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Hydraulic turbine runners experience high excitation forces in their daily operations, and these excitations may cause resonances
to runners, which may induce high vibrations and shorten the runner’s lifetimes. Increasing the added damping of runners in
water can be helpful to reduce the vibration level during resonances. Some studies have shown that the modification of the trailing
edge shape can be helpful to increase added damping of hydrofoils in water. However, the influence of blade trailing edge shape on
the added damping of hydraulic turbine runners has been studied in a limited way before. Due to the difficulties to study this
problem experimentally, the influence of blade trailing edge shape on a Kaplan turbine runner has been studied numerically in this
paper and the one-way FSI method was implemented.(e performances of three different turbulence models, including the k − ϵ,
k − ω SST, and transition SSTmodels, in the added damping simulation of the NACA 0009 hydrofoil were evaluated by comparing
with the available results of the two-way FSI simulation in the references. Results show that, unlike the significantly different
performances in the two-way FSI method, the performances of all the turbulencemodels are very close in the one-way FSI method.
(en, the k − ϵ turbulence model was applied to the added damping simulation of a Kaplan turbine runner, and results show that
the modification of the blade trailing edge shape can be helpful to increase the added damping to some extent.

1. Introduction

Nowadays, hydropower plays an important role in world
electricity generation, and over 21% percent of world
electricity is produced by hydropower every year [1]. Due to
the fast increase of wind and solar energy for electricity
generation in recent years, great unstableness is introduced
to the electricity grid. Hydropower can provide fast re-
sponses for the power regulation to adjust the unstableness
of the electricity grid caused by some other renewable
sources, like solar and wind energy [1], and its load can
change from 20% to 100% in less than 1minute. (erefore,
hydraulic turbines operate at extreme off-design conditions
and experience transient events much more times one day
than before, which leads to even larger forces. Such higher
forces can produce higher vibration levels in the runners,
which can cause fatigue damage and shorten their lifetime.
Such failures are attributed to the fluid-structure interaction

(FSI) caused by the rotor-stator interaction (RSI) [2–5].
Sometimes, the runner’s natural frequency is very much
close to the frequency of RSI and/or its harmonic and causes
resonances to the runner. (is amplifies the amplitudes of
runner vibrations and greatly accelerates its fatigue progress
[6–8].

Kaplan turbines are one type of widely used hydraulic
turbines that are mostly used in low water head and large
capacity hydropower plants [9], and the blades of Kaplan
turbine runners can rotate to make the runner operate under
high efficiencies for a wide range of operation. (e typical
structure of Kaplan turbines is shown in Figure 1. (e
excitation forces of Kaplan turbine runners can be both
static and dynamic pressures [10–15]. (e dynamic pressure
mostly comes from the rotor-stator interaction (RSI). Due to
the aforementioned reasons, several failure cases for Kaplan
turbine runners have been reported in the literature, and
some are caused by resonances [6, 16–18].
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To reduce the vibration levels of Kaplan turbine runners
during resonances to increase their lifetimes, increasing their
damping ratios can be helpful. Kaplan turbine runners are
submerged in water in daily operations, and their dynamic
behavior is severely affected by the added mass and added
damping effect from the surrounding water [19–21]. To
increase the damping of Kaplan turbine runners, increasing
the added damping in water can be a practical way. A good
review on the added damping in hydraulic turbines has been
shown in [20], where a measure to increase the added
damping by modifying the trailing edge shape of the blades
has been mentioned. Blake first found that the vibration
amplitude of Francis turbine runners can be greatly reduced
by sharpening the trailing edge of blades, particularly the
Donaldson trailing edge, which has a smooth transition for
the sharpening [22]. To study the mechanism of how
Donaldson trailing edge reduced the vibration amplitude,
Zobeiri investigated the influence of trailing edge shapes,
including the blunt trailing edge and the Donaldson trailing
edge, on the wake dynamics of a NACA 0009 hydrofoil, and
they found that the Donaldson trailing edge can reduce the
distance between the vortices after the trailing edge com-
pared with that of blunt trailing edge and increase their
collision, which increases the energy dissipation [23]. Yao
Yao et al. understand the effect of trailing edge shape from
the viewpoint of added damping, and they found that the
Donaldson trailing edge can significantly increase the added
damping of the NACA 0009 hydrofoil, which explains why
the Donaldson trailing edge can be helpful to reduce the
vibration level [24, 25]. However, there are no studies on the
influence of blade trailing edge shape on the added damping
of real hydraulic turbine runners, particularly Kaplan tur-
bine runners.

