Appendix A. Proof of Lemma 1

Lemma 1. Let assumptions A1 and A2 be true. If the vector (p,qo,q1,---,qn)
is the equilibrium exterior for the given influence coefficients (vo,v1,...,Vn)
then the relation p > pg is equivalent to the fact that all production volumes are

positive, i.e., ¢; >0 Vie {0,1,...,n}.

Proof: Let (p,qo,q1,---,qn) be an exterior equilibrium.
Assume that ¢; > 0 Vi € {0,1,...,n}, then, from the optimality condition
(10) and the assumption A2 we have

p=viq + fz/(qZ) > le((h) > fll(O), Vie {17' .. ,TL}7 (Al)

from which we get p > Fllax }{f{(O)} = po.
1€el,...,mn

On the other hand, if p > py, we get from assumption A2 that

fi(0) < ieg‘fxn}{f{(O)} =po, Vie{l,...,n}, (A.2)

and

T ig{l,..n}

—p (Z %’) vo+ f5(0) < f5(0) < max {f;(0)} = po, (A.3)

which implies that inequalities

p<fi(0), die{l,....n}, (A.4)

and

p<—p (Z Qi> o + fo(0), (A.5)

i=1
from the optimality condition (10) and (12), are impossible, thus, it must holds
that ¢; >0 Vi e {1,...,n}, and ¢go > OH

Appendix B. Proof of Theorem 1

Theorem 1. Under assumptions A1, A2 and A3, for any 8 € (0,1], D > 0,

v; > 0,1 € {l,....,n}, and vy € [0,Dy), there exists uniquely the exterior



equilibrium (p,qo,q1,---,qn), which is continuously differentiable with respect

to the parameters 5, D and v;, i € {0,1,...,n}. Moreover, p > py and

op 1
oD 1 vo + fo' (qo) &z 1

T B i@ A= Bme+ fila) v Fa)

Proof: Since we are looking for an exterior equilibrium with ¢; > 0, Vi €

{1,...,n}, from the optimality conditions (10), we can consider the equality

where, from the assumption A2, ¢; is continuously differentiable with respect
to (p7 q;, V’i)‘
Therefore, for all v; > 0,4 € {1,...,n}, we have that the function
9i(q:) = vigi + fi(a:), (B.2)
is continuously differentiable and strictly increasing for all ¢; > 0 (by the as-

sumption A2). In addition,
9:(0) = £{(0) < po = fi(d}) < 9:(a), (B.3)
and there exists the limit (which can be either, finite or infinite)

pi(wi) == lim gi(g;) = lim [igi + f{(g:)] > po. (B.4)
qi—+o0

q;—>+00
Therefore, for each p € [po, p}(ui)), there exists a unique ¢; > 0 such that
ei(p, qi,vi) = 0.

Moreover, since

Jp;
aij = —v; — [{'(q:;) <0. Vgi,vi >0,p € [po,p; (1)) (B.5)

by the implicit function theorem, the mapping

¢i(p,vi) == {q; > 0| pi(p, qi,vi) = 0}, (B.6)

is a continuously differentiable function with respect to v; > 0 and p € [po, p; (1)),
with the relationships
0
dq; Op 1
o~ Do nT @) B0
0q;




and

i
dq; v, qi
= <0, B.8
v i vi + fi'(qi) ~ (B8)
0q;

which means that ¢; (p, v;) is strictly increasing with respect to p € [po, i (1/1))
(which implies that ¢;(p,v;) > 0if p > pg) and decreasing with respect to v; > 0.

