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With the completion of the Beidou-3 system (BDS) in China, INS/BDS integration will become a promising navigation and
positioning strategy. However, due to the nonlinear propagation characteristic of INS error and inevitable involvement of
inaccurate measurement noise statistics, it is difficult to achieve the optimal solution through the INS/BDS integration. This paper
proposes a method of cubature Kalman filter (CKF) with the measurement noise covariance estimation by using the maximum
likelihood principle to solve the abovementioned problem. It establishes an estimation model for measurement noise covariance
according to the maximum likelihood principle, and then, its estimation is calculated by utilizing the sequential quadratic
programming. The estimated measurement noise covariance will be fed back to the procedure of CKF to improve its adaptability.
Simulation and comparison analysis verify that the proposed method can accurately estimate measurement noise covariance to
effectively restrain its influence on navigation solution, leading to improved navigation performance for the INS/BDS integration.

1. Introduction

Nowadays, the inertial navigation system (INS) plays an
important role in the vehicle navigation community due to its
autonomy and comprehensive navigation information [1, 2].
However, its navigation error will increase unboundedly with
time because the drift is involved in the inertial measurement
units [2, 3]. By contrast, the global navigation satellite system
(GNSS) is a satellite-based system, providing the highly ac-
curate information on velocity and position of a vehicle in a
long time [3, 4]. However, it is difficult to achieve the con-
tinuous localization by the GNSS since satellite signals may be
lost and corrupted in the environmental conditions such as
high buildings, tunnels, and mountains [4, 5]. Recently, the
Beidou-3 system (BDS) of China has been successfully built
and become a typical GNSS. It will be the backbone of global
positioning and navigation [6, 7]. However, it still suffers from
the problems of commonly used GNSS [6].

The INS is commonly integrated with the GNSS or BDS
to take advantages of the two techniques [8, 9]. It overcomes
the limitations of two standalone systems, that is, long-time
drift of the INS and easy to inference for the GNSS. It also
sufficiently exploits the advantages of both systems, such as
the consistently high accuracy of the GNSS and the short-
term stability of the INS [9, 10]. Consequently, INS/GNSS
integration is a promising solution to improve the naviga-
tion and positioning accuracy by utilizing the GNSS in-
formation to compensate the error of the INS. Due to these
reasons, this integration has been widely used in many real
applications, such as aircraft landing, autonomous under-
water vehicle, air-space-ground integrated network, un-
manned aerial vehicle, and so on [8-10].

The state estimation problem is of importance for the
INS/GNSS or INS/BDS integration. It is still one of the most
significant open research problems and attracted wide in-
terest in the research community [11, 12]. The Kalman filter
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is an optimal filter in the sense of the minimum mean square
error criterion for the linear system [12]. However, the INS
error propagation always reflects nonlinear characteristics,
thus adopting the nonlinear INS error model which can
better describe the propagation characteristic of INS error
[12, 13]. The commonly used linear system model is only a
theoretical approximation to the actual nonlinear system
with limited approximation accuracy, leading to decreased
navigation performance for INS/GNSS integration [13, 14].

The unscented Kalman Filter (UKF) has received in-
creased attention for INS/GNSS integration due to the ability
of dealing with strongly nonlinear systems [12-14]. This
filter uses a set of deterministically selected sigma points to
approximate the probability distribution of system state and
turther propagates them directly through nonlinear system
functions. It avoids system model linearization and has
higher-order approximation accuracy than the traditional
extended Kalman filter (EKF) [14, 15]. However, the UKF is
considered to be unstable, especially for high-dimensional
(more than 3) nonlinear systems [15, 16].

As an emerging nonlinear filtering technology, the cu-
bature Kalman filter (CKF) is an improvement to the tra-
ditional nonlinear filters such as the EKF and UKF [16, 17].
It uses a third-degree spherical-radical cubature rule to
approximate the involved Gaussian-weighted integrals in a
nonlinear Gaussian filter framework and can approximate
the posterior mean and covariance of system state vector for
any nonlinear system in second-order accuracy, which is
higher than the EKF in first-order accuracy and has better
numerical stability than the UKF for high-dimensional
nonlinear systems such as a multisensor integrated navi-
gation system [16-18]. Furthermore, the CKF only contains
2n cubature points, which is smaller than the UKF with
2n+1 sigma points. Thus, the CKF has a better computa-
tional real-time performance than the UKF [19]. However,
all the abovementioned nonlinear filters are dependent on
the accurate prior statistical information for process and
measurement noise [3, 11]. If the noise statistics are inac-
curate to be used, the performance will be deteriorated. In
the INS/GNSS integration, the precision of the system state
equation can be ensured by using laser or optical inertial
measurement units of ultrahigh accuracy [2, 20]. Never-
theless, the GNSS and BDS are always affected by the ex-
ternal environment such as urban canyons, tunnels, and
foliage conditions, leading to biased measurement noise
statistics and further failure to provide superior navigation
result [4, 20].

Various methods were reported to handle the inaccurate
measurement noise statistics for the CKF state estimation.
Zhang et al. developed an H-infinity strategy-based robust
CKF by minimizing the estimation error in the worst case
[17]. However, it may break down in the presence of ran-
domly occurring inaccurate noise statistics [21]. For the
non-Gaussian measurement noise, Liu et al. proposed a
maximum correntropy-based square-root CKF (MCSCKF)
[12]. However, the construction of the estimation error
covariance matrix in this method is not based on theoretical
analysis [22], making the improvement of this method
questionable. The M-estimation can also be combined with
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the CKF to curb the influence of inaccurate measurement
noise statistics on system state estimation [18]. Nevertheless,
the achievement of the robustness for this method is based
on the cost of accuracy of the nonlinear transformation itself
[23].