To measure the added damping of hydraulic turbine
runners is very difficult because runners are enclosed by case
walls and submerged in water, which makes the sensor
installations and data transmissions very difficult. (erefore,
investigating the added damping based on numerical
methods probably can be an ideal way. (e numerical
methods for the added damping simulation can be divided
into two types, one is the one-way fluid-structure interaction
(FSI) method, and another one is the two-way fluid-

structure method.(e two-way FSI method needs to give the
structure an initial excitation and thenmeasure the vibration
amplitude decay ratio to extract the damping ratio. Gen-
erally, the two-way FSI method is more theoretical integrity,
but the calculation cost is usually very high. Zeng et al. used
the two-way FSI method to investigate the influence of
trailing edge shape on the added damping of the NACA 0009
hydrofoil, and the results fitted the experimental results very
well [25, 26]. In their investigations, they also investigated
the influence of turbulence models on the results, including
the k − ϵ, k − ω SST, and transition SST models, and they
found that the transition SST model can accurately capture
the velocity and pressure distributions in the boundary layer,
thus accurate damping compared with experimental results.
However, the k − ϵmodel and k − ω SST model can produce
large errors.

(e one-way FSI method needs to project the mode
shape to the structure boundary and then integrate the flow
field parameters under the periodic vibration of the structure
boundary. Generally, the one-way FSI method is not the-
oretical integrity, as the influence of mode shape change due
to the fluid flowing is not considered. However, for sub-
merged structures, the mode shape change due to the water
flowing usually is not significant, together with considering
the much less calculation cost compared with the two-way
FSI method, the one-way FSI method is also used by many
researchers, and good results were obtained compared with
experimental results. Tengs et al. use the one-way fluid-
structure method based on the k − ω SST turbulence model
to investigate the added damping of a hydrofoil in flowing
water, and little errors were found between the numerical
and experimental results [27]. Gauthier et al. developed an
improved one-way fluid-structure method with the con-
sideration of the added stiffness and added mass change due
to the water flowing and applied this method to investigate
the added damping of a hydrofoil and a Kaplan turbine
runner [28]. In their study, the k − ϵ turbulence model was
used, and limited errors were found compared with the
experimental results.

Due to the too high computation cost of the two-way FSI
method, in this study, the one-way FSImethod in [28] will be
used to investigate the influence of the blade trailing edge
shape on the added damping of a Kaplan turbine runner.
One problem with the one-way FSI method is the influence
of the turbulence model used on the results. (ough dif-
ferent turbulence models can produce significant differences
in the final results for the two-way FSI method, when dif-
ferent researchers used different turbulence models to do the
one-way FSI simulation to simulate the added damping, they
all claimed that good results were obtained. (erefore, some
uncertainties still lie in the performances of different tur-
bulence models when using the one-way FSI method. To
know the performance differences of different turbulence
models is important for accurate simulation result
achievements. In this study, firstly, the performances of three
turbulence models, including the k − ϵ, k − ω SST, and
transition SSTmodels, will be evaluated when they are used
in the one-way FSI method for the influence of the trailing
edge shape on the added damping of a NACA 0009 hydrofoil
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Figure 1: Blunt trailing edge hydrofoil.
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in [25], and then, the turbulence model with the best per-
formance will be applied for the influence of blade trailing
edge shape on the added damping of a Kaplan turbine
runner.

2. Numerical Methods

(e one-way FSI method developed in [28] will be used in
this paper. Due to the little influence of damping on the
natural frequencies, by neglecting the structure damping, the
motion of one vibrating system is described by

MS €x + KS � FF(t). (1)

(e natural frequency in vacuum ωv of the system
motion described by equation (1) depending only on
structure parameters is

ω2
v �

KS

MS

. (2)

MS represents the structure modal mass and KS the
structure modal stiffness, where FF(t) represents the fluid
total modal force applied on the structure and x is repre-
senting the deflection.

(e structure modal mass and the total force introducing
the chosen mode shape are expressed as

MS � C
Ω
ρSφ

2dV, FF(t) � B
Γ
τ(t).φdS. (3)

ρS represents the structure density, Ω represents the
structure volume, and the total surface load induced on the
structure by the flow and the fluid-structure interface are,
respectively, represented by τ and Γ.