Moreover, from (B.1) and (B.4) we can see that

4i(po, vi) < ¢i(po,0) = ¢} (B.9)

and
lim g;(p,vi) = +oo. B.10
pr}(Vi)q (p.vi) ( )

Next, from the optimality conditions (12), we can consider the equation

@0(]7,(]0,/3,1/0,1/1,. .- ,Vn) =

p+ﬂl/o;qi(p, Vi)] _—

— (1 = B)roqo + fo(q0)] =0,

where, from the above arguments and the assumption A2, ¢o(p, g0, 3, Vo, V1, - - .

is continuously differentiable with respect to (p, qo, 8, Vo, V1, - -, Vn)-
Now, consider an arbitrary v; > 0, Vi € {1,...,n}. If we consider vy > 0,

then, by the assumption A2, the following inequalities hold

po+ B0 ai(po,vi)| = po > f5(0) = [(1 = B)we(0) + f5(0)],  (B.12)

=1

and we can define

P (s vn) = min {p}()}. (B.13)
ie{l,...,n}
Now we are going to show that there exists a value p}(8, v, V1, - .-, Vn) > Do,
finite or infinite, but not exceeding p'(v1,...,v,), such that

i(pv)| = i 1— ! . (B.14
P p”%;q@ﬂl o 0o~ B+ fi(an)- (B14)

The proof is divided into two cases: S =1 and § € (0,1).



First, we can observe that the function p+ Bvg i q:;(p, v;) is continuous and
strictly increasing (as shown above) with respect tol;le [po,pl(l/l, ce yn)), and
the function (1 — B)roqo + fi(qo) is continuous and strictly increasing (by the
assumption A2) with respect to gg > 0.

Case 1: Let 5 = 1. Under these conditions, the equality (B.14) is rewritten

as

lim
Pty (B.v0,v1,.,n)

p+VoZQi(p,Vi)] = lim fi(qo). (B.15)

: qo—+00
=1

If 3 ¢ >0, from (16) we have that
i=1

vy < =1 : (B.16)

which implies the chain of inequalities

Po + 10 ZQi(pOa vi) < po+ 1o ZQ?
=1 =1
fo(G(po) — 1q?)—po n n
: >l =fo(Glpo) = > a)) (BT
=1 =1

q?

3

< po+

NE

1

-
Il

P+ Z%‘(ZL Vi)‘| ;

. 1 < _
< 1_1}}:00 Jo(q0) < +o0 2

90 pTpt(vi,..,vn)

which guarantees the existence of the desired value of p}(83,vo,v1, ..., vy,) pre-
viously mentioned.
n
Otherwise, if Y ¢) = 0, then, evidently

i=1

n n
Po+v0 Y Gipo,vi) Spo+voY 0l =po < lim fi(g0)

i=1 i=1
N (B.18)
< 400 = lim + v (p, Vi),
PP (0150 svm) p O;%(p z)]
which again guarantees the existence of the desired value p}(f3, v, V1, ..., Vn)

mentioned above.



Case 2: Now let 8 € (0,1). In this case

lim + By i(p, )| = lim [(1 = B)vogo + f = 400,
N R ;q (» )] W [(1 = B)vodo + fo(ao)]
(B.19)
which implies that p{(3,v0, V1, Vn) = p V1, ..., V0).
Thus, the proof of the existence of the value p} (8, vo, v1,- .., V) mentioned

above is completed.

Therefore, from relationships (B.12) and (B.14), we can conclude that for
every p € [po,pé(ﬂ,zxo,yl,...,zxn)) there exists a unique ¢g > 0 such that
©o(p; 90, B,v0, V15 - - -, vn) = 0.

On the other hand if vy = 0, then, the equation ¢o(p, go, B, Vo, V1, .- Vn) =0

takes the form

» — fo(q) = 0. (B.20)
So we can define the value
p(l)(ﬁvl/07l/17"'7l/n): lim f(/)(qo)a (B21)
qo—+o0o

and by the assumption A2, we can guarantee that for all p € [po, p(8. vo. v1,- .., vn))
there exists a unique ¢o > 0 such that ¢o(p, g0, 8, Vo, V1, - ,Vn) = 0.

Moreover, we have that

(‘:),
S === B — fi () <0, (B.22)
q0
for all o, v, v1,...,vn >0, p € [po,p5(B, vos v1,- -+ V).

