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In a multiagent system (MAS), communication signals are affected by harsh wireless networks when they are transmitted from an
agent to its neighboring agents, leading to the inconsistency of the MAS. In this paper, an average-iterative learning control
(average-ILC) method is studied to address the consensus problem of MAS over wireless networks in the presence of channel
noise and data dropout. (e combined effects of channel noise and data dropout on iterative learning controllers are carefully
analyzed. Based on graph theory and mathematical expectation, the corresponding average-iterative learning scheme is proposed.
Especially, a sufficient condition is derived for the average-iterative learning scheme. Rigorous theoretical analysis demonstrates
that the convergence of the covariance matrix of tracking error can be guaranteed with the help of an average-iterative learning
scheme. Finally, simulation results are given to show the effectiveness of the proposed method.

1. Introduction

(e consensus problem has become one of the most popular
research studies in collaborative control of MAS [1–4]. Its
purpose is to make each agent of MAS cooperate with others
to achieve the desired trajectory and then complete a certain
task. Meanwhile, ILC is an effective technology for dynamic
systems that operate repetitively because it realizes the
control tasks of dynamic systems with high uncertainty in a
limited time interval. (ereby, ILC has attracted widespread
attention in many areas, such as robotics [5], vehicles [6],
industrial automation [7], and batch processes [8]. For these
applications of ILC, it can be seen that ILC has a good
performance in collaborative tasks. (us, it is a splendid
alternative to apply ILC algorithms in MAS.

(e applications of ILC in multiagent frameworks have
been developed for many years. ILC was firstly introduced
into MAS by Ahn and Chen in [9], and the control input

sequence of MAS was iteratively generated to realize for-
mation control.Motivated by it, distributed ILCwas proposed
for multiagent tracking. In References [10, 11], the authors
proposed distributed-ILC methods, which used the relation
between local error and global error to solve the tracking
problem of continuous-time systems and discrete-time sys-
tems, respectively. After that, Meng and Jia [12] extended
distributed ILC for MAS to the varying communication to-
pologies. In addition, tracking problems of heterogeneous and
nonrepetitive MAS were studied in [13, 14]. Devasia [13]
addressed the convergence of ILC for networked and het-
erogeneous MAS, where each agent has potentially different
dynamics. And, the authors in [14] presented a novel ILC
algorithm that did not rely on identical reference trajectories
over the iteration domain. Besides, data-driven frameworks of
ILC for MAS were proposed in [15, 16]. Coincidentally, Bu
et al. made a more in-depth study on data-driven ILC and
solved the problem of data quantization and limited sensor
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output [17–19]. Bandwidth issues [20] and cyberattacks also
increase the difficulty of achieving multiagent consistency
control. In [21], a method of dynamic event-triggered
scheduling was proposed to deal with the problem of limited
bandwidth. In [22], distributed secure control and resource-
aware secure control methods are introduced to ensure the
security of multiagent networks.

However, an underlying condition of all the above-
mentioned results is that the signal transmission is reliable,
which means that signals were not polluted when they are
transmitted from one agent to another. But for MAS, all
agents are usually located in different sites and communicate
with others via wireless networks. (en, channel noise and
data dropout always exist in channels of wireless networks
and cause interference to the transmitted signals. (us, re-
liable transmission is hard to be realized in actual networks
when there are channel noise and data dropout in the wireless
communication channel. (is increases the design difficulty
of iterative learning controllers. To solve this problem, many
references give corresponding solutions on channel noise and
data dropout. First of all, Kalman filter [23, 24] and adaptive
methods [25–27] are general ways to eliminate the effect of
channel noise on ILC. In addition, Shen and Qu [28] con-
sidered the fading channel with both multiplicative and ad-
ditive randomness, and a decreasing gain sequence was
applied in the design of the iterative learning controller. After
that, in [29], the robustness of ILC for a class of mobile robot
systems with channel noise was analyzed. (en, distributed
iterative algorithms for consensus problems were considered
for random switching networks with channel noise [30]. Also,
data dropout is a common problem existing in wireless
communication channels and developing on ILC for many
years [31–34]. (e convergence of ILC with successively
dropped input data for a class of discrete-time systems over
networks was discussed in [31]. Besides, Shen proposed an
iterative learning method for linear stochastic systems under
general data dropout environments [32] and then extended it
to the data-driven approach [33].