Considering the effect of added mass and added stiffness,
the natural frequency, ωn, of the system becomes

ω2
n �

Ks + KF

Ms + MF

. (4)

(e dimensionless damping ratio is then represented as

ζ �
CF

2ωn Ms + MF( 
. (5)

MF represents the fluid-added mass, CF is the fluid-
added modal damping coefficient, and KF is the fluid-
added modal stiffness. (e added mass can be interpreted
as the mass of fluid accelerated due to the motion of the
structure. (e added stiffness describes the change in the
flow-induced restoring force with the deflection of the
structure. (e added damping represents energy extracted
from the structure as a result of work done by the fluid
flow.

(ree types of simulations need to be done in order to
obtain the above parameters: modal analysis, steady-state
CFD analysis, and unsteady CFD analysis. For one selected
mode, the modal analysis is mainly used to get the natural
frequency, modal mass, and stiffness in vacuum and water.
(e wet natural frequency and mode shape will act as the
initial values for the following simulation. (e steady-state
CFD is mainly used to get the added stiffness in water, and

the transient CFD is mainly used to update the added mass
and calculate the added damping in water.

2.1.Modal Analysis in VacuumandWater. A modal analysis
in vacuum provides the initial circular natural frequency ωv.
(e mode shape in vacuum can be extracted, and the modal
mass MS can be calculated from equation (2) or exported
from the FEM software directly. (e modal stiffness KS can
be calculated from equation (2). (en, the wet modal
analysis of the structure in water will be done, which can be
achieved through the Acoustic FSI technology available in
Ansys. (e wet modal analysis will provide the frequency ωf

and mode shape in still water used in the following simu-
lation. (e added mass MF in still water can be calculated
from the following equation:

ωf �
1
2π

��������
KS

MS + MF



. (6)

2.2. Steady-State CFD. For the steady state, the modal force
can be written as a sum of two forces:

FF � F0 − KFx. (7)

(e fluid-added stiffness, KF, corresponds to a gradient,
defined by the variation of the modal total force over the
variation of the deflection −dFF/dx. So, at least two values of
both the modal total force and the structure deflection are
needed. For linearity purposes, the difference between de-
flection values has to be very small. URANS flow simulations
of five deflection values of the structure were done to get the
fluid-added stiffness.

2.3. TransientCFDAnalysis. (e harmonic modal motion of
the structure is defined as

x(t) � X0 sin ωnt( . (8)

By projecting the motion to the flow field, a transient
CFD simulation can be done. An averaged quantity, Φ, can
be calculated as

ϕ �
1
N


t0+ 2πN/ωn( )

t0

FF · x(t)dt, (9)

where N is an integer number of oscillations and t0 an
arbitrary time coordinate. If the number of periods is high
enough, substituting equation (4) into equation (8) results in

ϕ � πX
2
0ωnMF. (10)

From equations (8) and (9), the natural frequency can be
updated and used in the following transient CFD simulation.
With some repetition, the convergent added mass can be
obtained. (e average modal work done by the flow on the
structure, W, can be obtained as
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W �
1
N


t0+ 2πN/ωn( )

t0

FF · _xdt. (11)

If the number of oscillations is high enough, W goes to
its convergent value:

W � −CFπX
2
0ωn. (12)

From equations (11) and (12), CF can be obtained for the
added damping ratio calculation in equation (4).

3. Results and Discussion

3.1. Hydrofoil

3.1.1. Physical Model. (e simulated hydrofoil is the 3D
NACA 0009 hydrofoil used in [24–26], and in their research,
the influence of the trailing edge shape on the added
damping was studied. Blunt trailing edge hydrofoil is pre-
sented by Figure 1 with a chord length L� 100mm, the
width of the span is w � 150mm, and the trailing edge
thickness is h� 3.22mm. (e hydrofoil of structural steel
material has a density of ρS � 7700 kg/m3, the elasticity
modulus is E� 215GPa, and Poisson’s ratio is ]� 0.3. (e
angle of attack of the hydrofoil in the calculation domain is
0°. (e configurations of the calculation domain are shown
in Figure 2.

(e Donaldson trailing edge hydrofoil is a modification
of the blunt model. Figure 3 presents the operations to
modify the trailing edge from the blunt one to the
Donaldson one. Several parameters have to be taken into
account as the angle α� 45°, the oblique tangent l1, and the
cubic polynomial curve l2.(e cubic polynomial is expressed
by

y � ax3 + bx2 + cx + d,

a � 2595.18, b � 637.51, c � 51.141, d � 1.322.