Then, by the implicit function theorem, the mapping

QO(paﬂ,V(JaVlv- '-yyn) = {QO > 0 | SDO(paq(JvﬁvVOaVl:"- 7Vn) = O} (B23)

is a continuously differentiable function with respect to 8 € (0,1], vo, v1, ..., vy >
0,and p € [po,p})(ﬁ, Vo, Vlye -, Vn)), with the following properties
dpo g n 1
= 14+ pvy > 1+ pvy Y, ————
9 ' =1 0 i=1 Vi (g
O __Dp S ST g

op g0 (1- B+ f§(q) (1—B)vo+ [ (q0)
qo



o dq; i
, vy————
v Opo  (1=Pro+ fila)  (A-Bw+filw ~ "
9qo
foralli e {1,...,n}, and
a n
p 7o B aip,vi) — (1= B)ao
Y0 _ _ v _ _i= (B.26)
v %o (1= Byvo + f§ (a0) '
940
which allow us to conclude that qo(p, 8, vo, V1, . . ., V) is strictly increasing with

respect top € [po,p})(ﬁ, Vo, V1, - - ,un)) (which implies that qo(p, 5, vo, V1, - - -, Vn) >
0 if p > po) and decreasing with respect to v; > 0, Vi € {1,...,n}. In addition,
from the relationships (B.11), (B.14) and (B.21), it is easy to see that

qo('p075707y17"'71/n) :qg (BQ?)

and

lim qo(p, B, Vo, V1, ... ,Uy) = F00. B.28
ptp (B.vo,v1,e.svn) 0( o ) ( )

Now let 8 € (0,1], v1,...,vn, D > 0, and consider the equation

F(pv/Bvl/Ovl/lv"'?Vn»D) = qo(pvﬂ7V07V17"'7Vn) +qu(p7yl)
i=1 (B.29)

—[Gp) + D] =0,

which, by (B.1)-(B.28) and the assumption A1, is continuously differentiable
with respect to all g € (0,1], v; > 0, Vi € {1,....n}, D > 0 and p €
[P0, P (B, V0, V1,5 - - -, V).

Moreover, by (B.1)-(B.28), the function qo(p, 8, Vo, V1,--.,Vn) + f:l qi(p,vi)

(3
is continuously differentiable and strictly increasing with respect to all p €

[po, Py (B, v, Vs, Vn)), and the following relationship holds

lim qo(p7ﬂ7l/07yl77Un)+ZQl(p7V7,) = +00. (B30)
=1

PPy (B.vo,v1,e. svn)

In addition, by A1, the function G(p) is continuously differentiable and
strictly decreasing for all p > 0.



Then, by (B.1)-(B.28) and the assumption A3, we have that
0 < qo(po, B, v0, V15 vn) + zn:Qi(pOaVi)
i=1
< qo(po, B, 10,0,...,0) + zn:qz'(Poyo)
i=1
= qo(po, 8, 10,0, ..., 0) +zn:qlo-
i=1

Now, we are going to analyze the sign of the derivative

940 ﬂiéqg_(1_ﬁ)QO(p0757VO,O,...,O)

_(vaﬂayo,O,...70) =

Ao (1 =B + f5'(q0)

This analysis is done separately for the Cases A, B, C, D and E.

n
Case A: Let #=1and ) ¢) = 0. In this case, it is clear that
=1

0
qo(pf)?ﬂ»VOaO?"'aO):O? VVOZO,
81/0
thus, qo(po, B, 10,0, ...,0) is constant with respect to vy and

qo(p07/871/0707"'70)+z(h0:qo(pOaﬂaovov"wO)_FZQio
1=1

=1

=> ¢} <Glpo) < G(po) + D.
=0

Case B: Let S =1and Y ¢ > 0. In this case, we have that

i=1
S0
9qo Z1 i
_p07ﬂ7V0707"'70 == >07 VVOZO,
o )= @
hence, qo(po, B, 10,0, . ..,0) is strictly increasing with respect to vy.