The maximum likelihood principle provides a promising
solution to address the parameter estimation problem for a
statistical model [24, 25]. It can estimate the measurement
noise statistics by maximizing the likelihood function of
unknown measurement noise statistics based on a set of
known measurements. The maximum likelihood principle
can achieve the unique and converged solution in the
probabilistic sense [25, 26]. Thus, this method has been
gradually used for the noise statistics estimation of a dy-
namic system in recent years [24, 26]. However, the most
existing maximum likelihood method is only for the Kalman
filter in a linear system, there has been very limited research
focusing on the use of the maximum likelihood principle for
system noise statistic estimation in a nonlinear CKF.

This paper presents a method of CKF with the mea-
surement noise covariance estimation by using the maxi-
mum likelihood principle to improve the adaptability of
INS/BDS integration. The proposed method establishes a
theory of an estimation model for the measurement noise
covariance based on the maximum likelihood principle.
Subsequently, the sequential quadratic programming is used
to calculate the estimation of measurement noise covariance,
and it is fed back to the CKF procedure to improve the
adaptability of the filter. Simulations and comparison
analysis have been conducted to comprehensively evaluate
the performance of the proposed method for INS/BDS
integration.

2. System Model for INS/BDS Integration

The INS/BDS integration used for vehicle navigation in this
paper is to utilize the accurate velocity and position by the
BDS to correct the navigation error of the INS. An error
model with nonlinear characteristics is established based on
the additive quaternion, and the differences of velocity and
position information between INS and BDS are taken as the
measurement of the integrated system. Thus, the system
model for INS/BDS integration is developed and described
in the following.

2.1. System State Equation. We denote the navigation frame
(n-frame) as the E-N-U (East-North-Up) geography frame
(g-frame). The body frame, inertial frame, and earth frame
are abbreviated as b-frame, i-frame, and e-frame, respec-
tively. By using the attitude error quaternion, the INS’s
attitude error equation can be described as [27]
. 1 1
0Q, = 20, (w},)0Q; - 04 (@],)0Q;

(1

l n 1 n n
+ EU(Qb)Swfb - EY(Qh)&oin’

where 0Qj, = [dq, dq, 4, 695 ]T and Q3 =[q¢9,9,9] are
the attitude error quaternion and attitude quaternion;
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w4, = [wﬁ’bx u)ﬁ’by wh ]T denotes the body angular rate
measured by three gyros in the b-frame; dw!, is the gyro
error; W}, =wh+wl = [w?,,x Wiy w?nz] represents the an-
gular rate of the n-frame with respect to the i-frame and
expressed in the n-frame; dw}, = dw? +dw], is the corre-
sponding error; the meanings of dw, dw”,, dw!, and dw’,
are given in (3); and the parameters Q, (w}), Q (@),
U(Qp), and Y (Qj) are computed as

r 0 b b b
TWipy Wiy, ~Wip,
b 0 b b
b Wipy Wipz  ~Wipy,
Q(wy) =
u ib) — b b b 4
Wipy ~Wipg 0 Wi
b b b 0
[ Wiz Wipy ~Wipy |
- n n noo
0 TWinx “Winy TWig
n O _ n n
b Wiy Wipg winy
‘Qd(win) = n n 0 n |
Wiy Wipg “Winx
n n n
L Wiz ~Winy Wiy 0 | (2)
[—91 —92 —45]
Qo 93 9
n
U(Qy) = >
9 90 4D
L=%> 91 9o A
[~ —92 —495]
D 95 9@
n —_—
Y(Q) =
43 90 9
LD~ 9o

The INS’s velocity error equation is [27]

SV" = 6CH" - (20], + Wl x V" .
3
+ (200, + 0" ) x V" + C}of",

where OV = [0V} &V} SV’E;]T is the velocity error and
V" = [vg vy vy ] is the velocity in east, north, and up;
0Cj, is an attitude error coupling term, which has strongly
nonlinear characteristics about §Qj, as described in [28]; 6Qj
is the rotation matrix; £’ is the specific force, St is the
accelerometer error; " = [0 —8Lw;,sinL w,sinL]" is
the projection of the Earth rotation rate w,; w?,
[—(vy/(Ry +h) (vg/ (Ry +h)) (vgtanL/(Ry + h)) ]T is
the angular rate of the n-frame with respect to the e-frame;
where R,; and Ry denote the meridian and transverse radii
of curvature and L and h represent the latitude and altitude
of the vehicle; and dw}, and dw], are the corresponding
errors.
The INS’s position error is described as [28]

SP" = M&V" + NOP”, (4)

where 6P" = [ 8L &) 6h]" is the position error in latitude,
longitude, and altitude. M and N can be formulated as

3
- 1 O-
Ry +h
M = L >
sec 0 0
Ry +h
L 0 0 1]
(5)
- 0 _ ‘VN -
(Ry; + h)’
N =| vgtanLsecL vgsecL
Ry +h (Ry +h)’
| 0 0 0 §

The IMU error includes the errors of the gyro and ac-
celerometer. The gyro error and accelerometer error both
can be described as

Sy, = &, +w,, (6)
o=V, +w, (8)
V,=0, 9)

where g, = [ebx €y szt]T and V, = (EVM Viy Vi, ]T
represent the constant drift of the gyro and the zero bias of
the accelerometer; w, = [ng Wy, Wy, ] and w, =
[wax W, waz] are the white noises for the gyro and
accelerometer.
The system state variable is
X0 =[ (6Qp)" (ov" (o & VI (10)
Figure 1 describes the constitute component of the
system state equation for INS/BDS integration. As described
in Figure 1, combining (1), (3), (4), (6), and (8), the system
state equation of the INS/BDS integration can be obtained as

X(t) = f(X(1)) +W(B), (11)

where 7(-) is the continuous-time nonlinear function de-
scribing the system state equation and W (¢) is the system
state noise.

