

4. Gray Relation Analysis Model

It is difficult to obtain the optimal scheme by a gray system
composed of known information and nondeterministic
information. )e gray relation analysis method [17] is a
method to measure the relation degree among factors based
on their similarity or dissimilarity in the development trend
[18], which is suitable for solving the problem on multi-
objective optimal selection decision-making of old bridge
reinforcement design schemes.

4.1. Construction of Decision Matrix. Assuming that there
are a total ofm old bridge reinforcement schemes and a total
of n decision indexes and xij represents the attribute value of
the jth index of the ith beam design scheme, then the initial
decision matrix is

X �

x11 x12 ... x1n

x21 x22 ... x2n

... ... ...

xm1 xm2 ... xmn

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (9)

In the decision-making objectives of the old bridge re-
inforcement design schemes, for the decision index value
corresponding to the bearing capacity, the higher is better,
while for the decision index value corresponding to the
economic indexes such as construction period and cost, the
lower is better. Moreover, the different dimensions and
orders of magnitude among decision indexes have a large
impact on the evaluation and optimal selection of the beam
design scheme. )erefore, in order to facilitate the gray
relation analysis, all decision indexes of the beam design
scheme are normalized [19].

4.1.1. Quantitative Index Processing. In the evaluation index
system of old bridge reinforcement scheme, some evaluation
indexes can be expressed by numerical values and directly
used as quantitative indexes of the scheme, such as the
reinforcement cost and construction period. Quantitative
indexes can be processed as follows. For benefit indexes (the
larger the attribute value is, the better), the dimensionless
value is

yij
′ �

0, yij ≤yimin,

yij − yimin

yimax − yimin
, yimin <yij <yimax,

1, yij ≥yimax.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

(10)

For cost indexes (the smaller the attribute value is, the
better), the dimensionless value is

yij
′ �

0, yij ≥yimax,

yimax − yij

yimax − yimin
, yimin <yij <yimax,

1, yij ≤yimin,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

(11)

where yij is the index value of the ith index for the jth
scheme to be evaluated, yij

′ is the normalized value, yimin is

Table 1: Evaluation index system of old bridge reinforcement scheme.

Decision set Factor set Index set

Optimal selection of bridge reinforcement scheme C

Structural functionality S

Satisfaction of bearing capacity
Satisfaction of durability
Satisfaction of vibratility
Satisfaction of safety

Economic rationality E

Reinforcement cost
Reinforcement period

Subsequent maintenance cost
Utilization degree of original structure

Technical feasibility F

Reliability of reinforcement technology
Applicability of reinforcement technology
Complexity of reinforcement technology

Degree of impact of reinforcement on traffic

Structural aesthetics A

Structural aesthetics
Environmental friendliness
Environmental impact

Traffic impact
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the minimum index value in the ith evaluation index of each
scheme, i.e., yimin � min yi1 yi2 . . . yim( , and yimax is the
maximum index value in the ith evaluation index of each
scheme, i.e., yimax � max yi1 yi2 . . . yim( , where
i � 1, 2, 3, . . . , n and j � 1, 2, 3, . . . , m.

4.1.2. Qualitative Index Processing. Some evaluation indexes
in the evaluation index system of old bridge reinforce-
ment scheme belong to qualitative indexes which can
only be used for qualitative estimation and judgment.
According to the needs of old bridge reinforcement, a 9-
level factor set [20] is adopted, E � (worst, very poor,
poor, relatively poor, medium, relatively good, good, very
good, best), and the qualitative index language gray
number is quantified by the linear gray number whitening
weight function [21]. )e quantification results are shown
in Table 2.

4.2. Construction of Gray Relation CoefficientMatrix. Due to
the relativity of bridge reinforcement scheme decision
during comparison, an ideal reference scheme [22] is firstly
constructed as y0 � y01 y02 . . . y0n , where

y0j � max y1j, y2j, . . . , ymj , (12)

where ym j is the relative vector based on the jth decision
index than the ith decision.

)e ideal reference scheme can be understood as taking
the best value of the corresponding evaluation index in all
candidate design schemes as the reference sequence. )e
attribute values of decision indexes ofm design schemes are,
respectively, taken as the comparison sequences, and the
relation coefficient is used to measure the closeness of the
data relationship between the reference sequence and the
comparison sequence. )e calculation formula of the rela-
tion coefficient of each decision index under different design
schemes is

εij �
miniminj y0j − yij



 + ρmaximaxj y0j − yij





y0j − yij



 + ρmaximaxj y0j − yij




, (13)

where εij is the relation coefficient between the ith com-
parison sequence and the jth index in the reference sequence
y0, i � 1, 2, . . . , m and j � 1, 2, . . . , n, and ρ is the identifi-
cation coefficient (ρ ∈ [0, 1]) and is generally taken as
ρ � 0.5.