⎧⎨

⎩ (13)

3.1.2. Modal Analysis in Vacuum and Water. (e modal
analysis was done through Ansys Workbench 19.2. Fix
support was given to the end of the hydrofoil. For the modal
analysis in water, Acoustic FSI technology was used to
simulate the added mass effect from the surrounding water,
which is a reliable simulation technology used by many
researchers [29, 30]. (e water domain was selected as the
acoustic body with a density of 1000 kg/m3 and a sound
speed of 1483m/s.(e inlet and outlet were set to be the total
absorption surface, and all other walls were set to be rigid
walls. A fluid-structure coupled algorithmwas implemented.
(e mode shape and natural frequency of the first bending
mode in water were set as the initial frequency and mode
shape for the following CFD analysis. When the hydrofoil is
submerged in water, common nodes technology was used
for the mesh at the fluid-structure interfaces. (e view of the
mesh for the hydrofoil in vacuum is shown in Figure 4. (e
mode shapes of the first bending mode of the blunt and
Donaldson hydrofoil in water are shown in Figure 5. (e
modal parameters are shown in Table 1.

3.1.3. Steady CFD Analysis. (e boundary conditions for the
CFD analysis are shown in Figure 2. A velocity inlet was used
with a low turbulence intensity of 1%, and three different
inlet velocities were tested. (e outlet boundary is defined as
a pressure outlet with a 0 Pa relative pressure. (e up, down,
left, and right sides are all set as walls. (e mode shape
profile of the first bending mode was projected to the hy-
drofoil surface, and in the steady CFD analysis, the hydrofoil
was set as the wall with different specific displacements
(from 0.01mm to 0.05mm). (ree different turbulence
models, including the k − ϵ, k − ω SST, and transition SST
models, were tested, and for each turbulence model, the
modal forces under different hydrofoil displacements were
interacted over the hydrofoil surface to calculate the added
stiffness. (e mesh sensitivity has been strictly checked, and
the view of the mesh of the blunt hydrofoil has been shown
in Figure 6. (e thickness of the first layer of the boundary
layers is about 0.001mm, which corresponds to a y+ about 1
when the inlet velocity is 15m/s. For the k − ϵ turbulence
model, scalable wall functions were implemented. A back-
ward Euler second-order time integration scheme was
implemented in the analysis. (e modal force change versus
the hydrofoil displacement under the inlet velocity of 10m/s
has been shown in Figure 7. (e modal force nearly linearly
increases with the deflection amplitude, and the gradient of
the fit curve, that is to say, the added stiffness, is about 0.47.
(erefore, the added stiffness is very small compared with
the structural stiffness (see in Table 1), and this is maybe
because the hydrofoil is symmetric and because of the 0-
degree incidence angle of the flow. Due to the small influence
of the added stiffness, it is directly neglected for the added
damping calculation for all the cases of the hydrofoil.

3.1.4. Transient CFD Analysis. For transient CFD analysis,
the mode shape profile of the first bending mode was
projected to the hydrofoil surface, and the hydrofoil was set
as the wall with periodic displacement with an amplitude of
0.05mm. (e initial frequency is the natural frequency of
each hydrofoil in still water. Totally 15 periods of vibration
cycles were calculated for each case, and the last 10 periods
were used to calculate the addedmass and added damping to
avoid the influence of the initial turbulence. For each vi-
bration period, 400 substeps were used which has been
shown enough for this type of structure [28]. A double-
precision solver was selected for calculation via a 64-core
cloud computer.

(e modal forces along with the time steps (2000 to
4000) for the blunt hydrofoil under the inlet velocity of 5m/
s, 10m/s, 15m/s when the turbulence model is transition
SST have been shown in Figure 8, and themodal forces along
with the time steps (2000 to 4000) for the blunt hydrofoil
using three different turbulence models under the inlet
velocity of 10m/s have been shown in Figure 9. When the
inlet velocity becomes higher, the modal force curve may
become not that smooth which may be because the tur-
bulence intensity becomes higher.

(e frequency updating of the Donaldson hydrofoil
under the inlet velocity of 10m/s when using the k − ω SST
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model has been shown in Table 2. After two steps of
updating, the frequency has been nearly convergent.
(erefore, two steps of updating were applied to all the
simulation cases.