Nevertheless, consensus problems of MAS with ILC in
presence of channel noise or data dropout have not been fully
investigated. (ese abovementioned references only consider
the impact of channel noise or only the impact of data
dropout. It is well known that channel noise and data dropout
are unavoidable in wireless communication channels, and
they simultaneously act on transmitted signals when the
signals are transmitted from one agent to another. Channel
noise leads to an inaccurate signal, and data dropout means
that the signal is unable to be received by other agents. In
other words, the signal cannot be received if data dropout
exists; otherwise, the signal is received by other agents in an
imprecise form. (en, these combined effects of channel
noise and data dropout act on the iterative learning con-
troller, causing the ILC algorithms to fail to converge. (is
indicates that the design complexity of the iterative
learning controller is greatly increased when channel noise
and data dropout coexist. Unfortunately, no literature
considers channel noise and data dropout simultaneously
for ILC of MAS, and ILC schemes proposed by existing
references cannot solve this problem well. (erefore, our

aim is to design an iterative learning controller to guarantee
the convergence of ILC for MAS with channel noise and
data dropout.

Motivated by this, in this paper, channel noise and data
dropout are both taken into account for MAS. (e mixing
error caused by channel noise and data dropout will be
introduced into the iterative learning controller and then
make the outputs of MAS more difficult to reach the desired
output. For dealing with this problem, an average-ILC
method is proposed. As a result, rigorous theories dem-
onstrate that the effects of both channel noise and data
dropout on iterative learning controllers can be effectively
eliminated by the proposed method.

(e main contributions of this paper are highlighted as
follows.

(1) As we all know, channel noise and data dropout are
important factors affecting signal transmission. As far
as we know, there is no paper to study the situation
with both channel noise and data loss. (us, unlike
the aforementioned references, channel noise and
data dropout are both considered for the consensus
problem of MAS using ILC, which further promotes
the design complexity of the iterative learning con-
troller and then increases the difficulty of the con-
sensus problem for MAS. In addition, the differences
between channel noise and data dropout are de-
scribed, and their combined effects on ILC for MAS
are also depicted in this paper.

(2) For channel noise and data dropout introduced by
wireless communication channels between neigh-
boring agents, an average-iterative learning con-
troller is designed to eliminate the mixing error
caused by them. With the help of the series con-
vergence property, a sufficient condition is proposed.
(en, the perfect tracking can be obtained for MAS.
In addition, by comparing the method proposed in
this article with traditional methods, we verify the
effectiveness of the method proposed in this article.

(e remainder of this paper is organized as follows.
Some preliminaries are made in Section 2, and the consensus
problem of MAS with channel noise and data dropout is
formulated in Section 3. To deal with this problem, an
average-iterative learning scheme is proposed and the
corresponding convergence is carefully analyzed in Section
4. (e simulation results are shown in Section 5, and the
effectiveness of the proposed method is illustrated. Finally,
conclusions are given in Section 6.

Notions: φn � 1, 2, . . . , n{ } represents n agents, andZN �

0, 1, . . . , N{ } contains all discrete time. 1 and 0 denote the
column vector with appropriate dimensions whose elements
are all ones and all zeros, respectively. I is an identity matrix
with appropriate dimensions.

2. Preliminaries

2.1. Graph,eory of MAS. Based on algebraic graph theory,
we can change the network topology into mathematics
matrices. Let G � V, E{ } be a directed graph consisting of n
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agents, where V � vj: j ∈ φn  is n agents and
E⊆ (vi, vj): vi, vj ∈ V) is the edge set, and an edge (vi, vj)

represents a wireless channel where signals are transmitted
from vi to vj. (erefore, we can associate the adjacency
weight of (vi, vj) with aji. Define aji � 1 when (vi, vj) ∈ E;
otherwise, aji � 0. Moreover, we assume that aii � 0, that is,

aji �
1, vi, vj  ∈ E,

0, vi, vj  ∉ E or j � i.