To use the discrete-time CKF, (11) should be discretized
via the improved Euler method [29].

Xy = f(Xper) + Wi (12)

where f(-) is the discrete-time nonlinear function de-
scribing the system state equation and W is the discrete-
time system state noise.
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FIGure 1: Constitute component of system state equation for INS/BDS integration.

2.2. Measurement Equation. Taking the differences of ve-
locity and position information between the INS and BDS as
the system measurement vector,

Zi =[vp—ves 1= Vxe Yur—Vus A —Ap Ly~ Ly hy—hy ]T»
(13)
where [ver v vor]’  and (A Ly By]" or
[ves Vg vup] and [Ag Ly hy]" are the vehicle’s ve-
locity and position information from the INS or BDS.
Then, the measurement equation for the INS/BDS in-
tegration can be established by the measurement vector

Z, =HX, +V,, (14)

H =

v

where H; = [ gv ] is the measurement matrix,
[0;,4diag(1,1,1) Ong |, H,=[05,,diag (Ry, Ry oL, 1)05,],
and V.= [X]‘; ] is the measurement noise vector, which obeys
the zero-mean Gaussian distribution with covariance R.

3. Maximum Likelihood-Based Measurement
Noise Covariance Estimation Using
Sequential Quadratic Programming for the
Cubature Kalman Filter

In this section, a method of maximum likelihood-based mea-
surement noise covariance estimation is developed via the se-
quential quadratic programming for the nonlinear CKF applied
in INS/BDS integration to hinder the influence of inaccurate
measurement noise statistics on the navigation solution.

3.1. Cubature Kalman Filter. The nonlinear discrete-time
system is commonly described as (12) and (14).

{Xk:f(xk—1)+wks (15)

Zk = Hka + Vk’

where X represents the system state and the Z is the system
measurement; f (-) is the nonlinear function describing the
system state equation and H, is the measurement matrix;
and W, and V, are the process noise and measurement
noise, respectively. They are uncorrelated zero-mean
Gaussian white noises, and their covariances are
E[WW/]=Qand E[V,V]]=R.

Based on this nonlinear system, the procedure of state
estimation using the CKF is given as follows.

Step 1. Initialization: the state estimate X, and its error
covariance P, are initially set as

Xo =E[Xo]’

P, = E[(x0 - X, )(Xo - XO)T]. (19

Step 2. Cubature point calculation: suppose that the pre-
vious time’s state estimate Xk_l and its error covariance
matrix P,_, are given. Then, the cubature points are cal-
culated as

Py = Sk—1sz_1’ (17)
Xik-1 = X1 + 8,8 (18)
where S;_; = \/P,_;; & is chosen as
\ne;, i=1,2,...,n,
& ={ S (19)
—\/ne_,, i=n+ln+2,...,2n,

where e; represents the ith column of the nxn identity
matrix.
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Step 3. Time update: the selection of cubature points is
propagated by the system state equation.

= f(Xixt) (=12....21)  (20)

Then, the state mean and covariance are predicted as

Xi, (k/k-1)

R 1 2n
X1 = n ZXi,(klk—l)’ (21)
i=1

1 & T S ST
Py = o Z Xi, (krk=1) X, (kfk-1) — X1 X -y + Q. (22)
i=1

Step 4. Measurement update: the measurement update is
performed same as the Kalman filter due to the linear
measurement equation.

Ziyr = HXpy s (23)
ng/kil = Hy Py Hj +R, (24)
Pik/k—lik/k—l = Py Hy, (25)
Ki=P; - IP;:/k 1 (26)

Xy, = Xyt + Ki(Zi = Zigr ), (27)

Py =Py — Ky P K;. (28)

klk-1

Step 5. We repeat Steps 2 and 4 for all the samples.

It can be seen that when the measurement noise co-
variance R is incorrect, the innovation covariance P Zo, Wil
be worsened and further making the filter gain K is biased.
Thus, the state estimation accuracy will be decreased. Due to
this reason, studying a way to estimate the measurement
noise covariance and improve the system’s state estimation
accuracy is necessary and urgent.

3.2. Maximum Likelihood-Based Measurement Noise Co-
variance Estimation. Assuming that the measurement noise
covariance R is unknown, we denote the R as a parameter.
According to the maximum likelihood framework, the es-
timation model for the parameter R based on the mea-
surement data can be established as [24, 26]

Ry, = arg mlilx{ln [L(RIZy. ()]} (29)

where L(R|Z,. ;) is the likelihood function of parameter R
with respect to the measurement data Z,. ..
From the definition of likelihood function, we have

L(RIZ,; i) = p(Zy: 1IR), (30)
where p(Z,.;|R) represents a suitable conditional proba-

bility density function (pdf) defined using the data Z,. .
We denote the innovation of the CKF as

Z,=2,-72,,,=2;,-HX G=1,2,...,k).

