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Locally resonant phononic crystals (LRPCs) beam is characterized by the band gaps; some frequency ranges within which flexural
waves cannot propagate freely. So, the LRPCs beam can be used for noise or vibration isolation. In this paper, a LRPCs beam with
distributed oscillators is proposed, and the general formula of band gaps and transmission spectrum are derived by the transfer
matrix method (TMM) and spectrum element method (SEM). Subsequently, the parameter effects on band gaps are investigated
in detail. Finally, a rubber concrete beam is designed to demonstrate the application of distributed LRPCs beam in civil en-
gineering. Results reveal that the distributed LRPCs beam has multifrequency band gaps and the number of the band gaps is equal
to that of the oscillators. Compared with others, the distributed LRPCs beam can reduce the stress concentration when subjected
to vibration.,e oscillator interval has no effect on the band gaps, whichmakes it more convenient to design structures. Individual
changes of oscillator mass or stiffness affect the band gap location and width. When the resonance frequency of oscillator is fixed,
the starting frequency of the band gap remains constant, and increasing oscillator mass of high-frequency band gap widens the
high-frequency band gap, while increasing oscillator mass of low-frequency gap widens both high-frequency and low-frequency
band gaps. External loads, such as the common uniform spring force provided by foundation in civil engineering, are conducive to
the band gap, and when the spring force increases, all the band gaps are widened. Taken together, a configuration of LRPCs rubber
concrete beam is designed, and it shows good isolation on the vibration induced by the railway. By the presented design flow chart,
the research can serve as a reference for vibration isolation of LRPCs beams in civil engineering.

1. Introduction

,e concept of phononic crystals (PCs) was first proposed by
Kushwaha et al. [1]. PCs are usually artificial and periodic
materials, consisting of two or more kinds of materials with
different properties [2–7]. And they are characterized by the
band gaps, some frequency ranges within which elastic waves
cannot propagate freely, which can be used for vibration iso-
lation [8, 9]. Much attention has been focused on PCs for their
elastic band gaps at present. And this fundamental property
leads to various applications of PCs, such as vibration insulators
[10], transducers [2, 3, 11], and acoustic filters [12, 13].

Generally, there are two kinds of interpretations for the
band gap mechanism of PCs, including Bragg scattering

mechanism [14] and locally resonant (LR) mechanism [15].
,e Bragg scatting band gaps are caused by multiple scat-
terings of the periodic inclusions, and they usually exist in
high-frequency ranges, whereas the LR band gaps are caused
by the locally resonant vibration of the inclusions, and the
frequency range is almost two orders of magnitude lower
than that of the Bragg scattering ones with similar structural
size. ,at is, with LR mechanism, low-frequency band gaps
can be obtained with PCs in a smaller structural size, while
the Bragg scatteringmechanism needs a larger structural size
[16]. ,erefore, the LRPCs are of excellent low-frequency
vibration/acoustic isolation characteristics. To figure out the
band gaps, many methods have been proposed, including
transfer-matrix method (TM), multiple-scattering theory
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(MST), finite difference time-domain method (FDTD),
lumped-mass method (LM), plane wave expansion method
(PWE), improved plane wave expansion method (IPWE)
[17], finite element method (FEM), wave finite element
method [18], and boundary element method (BE) [19].

In engineering fields, the beams are the widely used
structure types, in which the flexural waves lead mostly to
the vibration and acoustic noise [20]. For this, introduction
of LR mechanism into beams and fabricating LRPCs beams
can contribute to low-frequency vibration isolation. In this
respect, Wang et al. [21] firstly introduced the theory of local
resonance into beam and calculated and verified the vi-
bration isolation of LRPCs beam. Lately, Yu et al. [22, 23]
and Xiao [24] have promoted the previous research. ,e
characteristics of LRPCs beam, vibration isolation in low-
frequency ranges, make it popular and widely applied in
engineering fields, such as mechanical engineering [25, 26]
and civil engineering [27, 28]. In addition, vibration is
mostly presented in multifrequency way in practical engi-
neering. For this, some scholars have proposed multidegree
of freedom local resonance beam structures, namely, the
LRPCs beam attached with multiple local resonators. And
these LRPCs beams are always composed of the local res-
onators attached in series [29, 30] or in parallel [25, 31–33],
so as to obtain the multifrequency band gaps. Nevertheless,
both the series type and parallel type might induce mass
concentration of local resonators at connection point of the
beam, which may adversely affect the structure. ,e concept
of local resonator is essentially the same as that of dynamic
vibration absorbers (DVAs) in mechanical engineering [34].
,erefore, according to the suspension type of local reso-
nators, the multidegree of freedom local resonance beam can
be divided into combined-parallel type and discrete-dis-
tributed type as well [24, 31, 34]. ,e local resonators of
discrete-distributed type are attached to the beam at in-
tervals, which can effectively relieve the mass concentration
of the beam. Moreover, the beams are usually subjected to
external loads in practice. Like civil engineering, existence of
beam resting on foundation is often encountered [35], in
which the foundation provides a uniform spring force for the
beam. Some researchers have devoted a lot to this subject. Yu
et al. [36] analyzed the effects ofWinkler foundations on the
gap properties of LRPCs Euler beam. Zhang et al. [37]
proposed a modified transfer matrix method to investigate
the effects ofWinkler foundation on the band gaps of LRPCs
beams. However, these studies are mainly concerned with
the LRPCs beams with single resonator. As reviewed, pre-
vious researches have analyzed the band gap characteristics
of LRPCs beams with distributed resonators. However, the
analysis on the band gaps is not comprehensive. For ex-
ample, the beams are mostly homogeneous while neglecting
the periodicity of the beams, and there is no contrastive
analysis on the stress of the beam during vibration isolation.
Besides, the effects of foundation spring force on the band
gaps of LRPCs beams with multiple local resonators are
vacancy.