⎧⎪⎨

⎪⎩
(1)

A path in directed graph G is a finite sequence
(vj1

, vj2
, . . . , vjl

) and (vji
, vji+1

) ∈ E, i � 1, 2, . . . , l − 1. Define
A � [aji] ∈ Rn×n is a nonnegative weighted adjacency ma-
trix of directed graph G. Define D � diag d1, d2, . . . , dn 

where dj � i∈Nj
aji is the sum of jth row of the weighted

adjacency matrix A. Nj � vi ∈ V: (vi, vj) ∈ E  represents
the set of neighbors of agent j. (e Laplacian matrix of G is
defined as L � D − A. If MAS has a virtual leader marked as
r, then the network topology can be described as
G � E,V∪ r{ } , where E⊆ (vi, vj): vi, vj ∈V∪ r{ } . Define
H � L + B whereB � diag b1, b2, . . . , bn  with bj � 1 if jth
agent can obtain information from the virtual leader r di-
rectly; otherwise, bj � 0.

2.2. Channel Noise and Packet Loss of MAS. All agents of
MAS are located in different positions, and the multiagent
consistency is realized through mutual cooperation. (is
means each agent needs to send signals to others and receive
signals from others via wireless networks. However, channel
noise and data dropout in wireless networks can cause in-
terference to transmitted signals.(en, the details of channel
noise and data dropout are shown in Figure 1. In this figure,
agents 1, 2, and 3 are neighboring agents of agent j. It is easy
to obtain that outputs of neighboring agents (agents 1, 2, and
3) are polluted before agent j receives them.

For instance, agent 1 transmits its output η(t) to agent j

via wireless networks. When the output is sent from agent 1,
it is η(t), but when it is received by other agents, it is
η(t) � μ(t)(η(t) + m(t)), where η(t) is the original signal,
m(t) is additive white Gaussian noise, and μ(t) is the
randomness of data dropout which follows the Bernoulli
distribution. Herein, there is no data dropout if μ(t) � 1;
otherwise, μ(t) � 0. To better describe the randomness of
these two variables, we assume that μ(t) and m(t) satisfy the
following statistics:

E[μ(t)] � μ,

E[m(t)] � 0,

σ2m � E m
2
(t)  � Rm,

(2)

where 0< μ≤ 1 represents the successful transfer rate and Rm

is the variance of channel noise m(t).
(e effects of both channel noise and data dropout on

agent j are shown in Figure 2. (e controller obtains the
mixing error ξj,k(t), which contains the randomness of
channel noise and data dropout. (erefore, the design
complexity of the iterative learning controller increases. (is
means that we need a novel iterative learning scheme to
eliminate these effects. For the ease of presentation, we
consider the noise as additive white Gaussian noise. In
follow-up studies, we will consider other more general
noises.

Remark 1. It also assumes that Rm and μ are known to us
because the statistics of both channel noise and data dropout
rely on the actual environment.(erefore, in order to obtain
the probability of data dropout μ, we can get the frequency of
data dropout through multiple trials. When the number of
trials is large enough, the frequency of data dropout is equal
to the probability of data dropout. (is means the proba-
bility of data dropout can be estimated in advance. Besides,
μ(t) is independent of m(t), that is,
E[μ(t)m(t)] � E[μ(t)]E[m(t)].

3. Problem Formulation

Consider MAS with n agents and the jth one is governed by
the following discrete-time dynamics:

xj,k(t + 1) � Axj,k(t) + Buj,k(t),

yj,k(t) � Cxj,k(t), ∀t ∈ ZN, j ∈ φn, and k � 0, 1, . . . ,

⎧⎨

⎩ (3)

where xj(t) ∈ R, yj(t) ∈ R, and uj(t) ∈ R represent the
state, output, and control input of jth agent, respectively. A,
B, and C are system parameters.