In addition, from (16) we have that

F(Ge) — 3 )~ o

K3

vy <

)

-

@

i=1

(B.31)

(B.32)

(B.33)

(B.34)

(B.35)

(B.36)



from which one has the inequality

q0(p07ﬂ7’/0,07---70)<q0 vaﬁv = 707"'70 ) (B37)

o(Gpo) = 22 a) —po n
q0 | po, B, = 0,..,0 | =Glpo) =D (B.38)
> q i=1
i=1

Therefore,

qo(p07/871/0707"'70)+zq?

=1
0(G(po) = > @) — 1o n
< qo pO»ﬁv anl 707“'70 +ZQ? (B39)
> 4 i=1
i=1
=G(po) — qu + qu = G(po) < G(po) + D.
i=1 i=1
n 0 1_ﬁ 0 .
Case C: Let 8 € (0,1) and Y ¢ > max < (1 — 8)G(po), 3 qq ¢- For this
i=1
case, we have the relationship:
Sl (B.10)
i=1
which is equivalent to
ﬁ n
LY (B4
Now, suppose that there exists the value vy such that
ﬁqu B)ao(po, B, v0,0, ..., 0) <0, (B.42)

the latter inequality implies that

B = 0
QO(p(Jaﬁv VO:Oa 70) =1_ B | q; (B 43)



From the equation (B.11) we have that

Po :(I_IB)VO lqo(p05ﬂ7V0707"'5 L/BZ ?]

+ fé(qo(p07[j71/0707 .. '70))7

(B.44)

and applying the inequalities (B.41) and (B.43) to (B.44) yields the following

relationship

e

n /B n
Zg_ ﬂZ

+ 5 (—1 fﬂ Zq?>
i=1

N (B.45)
( Z ) > fo(d5) = po,
which cannot be valid.
Thus, the assumption (B.42) cannot hold, which implies that
Bqu B)d0(po, B,v0,0,...,0) >0, Vi € [0,7%), (B.46)
therefore,
aqo /BZ(]?_(:[_/B)qo(p07ﬂ7’/0707"'70)
_paﬂayvov"'vo = = >0, B.47
8Vo( 0 ) (1= B)vo + 5 (q0) (BA4T)
for all vy € [0,79), so the function go(po, 3, 0,0,...,0) is strictly increasing
with respect to vy € [0,7p).
In addition, for this case we have
fo(G(po) — 3= a) —po
Ty = — =1 (B.48)
Zl @) — (1= B)G(po)

where G(po) — Y. ¢? > 0 by A3, and > ¢? — (1 — 8)G(po) > 0 is one of the
i=1 i=1
assumptions for this Case C. Moreover, from equation (B.11) we have that

qo(p0~57507070) = G(po) _ZQZO (B49)
1=1



Hence,

QO(me,VOan-wO) +ZQ? < qO(p()ﬂﬁaﬁOaOW"aO)_'_Zqio

=1 i=1

(B.50)
Zqz +Zqz G(po) < G(po) + D.
N e
Case D: Let 8 € (0,1) and ) ¢} < 3 q9- Then,
i=1
i zn: <qd (B.51)
ey do- :
Now, suppose that there exists the value vy such that
ﬁzqz QO(pO»ﬁ Lo, 7"'70) >07 (B52)
the latter inequality implies that
q(po, B, 10,0,...,0) < izn:q‘?. (B.53)
s My s Uy ) 1 — B i i

Applying the inequalities (B.51) and (B.53) to (B.44) yields the following

relationship

po < (1= B)ro llfﬁzqg_%zqg
i=1 i=1

+ 5 (—1 fﬁ Zq?>
i=1

(B.54)
( —3 qu) < f3(a8) = po.
which cannot be valid.
Thus, the assumption (B.52) cannot hold, which implies that
quz (ZO(PO»B»Voy 7"'70) Sov vVOE [0750)7 (B55)
therefore,
8(] ﬁZQ?_(1_6)QO(PO7B»VO7O7-~~7O)
B, 10,0,...,0) = —=L <0, (B.56
aug 0051000 0) T Ao+ o) (550
for all v € [0,7p), so the function go(po, 8, 10,0, . .., 0) is decreasing with respect

to vy € [O,ﬁo).