Meanwhile, various kinds of engineering materials have
been developed to attenuate nuisance vibration of structures.
In civil engineering, tire rubber concrete, a main recycling

strategy of the waste tire rubber, has been adopted world-
wide for civil engineering recovery [38]. Incorporation of
rubber into concrete can significantly improve the dampness
ratio of concrete, which makes the rubber concrete have
better vibration absorbing capacity, sound absorbing ca-
pacity, and seismic resistance [39]. ,us, it can be used for
railways sleepers, seismic prone structures, concrete beams
and columns, etc. Specially, the common rubber beams are
efficient under service loads, as well as in extreme loading
conditions [40–42]. It is observed that the rubber beams can
increase the primary natural vibration frequency, thereby
improving the earthquake resistance [43]. Furthermore,
introduction of local resonance theory into rubber beam can
form the typical three-component LRPCs materials [15],
hard-soft-hard (concrete matrix-rubber coating layer-con-
crete core). In this case, the LRPCs rubber concrete has the
potential to attenuate the low-frequency vibration in civil
engineering.

In present study, a LRPCs beam model with multi-
oscillators is proposed to conduct a comprehensive inves-
tigation on the band gap properties of the LRPCs beams.
Considering the periodicity of the beam, the general formula
of band structure and transmission spectrum for LRPCs
beam with distributed multioscillators are derived by TMM
and SEM, respectively. ,e derivation is verified by finite
element method (FEM). ,en, the effects of beam and os-
cillators on the band gap are investigated in detail. Con-
sidering the application in civil engineering, the external
loads provided by foundation are included in the model, and
the effects of foundation spring force on the band gaps are
analyzed as well. Based on this, a LRPCs rubber concrete
beam is proposed to demonstrate the application of dis-
tributed LRPCs beam with rubber concrete. And the vi-
bration isolation effect of the LRPCs rubber concrete beam is
demonstrated.,e results can provide reference for the band
gap design of LRPCs beam in civil engineering.

2. Theoretical Model and Mechanism

2.1. Band Structure Based onTMM. ,e theoretical model of
LRPCs beam with distributed multioscillators (m≥ 2) has
the form shown in Figure 1. ,e model is constructed with
multitype oscillators (different mass and spring stiffness)
alternately and periodically attached to the multicomponent
(m≥ 2) Euler beam at different intervals, a1, a2, and am. ,e
infinite model is composed of the period multioscillators
element, also known as primitive cell. ,e spacing of ad-
jacent primitive cell is called lattice constant, which is
expressed as a.

To clearly demonstrate the band gap calculation of the
multioscillator configuration, a special case (m� 3) is taken,
and the corresponding primitive cell is shown in Figure 2. As
depicted in Figure 2, three types of oscillators (masses m1,
m2, and m3, and springs k1, k2, and k3) are alternately at-
tached to a three-component Euler beam. ,e intervals
between adjacent oscillators are a1, a2, and a3, respectively.
In this paper, the transfer matrix method (TMM) is used to
calculate the complex band structure. ,e three-oscillator
primitive cell can be regarded as a supercell composed of
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three single-oscillators. ,erefore, the complex band
structure of LRPCs beam can be solved by the introduction
of continuity condition at the interface of the supercell and
the periodic boundary condition at the boundary of the
supercell. ,e governing equation for free flexural vibration
in Euler-Bernoulli beam can be expressed as

E(x)I(x)
z
4
y(x, t)

zx
4 + ρ(x)A(x)

z
2
y(x, t)

zt
2 � 0, (1)

where EI is the flexural rigidity of the beam; ρ, A, b are
density, cross-sectional area, and width of the beam, re-
spectively. ,ese parameters are all the functions of position
x.

For simple harmonic wave, the harmonic solution has
the form y(x, t) � Y(x)e− iωt, where Y (x) is amplitude, and
it can be expressed as

Yni xni(  � Ani cos κixni(  + Bni sin κixni(  + Cnicosh κixni( 

+ Dnsinh κixni( , i � 1, 2, . . . , m,

(2)

where κi � [ρiAiω2/(EiIi)]
1/4, 0≤ xni ≤ ai, i � 1, 2, . . . , m.