For describing all agents of MAS (3), we denote
xk(t) � [x1,k(t), . . . , xn,k(t)]T, yk(t) � [y1,k(t), . . . ,

yn,k(t)]T, and uk(t) � [u1,k(t), . . . , un,k(t)]T. (en, we can
rewrite (3) as

xk(t + 1) � Axk(t) + Buk(t),

yk(t) � Cxk(t),
 (4)

Agent J

Agent 1

Agent 2

Agent 3
Polluted outputs
of neighboring

agents

Wireless
network

Wireless
network

Wireless
network

Figure 1: Channel noise and data dropout between agent j and its
neighboring agents.
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where A � diag A, A, . . . , A{ } ∈ Rn×n, B � diag B, B, . . . , B{ }

∈ Rn×n, and C � diag C, C, . . . , C{ } ∈ Rn×n.
For a given virtual leader r, its output trajectory

yr(t) ∈ R is the desired trajectory for MAS. In this paper,
desired control input ur(t) ∈ R satisfies

xr(t + 1) � Axr(t) + Bur(t),

yr(t) � Cxr(t),
 (5)

where xr(t) ∈ R is the desired state.
Based on the descriptions of channel noise and data

dropout in Section 2, we learn that both channel noise and
data dropout existing in wireless networks pollute the
transmitted signals and then increase the uncertainty of
MAS. Take agent j for example, the output that is received
from agent i can be described as

yi,k(t) � μi,k(t) yi,k(t) + mij,k(t) . (6)

For the convenience of the following analysis, μ− 1 is
applied in (6). (en, we have

yi,k(t) � μ− 1
yi,k(t),

� μ− 1μi,k(t) yi,k(t) + mij,k(t) ,

� yi,k(t) − 1 − μ− 1μij,k(t) yi,k(t) + μ− 1μij,k(t)mij,k(t),

� yi,k(t) − μij,k(t)yi,k(t) + mij,k(t),

(7)

where μij,k(t) � 1 − μ− 1μi,k(t) and mij,k(t) � μ− 1μij,k

(t)mij,k(t). μ is described in (2).

Remark 2. yi,k(t) is the output of agent i and yi,k(t) is the
signal received by the neighboring agents of agent i. It is
obvious that yi,k(t) is affected by channel noise and data
dropout in wireless channels, and then, E[μij,k(t)] � 0.
Corresponding to the actual process, the first step of (7)
means that agent j receives the polluted output of agent i and
then multiplies the factor μ− 1, which is known to us in
advance.

We consider that the topology of MAS (3) has a dis-
tributed structure, which means that part of agents can
obtain signals from the virtual leader r only. (erefore, local
error for agent j at time t and iteration k can be expressed as

ξj,k(t) � 
i∈Nj

aji yi,k(t) − yj,k(t)  + bj yr(t) − yj,k(t) ,

� 
i∈Nj

aji yi,k(t) − yj,k(t)  + bj yr(t) − yj,k(t)  + 
i∈Nj

aji − μij,k(t)yi,k(t)  + mj,k(t),
(8)

where mj,k(t) � i∈Nj
ajimij,k(t).

Define mk(t) � [m1,k(t), m2,k(t), . . . , mn,k(t)]T and
Ak(t) � [aji,k(t)] where aji(t) � ajiμij,k(t) is the element of
jth row and ith column in matrixAk(t). (en, the compact
form of (8) is

ξk(t) � H 1nyr(t) − yk(t)(  + Ak(t) 1nyr(t) − yk(t)( 

− Ak(t)1nyr(t) + mk(t).

(9)

For MAS (3), the tracking error at time t and iteration k

can be described as follows:

ek(t) � 1yr(t) − yk(t). (10)

(en, (9) can be rewritten as
ξk(t) � Hek(t) + Ak(t)ek(t) − Ak(t)1yr(t) + mk(t).