(31)

-1

For the nonlinear Gaussian system described by (15), the
innovation Z; obeys the multivariate Gaussian distribution

j
N (0, PE ), where

-1

7 7 T
P, = [ z] H;P, H|+R (32)

The innovations form of the likelihood function for the
parameter R can be written as

k
L(RIZy ) = p(Z1.IR) = [ [ p(Z; IR),
j=1

k 1 J z,,J1
= H 172 XP 2
j=1 (zﬂ)n/z P~

Zjjja

(33)

Taking the logarithm of both sides of (33) and ignoring
the constant term, it can be obtained that

-1 B
+ z] P- zj). (34)

J/J 1

1 k
il (Riz,1))~ -3 . (1]
j=1 J/Jl

Substituting (34) into (29), the estimation model of
parameter R based on maximum likelihood principle can be
achieved.

k
Ry = arngin |:Z<ln P-

j=1

+Z" PZ ” Z])} (35)

Jli-1

To reduce the computational burden of noise statistic
estimation, R is usually taken as a diagonal matrix, i.e.,

R = diag[r|, 75 ..., 1) (36)
considering the following condition:
R>0. (37)

Therefore, the parameter estimation model based on the
maximum likelihood principle can be established by com-

bining (35)-(37):
=T 1 =
+ Z] P‘Z\j/]-lzj)}

Ry = argm1 [Z(ln‘PAﬂJ 1

j=1

(38)

R = diag[r;, 75, ..., 7]

R>0.
Obviously, the measurement noise covariance estimate

has been converted to a typical nonlinear programming
problem with inequality constraint. It will be solved by using



the sequential quadratic programming method to obtain the
estimation of measurement noise covariance.

3.3. Solution Method. Sequential quadratic programming
(SQP) is one of the most effective algorithms in the world for
solving nonlinear constrained programming problems
[30, 31]. SQP transforms a complex nonlinear constrained
programming problem into a series of quadratic pro-
gramming subproblems. By solving these quadratic pro-
gramming subproblems, the optimal solution of the original
problem is obtained.

Considering the general nonlinear constrained pro-
gramming problem,

min g (x)
st. gx) =0, I=12,...,¢ (39)

(x)<0, I=e+le+2,...,q

In the tth iteration, the constraints in (39) are linearized
at the iteration point x®, and the following quadratic
programming subproblem is obtained:

min G(d) = %dTWtd + Vg(x(t))Td,
s.t. Vcl(x(t))Td + cl(x(t)) =0, [=12,...,e,

Vcl(x(t))Td + cl(x(t)) <0, I=e+le+2,...,9
(40)

where d is the iterative direction; Vg (x¥) and V¢; (x*)) are
the gradients of functions g(x) and ¢; (x) at x; W, is the
positive definite quasi-Newton approximation matrix of
Lagrange function La(x,u®)=g(x)+ Y, yl(t)cl (x)+
5T % (o) at <.

For the nonlinear constrained programming problem
described in (39), the computing steps of SQP can be
summarized as follows:

Step 1: when t = 1, we firstly select the initial iteration
point x() and symmetric positive definite matrix B, are
selected, and then, the iteration precision is set &> 0.

§® = x(B+) _ L ®

>

q(t) =oe” +(1- (D)Wts(t),
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Step 2: the active set method [31] is used to solve the
quadratic programming subproblem (40) to obtain the
optimal solution d” and the corresponding La-
grangian multiplier p®.

1fd? = 0,x®D = x® 1+ 4" is the optimal solution of
the nonlinear programming problem (39), and the
iterative calculation is stopped. Else, we go to Step 3.

Step 3: starting from the iteration point x*, the ob-
jective function is constructed along the direction d*.

¢(a) = w(x(t) + ocd(t),x(t)). (41)

Here,

NG ~(t) 7(t) =~ (t)
) =</\1 a0 )

3 :iﬂz(t)1’ I=1,2,...,qt=1,

(1)

®
Al 1

=max{|y ,%(Xl(til)+|yl(t)|>}, I=1,2,...,9,t>1,

w(xA) =g(x) + Z)Lllcl )|+ Z A, max{0, ¢; (x)}.
=1

I=e+1

(42)

A one-dimensional search [31] is conducted to ¢ («) in
(41) to determine the iterative step size «,.

Step 4: let x*D =x® 4+ d®. If |x*V - xO|<¢
x "D will be the approximate optimal solution for the
nonlinear programming problem (39), and the iterative
calculation is stopped. Else, we go to Step 5.

Step 5: by using the BFGS (Broyden-
Fletcher-Goldfarb-Shanno) formulation [31], W, can
be revised as W,_;:

i Wts(t)(s(t))TWt . n(t)(nm)T
(s(t))TWts(t) (q“))Ts“"

Wi =W, (43)

Here,

e(f) _ V(La(x(tH), p(t))) _ V(La(x(t), p'(t)))’

(44)

(e®)'s" > 02(s) ' W,s,
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Step 6: let t =t + 1, and we return to Step 2.