For oscillator at x� xni, the linear displacement of the
oscillator can be expressed as

wni � Wnie
iωt

, i � 1, 2, . . . , m, (3)

where W is amplitude in vertical direction.
,en, the oscillators satisfy the dynamic equilibrium

equation

yn xni(  − wni  · ki � mi €wni � −ω2
miWni, i � 1, 2, . . . , m,

(4)

where ki is stiffness of the spring at xni; mi is mass of the
oscillator at x� xni; ω is circular frequency.

Equation (4) can be transformed into

Wni �
ki

ki − ω2
mi

Y xni( , xni � 0, i � 1, 2, . . . , m. (5)

For periodic beam, the displacement Y, rotation angle
Y′, bending moment EIY″, and shear force EIY‴ are the
continuous physical quantity at interfaces of x� na + a1,
x� na + a2 and x� na.

,e transmission matrix of the LRPCs beam with dis-
tributed m-oscillators can be obtained as follows:

Ψnm � K−1
m Hm−1K

−1
m−1 . . .H2K

−1
2 H1K

−1
1 HmΨ(n−1)m � LΨ(n−1)m,

(6)

where L is the transfer matrix, which describes the propa-
gation of flexural wave in x direction,
Ψni � Ani Bni Cni Dni 

T
, i � 1, 2, . . . , m,

Primitive cell

Lattice constant a
Material A 

……

Material B Material C
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y

Figure 1: ,eoretical model of LRPCs beam with distributed multioscillators (m≥ 2).
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Figure 2: ,e primitive cell of LRPCs beam and the force equilibrium (m� 3).
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.

(7)

Furthermore, with the introduction of the periodic
boundary conditions, namely, Bloch-Floquet theorem [36],
the above problem can be transformed into the standard
eigenvalue problem as follows:

L − e
iqaI Ψ(n−1)m � 0. (8)

By the solution of the eigenvalues of the matrix equation
(8), the standard eigenvalue equation of the LRPCs beam
with m oscillators can be obtained as follows:

L − e
iqaI



 � 0. (9)

Equation (9) is the general formula of complex band
structure for distributed LRPCs beam considering period-
icity of beam. From equation (9), the frequency-wave vector
structure, namely, complex band structure, can be obtained
by different values of circular frequency ω. According to
Refs. [32, 44], the frequency ranges corresponding to
imaginary wave vector are the band gaps, and the ones
corresponding to real wave vector are the passing bands.

2.2. Transmission Spectrum Based on SEM. In practice, the
LRPCs beam structure is of finite length, and thus, the vi-
bration transmission spectrum is calculated based on SEM in
this paper. ,e finite length LRPCs beam is shown in Fig-
ure 3. Similar to FEM, n resonators are distributed on the
finite length beam, dividing the beam into n beam elements
and n+ 1 nodes. Each beam is a spectral element. ,e ele-
ment number is 1, 2, . . ., j, . . ., n, and the node number is 1,
2, 3, . . ., i, . . ., n, n+ 1.

,e dynamic stiffness matrix of spectral element j can be
expressed as

Dj �
Dj,11 Dj,12

Dj,21 Dj,22

⎡⎣ ⎤⎦, (10)

where each submatrix can be expressed as

Dj,11 �
EjIj

a
3
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2
j

⎡⎢⎢⎢⎢⎢⎢⎢⎣
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a
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2
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a
3
j
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j
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(11)

,e elements of the matrix are

α �
cos kbaj sinh kbaj  + sin kbaj cosh kbaj   kbaj 

3

Δ
,

α �
sin kbaj  + sinh kbaj   kbaj 

3

Δ
,

β �
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Δ
,
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Δ
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2

Δ
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kb �
ρjAjω2
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1/4

.

(12)
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,e additional dynamic stiffness at the attachment point
of each resonator is

Dwi �
Fi,0

Wi,0
�

−ω2
mwi,1kwi

kwi − ω2
mwi,1

− mwi,0ω
2
, i � 1, 2, . . . , m,

(13)

,e action of resonators on the beam can be expressed in
additional dynamic stiffness matrix form:

Di,0 �
Dwi 0

0 0
 , i � 1, 2, . . . , m, (14)

Assembling the dynamic stiffness matrix of each spectral
element with the additional dynamic stiffness matrix of each
oscillator can obtain the dynamic stiffness matrix of each
spectral element. By assembling the dynamic stiffness matrix
of each spectral element, we can obtain the dynamic stiffness
matrix of the whole LRPCs beam. ,e dynamic stiffness
matrix of the LRPCs beam can be expressed as

Db �

D1,11 D1,12 0 0 · · · 0 0

D1,21 D1,22 + D2,11 + D1,0 D2,12 0 ⋮ ⋮ 0

0 D2,21 D2,22 + D3,11 + D2,0 D3,12 · · · · · · ⋮

0 0 ⋮ ⋱ ⋮ 0 0

⋮ · · · ⋮ Dn−1,21 Dn−1,22 + Dn,11 + Dm−1,0 Dn,12 0

0 0 ⋮ 0 Dn,21 Dn,22 + Dn+1,11 + Dm,0 Dn+1,12

0 0 · · · 0 0 Dn+1,21 Dn+1,22

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

(15)

By employing equation (15), the dynamic equation of
LRPCs beam with multioscillators can be expressed as

Dbu � f , (16)

where generalized coordinates u� u1 u2 . . . un+1 
T,

u1 � wi θi 
T, un+1 � wo θo 

T; external excitation load
f � f1 0 . . . 0 

T, f1 � f1 0 
T.