(11)

Define yr � [1Tyr(1), 1Tyr(2), . . . , 1Tyr(N)]T, yk �

[yT
k (1), yT

k (2), . . . , yT
k (N)]T, and ek � [eT

k (1), eT
k (1),

. . . , eT
k (N)]T. (en, the compact form of (10) is

ek � yr − yk. (12)

(en, considering all the time, we can just go on and
derive the following equations from (9):

ξk � Η yr − yk(  + Ak yr − yk(  − Akyr + mk,

� Ηek + Akek − Akyr + mk,
(13)

where ξk � [ξT
k (1), ξT

k (2), . . . , ξT
k (N)]T,mk � [mT

k (1), mT
k (2

), . . . , mT
k (N)]T, Η � Η⊗ IN, and Ak � diag Ak(1),

Ak(2), . . . ,Ak(N)} for simplicity.
(e objective in this paper is to ensure that the following

convergence principle holds:

lim
k⟶∞

E eke
T
k  � 0. (14)

uj,k (t) yj,k (t)

ξj,k (t)uj,k+1 (t)

Plant j

Controller

Sender

Polluted outputs
of neighboring

agents
Receiving

end

‹

Figure 2: Iterative process within agent j.
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Remark 3. It is clear that ξk is the local error polluted by
channel noise and data dropout, while ek is the tracking
error which represents the error between the outputs of all
agents and desired output. In particular, channel noise and
data dropout only have effect on the outputs that need to be
transmitted, but for the agent itself, its output is not polluted
by channel noise and data dropout. (us, what we should do
is to design the iterative learning scheme to eliminate the
combined effects of channel noise and data dropout on the
iterative learning controller and then to guarantee that all
outputs of agents reach the desired output, such as (14).

Assumption 1. (e virtual leader r is globally reachable in
directed graph G.

Assumption 2. For all agents i ∈ φn and iteration
k � 0, 1, . . ., the initial-time state satisfies

xi,k(0) � xr(0), ∀i ∈ φn and k � 0, 1, . . . . (15)

Assumption 3. For all agents i ∈ φn, time t ∈ ZN and iter-
ation k � 0, 1, · · ·, and the channel noise mi,k(t) is bounded.

Remark 4. Assumption 2 is a common one in research
studies on ILC [25, 29]. If the assumption cannot be satisfied,
somemethods can be applied to deal with the problem of the
initial state, such as adaptive ILC with the neural network
[35]. (ereby, for our future work, one of our objectives is to
consider the initial state into the framework of ILC for MAS
with channel noise and data dropout. Assumption 3 is also a
general condition for the controller design [25, 28]. (e
channel noise is bounded but the bound is unknown. (is is
consistent with the actual situation.

4. Design of Average-Iterative
Learning Controller

Channel noise and data dropout widely exist in the process
of wireless signal transmission, which increases the design
difficulty of the iterative learning controller. Hence, the
research of channel noise and data dropout on ILC is un-
doubtedly important. In this section, an iterative learning
controller is designed for MAS. An average-iterative
learning scheme is utilized to deal with the combined effects
of channel noise and data dropout on iterative learning
controllers.

For realizing objective (14), an average-iterative learning
scheme of agent j at time t and iteration k is proposed as
follows:

uj,k+1(t) �
1

k + 1


k

q�0
uj,q(t) + Γj(t)ξj,q(t + 1) . (16)

According to the definition of uk(t) in (4), we have

uk+1(t) �
1

k + 1


k

q�0
uq(t) + Γ(t)ξq(t + 1) , (17)

where Γ(t) � diag Γ1(t), Γ2(t), . . . , Γn(t) .
Define uk � [uk(0), uk(1), . . . , uk(N − 1)] and
Γ � diag Γ(0), Γ(1), . . . , Γ(N − 1){ }, and we can obtain the
compact form of (17):

uk+1 �
1

k + 1


k

q�0
uq + Γξq . (18)

For MAS (3), we define the desired input
ur � [1T

n ur(0), 1T
n ur(1), . . . , 1T

n ur(N − 1)]T and input error
Δuk � ur − uk. Substituting (13) into (18), the compact form
of our learning scheme can be converted as follows:

uk+1 �
1

k + 1


k

q�0
uq + ΓΗeq + ΓAqeq − ΓAqyr + Γmq ,

(19)

Δuk+1 �
1

k + 1


k

q�0
Δuq − ΓΗeq − ΓAqeq + ΓAqyr − Γmq .