3.4. Proposed Method. For the nonlinear system (15),
Figure 2 gives the flowchart of the proposed method, and
the core procedure is shown as follows:

Step 1: the previous time’s system state estimation X;_,
and its error covariance P,_; are given

Step 2: measurement noise covariance estimation:

(i) According to (31) and (32), the innovation vector
and its error covariance matrix from time Step 1 to
time step k are obtained

(ii) The estimation model (38) for measurement noise
covariance based on the maximum likelihood
principle is constructed

(iii) The SQP method is used to iteratively solve the
(38) to obtain the estimated measurement noise
covariance R

Step 3: time update: CKF steps (Equations (17)1(22))
are performed to calculate the state prediction X;_,
and its error covariance matrix Py,

Step 4: Measurement update: we perform CKF steps
(Equations (23)-(28)) to update the system state esti-
mation and its error covariance matrix, where (24) is
replaced by

P> =HP, H{ +R (45)

Zyg-1
Step 5: we repeat Steps 1-4 for all the samples

4. Simulation Analysis and Discussions

Simulations have been conducted to comprehensively
evaluate the performance of the proposed CKF, which is
abbreviated as the MLCKF (Maximum Likelihood-based
Cubature Kalman Filter), for an unmanned aerial vehicle
(UAV) navigation using INS/BDS integration in terms of
inaccurate measurement noise statistics. The UAV and its
main constitute parameters can been seen in the Figure 3.
Comparison analysis of the proposed MLCKF with CKEF,
H-infinity strategy-based robust CKF (HRCKF), and
MCSCKE is also discussed in this section.

A flight trajectory is designed for the UAV dynamic
flight considering the complex maneuvers such as climbing,
descending, turning, uniform linear motion, and accelerated
linear motion. It can be seen in Figure 4. The initial position
for the UAV is 108.997°, 34.246°, and 1000 m in longitude,
latitude, and altitude components; the initial velocity is 0 m/
s, 150 m/s, and 0 m/s in east, north, and up components; the
initial attitude is 0°, 0°, and 0° in pitch, roll, and yaw
components; and the simulation time is 1000s. The pa-
rameters for the navigation sensors are as follows: the
constant drift and random walk coeflicient of the gyro are
0.1°/h and 0.05 °/+/h; the zero-bias and random walk co-
efficient of the accelerometer are 1x107g and
1x107* g - +/s; the BDS’s accuracy in horizontal position,

Estimation model (38)

7
Initialization
k+1 _
X k=1
Cubature point
calculation
Y
Time update
R
S | ——
| Measurement noise M "
! covariance estimation | casuremen
i | update :
. . I A
| Solving using SQP ! Zik Pik/k-l
|
|
| x |
| i
1 |
H |

Noise covariance

Yes estimation?

Execute the CKF
steps (25)-(28)

Next time step

ﬁk,Pk

\4
FiGUure 2: Flowchart of the proposed method.

FiGURE 3: UAV and its main constitute parameters.

altitude and velocity are 5m, 8 m, and 0.05 m/s in the sense
of root mean square error, respectively; and the sampling
rates for the INS and BDS are 25Hz and 1Hz. For the
navigation filter, the initial position error is set as 8 m, 8 m,
and 15m in longitude, latitude, and altitude components;
the initial velocity error is 0.5m/s, 0.5m/s, and 0.5m/s in
east, north, and up components; the initial attitude error is ¢,
1, and 1.5" in pitch, roll, and yaw components; and the filter
period is set as 1s.

According to the chosen of simulation parameter, the
measurement noise covariance for the INS/BDS integration
should be

R = diag[ (0.05m/5)’L;,5, (5m), (5m)*, (8m)*].  (46)
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FIGURE 4: Flight trajectory of the UAV.

In the simulation, to evaluate the performance of pro-
posed MLCKF in terms of inaccurate measurement noise
covariance, two cases are considered: (i) Gaussian noise with
inaccurate covariance; (ii) non-Gaussian noise.

4.1. Gaussian Noise with Inaccurate Covariance. In this case,
the measurement noise covariance ¢ is enlarged to 16 x R
during the time interval (500s, 7005s), i.e.,

R = diag[ (0.2m/s)’,,5, (20m)*, (20m)?, (32m)*].
(47)

Thus, the actual measurement noise covariance used for
the filters can be written as

R, Others,
Rk = (48)
16 xR, ke (500s,700s).

4.1.1. Measurement Noise Covariance Estimation Evaluation.
In this section, the measurement noise covariance estima-
tion of the proposed MLCKEF will be evaluated by comparing
with the method using the genetic algorithm [32] to solve the
estimation model (38).

Figure 5 gives the estimated measurement noise co-
variance by the proposed MLCKF using SQP for the time
interval (500s, 700s). It can be seen that the estimated
measurement noise covariance by the MLCKF can converge
to its actual value at a fast speed. When the proposed
MLCKEF tends to be stable, the estimation error for mea-
surement noise covariance in velocity is within 0.0052 (m/s)
%, and the estimation error for measurement noise covari-
ance in position is within 7.41 m? In contrast, Figure 6
provides the estimated measurement noise covariance by the
method using the genetic algorithm. It can be seen that its
convergence speed is significantly slower than that of the
proposed MLCKF using SQP, and its estimation for mea-
surement noise covariance is also larger than that of the
proposed MLCKF using SQP when it tends to be stable. This
is because the convergence of the genetic algorithm cannot
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be guaranteed in theory and the premature convergence may
be occurred [32]. Table 1 lists the mean estimations for the
measurement noise covariance during the time interval
(5005, 700 s). By comparing the mean estimations with their
actual value in Table 1, the ability of the proposed MLCKF to
adaptively estimate measurement noise covariance has been
verified. The abovementioned analysis shows that the pro-
posed MLCKF can effectively estimate the measurement
noise covariance and provide accurate measurement noise
statistics information for the filter when the measurement
noise statistics is inaccurate.