Applying load at the left end of LRPCs beam and picking
up the displacement vibration response at both ends of
LRPCs beam, we can obtain the vibration transmission
spectrum of the LRPCs beam as follows:

T � 20 log
wo(ω)

wi(ω)
 , (17)

where the unit of T is in dB.
Equation (17) is the general form of transmission

spectrum for LRPCs beam with distributed multioscillators.

2.3. Verification of the Method. To verify the theoretical
derivation, a special calculation model (m� 2) is taken. ,e
materials are as follows: the beam, width b1 � b2 � 0.02m,
height h1 � h2 � 0.004m, elasticity modulus

E1 � 21.06×1010 Pa, E2 � 7.76×1010 Pa, density ρ1 � 7780 kg/
m3, ρ2 � 2730 kg/m3. ,e oscillators are displaced at equal
intervals, a1 � a2 � 0.015m: oscillators, m1 � 9.28×10−3 kg,
k1 � 3.29×105N/m, m2 � 3.71× 10−2 kg, k2 � 3.29×105N/m.
According to equation (9), the complex band structure of the
LRPCs beam can be obtained. Figure 4 illustrates the
imaginary band structure of LRPCs beam with distributed
multioscillators (m� 2).

As shown in Figure 4, the LRPCs beam has two band
gaps, located in the ranges of 469∼813Hz and 943∼1475Hz,
respectively.

According to equation (17), the vibration transmission
spectrum of LRPCs beam with distributed multioscillators
can be calculated to demonstrate its attenuation charac-
teristics. Furthermore, a FEM beam model (6 cells) with
the same configurations is constructed to verify the
theoretical derivation. ,e simulation model is shown in
Figure 5, in which tetrahedral elements are adopted with
an element number of 16899. ,e material and structural
parameters of the FEM model are displayed in Tables 1
and 2, respectively.

Apply the acceleration excitation at one end of the finite
element structure and pick it up at the other end to calculate
the transmission spectrum. ,e transmission spectrum of

…
Node

element
2 3 n + 1

(n – 2) (n – 1) (n)
n

x

y
1

(1) (2) (3)

Figure 3: Setting for the element and node of finite LRPCs beam.
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LRPCs beam calculated by theoretical and finite element
simulation is shown in Figure 6.

It can be seen from Figure 6 that the theoretical cal-
culation results agree well with those of the finite element
simulation, and the transmission coefficient shows obvious
attenuation in the ranges of 469∼800Hz and 940∼1464Hz,
which are in accordance with the ranges shown in Figure 4.
It indicates that there are two frequency attenuation band
gaps (ranges in shadows), and the theoretical derivation is
verified.

2.4. Vibration Mechanism of the LRPCs Beam. To demon-
strate the vibration mechanism of LRPCs beam with mul-
tioscillators, taking m� 2 as an example (the same as
Figure 4), the two low-frequency band gaps of the LRPCs
beams are all locally resonant ones caused by the local
resonance of oscillators. Besides, other cases are also cal-
culated. For example, when m� 3, there are three low-fre-
quency band gaps, and the rest (m> 3) can also be done in
the same manner. In conclusion, the number of the locally
resonant gaps is equal to that of the local resonators of the
distributed LRPCs beam.

,ough the locally resonant band gaps are of low fre-
quencies, the local resonance of oscillators may cause vi-
bration stress concentration at attachment point of the
beam. In this case, this paper chooses the parameters in
reference [31] and calculates the vibration stress of the

parallel LRPCs beam and distributed LRPCs beam, re-
spectively. ,e vibration stress nephogram of the two types
of LRPCs beam (excitation frequency 600Hz) is compared
in Figure 7.

As depicted in Figure 7, when excitation is located in the
attenuation band gap (600Hz), the beam suffers vibration
stress concentration caused by the resonance of oscillators at
the attachment points, especially the points near the exci-
tation. Even so, the fact is that the vibration stress con-
centration degree of distributed model is greatly decreased
compared with that of the parallel model. ,erefore, the
distributed LRPCs beam can better prevent the beam body
from vibration damages. Moreover, calculation shows that
the isolation effects of the two models are almost the same. It
indicates that the LRPCs beams with distributed multi-
oscillators are of advantage in reducing vibration stress
concentration in beam body.