(20)

According to the expression of (20), it shows the relation
of Δuk+1 and Δuk. However, the relation of Δuk and ek is not
clear, and it plays an important role in our next analysis.
(en, we have the following derivation. Based on (10), we
can derive that

ek(t) � 1yr(t) − yk(t),

� C 1xr(t) − xk(t)( ,

� C AΔxk(t − 1) + BΔuk(t − 1)( ,

� C AtΔxk(0) + 
t− 1

i�0
CAiBΔuk(t − i − 1)⎛⎝ ⎞⎠,

� 
t− 1

i�0
C AiBΔuk(t − i − 1) ,

(21)

where Assumption 2 is applied in the fourth step.
(en, the compact form of tracking error (12) can be

rewritten as follows:

ek � MΔuk, (22)

where

M �

CB 0 . . . 0

CAB CB . . . 0

⋮ ⋮ ⋱ ⋱

CAN− 1B CAN− 2B . . . CB

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (23)

(e relation of Δuk and ek is deduced in (22). (en, we
take (22) into (20),

Mathematical Problems in Engineering 5



Δuk+1 �
1

k + 1


k

q�0
(I − ΓΗM)Δuq − ΓAqMΔuq + ΓAqyr − Γmq ,

�
1

k + 1
(I − ΓΗM)Δuk − ΓAkMΔuk + ΓAkyr − Γmk 

+
k

k + 1
×
1
k



k− 1

q�0
(I − ΓΗM)Δuq − ΓAqMΔuq + ΓAqyr − Γmq ,

�
1

k + 1
(I − ΓΗM)Δuk − ΓAkMΔuk + ΓAkyr − Γmk  +

k

k + 1
Δuk,

� ΡkΔuk −
1

k + 1
ΓAkMΔuk +

1
k + 1
ΓAkyr −

1
k + 1
Γmk,

(24)

where Ρk � I − (1/(k + 1))ΓΗM.
Benefitting from above derivations, we can obtain the

following theorem and corollary. For the ease of repre-
sentation, we define Vk � (Δuk)(Δuk)T.

Theorem 1. Let us consider MAS (3) with channel noise and
data dropout, and Assumptions 1–3 hold. Average-iterative
learning scheme (16) is applied. If there exists gain matrix Γ
satisfying

‖I − ΓΗM‖ � ρ< 1, (25)

then we have lim
k⟶∞

‖E[Vk]‖ � 0.

Proof. From (24) and definition of Vk, we have following
derivations:

Vk+1 � Δuk+1(  Δuk+1( 
T
,

� ΡkVkP
T
k +

1
(k + 1)

2 ΓAkM Vk ΓAkM 
T

+
1

(k + 1)
2 ΓAkyr  ΓAkyr 

T
+

1
(k + 1)

2 Γmkm
T
kΓ

T

−
1

k + 1
ΡkVk ΓAkM 

T
−

1
k + 1
ΓAkM VkP

T
k +

1
k + 1
ΡkΔuk ΓAkyr 

T
+

1
k + 1
ΓAkyr  Δuk( 

TPT
k −

1
k + 1
ΡkΔukm

T
kΓ

T

−
1

k + 1
Γmk Δuk( 

TPT
k −

1
(k + 1)

2 ΓAkMΔuk ΓAkyr 
T

−
1

(k + 1)
2 ΓAkyr  Δuk( 

T ΓAkM 
T

+
1

(k + 1)
2 ΓAkMΔukm

T
kΓ

T
+

1
(k + 1)

2 Γmk Δuk( 
T ΓAkM 

T
−

1
(k + 1)

2 ΓAkyr m
T
kΓ

T
−

1
(k + 1)

2 Γmk ΓAkyr 
T
.

(26)

Noting that E[mk] � 0 and E[Ak] � 0. Besides, mk and
Ak are mutually independent. (us, we take mathematical
expectations on both sides of (26):

E Vk+1  � ΡkE Vk PT
k +

1
(k + 1)

2 E ΓAkM E Vk  ΓAkM 
T

 

+
1

(k + 1)
2 E ΓAkyr  ΓAkyr 

T
  +

1
(k + 1)

2 ΓE mkm
T
k ΓT

−
1

(k + 1)
2 E ΓAkME Δuk  ΓAkyr 

T
  −

1
(k + 1)

2 E ΓAkyr E Δuk( 
T

  ΓAkM 
T

 .