(e results obtained from the two-way FSI simulation by
[25] are also shown in the figure. As can be seen, the results
obtained from different turbulence models are very close for
both the blunt and Donaldson hydrofoils, and the results are
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Figure 4: Blunt trailing edge hydrofoil mesh.
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also very close to the results obtained from the two-way FSI
simulation. (is on the one hand confirms our simulation
configurations, and on the other hand, unlike the influence
of the turbulence model on the results of the two-way FSI
method, the turbulence model seems to affect the results of
the one-way FSI method very little. (is can also be seen in
Figure 7 that the modal forces of the three turbulencemodels
are nearly the same, and thus, nearly the same results are
obtained.

3.2. Kaplan Turbine Runner

3.2.1. Physical Model. (e investigated turbine is the same
one described in [30, 31]. (e turbine has a head of 34m and
a maximum power of 73MW. (e runner has 6 blades
rotating at 125 rpm, and the distributor has 24 guide vanes.
(e flow rate at the best efficiency point is about 22.5m3/s.
(e diameter of the runner is about 6m, and the tip
clearance is 0.09% of the outlet diameter of the runner. (e
geometry sketch of the studied Kaplan turbine is shown in
Figure 11.

Due to the geometry complexity of the blades, it is
impossible to sharpen the blade trailing edge with a curve
that has an accurate equation as that on the hydrofoil. In this
paper, the blade trailing edge was given a proximate 45-
degree sharpener with smooth transitions. (e geometry
view of the blunt and Donaldson blade has been shown in
Figure 12.

To purely investigate the influence of the trailing edge
shape on the added damping of the runner, only six blades
submerged in the water domain were simulated. (e blade
model has been validated in another paper by the author
[30]. For simple, an isolated stage without considering the
stay vanes was investigated, and the water domain from the
end of the stay vanes to the bottom of the hub was con-
sidered. (e blade angle of the runner at the nominal load
was studied. Only the bending mode of 0 nodal diameters,

i.e., mode for which the motion of every blade is in phase,
was considered in the simulation. Due to the low added
stiffness of this type of structure [28], the steady CFD
analysis was eliminated, and the influence of the added
stiffness was neglected.

3.2.2. Modal Analysis. For the modal analysis in vacuum,
only one blade was simulated. (e blade material is stainless
steel. (e surface where the rod connects the blade profile
was fixed. For the wet modal analysis in water, all the blades
were simulated together, and the surrounding water was
selected as the acoustic body. (e surfaces at which the
simulated blades connect with the water domain wer set to
be fluid-structure interfaces, the inlet and outlet surface were
set to be totally absorbed surfaces (the absorption coefficient
is 1), and all other surfaces were set to be rigid walls. Only the
bending mode was considered. Due to the little mode shape
changes from vacuum to water, the blade mode shape in
vacuumwas used for the following CFD analysis.(e view of
the mesh in water is shown in Figure 13. (e bending mode
shapes of the blunt and Donaldson blades have been shown
in Figure 14. (e natural frequencies of the 0 ND bending
modes of the blunt and Donaldson blades in water were
selected as their initial frequencies in the following CFD
analysis.

3.2.3. Transient CFD Analysis. For the transient CFD
analysis, the amplitude of the blade vibration was set to be
0.0005m, which was also used in [28]. Because the turbu-
lence model has been demonstrated to have little influence
on the added damping simulation, the standard k–ϵ model
was used. Scalable wall functions were applied to near-wall
regions. (ree different inlet velocities, including the 100%,
75%, and 50% of the inlet velocity under the best efficiency of
the runner, were simulated. A pressure outlet was also used
with a relative pressure of 0 Pa. To simulate the added
damping of the 0 ND mode, a Fourier Transformation
Method was implemented, which allows us to use only two
single blade passages to simulate the entire flow field with
different ND blade motions [32, 33]. For every case, a total of
15 periods of oscillation was simulated. (e mesh sensitivity
was strictly checked, and the view has been shown in Fig-
ure 15. For one single blade passage, about 1.2M

Blunt Donaldson 
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Figure 5: Bending mode shapes of the blunt and Donaldson hydrofoil.

