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Compliant mechanisms have been well designed to reach an ultra-high accuracy in positioning systems. However, the dis-
placement of compliant mechanisms is still a major problem that restricts practical applications. Hence, a new flexure hinge array
(FHA) is proposed to improve its displacement in this article.�is paper is aimed to design and optimize the FHA.�e structure of
FHA is constructed by series-parallel array. Analytical calculations of the FHA are derived so as to analyze the stiffness and
deformation. �e displacement of the FHA is optimized by moth-flame optimization algorithm. �e results determined that
optimal parameters are found at Lt1 of 20.58mm, wt1 of 1.92mm, and wt2 of 2.29mm. Besides, the optimal displacement is about
27.02mm.�rough Kruskal–Wallis test, the results verified that the proposedMFO outperforms other optimization algorithms in
terms of searching the largest displacement. Validations of the analytical models are verified through simulations and exper-
iments. �e theoretical results are close to the experimental results. Additionally, the displacement of the FHA is superior that of
existing joints. �e displacement in the z-direction is approximately 32mm according to a displacement of 12mm in the x-
direction.

1. Introduction

Compliant mechanism (CM) is a monolithic structure; its
motion is a cause of elastic deformations of flexure hinge
[1–3]. CMs are used to transfer motions, force, or energy
being similar to kinematic joint-based mechanisms [4, 5].
Unlike traditional mechanisms, CMs can be monolithically
manufactured from a material piece. �erefore, it can de-
crease assemble parts, needs no lubricant and free friction,
and can reduce cost of manufacturing [6–10]. Practically,
CMs are suitable candidates for applications in micro-
devices, precision instrument, microgripper, actuator, and
manipulator [11–16]. It is well-known that there is a very
close relationship between the CMs and lamina emergent
mechanism (LEM) where the LEM is made by a sheet metal
[17–20]. LEMs emerge out of sheet plane when they are
subjected to a load [21]. It initializes from a flat state, and it is
hence easy to storing, packing, and shipping.

LEMs also have advantages similar to CMs but it has a
motion moving from fabrication plane [22]. So, it has some

potential applications such as electronics, automobile, bio-
medical engineering, micro-electro mechanical systems,
credit card of smartphone, and tablet and cellphone holder
[17]. �erefore, LEMs are considered as compliant joints or
flexure hinges. In the recent decades, a lot of researchers
have suggested many types of hinges for LEMs [19, 21–24].
Particularly, LEMs well developed by benefitting of bistable
advantages, foldable mechanism, and material strength
[25–29]. However, the displacement of existing LETs and
LEMs is still limited thanks to their designed structures.
Furthermore, the bearing capacity of LETs and LEMs is still
the major problem that can restrict engineering applications.
On the other hand, the existing LETs are limited in the
displacement and capacity of load bearing. In order to
overcome the mentioned limitations, the present study
suggests a new flexure hinge array (FHA) which can provide
a large displacement range without static failures. Besides,
the FHA can bear a large range of load.

In order to analyze the stiffness and displacement of
LETs, several analytical methods are proposed, including
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integral method, pseudorigid-body model [17, 30], com-
pliance matrix [31, 32], and closed-formmodels [33, 34].�e
pseudorigid-body model benefits of the traditional mecha-
nism theory but its accuracy is affected by assigning posi-
tions of torsional springs. Meanwhile, the compliance matrix
method is only suitable for simple structures. With the
complex shape of the FHA, the pseudorigid-body model and
compliance matrix method are difficult to be employed.
�ereafter, the closed-form model, which is based on the
beam theory and series-parallel system, is adopted for an-
alyzing the FHA.

�e goal of this article is to design and optimize a new
FHA. �e structure of FHA is constructed by using a leaf
hinge array in series-parallel connection. Analytical models
are formulated to analyze the stiffness and displacement of
the FHA, and then, the displacement of the FHA is opti-
mized by using moth-flame optimization algorithm [35].
�e proposed optimization method is compared with other
methods in terms of finding the largest displacement of the
FHA.�e theoretical models are then verified by simulations
and experiments. �e performances of the FHA are com-
pared with other existing hinges.