Hence,

q0(p07ﬁ7y()707"'70)+zqi0 S(JO(p0757070»70)+ZQ?
i=1 =1

N n (B.57)
=g+ a) = ) <G(po) < Glpo) + D.
i=1 i=0
1 _ n
Case E: Let 8 € (0,1) and Tﬂqg < Y ¢ < (1 -B)G(py). Analo-
i=1
gous to Case C, using the inequality q? > ;'qu , we can show that that
i=1

qo(po, B, 10,0, ...,0) is strictly increasing with respect to vy > 0.

Now, from equation (B.11) we have that

[po — fo(qo(po, B,10,0,...,0))]
n B (B.58)
+BVO Zq?—1ﬁBQO(P07/37V0707~--a0) = 0.

=1

In addition, if vy > 0, then,

po — folao(po, B, 10,0, ...,0)) < po — fo(qo(po, 8,0,0,...,0))

=po — f(49) = po — po = 0,

(B.59)

thus,
pO_fé(QO(pOaﬂ>V0707"'70)) < 07 VI/O > 0. (B60)

ﬂqg and qo(po, 8, 10,0, ..., 0) is strictly increas-

n
Moreover, since . ¢9 > 3
i=1

ing with respect to 1/_0, for any vy > 0 the inequality

1—
ZQ?_ Bﬁ('IO(pOa/BaVOvOa"'vO) >0 (B61)
i=1
implies that
0 B 0
4 < qo(po, B, 10,0,...,0) < =3 ;qi. (B.62)

Hence, from (B.58), (B.60), (B.62) and the strictly increasing behavior of

qo(po, B, 10,0, ...,0) with respect to vy, we can see that

lim go(po, B, 10,0, ...,0) = %qu- (B.63)
i=1

vo—+00



Therefore, we have that
— 5 B« @+ - O = 1 0
,0,..., : — e 7. (B.64
q0(po, B, 0,0, ,0)+;:1qz<1_ﬁ§: i E: i T13 E ;- (B.64)

Applying the condition Y ¢? < (1 — 8)G(po) of this Case E to (B.64), we
i=1
get

qo(po,ﬂ,l/o,(),...,())—FZq? /B ZqZ = pO <G(p0)+D (B65)
1=1

Thus, as it follows from the above Cases A, B, C, D and E, we have shown

that
q0(p07ﬁ7V0707--~70)+qu <G(p0)+D7 Vﬂe (071}77/06 [0750)’ (B66)
i=1

Finally, the latter inequality (B.66), together with (B.31), yield the following
inequality

q0(p07 ﬁ? o, V1yennsy Vn) + Z Q’L(p07 Vi) < G(po) + D (B67)
i=1
for all 8 € (0,1], vy € [0,70) and vy,...,v, > 0.

Therefore, from the relationships (B.30), (B.67), the strictly increasing be-
havior of the continuous functions ¢;, Vi € {0,1,...,n}, with respect to p, and
the strictly decreasing behavior of the continuous function G(p) with respect to
p, we can guarantee the existence of a unique price value p € (po,p§(8,vo, V1, .- -, vn))

that solves (B.29), i.e., such that
T(p, B,vo, V1, .. V0, D) = 0. (B.68)

Moreover, from (B.29) we have that

or {)QO ({)(h '
— - G'(p B.69
op Z 0 (B.69)

forall 8 € (0,1], v € [0,70), ¥1,...,Vn, D > 0andp € [po,p(l)(ﬁ,uo,ul, ... ,Vn)).
Hence, by the implicit function theorem, the mapping
p(ﬁvyoﬂ/lv" '7Vn7D)