4.3. Calculation of Gray Relation Degree. Combined with
the fuzzy-AHP, the comprehensive weight vector matrix
of all decision indexes at the third layer of the
decision index system of the old bridge reinforcement
scheme is determined as W(3) � W

(3)
1 W

(3)
2 . . . W

(3)
n3 

T
,

and the comprehensive weight vector of n decision in-
dexes to the decision layer in the decision index system is

W
(3)

� w
(3)
1 w

(3)
2 . . . w(3)

n
 

T
, (14)

where w(3)
n is the relative vector based on the nth decision

index than all decision indexes at the third layer of the
decision.

Let wk be the combined weight of the kth index, and


n
k�1 W3

k � 1 [23]. So, the gray relation degree ci0 between
the old bridge reinforcement scheme and the ideal scheme is

ci0 � 
n

j�1
εijw

(3)
j , (15)

where εij is the calculation formula of the relation coefficient
of each decision index under different design schemes and
w

(3)
j is the relative vector based on the jth decision index

than all decision indexes at the third layer of the decision.

4.4. Determination of Optimal Scheme. Firstly, according to
the gray correlation degree, the evaluation schemes are
sorted and optimized: the larger the relation degree is, the
closer the reinforcement scheme is to the ideal scheme, and
thus, the better the reinforcement scheme is, so as to de-
termine the optimal scheme in the old bridge reinforcement
schemes.

According to the gray relation axiom, gray relation
degree ci0 satisfies

(1) Normative 0< ci0 ≤ 1, ci0 � 1⇐i � 0
(2) )e smaller the proximity |i − 0|, the greater the

c(i, 0)

Normativeness limits the value of gray correlation degree
within the interval of [0, 1]. Proximity indicates that the
closer the two behaviors are, the more similar their changing
trends are.

)e evaluated schemes are sorted for optimal selection
according to the gray relation degree: the larger the relation
degree, the closer the reinforcement scheme is to the ideal
scheme, and thus the better the reinforcement scheme, so as
to determine the optimal scheme in the old bridge rein-
forcement schemes.

5. Example of Decision-Making for Optimal
Selection of Old Bridge
Reinforcement Schemes

5.1. General Situation and Reinforcement Schemes of Old
Bridge. )is paper takes the deck system reinforcement
design schemes of a certain reinforced concrete ribbed arch
bridge as an example, uses the fuzzy-AHP to determine the
weight and gray relation analysis model for the optimal
selection, and obtains the optimal reinforcement scheme, as
well as verifies the effectiveness and practicability of the gray
relation analysis method for the optimal selection of bridge
reinforcement schemes based on fuzzy-AHP weights.

)e bridge is a concrete-filled steel tube arch bridge,
which was completed in July 1997, as shown in Figure 1.
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With the development of the city and the increase of traffic
volume, the original design has approached the bearing ca-
pacity limit; the structure vibration is more obvious in actual
use. Later, the bridge has been reinforced, with a hope to
improve the dynamic characteristics and reduce the structural
vibration response, but the reinforcement effect was not
obvious. A total of four bridge deck reinforcement schemes
are proposed this time: scheme 1, replace the overall bridge
deck; scheme 2, add longitudinal concrete beams; scheme 3,
add longitudinal steel beams; scheme 4, add longitudinal steel
box-concrete composite beams, as shown in Figure 2.

5.2. Determination of Comprehensive Weight of Decision
Indexes. As for determination on the relative weight of
decision indexes at each layer of the old bridge reinforce-
ment scheme, the pairwise comparison of structural func-
tionality S, economic rationality E, technical feasibility F,
and structural aesthetics A are conducted according to the
0.1–0.9 scale method, to obtain the fuzzy complementary
judgment matrix, see Table 3, for details.

According to formulas (1) and (2), the relative weight
vector of the factor set is calculated as

W1 � (0.308, 0.242, 0.258, 0.192). (16)

According to formulas (3) and (4), the compatibility
index of C1 and S1 is obtained as I(C1, S1) � 0.104< 0.2, and
the distribution of the relative weight vector W1 of the
corresponding objective layer is reasonable. )erefore, it is
believed that the fuzzy judgment matrices are satisfactorily
compatible. In conclusion, it is reasonable and reliable to use
the mean value of the relative weight set as the relative
weight vector of the objective layer. )e relative weight
vector of the objective layer is W � (0.308, 0.242, 0.258,
0.192).