4.1.2. Navigation Accuracy Evaluation. Under the same
simulation conditions, the CKF, HRCKF, and MLCKF are,
respectively, used as the navigation filter, and the overall
errors of attitude, velocity, and position for the UAV by the
abovementioned three methods are compared. The overall
error is defined by [10]

lAx| = \/Axf5 + Axi, + Axf,, (49)

where Axy, Axy, and Axy; are the error components of x in
east, north, and up, respectively.

Figures 7-9 depict the overall attitude errors, overall
velocity errors, and overall position errors by the CKEF,
HRCKF, and proposed MLCKF for the UAV navigation.
Analyzing Figures 7-9, we can achieve the following
conclusions:

(i) When the measurement noise statistics is accurately
known, the CKF, HRCKF, and MLCKEF can converge
rapidly to estimate the UAV attitude, velocity, and
position with a quite high accuracy.

(ii) During the time interval (500, 700s), both the CKF
and HRCKEF are affected by the inaccurate initial
measurement noise covariance, and the attitude,
velocity, and position estimation errors all increase
obviously. The attitude, velocity, and position esti-
mation errors of UAV are around 0.82’, 0.53 m/s,
and 19.17m for the CKF and 0.71’, 0.41 m/s, and
16.31 m for the HRCKEF, respectively. The navigation
accuracy of the HRCKEF is relatively superior to that
of the CKF due to its ability to curb inaccurate
measurement noise covariance. Compared to the
abovementioned two methods, the attitude, velocity,
and position estimation errors of UAV for the
proposed MLCKF are around 0.55', 0.29 m/s, and
13.29 m, respectively, which are much smaller than
the CKF and HRCKEF. This is because the MLCKF
can accurately estimate the measurement noise co-
variance by using the maximum likelihood principle.
Thus, the MLCKF can achieve a higher navigation
accuracy compared to the other two methods via the
estimation of measurement noise covariance for the
case of inaccurate measurement noise statistics.

Figures 10-12 describe the intuitive comparison of the
CKF, HRCKF, and MLCKF in terms of mean estimation
errors of attitude, velocity, and position for the UAV during
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FIGURE 5: Estimation of the measurement noise covariance using SQP. (a) Estimation of the measurement noise covariance in velocity.
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FIGURE 6: Estimation of the measurement noise covariance using genetic algorithm. (a) Estimation of the measurement noise covariance in
velocity. (b) Estimation of the measurement noise covariance in position.

TaBLE 1: The actual value, initial value, and mean estimation by the proposed method using SQP and genetic algorithm for the measurement
noise covariance.

Measurement noise covariance Ax, (500s, 7005s)

Actual value diag[ (0.05 m/s)*L,5, (5m)?, (5m)%, (8 m)*]

Initial value diag[ (0.2 m/s)213x3, (20m)?, (20 m)?, (32 m)?]

Mean estimation by SQP diag [0.0031 (m/s)%, 0.0032 (m/s)?,0.0036 (m/s)*, 24.7801 m?, 25.0178 m?, 64.8577 m?]
Mean estimation by genetic algorithm diag[0.0054 (m/s)%, 0.0056 (m/s)?,0.0053 (m/s)*, 27.2759 m?, 27.9192 m?, 68.8187 m?]

the time interval (500s, 700s), which also validate the

. . Pactual = (1 - 8)pnominal + Spperturbing’ (50)
abovementioned conclusions.

where ¢ represents the ratio of the perturbing distribution. If
Pperturbing als0 obeys a Gaussian distribution but with a larger
standard deviation, the actual distribution is called the
Gaussian mixture, which is a non-Gaussian noise. In this
study, the standard deviation of the perturbing distribution

4.2. Non-Gaussian Noise. The nominal Gaussian distribu-
tion of the measurement noise is perturbed by another
distribution; i.e., the actual probability density function is
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FIGURE 7: Attitude errors of the UAV by the CKF, HRCKF, and
MLCKEF for the case of Gaussian noise with inaccurate covariance.
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FiGure 8: Velocity errors of the UAV by the CKF, HRCKF, and
MLCKEF for the case of Gaussian noise with inaccurate covariance.
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FIGURE 9: Position errors of the UAV by the CKF, HRCKF, and
MLCKE for the case of Gaussian noise with inaccurate covariance.

is assumed to be 8 times larger than that of the nominal

distribution, and ¢ is assumed to be the value of 0.2.
Figures 13-15 describe the overall attitude errors, overall

velocity errors, and overall position errors by the CKEF,

Mathematical Problems in Engineering

0.9 4 ©-0.82

087 o
0.7 4 - - - - - - -
0.6 . . . . . .0.55. .
0.5 4
0.4 4
0.3 4
0.2
0.1 4

Mean attitude error ()

T T T
CKF HRCKF MLCKF

FIGURE 10: Mean attitude errors of the UAV by the CKF, HRCKF,
and MLCKEF in the time interval (500s, 700s) for the case of
Gaussian noise with inaccurate covariance.
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and MLCKF in the time interval (500s, 700s) for the case of
Gaussian noise with inaccurate covariance.
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FIGURE 12: Mean position errors of the UAV by the CKF, HRCKF,
and MLCKF in the time interval (500s, 700s) for the case of
Gaussian noise with inaccurate covariance.