3. Parameter Study

3.1. Effects of Interval betweenDistributed Oscillators on Band
Gaps. In order to investigate the influence law of the interval
between distributed oscillators on the band gaps of LRPCs
beam, we also take the LRPCs beam model with 2 oscillators
(m� 2, the same as Part 2.3) as an example. For convenience,
the periodic beam is degenerated into a homogeneous one
(Material 1), and the frequency and oscillator parameters
have dealt with dimensionless method to obtain the general
law of the effects of interval on the band gaps. ,e di-
mensionless mass of the oscillator is defined as the ratio of
the oscillator mass to the mass of the corresponding beam
segment:

Mi �
mi

ρAa
. (18)

,e dimensionless stiffness of the spring is defined as the
ratio of the spring stiffness to the bending stiffness of the
corresponding beam segment:

Ki �
ki

EI/a3. (19)

,e dimensionless frequency is defined as the ratio of
lattice constant to half wavelength:

Ω �
a

λb/2
�

a

π
ρA(2πf)2

EI
 

1/4

. (20)

According to equations (15)–(17), the dimensionless
mass, stiffness, and resonance frequency of oscillator 1 and
oscillator 2 are calculated as follows: M1 � 0.497, M2 �1.987;
K1 � 0.395, K2 � 0.395; Ω1 � 0.301, Ω2 � 0.213. Defining os-
cillator interval ratio, n� a1/a, to analyze the influence law of
oscillator interval on the band gap of LRPCs beam, and n
ranges from 0 to 1. ,e effects of interval on the band gap of
LRPCs beam are shown in Figure 8.

As shown in Figure 8, the oscillator interval shows no
effect on either the position or the width of the band gap of
the LRPCs beam at fixed beam parameters. It indicates that
the oscillator interval has no effect on the band gap
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Figure 5: Finite element model of LRPCs beam with multi-
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characteristics of LRPCs beam when the beam is selected. In
fact, because of the low-frequency band gaps, the starting
frequencies of the band gap are approximately equal to the
resonance frequency of the oscillators [24]. When the os-
cillator interval ratio is 0 or 1, the LRPCs beam with dis-
tributed double-oscillators is transformed into the parallel
type [31, 34]. However, the parallel type may suffer vibration
stress concentration at the attachment points. ,erefore,
transforming the parallel type beam into the distributed one
can reduce the stress concentration, while the band gaps are
the same.

3.2. Effects of Oscillator Parameters on Band Gaps.
Analogously, we can obtain the effects of the oscillator
parameters on the band gaps of LRPCs beam. For conve-
nience, we take LRPCs beammodel with 2 oscillators (m � 2,
the same as Part 2.3) as an example. Also, we can obtain the
general influence law of oscillator parameters after the
nondimensional disposal of frequency and oscillator
parameters.

3.2.1. Mass of the Oscillator. With the mass of oscillator 2
kept constant and only the dimensionless mass of oscillator 1

varying from 0 to 5.0, the mass effects of oscillator 1 on the
band gap of LRPCs beam can be analyzed. ,e band gap
property of LRPCs beam is shown in Figure 9.

As shown in Figure 9, with the mass increase of oscillator
1, the variation of the LRPCs beam band gap can be divided
into three stages: double-band gaps stage, coupled single-
band gap stage, and separated-band gaps stage. In the first
stage, the mass of oscillator 1 is small, and there are two
independent band gaps with the beam, in which the high-
frequency band gap is generated by the resonance of os-
cillator 1, and the low-frequency band gap is generated by
the resonance of oscillator 2. When the mass of oscillator 1
increases, the resonance frequency of oscillator 1 decreases,
and the resonance intensity increases. As a result, the high-
frequency band gap gradually moves towards low frequency,
and the band gap gradually widens, while the low-frequency
band gap is gradually compressed and narrowed, which is
similar to the variation rule of the band gap in parallel beam
with two oscillators [31]. In the second stage, the resonance
frequency of oscillator 1 is equal to that of oscillator 2, and
the two band gaps overlap and couple together into a wide
single-band gap. It indicates that the two locally resonant
band gaps can couple together precisely. In the third stage,
the further mass increase of oscillator 1 makes the single
band gap split into two band gaps, in which the low-fre-
quency one is generated by the resonance of oscillator 1, and
the high-frequency one is generated by the resonance of
oscillator 2. As the mass of oscillator 1 increases, its reso-
nance frequency decreases, which makes the low-frequency
band gap move further toward lower frequency. Meanwhile,
the low-frequency band gap gradually widens because it
moves away from the high-frequency band gap, and its
resonance intensity increases. During this process, the po-
sition and width of the high-frequency band gap remain
nearly stable.

Similarly, with only the mass of oscillator 2 varying, the
mass influence of oscillator 2 on the band gaps of LRPCs
beam can be obtained.,e diagram is shown in Figure 10. As
can be seen from Figure 10, the mass of oscillator 2 shows
similar effects on the band gap of LRPCs beam to that of
oscillator 1.

,e above variation indicates that increasing the mass of
oscillator in high-frequency band gap can lower the position
of the high-frequency band gap and increase its width, but
the low-frequency band gap will be compressed and thus

Table 1: Material parameters of FEM beam model.

Material Density (kg/m3) Young modulus (Pa) Shear elasticity (Pa)
Beam 1 7780 21.06e10 8.10e10
Beam 2 2730 7.76e10 2.87e10
Oscillator 1 8950 16.46e10 7.53e10
Oscillator 2 19500 8.5e10 2.99e10
Silicone rubber 1300 1.0e6 3.4e5

Table 2: Structural parameters of the FEM beam model.

b (m) l (m) a1 (m) a2 (m) h0 (m) h1 (m) h2 (m) h3 (m)
0.02 0.00833 0.015 0.015 0.004 0.00621 0.01144 0.001
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narrows. On the other hand, increasing the mass of oscillator
in low-frequency band gap can lower the position of low-
frequency band gap and increase its width, while the high-
frequency band gap remains nearly unaffected.