Similarly, by constructing the fuzzy judgment matrix of
the index layer, the relative weight vector of each decision
index of the index layer is calculated, and thus, the com-
prehensive weight is calculated by formulas (6)∼(8), as
shown in Table 4.

5.3. Calculation of Gray Relation Degree. According to
formulas (9)∼(11), a decision matrix is established to select
the optimal value of each index and determine the optimal
scheme:

127

127

127

Unit: m

148

(a)

3250
180 180180180 415 41540 401620

Unit: cm

(b)

Figure 1: Bridge structure diagram. (a) Bridge elevation. (b) Bridge section view.

Table 2: Quantification results of qualitative index.

Level Worst Very poor Poor Relatively poor Medium Relatively good Good Very good Best
Value 0 0.125 0.250 0.375 0.500 0.625 0.750 0.875 1.000

Mathematical Problems in Engineering 5



Steel beams

(a)

Concrete beams

(b)

Steel beams

(c)

Steel concrete composite beam

(d)

Figure 2: Bridge reinforcement schemes. (a) Scheme 1: replace the overall bridge deck. (b) Scheme 2: add longitudinal concrete beams.
(c) Scheme 3: add longitudinal steel beams. (d) Scheme 4: add longitudinal steel box-concrete composite beams.

Table 3: Factor set importance evaluation matrix.

Factor set Structural functionality S Economic rationality E Technical feasibility F Structural aesthetics A
Structural functionality S 0.5 0.7 0.7 0.8
Economic rationality E 0.3 0.5 0.4 0.7
Technical feasibility F 0.3 0.6 0.5 0.7
Structural aesthetics A 0.2 0.3 0.3 0.5

Table 4: Relative weights and comprehensive weights of decision indexes at various layers.

Objective layer Relative weight Index layer Relative weight Comprehensive weight

Structural functionality S 0.308

Bearing capacity 0.258 0.080
Durability 0.208 0.064
Vibratility 0.283 0.087
Safety 0.250 0.077

Economic rationality E 0.242

Reinforcement cost 0.267 0.064
Reinforcement period 0.275 0.066
Maintenance cost 0.242 0.058

Utilization degree of original structure 0.217 0.052

Technical feasibility F 0.258

Reliability 0.267 0.069
Practicality 0.233 0.060
Complexity 0.233 0.060
Traffic impact 0.267 0.069

Structural aesthetic A 0.192

Structural aesthetics 0.267 0.051
Environmental friendliness 0.233 0.045
Environmental impact 0.233 0.045

Traffic impact 0.267 0.051
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y0 � 1 0.875 1 1 0.75 1 0.875 0.75 0.875 0.875 0.75 0.875 1 0.875 0.5 0.875 . (17)

)e gray relation coefficient matrix is calculated by
formulas (12) and (13):

εij �

0.400 0.500 0.400 0.333 0.500 1.000 0.667 0.400 0.400 1.000 1.000 0.500 1.000 1.000 0.667 0.400

0.500 1.000 0.500 0.333 0.500 0.286 1.000 1.000 0.500 0.667 0.500 0.400 1.000 1.000 0.667 0.400

0.667 0.500 0.400 1.000 1.000 0.500 0.400 0.667 1.000 0.667 0.667 0.667 0.667 0.667 1.000 1.000

1.000 0.667 1.000 0.667 0.667 0.400 0.500 0.667 1.000 0.667 0.500 1.000 1.000 0.667 1.000 0.667

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (18)

According to the comprehensive weight of decision
index obtained in Table 4, the gray relation degree between
each old bridge reinforcement scheme and the ideal optimal
scheme is calculated by formulas (14) and (15):

c10 � 0.612,

c20 � 0.614,

c30 � 0.708,

c40 � 0.763.

(19)

It can be seen that the gray relation degree between
scheme 4 and ideal optimal scheme is the largest, so
scheme 4 “add longitudinal steel box-concrete composite
beams” is the optimal scheme. )e optimum selection
result is consistent with the actual reinforcement scheme
adopted.

6. Conclusion

(1) )e fuzzy-AHP is used to construct the decision
index system of the old bridge reinforcement scheme
and determine the weight of the decision index,
which makes the evaluation system more organized
and systematic, and the index weight is more op-
erable and quantitative, reducing the subjective
evaluation impact and making the evaluation result
more objective and reliable

(2) Fully considering the fuzzy and gray information of
comparison and selection, the gray relation method
is used for calculation and analysis of old bridge
reinforcement schemes, thus selecting the optimal
reinforcement scheme

(3) For the optimal selection of bridge reinforcement
schemes, the gray relation analysis based on fuzzy-
AHP weights can select the optimal reinforcement
scheme as a reference for the bridge reinforcement
project and has a certain practical application
value
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