(B.70)
= {p S [p07pé(87V07V17"'7Vn)) | F(paﬁayfhylw"ay’ﬂ?D) = 0}



is a continuously differentiable function with respect to 8 € (0,1], vy € [0,7p),
v; >0,Vie{l,...,n},and D > 0, i.e., forall g € (0,1], 19 € [0,70),v; > 0,Vi €
{1,...,n}, and D > 0, there exist unique values p = p(8,vo,v1,...,Vn, D) €
(po,p(l)(ﬁ, Vo, V1, -, un)), qo = qo(p(B,vo,v1, .-, Vn, D), v0,v1,...,1,) > 0 and
gi = ¢(p(B,vo,v1,...,Vn,D),v;) > 0, Vi € {1,...,n}, such that the vector
(p,qo,q1,---,qn) is the exterior equilibrium, with ¢; > 0 Vi € {0,1,...,n}, for
the influence coefficients (vg,v1,...,v,). Moreover, if p < pg there is no exte-
rior equilibrium with ¢; > 0 Vi € {0,1,...,n}, and if p > p}(B,v0, V1, -, Vn)
then some of the optimality conditions (10) and/or (12) cannot hold, which
implies that the vector (p,qo,q1,-..,¢n) is the unique exterior equilibrium for
the influence coefficients (v, v1, ..., V).

Finally, for this value p = p(8,vo,v1,...,Vn, D), taking into account the
formulas (B.7), (B.24), (B.29), and (B.69), we can calculate

dp oL 1
3= _%t? = . (B.71)

1 vo+/¢'(d0) 1
N ey R e ey ORre s e )

The proof of Theorem 1 is completel

Appendix C. Proof of Theorem 2

Theorem 2. Under assumptions A1, A2 and A3, there exists the interior

equilibrium.

Proof: Let us fix the values of 5 € (0,1] and D > 0. We are going to prove
that there exists the interior equilibrium for any n > 1.

By Theorem 1, for any vy € [0,79) and v; > 0, Vi € {1,...,n}, there
exists a unique exterior equilibrium (p, qo,q1,--.,qn), With p > py and ¢; > 0,
Vi € {0,1,...,n}, and in addition, the functions p = p(vo,v1,...,Vn), G0 =
qo(Vo, V1, -, Vn), and q; = ¢;(Vo, V1, ..., vp), Vi € {1,...,n}, are continuously
differentiable with respect to vy € [0,7) and v; > 0, Vi € {1,...,n}.

Since p > pg and G(p) is strictly decreasing, we have that

n

Z(]z’ =G(p) + D < G(po) + D, (C.1)

=0



then, ¢; € (0,G(po) + D), Vi € {0,1,...,n}. Moreover, f/'(¢;) € (0,a), Vi €
{0,1,...,n}, where . = {0 {)‘”( (po) + D)} > 0.
1€

,,,,,

Now, consider the functions

1
Fo(vo,va,... vn) = — >0, (C.2)
S oW
1
Fi(vo,v1,....un)= o >0, (C 3)
vo+f{' (q0)
TR T T TP i) Z sy — @)
J;ﬁz

for all i € {1,...,n}.
By assumptions A1l and A2, these functions are continuous with respect to
(Yo, V1s e ey Un)-

Now let us define the constants

2c
M:— N C4
0 6+n—1>0’ (C4)
[(1=8) +nla
M=>—— . C.5
B+n—1 >0 (C.5)
If we select vy € [0, Mp] and v; € [0, M], Vi € {1,...,n}, then,
1 1 1
FQ(Vo,Vl,...,l/n): P <5 1 = T
—_/
Snt i@ P Hire Mo
(C.6)
0= p)+nla
M +a B4+mn—1 ' 20
= = = :MO’
n n B+n—1
1