�e rest of this paper is arranged as follows: Section 2
presents about a conceptual design for the FHA. Analytical
modeling for the FHA is given in Section 3. Results and
discussion are presented in Section 4. Conclusions and
future work are presented in Section 5.

2. Conceptual Design for Flexure Hinge Array

A conceptual design of the FHA is built by arranging three
LET hinges in a series to bear a single load in a direction or
combined loads in multiple directions. A LET hinge can
recognize bending elements and torsional elements. In order
to create the FHA, it initializes from a basic LET hinge which
consists of four types of torsional elements 1, four types of
torsional elements 2, and two types of bending elements 1, as
illustrated in Figure 1(a). Besides, a shape of the torsional
element 2 is designed by generating radius curves so as to
increase a flexibility of the LET, and then, three LET hinges
are connected together through the bending element 2 to
generate a large displacement. Parameters of a basic LETare
illustrated in Figures 1(a) and 1(b). �e detailed parameters
of the bending elements and the torsional elements are
labeled, as given in Figure 1(b). Overall dimensions are
provided in Table 1.

In order to generate a large displacement, three basic
LETs are connected in series to make an array of flexure
hinges, so-called FHA. �ree TLET flexure hinges are
combined through a bending element 3, as illustrated in
Figure 2. Dimensions of the FHA are given as in Figure 2 and
Table 1. �e performances of both the suggested FHA are
analyzed to evaluate the reliability during its working
without failures. �eoretical equations for the FHA are
provided, and then, validity of the analytical model is ver-
ified through simulations and experiments. In this study, Lt1,
wt1, and wt2 (20.18mm≤Lt1 ≤ 24.67mm, 1.92mm≤wt1 ≤
2.34mm, 2.30mm≤wt2 ≤ 2.80mm) are main design vari-
ables; meanwhile, other parameters are constant.

3. Modeling of Stiffness and Displacement

Analytical equations of the FHA are established to dem-
onstrate the stiffness and displacement. From scheme of
basic LETs (see in Figure 1(b)), an equivalent diagram of the
basic LETs is illustrated (see in Figure 3).

Figure 4 gives an equivalent stiffness system of the basic
LET.

�e stiffness of the torsional segment is determined by

keqt �
kt1 × kt2

kt1 + kt2
, (1)

in which equivalent stiffness of torsional segment is keqt,
stiffness of torsion element 1 is kt1, and torsion element 2 is kt2.

Two springs of bending element 1 are in a parallel
system. �e equivalent stiffness of these two springs is
computed as

keqb1 �
1

2kb1
, (2)

in which keqb1 is the equivalent stiffness of the parallel
system, and kb1 is the stiffness of bending element 1.

�e equivalent stiffness of bending element 2 is as
follows:

keqb2 �
1

2kb2
, (3)

where keqb2 and kb2 are the equivalent stiffness and
stiffness of bending element 2, respectively.

�e bending stiffness of a basic LET (Figure 1(b)) is
described by the following equation:
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in which the bending elements are calculated by [23]

kb1 �
Ewb1t

3

12L
3
b1

, (5)

kb2 �
Ewb2t
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12L
3
b2

, (6)

kb3 �
Ewb3t

3

12L
3
b3

, (7)

with Young’s modulus is E and the thickness is t. Other
dimensions such as (wb1, Lb1), (wb2, Lb2), and (wb3, Lb3) are
the width and length of bending element 1, bending element
2, and bending element 3, respectively.

�e stiffness of torsion element 1 and torsion element 2
is as follows [23, 36]:

kt1 � wt1t
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  , (8)

kt2 � wt2t
3 G

Lt2

1
3

− 0.21
t

wt2
1 −

t
4

12w
4
t2

  , (9)
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Figure 4: Stiffness plot of basic LET.

Table 1: Dimensions of the FHA (unit: mm).

Symbol Lt1 Lt2 Lb1 Lb2 Lb3 wb1 wb2 wb3 wt1

Value Variable 23 13 13 10 2 2 8 Variable
Symbol L w t l l1 l2 l3 W wt2
Value 407 97 1 65 20 40 30 137 Variable
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Figure 1: A basic LET: (a) 3D structure; (b) 2D dimensions.
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Figure 2: Model of the proposed flexure hinge array.
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Figure 3: Stiffness plot of basic LET.
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G �
E

2(1 + v)
, (10)

in which modulus of rigidity is G and Poisson’s ratio is v.
Other parameters such as (wt1, Lt1) and (wt2, Lt2) are the
width and thickness of segment, respectively.