MCSCKEF, and proposed MLCKF for the UAV navigation.
The CKF’s attitude, velocity, and position estimation error of
UAYV are around 1.21', 0.67 m/s, and 20.65 m. The influence
of the non-Gaussian noise is quite serious for the CKF. The
MCSCKF can deal with the non-Gaussian noise to some
extent. Its attitude, velocity, and position estimation error of
UAV are around 1.02/, 0.59 m/s, and 16.97 m, respectively.
However, the construction of the estimation error covari-
ance matrix in this method is not based on theoretical
analysis, leading to limited improvement for hindering the
non-Gaussian noise. The proposed MLCKEF also can curb the
non-Gaussian noise to some extent through the covariance
estimation, leading to the attitude, velocity, and position
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FIGURE 15: Position errors of the UAV by the CKF, MCSCKF, and
MLCKE for the case of non-Gaussian noise.

estimation error of UAV around 0.92', 0.53m/s, and
15.66 m. Figures 16-18 also verify the abovementioned re-
sults by the intuitive comparison of the CKF, MCSCKF, and
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FIGURE 16: Mean attitude errors of the UAV by the CKF, MCSCKF,
and MLCKEF for the case of non-Gaussian noise.
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FIGURE 17: Mean velocity errors of the UAV by the CKF, MCSCKF,
and MLCKEF for the case of non-Gaussian noise.
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FiGUure 18: Mean position errors of the UAV by the CKEF,
MCSCKEF, and MLCKEF for the case of non-Gaussian noise.

MLCKF in terms of mean estimation errors of attitude,
velocity, and position for the UAV.

The abovementioned simulations and analysis for the
INS/BDS integration show that the proposed MLCKF can
significantly improve the adaptability ability for the filter and
effectively restrain the influence of inaccurate measurement
noise covariance on navigation solution, leading to a higher
navigation accuracy than the CKF, HRCKF, and MCSCKF
for the UAV navigation with INS/BDS integration.

5. Conclusions

This paper presents a method of the CKF with measurement
noise covariance estimation for the INS/BDS integration.
The contributions of this paper are as follows: (i) an esti-
mation model for measurement noise covariance is estab-
lished according to the maximum likelihood principle, and
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the sequential quadratic programming is applied to calculate
the estimation of measurement noise covariance; (ii) the
estimated measurement noise covariance will be fed back to
the procedure of the CKF to improve its adaptability.
Simulation and comparison analysis demonstrate that the
proposed method can accurately estimate measurement
noise covariance to effectively restrain its influence on
navigation solution, leading to higher navigation accuracy
than the CKF, HRCKF, and MCSCKF for the INS/BDS
integration in presence of inaccurate measurement noise
covariance.

Data Availability

The processed data required to reproduce these findings
cannot be shared at this time as the data also form part of an
ongoing study.

Conflicts of Interest

The authors declare that they have no conflicts of interest.

Acknowledgments

The work in this paper was supported by the National
Natural Science Foundation of China (Project Nos.
41904028, 61703424, and 42004021), the Fundamental Re-
search Funds for the Central Universities (Project No.
3102019ZDHQD09), the Natural Science Basic Research
Plan in Shaanxi Province of China (Project Nos. 2020JQ-150
and 2020JQ-234), and the Aerospace Science and Tech-
nology Fund (Project No. 2020-HT-XG).

References

[1] G. Hu, S. Gao, and Y. Zhong, “A derivative UKF for tightly
coupled INS/GPS integrated navigation,” ISA Transactions,
vol. 56, pp. 135-144, 2015.

[2] D. Wang, H. Ly, and J. Wu, “Augmented cubature Kalman
filter for nonlinear RTK/MIMU integrated navigation with
non-additive noise,” Measurement, vol. 97, pp. 111-125, 2016.

[3] Y. Meng, S. Gao, Y. Zhong, G. Hu, and A. Subic, “Covariance
matching based adaptive unscented Kalman filter for direct
filtering in INS/GNSS integration,” Acta Astronautica,
vol. 120, pp. 171-181, 2016.

[4] B. Gao, G. Hu, Y. Zhong, and X. Zhu, “Cubature rule-based
distributed optimal fusion with identification and prediction
of kinematic model error for integrated UAV navigation,”
Aerospace Science and Technology, 2021, In press.

[5] G.Hu, W. Wang, Y. Zhong, B. Gao, and C. Gu, “A new direct
filtering approach to INS/GNSS integration,” Aerospace Sci-
ence and Technology, vol. 77, pp. 755-764, 2018.

[6] Q. Zhao, C. Wang, J. Guo et al., “Precise orbit and clock
determination for BeiDou-3 experimental satellites with yaw
attitude analysis,” GPS Solutions, vol. 22, no. 1, p. 4, 2018.

[7] W.Chen, G. Jing, Z. Qi et al., “Solar radiation pressure models
for BeiDou-3 12-S satellite: comparison and augmentation,”
Remote Sensing, vol. 10, no. 1, p. 118, 2018.

[8] L. Yang, Y. Li, Y. Wu, and C. Rizos, “An enhanced MEMS-
INS/GNSS integrated system with fault detection and ex-
clusion capability for land vehicle navigation in urban areas,”
GPS Solutions, vol. 18, no. 4, pp. 593-603, 2014.

Mathematical Problems in Engineering

[9] G.Hu, B. Gao, Y. Zhong, and C. Gu, “Unscented Kalman filter
with process noise covariance estimation for vehicular INS/
GPS integration system,” Information Fusion, vol. 64,
pp. 194-204, 2020.