Fi(vo,v1,e,vn) =

1 vo+f' (g0 1 el
Aot 7y @) T =)o+ fy @) ]; e~ ')

i
< —(-AMo+a (C.7)
(1-8)Mo+«
B 200 [ =8) +nja
=U-Bgr g rte="5,1 —M

foralli € {1,...,n}.
In other words Fo(vo,v1,...,vn) € [0, Mo] and F;(vo,v1,...,vn) € [0, M],
Vi € {1,...,n}, whenever vy € [0, My] and v; € [0, M], Vi € {1,...,n}, which



means that the continuous function H = (Fy, F1, ..., F,,) maps the convex com-
pact set [0, Mp] x [0, M]™ into itself, therefore, by Brouwer’s fixed-point theorem,
the function H = (Fy, Fy, ..., F,) has a fixed point (v§,v5,...,v}), i.e., there

exists (v3,v7,...,v}) > 0 such that
FO(Vacayfv'”»V:;)zygv (08)
Fi(vg,vi,...,vp)=v, Vie{l,...,n}. (C.9)
Now, for these influence coefficients (v, v7, ..., ;) we calculate their exte-

rior equilibrium (p*, ¢3,¢7, - - -, q;), implying that

v = — : L —, (C.10)
R L R
vr = LI . (1)
BRI T TR ) P e — @)

J#
for all i € {1,...,n}.

Finally, the equations (C.10) and (C.11) imply that (p*, ¢, a5, - - -, ¢, V5, V5, - ..

is the interior equilibrium, which proves Theorem 2l

Appendix D. Proof of Theorem 3

Theorem 3. Under assumptions A4, A5 and A6, for every 8 € (0,1] there

exists uniquely the interior equilibrium (p*, ¢i, ¢, v§,v").

Proof: For our particular case, the consistency criterion takes the following

form:

W= —fp—, (D.1)
+ K
v+a

1

vy + -1

4ot BT
(1-Bwy+ap (1—-Bvy+av+a

then, the functions (C.2) and (C.3), within the proof of Theorem 2, are rewritten

v= T (D.2)

as follows

1
FQ(V(),V) S T — > O, (D?))
+K

v+a

rn



1
1 Vg + ag n—1+
(1-Bwy+ay (1-Bry+av+a

We can see that the functions Fjy and F' are continuously differentiable with

F(v,v) =

>0, (D.4)

respect to 8 € (0,1] and vy, v > 0, and by Theorem 2 we know that the function

H = (Fp, F) has a fixed point, i.c., the system of equations

Fo(Vo,V) = 1, (D5)

F(vg,v) = v, (D.6)

has a solution.

In order to prove that the solution of (D.5) and (D.6) is unique, we are going
to show that the function H = (Fy, F)) is a nonexpansive mapping,.

Given that H is a continuously differentiable function, in order to prove that
H is a nonexpansive mapping, it is enough to show that |[VH|| <1 (i.e., the
infinite norm of the Jacobian matrix of H is less than 1).

From the function (D.3) and (D.4) we have that

0Fy
8_1/0_0’ (D.7)
oFy n B n
E N n 2 [n—|— (V+(1)K]2 o 0, (DS)
(u+a)2( +K)
v+a
1-5 (=B tag—(1—pB)(ro+ao)n—1
OF (1= B)ro + agl? (1= B)vo + ao? v+a
vy 1 vy + ag n—1 2 ’
[(1—5)1/04-&0 (1—,6’)Vo+aou+a+K}
n—1
) (1= 5) ~ fao—
B 2 1 Vo + ag n—1 z (D)
[(1 = B)wo + ao] [(l—ﬁ)vo—l-ao_'—(1—ﬁ)uo+aou+a+K}
n—1
(1= )~ fao—