(27)
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Norm on both sides of (27):

E Vk+1 
����

����≤ Ρk
����

����
2
E Vk 

����
���� +

c1

(k + 1)
2 E Vk 

����
����

+
c2

(k + 1)
2 +

c3

(k + 1)
2 E Δuk 

����
����,

(28)

where c1, c2, and c3 are suitable values. We can obtain from
(24) that

E Δuk+1 
����

����≤ Ρk
����

���� E Δuk 
����

����,

≤
k

q�0
Ρq

�����

����� E Δu0 
����

����.
(29)

It is worth noting that

Ρk
����

���� � I −
1

k + 1
I +

1
k + 1

I −
1

k + 1
ΓΗM

�������

�������
,

≤ 1 −
1

k + 1
+

1
k + 1

‖I − ΓΗM‖,

≤ 1 −
1 − ρ
k + 1
< 1,

(30)

where ρ< 1. (us, we can obtain from (29) that

E Δuk+1 
����

����≤ E Δu0 
����

����, (31)

where ‖E[Δu0]‖ is the value that we can set. Formula (31)
means ‖E[Δuk]‖ is bounded, and we can derive from (28)
that

E Vk+1 
����

����≤ 1 −
bρ

k + 1
+

c1

(k + 1)
2  E Vk 

����
���� +

c4

(k + 1)
2,

(32)

where bρ � 1 − ρ< 1 and c4 is a suitable value.
Obviously, there is an iteration number k0 so that when

k> k0, we have

1 −
bρ

k + 1
+

c1

(k + 1)
2 < 1. (33)

(en, we can derive from (32) that

E Vk+1 
����

����≤ E Vk 
����

���� +
c4

(k + 1)
2,

≤ E V0 
����

���� + c4 

k

q�0

1
(q + 1)

2 <∞.

(34)

It means ‖E[Vk+1]‖ is bounded.(us, we can derive from
(32) again:

E Vk+1 
����

����≤ 1 −
bρ

k + 1
  E Vk 

����
���� +

c5

(k + 1)
2,

� E Vk 
����

���� −
1

k + 1
bρ E Vk 

����
���� −

c5

k + 1
 ,

� E Vk 
����

���� −
bρ

k + 1
E Vk 

����
���� −

c5

bρ(k + 1)
 ,

(35)

where c5 is a suitable value.
It seemed that if ‖E[Vk]‖ cannot converge to zero, we

have ‖E[Vk]‖≥ c6, where c6 is a suitable value. (us, we can
derive from (35) that

E Vk+1 
����

����≤ E Vk 
����

���� −
bρc6

k + 1
,

≤ E V0 
����

���� − 
k

q�0

bρc6

q + 1
.

(36)

It is worth noting that 
k
q�0((bρc6)/(q + 1))⟶∞ when

k⟶∞. (en, we have ‖E[Vk+1]‖< 0. Obviously, it is im-
possible. (us, we can derive that

lim
k⟶∞

E Vk 
����

���� � 0. (37)

(is completes the proof. □

Corollary 1. Let consider MAS (3) with channel noise and
data dropout, and Assumptions 1–3 hold. Average-iterative
learning scheme (16) is applied. ,en, the covariance matrix
of tracking error ek asymptotically converges to zero if con-
dition (25) holds, that is, lim

k⟶∞
‖E[ekeT

k ]‖ � 0.

Proof. According to the relation of input error Δuk and
global output error ek, we can derive from (22) that

E eke
T
k 

�����

����� � ‖M‖
2
E Vk 

����
����, (38)

where M is a constant matrix.
According to(eorem 1, we can derive that (37) holds if

condition (25) holds. (en, we have

lim
k⟶∞

E eke
T
k 

�����

����� � 0. (39)

(is completes the proof. □

Remark 5. (eorem 1 illustrates that ‖E[Vk]‖ converts to
zero in the mean-square sense with the help of average-it-
erative learning scheme (16). Obviously, the key to the
design of the learning scheme is to require the gain matrix Γ
to satisfy sufficient condition (25). Corollary 1 derives that
the covariance matrix of tracking error ek converges to zero
if ‖E[Vk]‖ converges to zero. It shows that the effects of both
channel noise and data dropout on iterative learning con-
trollers can be effectively eliminated by proposed scheme
(16), and then, a perfect tracking can be guaranteed for MAS
(3).