3.2.2. Stiffness of the Oscillator. Remaining the stiffness of
oscillator 2 constant and varying the stiffness of oscillator 1
from 0 to 0.5, the stiffness effects of oscillator 1 on the band
gap of LRPCs beam can be analyzed. ,e band gap property
of LRPCs beam is shown in Figure 11.

As can be seen from Figure 11, when the stiffness of
oscillator 1 varies, the band gap of the LRPCs beam with two
oscillators also has three stages: double-band gaps stage,
coupled single-band gap stage, and separated-band gaps
stage. During the process, the stiffness of the oscillator varies,
and its resonance frequency also varies. In the first stage,
there are two independent band gaps, in which the low-
frequency one is generated by the resonance of oscillator 1,
and the high-frequency one is generated by the resonance of
oscillator 2. When the stiffness of oscillator 1 increases, the
band gap gradually moves towards high frequency, and the
band gap width first increases and then decreases; namely,
there is the widest band gap (enlarged window in Figure 11).
In the first stage, stiffness of the oscillator is small initially,
the coupling resonance between the oscillator and the beam
is extremely weak, and thus the local resonance band gap is
not obvious and extremely narrow. As the stiffness of os-
cillator 1 increases, the coupling resonance characteristic is

(1) Parallel LRPCs beam with 2 oscillators

(2) Distributed LRPCs beam with 2 oscillators 
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Figure 7: ,e vibration stress nephogram of different types of LRPCs beam.

O
sc

ill
at

or
 sp

ac
in

g 
ra

tio
 n

Band gap

0.1 0.2 0.3 0.4 0.50.0
Dimensionless frequency

0.0

0.2

0.4

0.6

0.8

1.0

Figure 8: Effects of oscillator interval on band gap of LRPCs beam.

1

2

3

4

5

0.0 0.1 0.2 0.3 0.4 0.5

Resonance frequency
 of oscillator 1

Dimensionless frequency

M
as

s o
f o

sc
ill

at
or

 1

 

Resonance frequency
 of oscillator 2

 
Band gap

Figure 9: Mass effects of oscillator 1 on band gap of the LRPCs
beam.

1

2

3

4

5

0.0 0.1 0.2 0.3 0.4 0.5

Resonance frequency
 of oscillator 1

Dimensionless frequency

M
as

s o
f o

sc
ill

at
or

 2

 

Band gap

Resonance frequency
 of oscillator 2

 

Figure 10: Mass effects of oscillator 2 on band gap of the LRPCs
beam.

8 Mathematical Problems in Engineering



enhanced, and the band gap becomes wider. Besides, as the
stiffness of oscillator increases, the resonance frequency
increases, leading the band gap to move towards high fre-
quency. When the band gap approaches the high-frequency
band gap, the band gap narrows due to the compression of
the high-frequency one, while the width of the high-fre-
quency band gap is slightly increased because of the
counteracting effects of the low-frequency one. In the second
stage, the resonance frequency of oscillator 1 is equal to that
of oscillator 2, and the two locally resonant band gaps are
precisely encountered, and the double-band gaps couple into
a single one. In the third stage, as the stiffness of oscillator 1
increases, the coupled single band gap splits into two band
gaps, in which the low-frequency band gap is generated by
the resonance of oscillator 2, and the high-frequency band
gap is generated by the resonance of oscillator 1. During the
process, the position of high-frequency band gap moves
towards higher frequency, and the high-frequency band gap
widens, and the attenuation effect is enhanced. In fact, when
spring stiffness of the oscillator increases, the oscillator can
be considered fixed to the beam, and thus the band gap tends
to be caused by the periodically concentrated mass, which is
consistent with the variation rule of locally resonant band
gap of beam with single oscillator [24]. Meanwhile, the
starting frequency of low-frequency band gap remains
constant, and its width increases and tends to be constant as
the high-frequency band gap further moves away. ,is is
because the high-frequency band gap is gradually away from
the low-frequency one, and the compression is gradually
weakened, and thus, the low-frequency one becomes wider.
When the high-frequency band gap is further away, the low-
frequency band gap will not be affected.

Similarly, keeping the stiffness of oscillator 1 constant
and only varying the stiffness of oscillator 2, the stiffness
effects of oscillator 2 on band gap of LRPCs beam can be
analyzed.,e band gap property of LRPCs beam is shown in
Figure 12.

As can be seen from Figure 12, the stiffness of oscillator 2
shows similar effects on band gap of LRPCs beam to that of
oscillator 1. ,e difference is that oscillator 2 has a larger

mass and thus a stronger resonance intensity, so the low-
frequency band gap is relatively wider in the first stage
(enlarged window in Figure 12). Besides, in the third stage,
the low-frequency band gap is compressed and has an ex-
tremely small width because of its strong resonance
intensity.