As the aforementioned design (see in Figure 3), the FHA
includes three LETs being connected in a series through the
bending element kb3 (see in Figure 5). �e stiffness of system
(I) is assumed as KI, one of the second system II is KII, and
one of the third one is KIII (see in Figure 2).

�e stiffness of springs system (I) is similar to the
equivalent stiffness of torsional elements and yielded as

KI � Keq−basic LET, (11)

in which KI represents the equivalent stiffness of the springs
systems (I).

Overall stiffness of the flexure hinge array is determined
as

1
Keq−FHA

�
1

KI

+
1

kb3
+

1
KII

+
1

kb3
+

1
KIII

, (12)

in which Keq-FHA is the stiffness of the flexure hinge array.
Displacement (Δ) versus load (F) of the flexure hinge

array is assumed by

Δ �
F

Keq−FHA
. (13)

4. Results and Discussion

4.1. Simulations. �e purpose of deformation analysis is to
consider the maximum range of displacement and load in
which the FHA can withstand to ensure reliability in
operation.

Stainless steel, ABS, PE, and AL are potential materials of
the FHA (see in Table 2). Simulations are performed in
ANSYS 18.1 software. Several common ways to mesh the
model with irregular shapes are, e.g., sweep, map meshing,
and face meshing. In this study, the model is meshed by face
method. �e model is meshed again. �e meshed model has
relatively good convergence with Skewness index of 0.5495.
�e nodes are 171211 nodes and the elements are 80599
elements (see in Figure 6).

By using the FHA made of stainless steel, it can supper a
maximum force of 10N in the x-direction. It can reach a
maximum displacement of 1.84mm. �e stress is about
193.29MPa. A similar analysis is implemented for the FHA
made of ABS; it can achieve a maximum displacement of
30.85mm under a force of 2N with stress of 38.5MPa. Next,
the FHA is made of PE; it can move a maximum dis-
placement of 32.33mm under a force of 1N with stress of
19.33MPa. Meanwhile, the FHA is made of AL; it can reach
a displacement of 12.39mm with maximum force of 25N
and stress 481.81MPa (see in Table 2).

�e FHA with almost materials is in safety area of elastic
limitation. However, the FHA with aluminum permits the
best displacement with amax force of 25N.When increasing

the force over 30N, the FHA is over elastic area of material
due to the max stress (σm of 578, 18MPa) over a limited
stress (σl of 503MPa).

4.2. Optimization of Displacement. It is noted that if the
x-displacement is increased, the corresponding z-displace-
ment is raised as well. �erefore, the x-displacement is
considered as the cost function to be maximized. �e goal of
the optimization process is to improve the displacement of
the FHA. In Figure 1(b), there are three important pa-
rameters which are considered as design variables, including
Lt1, wt1, and wt2 while the remaining parameters of the FHA
are constant.�e influences of those three parameters on the
displacement are analyzed in Figure 7. �ese influences have
a nonlinear sensitivity.

Recently, a metaheuristic algorithm is often adopted to
enhance the quality or specification of a product. For in-
stance, particle swarm optimization (PSO) and genetic al-
gorithm (GA) were combined with artificial neural network
to predict the pile bearing capacity [37]. Multiobjective
genetic algorithm was applied to optimize the thermal
process of battery [38] and NSGA-II was used to optimize
the optimization design of battery [39]. A design optimi-
zation was implemented by ANSYS workbench to optimize
operation parameters of a photovoltaic thermal system in-
tegrated with natural zeolite [40]. Adaptive neuro-fuzzy
technique was applied to optimize the crystal growing of
carbon nanotubes [41]. A neural saliency algorithm was
devoted to recognize a perception style transfer [42]. A dice
similarity measure was based on complex neutrosophic to
recognize the pattern model [43]. A dual local search-based
multiobjective optimization was developed to optimize a
hyperchaotic map and image encryption [44]. Additionally,
a 7-D hyperchaotic map was suggested for an image en-
cryption [45]. On the contrary, in this paper, moth-flame
optimization (MFO) algorithm is utilized to solve the op-
timization problem of the FHA, thanks to its efficiency and
simplification. �e flowchart of this algorithm is shown as in
Figure 8(a). Details of theMFO can be found in the literature
[35, 46]. A pseudocode for the MFO is given, as shown in
Figure 8(b).