5. Simulation Results

For illustration and verification, we consider discrete-time
MAS (3) with four agents and one virtual leader r. (e
system parameter metrics are shown in (40):

A � 0.3,

B � C � 1.
(40)
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Let the desired output is yr(t) � (t/100) + sin(t/10) with
t ∈ [0, 100]. (e directed graph of MAS is shown in Figure 3.
(en, the weighted adjacent matrix

H �

1 0 0

− 0.5 1 0

0 − 0.5 0.5

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦. (41)

Average-iterative learning scheme (16) is applied. For all
agents, set the state at initial time xj,k(0) � 0. (e gain
matrix is set to be Γj(t) � 0.6.

To show the effectiveness of the proposed method, a
benchmark method is introduced, such as
uj,k+1(t) � uj,k(t) + Γj(t)ξj,k(t + 1). (e only difference
between the proposed method and benchmark one is the
design of the iterative learning scheme.

Figure 4 shows the outputs of the proposed method and
the benchmark one, respectively, when the variance of
channel noise is σ2m � 0.1, and the successful transfer rate is
μ � 0.9. From an intuitive point of view, the effect of outputs
of MAS with the proposed method is better than the
benchmark one.

To show the effectiveness of the proposed method more
intuitively, we compare the convergence of the covariance

matrix under the proposed method and benchmark method,
such as Figure 5. (e setting of channel noise and data
dropout is the same as Figure 4. Obviously, the result il-
lustrates that the benchmark method cannot guarantee that
the covariance matrix of tracking error converges to zero,
whereas the proposed method does.

In this paper, channel noise and data dropout are both
considered, and the effects of these two factors on the
convergence speed of the covariance matrix of tracking error
need to be analyzed when the proposed method is applied.

Figure 6 shows the effects of different variances of
channel noise on convergence speed of the covariance
matrix of tracking error. In this figure, the successful transfer
rate is μ � 0.95, and the variances of channel noise are
σ2m � 0, σ2m � 0.1, and σ2m � 0.2. (en, the result shows that
variances of channel noise do affect the convergence speed of
tracking error, which still converges to zero. Besides, the
smaller the variances, the faster the convergence speed.

(e effect of different successful transfer rates on the
convergence speed of the covariance matrix of tracking error
is depicted in Figure 7. Similarly, the variance of the channel
noise is σ2m � 0.1, and the successful transfer rates are μ � 1,
μ � 0.9, and μ � 0.8. (en, the result of Figure 7 shows that
the successful transfer rate affects the convergence speed of

1
1

r
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Figure 3: Topology of MAS with four agents and a virtual leader.
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Figure 4: (e outputs of MAS for k � 100. (a) Benchmark method. (b) Proposed method.
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tracking error, and the smaller the rates, the faster the
convergence speed. Nonetheless, the convergence of
tracking error can be guaranteed.

6. Conclusions

(is paper deals with the consensus problem of multiagent
systems over wireless networks in the presence of channel
noise and data dropout via an average-ILC approach. (e
gain matrix is designed to satisfy sufficient conditions.
Rigorous theories demonstrate that the convergence of the
covariance matrix of tracking error can be guaranteed with
the help of an average-iterative learning scheme. To high-
light the effectiveness of the proposed method, a benchmark
method is realized to be a reference in Section 5. As a result,
it is proved that convergence performance of the proposed
method is much better than the benchmark one, and perfect
tracking in the sense of expectation can be realized as-
ymptotically. In the future work, consensus problems for a
class of MAS with unknown dynamics will be discussed.
(en, channel noise, data dropout, and other disturbances in
communication channels are also considered.
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