[10] G.Hu, L. Ni, B. Gao, X. Zhu, W. Wang, and Y. Zhong, “Model
predictive based unscented Kalman filter for hypersonic ve-
hicle navigation with INS/GNSS integration,” IEEE Access,
vol. 8, pp. 4814-4823, 2020.

[11] B. Gao, S. Gao, G. Hu, Y. Zhong, and C. Gu, “Maximum
likelihood principle and moving horizon estimation based
adaptive unscented Kalman filter,” Aerospace Science and
Technology, vol. 73, pp. 184-196, 2018.

[12] X. Liu, H. Qu, J. Zhao, and P. Yue, “Maximum correntropy
square-root cubature Kalman filter with application to SINS/
GPS integrated systems,” ISA Transactions, vol. 80, pp. 195-
202, 2018.

[13] B. Gao, S. Gao, Y. Zhong, G. Hu, and C. Gu, “Interacting
multiple model estimation-based adaptive robust unscented
Kalman filter,” International Journal of Control, Automation
and Systems, vol. 15, no. 5, pp. 2013-2025, 2017.

[14] B. Gao, G. Hu, S. Gao, Y. Zhong, and C. Gu, “Multi-sensor
optimal data fusion for INS/GNSS/CNS integration based on
unscented Kalman filter,” International Journal of Control,
Automation and Systems, vol. 16, no. 1, pp. 129-140, 2018.

[15] L. Zhang, S. Li, E. Zhang, and Q. Chen, “Robust measure of
non-linearity-based cubature Kalman filter,” IET Science,
Measurement & Technology, vol. 11, no. 7, pp. 929-938, 2017.

[16] I. Arasaratnam and S. Haykin, “Cubature Kalman filters,”
IEEE Transactions on Automatic Control, vol. 54, no. 6,
pp. 1254-1269, 2009.

[17] Q. Zhang, X. Meng, S. Zhang, and Y. Wang, “Singular value
decomposition-based robust cubature Kalman filtering for an
integrated GPS/SINS navigation system,” Journal of Navi-
gation, vol. 68, no. 3, pp. 549-562, 2015.

[18] K. Li, B. Hu, L. Chang, and Y. Li, “Robust square-root cu-
bature Kalman filter based on Huber’s M-estimation meth-
odology,” Proceedings of the Institution of Mechanical
Engineers, Part G: Journal of Aerospace Engineering, vol. 229,
no. 7, pp. 1236-1245, 2015.

[19] W. Liand Y. Jia, “Location of mobile station with maneuvers
using an IMM-based cubature Kalman filter,” IEEE Trans-
actions on Industrial Electronics, vol. 59, no. 11, pp. 4338-
4348, 2012.

[20] G.Hu, B. Gao, Y. Zhong, L. Ni, and C. Gu, “Robust unscented
Kalman filtering with measurement error detection for tightly
coupled INS/GNSS integration in hypersonic vehicle navi-
gation,” IEEE Access, vol. 7, pp. 151409-151421, 2019.

[21] G. Chang, “Robust Kalman filtering based on Mahalanobis
distance as outlier judging criterion,” Journal of Geodesy,
vol. 88, no. 4, pp. 391-401, 2014.

[22] Y. Huang and Y. Zhang, “A new process uncertainty robust
student’s ¢ based Kalman filter for SINS/GPS integration,”
IEEE Access, vol. 5, pp. 14391-14404, 2017.

[23] L. Chang, B. Hu, G. Chang, and A. Li, “Robust derivative-free
Kalman filter based on Huber’s M-estimation methodology,”
Journal of Process Control, vol. 23, no. 10, pp. 1555-1561, 2013.

[24] V. A. Bavdekar, A. P. Deshpande, and S. C. Patwardhan,
“Identification of process and measurement noise covariance
for state and parameter estimation using extended Kalman
filter,” Journal of Process Control, vol. 21, no. 4, pp. 585-601,
2011.

[25] H. Raghavan, A. K. Tangirala, R. Bhushan Gopaluni, and
S. L. Shah, “Identification of chemical processes with irregular



Mathematical Problems in Engineering

output sampling,” Control Engineering Practice, vol. 14, no. 5,
pp. 467-480, 2006.

[26] R. H. Shumway and D. S. Stoffer, Time Series Analysis and its
Applications: With R Examples, Springer, New York, NY,
USA, 2010.

[27] M. Liu, J. Lai, Z. Li, and J. Liu, “An adaptive cubature Kalman
filter algorithm for inertial and land-based navigation sys-
tem,” Aerospace Science and Technology, vol. 51, pp. 52-60,
2016.

[28] T. Li, “Research on application of nonlinear filtering in
navigation system,” Ph. D. thesis, National University of
Defense Technology, Changsha, China, 2003.

[29] K. Xiong, L. D. Liu, and H. Y. Zhang, “Modified unscented
Kalman filtering and its application in autonomous satellite
navigation,” Aerospace Science and Technology, vol. 13, no. 4-
5, pp. 238-246, 2009.

[30] S. H. R. Pasandideh, S. T. A. Niaki, and A. Gharaei, “Opti-
mization of a multiproduct economic production quantity
problem with stochastic constraints using sequential qua-
dratic programming,” Knowledge-Based Systems, vol. 84,
pp. 98-107, 2015.

[31] P. Gill and E. Wong, Sequential Quadratic Programming
Methods, Springer, New York, NY, USA, 2012.

[32] H. W. Tang and X. Z. Qin, Practical Methods of Optimization,
Dalian University of Technology Press, Dalian, China, 2004.