�e optimization process is programmed in MATLAB
R2019b; the optimal parameters are found at Lt1 of
20.58mm, wt1 of 1.92mm, and wt2 of 2.29mm. Finally, the
optimal displacement is found approximately 27.02mm.

A comparison of the MFO with common algorithms
(GA, PSO, and DE) is conducted by a nonparameter sta-
tistical method, Kruskal–Wallis test [47]. In order to a fair
comparison, each algorithm is run with an initial pop-
ulation of 20 and a maximum iteration of 500. Besides, each
method is implemented 35 times in MATLAB R2019b. �e

KI kb3 KII kb3 KIII

Figure 5: Stiffness diagram of the flexure hinge array.
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results found that there is statistical difference among the
MFO and three other algorithms. It showed that the MFO
outperforms the other methods in finding the best dis-
placement for the FHA with p value smaller than 0.001, as
given in Table 3.

4.3. Experiments. �rough aforementioned simulations and
analyses, Al material is suitable for the proposed FHA. A
prototype of basic LETand a prototype of FHA are made by
Al, as given in Figure 9.

A force from a force gauge is acted to free end of the
FHA; the FHA moves in the horizontal direction. At the
same time, the FHA emerges the z-direction (see in Fig-
ures 10 and 11).

4.4. Comparison between $eory and Experiment. In this
section, validity for theoretical models is verified by simulations
and experiment. A prototype of the FHA is made of Al ma-
terial. Boundary conditions include a fixed end and a free end is
acted by a load of 25N. �e errors between the computation

Load

Figure 6: Meshed model of flexure hinge array.
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Figure 7: Sensitivity plot of design variables to the displacement.

Table 2: Results of displacement of the flexure hinge array.

Material Yield strength, σl
(MPa)

Young’s modulus
(MPa)

Max force
(N)

Max stress, σm
(MPa)

Max displacement
(mm) Comparison

Stainless
steel 207 193000 10 193.29 1.84 σl> σm
ABS 43.6 2300 2 38.5 30.85 σl> σm
PE 25 1100 1 19.33 32.23 σl> σm
Al 503 71700 25 481.81 12.39 σl> σm
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and simulation (Ec) and errors among the theoretical com-
putation and the experiment (Ee) are calculated.

Ec �
Δsimulation − Δtheory





Δsimulation
∗ 100, (14)

Ee �
Δexperiment − Δtheory





Δexperiment
∗ 100. (15)

As given in Table 4, it finds that Ec is about 5.66% while
Ee is around 7.11%. It verifies that the analytical models are
relatively good.

4.5.Comparison of theProposedHingewith theExisting Joints.
In conforming the behaviors of the FHA, another LETC
(common LET hinge) with its shape in Figure 12 is made.

�e experimental results are then treated as the nor-
malized values for comparison among different types of
hinges. Normalization is determined by

yi �
yi − ymin

ymax − ymin
, (16)

in which yi is the normalized value and yi, ymin, and ymax are
the ith raw value, minimum value, and maximum value,
respectively.

Among the three types, the displacement of the FHA is
the highest (see in Figure 13).

Figure 14 illustrates a relation between the x-displace-
ment and the z-displacement of the FHA. It finds that the
FHA can reach a max displacement of 32.3mm in the z-
direction.

A relationship of driving force in x-direction and dis-
placement in z-direction is provided, as shown in Figure 15.

4.6. Buckling Analysis. Buckling is a popularly unstable
failure of a rigid structure. �e structures are designed to
avoid this phenomenon. In this study, the structure FHA is
desired to reach a large displacement in the z-direction when
applying a load in the x-direction. When discovering the
buckling phenomenon of the FHA, it finds that the FHA is
easy to lead to buckling if the eigen value is low. If the eigen
value is small, the FHA is easy to make a large displacement

Initial parameters of moth-
flame optimization algorithm

Start

Initialize random set of moths

Calculate fitness function and 
tag best solution by flames

Calculate D for corresponding moth

Update M (i, j) for corresponding moth

Is optimal result 
satisfied?