Table 1: Modal parameter for the bending mode of the blunt and
Donaldson hydrofoils.

fv (Hz) fw (Hz) MF/MS KS (N/m)

Blunt 283.26 188.44 2.2596 5076.3
Donaldson 284.38 189.94 2.2416 5157.4
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unstructured cells were used, and boundary layers on the
blade profiles were created with the y+ lower than 150 (the

thickness of the first layer is about 0.1mm). A backward
Euler second-order time integration scheme was also
implemented in the analysis. (e time step was also selected
as 400 substeps per period. (e double-precision solver was
also selected for calculation via the 64-core cloud computer.
(e same as that on the hydrofoil is also two-step natural
frequency updating to get the final added damping. (e
damping ratios of the blunt and Donaldson Kaplan turbine
runners have been shown in Figure 16.
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Table 2: Frequency interactives.

(Hz) Frequency interactives
Initial frq. 189.94
Step 1 191.26
Step 2 191.41
(e final damping ratios of the blunt and Donaldson hydrofoil under
different inlet velocities have been shown in Figures 10(a) and 10(b),
respectively.
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way FSI simulation (Zeng, Y. S. et al., 2019).
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Figure 12: View of the blunt and Donaldson trailing edge of the Kaplan turbine blade.
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Same as the hydrofoil, the added damping linearly in-
creases with the inlet velocity for both the blunt and
Donaldson trailing edge blades, and generally, the added
damping of the Donaldson trailing edge blade is higher than
that of the blunt trailing edge blade when the inlet velocity is
higher than some values. However, compared with the in-
fluence of the trailing edge shape on the added damping, its
influence on the Kaplan turbine runner is less significant,

and for each inlet velocity, the difference between two tailing
edge shapes is less than 10%. (e reason for this may be
because the Kaplan turbine blade is wider than the narrow
hydrofoil, and the modal displacement concentrates more
on other areas of the blade than the hydrofoil, which de-
termines that the trailing edge shape modification produces
less significant influence on the modal force than the hy-
drofoil, thus less significant influence on the added damping.

Figure 13: View of the mesh when the blades are submerged in water.
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Figure 14: Bending mode shapes of the blunt and Donaldson blades.

Figure 15: View of the mesh of one flow passage.
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4. Conclusions

In this paper, the influence of blade trailing edge shape on the
added damping on hydraulic turbine runners has been
studied. Numerical methods have been used for study in this
paper. Because of the too high computation cost of the two-
way fluid-structure interaction (FSI) method, the one-way FSI
method was implemented. Firstly, the performances of three
different turbulence models, including the k − ϵ, k − ω SST,
and transition SSTmodels, in the simulation of the influence
of the trailing edge shape on the added damping of hydrofoils,
were evaluated by comparing with the results of the two-way
FSI simulation available in the references. Unlike the tur-
bulence model which affects the results of the two-way FSI
method a lot, the performances of different turbulencemodels
in the on-way FSI method are very close. Little errors found
between the results of the three turbulence models are all very
close, which provides a reference for the turbulence model
chosen in the future added damping simulation using the
one-way FSI method. Based on this, the k − ϵ model was
applied to the added damping simulation of a Kaplan turbine
runner, and the influence of the blade trailing edge shape on
the added damping was investigated. Results show that the
Donaldson trailing edge can increase the added damping of
the Kaplan turbine runner more than the blunt trailing edge
to some extent to reduce the vibration level, but the influence
is less significant than that on the hydrofoil. (e reason for
this may be because the blades of Kaplan turbine runners are
wider than the hydrofoil, which determines that the trailing
edge shapemodification produces less significant influence on
the modal force than the hydrofoil, thus less significant in-
fluence on the added damping. In the future, the influence of
the blade trailing edge shape on the added damping of other
types of hydraulic turbine runners which have higher modal
displacement concentrations near the blade trailing edge, like
the Francis turbine runners, will be investigated to provide
suggestions for the vibration level reduction.

Nomenclature

BD: Bending mode
FF: Total modal force
KF: Added stiffness
KS: Structural modal stiffness
MS: Structural modal mass
MF: Added mass
nV: Number of vertical nodal lines
TS: Torsion mode
W: Modal work
Zv: Number of guide vanes
φ: Mode shape
ωv: Natural frequency in vacuum
X0: Vibration amplitude
CF: Added damping
FSI: Fluid-structure interaction
k: Flow field pressure pattern
mH: Number of horizontal nodal lines
ND: Nodal diameter
NL: Nodal line
RSI: Rotor-stator interaction
x: Modal deflection
Zb: Number of blades
ωn: Circular vibration frequency
ξ: Damping ratio
ωf: Natural frequency in vacuum.
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