3.2.3. Mass (Stiffness) of the Oscillator at Its Fixed Resonance
Frequency. By the resonance frequency of oscillators fixed,
the effects of oscillator mass (or stiffness) on the band gap of
LRPCs beam can be obtained. ,e band gap property of
LRPCs beam is shown in Figures 13 and 14 .

As can be seen from Figure 13, the starting frequencies of
the band gaps both remain constant because the resonance
frequencies of the oscillators are fixed. When the mass of
oscillator 1 is increased, the resonance intensity of oscillator
1 is enhanced, making the width of the high-frequency band
gap increase, while the compression effect on the low-fre-
quency band gap is enhanced, resulting in the width decrease
of the low-frequency one.

As shown in Figure 14, when the mass of oscillator 2
increases, the resonance intensity of oscillator 2 increases,
making the widths of both the low-frequency band gap and
the high-frequency one increase. It indicates that when the
resonance frequencies are fixed, the band gaps can be
widened simultaneously by increasing the mass of the low-
frequency one.

3.3. Effects of External Load. ,e beams are usually subjected
to external loads in practice. For example, in civil engi-
neering, the existence of beam resting on the foundation is
often encountered [35]. Usually, the foundation can be
assumed as the Winkler foundation, which provides a
uniform spring force for the beam. ,e spring force can be
expressed as f� cy, where c is the stiffness of foundation, and
y is the displacement of the beam. To investigate the effects of
uniform spring force on the band gap, the stiffness of
Winkler foundation can be defined as ratio c� cc0, where
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c0 �106N/m3. In this case, the governing equation of (1) can
be transformed into

E(x)I(x)
z
4
y(x, t)

zx
4 + ρ(x)A(x)

z
2
y(x, t)

zt
2 + bcy(x, t) � 0,

(21)

where b is the width of the beam.
Analogically, taking the LRPCs beam model with 2

oscillators (m� 2, the same as Part 2.3) as an example, the
effects of the uniform spring force on the LRPCs beam are
shown in Figure 15.

As shown in Figure 15, there are three band gaps in the
LRPCs beam, in which the lowest one is caused by the spring
force, and the others are the locally resonant ones caused by
the local resonance of the oscillators. When the foundation
stiffness increases, the spring force increases, and all the
three band gaps show an initial rapid increase but then

increase constantly. Besides, the starting frequencies of all
the band gaps keep constant. In fact, the starting frequency
of LR band gap is closely related to the local resonance of the
oscillator, and the increase of foundation stiffness only
enhances the external spring load. ,us, the starting fre-
quencies of LR band gaps keep constant. Generally, the
variation range of foundation stiffness above is valid in
practice, such as the soft soil foundation with low stiffness
and the frozen soil foundation with high stiffness (up to
200×106N/m3).,en, knowing the effects of external spring
force on the band gap is conducive to the vibration atten-
uation design of the beam-foundation system.

In can be concluded that the oscillator parameters and
external load can affect both band gap location and band gap
width.,erefore, to fabricate an optimized LRPCs structure,
which is of the goal-oriented band gaps according to the
need of vibration reduction, it is better to design the
structure by varying these parameters based on above in-
fluence law.

4. Vibration Attention of LRPCs Rubber
Concrete Beam

Generally, various kinds of vibration exist in our sur-
roundings, for example, the ground vibration induced by
railway, a kind of nuisance vibration related closely to our
daily life. In civil engineering, concrete beam is often used as
the foundation beam under building. ,erefore, the theory
of LRPCs can be introduced into the foundation beam to
attenuate the ground vibration. Based on the above pa-
rameter analysis, a configuration of rubber concrete is
presented to form LRPCs beam, and the LRPCs rubber
concrete beam is shown in Figure 16. As shown in Figure 16,
the rubber forms the cylindrical shell in concrete. As is well-
known, rubber shell has a low modulus (×105 Pa), and it is so
soft. ,e rubber shell can be regarded as the soft coating
layer, and it acts as the spring for oscillators in LRPCs rubber
concrete beam. Meanwhile, the hard concrete core inside the
rubber shell can act as the mass in LRPCs concrete beam,

Resonance frequency
 of oscillator 1

M
as

s o
f o

sc
ill

at
or

 1

Resonance frequency
 of oscillator 2

0.1 0.2 0.3 0.4 0.5 0.6 0.70.0
Dimensionless frequency

0

1

2

3

4

5

Band gap

Figure 13: Mass effects of oscillator 1 on band gap of the LRPCs
beam.

Resonance frequency
 of oscillator 1

M
as

s o
f o

sc
ill

at
or

 2

Resonance frequency
 of oscillator 2

0.1 0.2 0.3 0.4 0.5 0.60.0
Dimensionless frequency

0

1

2

3

4

5

Band gap

Figure 14: Mass effects of oscillator 2 on band gap of the LRPCs
beam.

St
iff

ne
ss

 co
ef

fic
ie

nt
 ra

tio
, γ

 (1
06 N

/m
3 )

Resonance frequency
 of oscillator 1

Resonance frequency
 of oscillator 2

0.1 0.2 0.3 0.4 0.50.0
Dimensionless frequency

0

20

40

60

80

100

Band gap

Figure 15: Effects of uniform spring force on band gaps.