Stop

Update flame number t and r

(a)

Pseudocode of the MFO:
Initialize the moth-flame parameters
Randomly initialize the moth position
for i = 1 to n do

compute the cost function
end for
while iteration ≤ max iterations do

update the moth position
compute the flames’ number
evaluate the cost function
if iteration == 1 then

F = sort (M) and OF = sort (OM)
else 

F = sort (Mt-1, Mt) and OF = sort (Mt–1, Mt)
else if
for i = 1 to n do

for j = 1 to d do
update the values of r and t
compute the values of D with respect to the corresponding moth
update M (i, j) with respect to the corresponding moth

end for
end for

end while
Print the best values

(b)

Figure 8: �e MFO. (a) Flowchart; (b) pseudocode.

Table 3: Kruskal–Wallis test: MFO versus other algorithms.

Algorithms Number of
runs

Median
displacement

Mean
rank

Z
value

DE 35 26.89 53.0 −2.95
GA 35 26.85 18.0 −8.84
MFO 35 27.02 123.0 8.84
PSO 35 26.92 88.0 2.95
Overall 140 70.5
H value 130.32
p value <0.001
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(a)

(b)

Figure 9: Prototype: (a) LET; (b) flexure hinge array.

xz y

Figure 10: Deformation of flexure hinge array in the x-direction.

xz y

Figure 11: Deformation of flexure hinge array in the z-direction.
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(a) (b)

Figure 12: A LETC: (a) 2D CAD; (b) prototype.
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Table 4: Comparison results.
Force (N) 5 10 15 20 25
Δ-theory (mm) 2.61 5.23 7.85 10.47 13.10
Δ-simulation (mm) 2.47 4.95 7.43 9.91 12.39
Δ-experiment (mm) 2.81 5.64 8.47 11.29 14.12
Ec (%) 5.66
Ee (%) 7.11
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in the z-direction. In the other word, the buckling may be
another advantage of the FHA. Considering the buckling of a
cantilever beam, critical load (f ) can be determined [48]:

f �
EIπ2

4L
2 , (17)

in which Young’s modulus is E, second moment of area is I,
and length is L.

On the contrary, simplified equation is as follows:

Pc � λ × PI, where λ is the eigen value ormultiplier load andPI is the unit load. (18)

A range of loads from 5N to 25N is applied to the FHA
in the x-direction to reach the eigen value. �e simulated
results find that the eigen value of the suggested FHA is the
lowest (see in Figure 16). �is means that the FHA is easy to
deform in both x- and z-directions.

5. Conclusions

�is article presented a new design of flexure hinge array. In
this paper, a few TLET hinges were connected in series to
create a new FHA. �e proposed FHA was capable of
providing a large displacement in the desired motion di-
rections. �e theoretical equations for understanding the
stiffness and displacement of the proposed FHA were de-
duced. Furthermore, the static modeling of the FHA was
given. In order to enhance the displacement of the FHA, the
MFOwas applied to search the best parameters for designing
the FHA.

�e results found that the optimal displacement is
about 27.02mm along the x-axis. �e results indicated that
optimal parameters include Lt1 of 20.58mm, wt1 of
1.92mm, and wt2 of 2.29mm. �e optimal displacement is
approximately 27.02mm. In addition, the performance of
the MFO was compared with that of the GA, PSO, and DE.
By using the Kruskal–Wallis test, the results indicated that
the behavior of MFO is more effective than that of three
other algorithms in terms of finding the best displacement
for the proposed FHA. Besides, the results showed that the
errors among the prediction and verification are around
from 5% to 7%. It verified that the analytical equations are
relatively suitable to demonstrate the static characteriza-
tions of the FHA.

In selecting a suitable material, the Al material was
chosen for fabricating the FHA in comparison with stainless
steel, ABS, and PE. Furthermore, the result determined that
the FHA can reach a large displacement of 12mm with a
max force of 25N. Additionally, the displacement and
buckling value of FHA were better than those of other
hinges. It also found that the FHA can achieve the z-dis-
placement of 32.3mm. In future work, other specifications
of the FHA will be studied. �en, a real application of the
FHA will be considered.
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