10 Mathematical Problems in Engineering



namely, the soft rubber shell and the hard concrete core form
the local resonator together. In this case, the LRPCs rubber
concrete beam can be designed to attenuate the ground
vibration induced by the railway. ,e design flow chart of
LRPCs rubber beam is shown in Figure 17.

As shown in Figure 17, the main frequencies of isolated
vibration must be given firstly. ,e isolated vibration is
induced by the railway, and Figure 18 shows the acceleration
record of railway [45, 46]. As shown, the main frequencies of
railway excitation range from 50 to 60Hz and 115 to 125Hz.
Secondly, considering that the rubber concrete beam is
laying on the ground (elastic foundation), the beam suffers
the reaction of foundation (Winkler foundation). ,e
concrete beam is defined as follows: cross-section
b× h� 0.2m× 0.07m, Young’s modulus Ec � 3.45×1010 Pa,
density ρc � 2450 kg/m3, Poisson’s ratio ]c � 0.3. And assume
that the stiffness of Winkler foundation is defined as
c� 30×106N/m3. ,irdly, choose appropriate oscillators.
For convenience, we only choose one type of oscillator.
Fourthly, determine the parameters of the local resonators.
,e mass and the spring equivalent stiffness can be adjusted
by the radius and thickness of rubber shell, namely, the
filling rate of ground rubber.,e higher the filling rate of the
rubber is, the lower the equivalent stiffness of the spring
would be. In this paper, the parameters of rubber shell are as
follows: Young’s modulus Er � 1.175×105 Pa, density
ρr � 1300 kg/m3, Poisson’s ratio ]r � 0.42, inner radius
rr � 0.0255m, thickness of rubber shell tr � 0.01m, equivalent
stiffness coefficient of rubber shell k� 5.216×105N/m; mass
of concrete corem� 1.94 kg; oscillators displaced on beam at
equal interval a� 0.35m. ,en, the equivalent inertia mo-
ment (deducting rubber shell) of the concrete beam is
I� 2.5682×10−6m4. Figure 19 shows the band structure of
LRPCs rubber concrete beam, and it can be seen that two
band gaps appear in the beam (<62Hz and 114–123Hz).,e
main frequencies of railway excitation are just located within

the band gaps of the designed structure. Furthermore, the
transient response of the LRPCs rubber concrete beam is
conducted by FEM to analyze its vibration attenuation ef-
ficiency. In this paper, at least 6-cell structure is used, and the
FEM model and transient acceleration response of the
LRPCs rubber concrete beam are shown in Figures 20 and
21, respectively. It can be seen that the LRPCs rubber
concrete beam can attenuate the railway vibration waves
effectively. Finally, based on the above theoretical calcula-
tion, the designed LRPCs rubber concrete beam is deter-
mined. Following the above design flow chart, the research
can provide a reference for the vibration isolation of LRPCs
beams in civil engineering fields.

Railway

Ground vibration

Protected building 

LRPCs beam

Core concrete
(equivalent mass)

Rubber cylindrical 
shell (equivalent 

spring)

Foundation beam

Concrete

Figure 16: Vibration waves induced by railway and the LRPCs rubber concrete foundation beam.
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of vibration
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load of beam
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Figure 17: Design flow chart of the LRPCs beam.
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5. Conclusions

,e multifrequency LRPCs beam with distributed multi-
oscillators is proposed, and the band gap is figured out based
on transfer matrix method (TMM) and Bloch’s theorem.
Besides, the parameter effects on the band gaps are inves-
tigated. Finally, a LRPCs rubber concrete beam is designed
to show its application in isolating the railway vibration.
Main conclusions can be drawn as follows:

(1) ,e distributed LRPCs beam has multifrequency
band gaps, and the number of the gaps is equal to
that of the local oscillators. Compared with other
types of LRPCs beam, the distributed one can reduce
the stress concentration when subjected to vibration.

(2) ,e oscillator interval has no effects on the band
gaps, making it more convenient to design
structures.

(3) Individual changes of oscillator mass or stiffness
affect the band gap location and width. When the
resonance frequency of oscillator is fixed, the
starting frequency of the gap keeps constant. And
increasing the oscillator mass in high-frequency
part widens the high-frequency band gap, while
increasing the oscillator mass in low-frequency
part widens both high-frequency and low-fre-
quency band gaps.

(4) ,e external loads, such as the uniform spring force
encountered in civil engineering, are conducive to
the generation of band gaps, and when the spring
force increases, all the band gaps widen with the
starting frequencies keeping constant.

(5) Taken together, a LRPCs rubber beam is designed,
and it shows the good vibration isolation of LRPCs
beam in civil engineering. By the design flow chart,
the research can provide a reference for vibration
isolation of LRPCs beams in civil engineering fields.

Finally, it should be noted that the external load in this
paper is mainly concerned with the common spring force
provided by theWinkler foundation. Moreover, the external
loads contain other kinds of force, like the prestressing force
provided by the steel in the concrete. However, this would be
another systematic study with exhaustive computations, and
thus, we leave it as an open problem.
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