7(1 +[(1 —ﬂ)VoJrao]K}

n
{1 + (1/0 +a0)y



vy + ag n—1

oF (1 =B +ao (v +a)?
ov 1 vt+a n-1 *
[(1 — B)vo +ao " (1—=Bw+aov+a +K} (D.10)
[(1 = B)vo + o) (vo + a0)
(v+a)?
— — 5 =0
{1+(Vo+ao)z+a+[(1—ﬂ)V0+a0]K}
Therefore,
oRy| (9B _ g n_ o »
ave| T aw | 10 n+@+a)KP|  [n+@+a)K]? (D.11)
n n
n—1
oF| |oF (1= 8) = Bao——
vl Tav| T ’
Vo v n—
{1+(Vo+ao)y+a+[(1—5)Vo+a0]K}
R iz
2
{1+(1/0+ao)z__i_i+[(1—ﬁ)Vo+ao]K}
00— 0 ol +
_ — ! (D.12)
{1+(1/0+a0)y a+[(1—5)1/0+00]K}
(1) + o+ (1= B+ aa (v + )
< 2
{1+(V0+a0)2—|_—c1¢+[(1_ﬂ)V0+a0]K}
142 n—1 no 1)
< + (V0+(10)V a+{(V0+a0)V+a} .
n—1 2 a
[1+(V0+a0)y+a}
Hence,
B oF,| |0F,| |oF| |OF

Therefore, the function H = (Fy, F) is a nonexpansive mapping and the

fixed point (v§,v*) is unique. In addition, since the corresponding exterior



equilibrium (p*, ¢, ¢*) is unique, too, the interior equilibrium (p*, g3, ¢*, v3, v*)

is also uniquel

Appendix E. Proof of Theorem 4

Theorem 4. The interior equilibrium (p*(8). ¢5(8), ¢*(8),v5(8),v*(B)) and the

function 7*(8) are continuously differentiable with respect to 8 € (0,1]. More-

over, the functions p*(B), v§(B) and v*(B) are strictly decreasing for all B €

0,1].

Proof: First, we will show that the influence coefficients

Vi = vi(8) and

v* = v*(3) are continuously differentiable functions with respect to 8 € (0, 1].

To do that, we consider again the functions Fy and F, but

into account their dependence with respect to 3, i.e.,

this time taking

1
Fo(B,vo,v) = ——, (E.1)
+ K
vV+a
F(p = L E.2
(r7V07V)_ 1 V0+Cl0 n_1+K ( )
(l—ﬁ)u0+a0 (1—[3)V0+a01/+a
Now, we define the function ® = (¢o, ¢) , where
do(B;vo,v) = vo — Fo(B,vo,v), (E.3)
¢(5,V07V):V_F(/83V07V)' (E4)
By Theorem 3, the equation
O(B,19,v) =0 (E.5)

has a unique solution v§(8),v*(8) > 0, for every 3 € (0,1].

In addition, it is easy to see that ® is continuously differentiable with respect

to 8 € (0,1] and vy, v > 0, with

5 (9(;50 6¢)0 1 6-FO 8F1O
92 o v || owm 0w
Vi ® = dw,v) |9 99 |~ _a_FO _oF > (E6)

6_1/0 ov vy



and by (D.13), together with (D.7) and (D.10), we have that

Opo| oFy| . OFy|  |0do
‘3V0 _‘ vy =l=1> v _‘By ’
00| _|, | _, _oF _|oF|_| s
ov| ov| ov vy | Oy’

(E.7)

(E.8)

Then, we can conclude that the matrix V(,, ,)® is diagonally dominant,

and, therefore, invertible for every 8 € (0, 1].

Hence, by the implicit function theorem, the functions vj(3) and v*(8) are

continuously differentiable with respect to 8 € (0, 1], and, in addition,
0Fy OF, \ ' /0F,

dg,v) _ [ 0% ‘1a_<1>: 1_6_1/0 2 95
dp dwo,v)| 0B _oF | _OF oF
61/0 ov 85
where
oFy
=0 _p
op ’
- n—1
1
oF _ (1= B)vo + aol? [ ““”‘“”Ha}
B _ 2
B [ 1 vy + ag n—1 —|—K}
1-pBwo+as (A—-pro+arv+a
n—1
IZ0) |:1 + (l/o +a0)y+a}
= 1 S <0.
n —
{1 G0 )2y 10 = B+ el |
Therefore, we have that
dVS 1 ory -1 0
d(vg,v") d ~ o,
i d_ﬁ‘ =\ or | OF | |oF
dg vy Ov op
Now, since V(,,,,)® is invertible for all 5 € (0, 1], then,
OF  0Fy OF
det (v(l/o,l/)(I)) =1- E — 587 7é 0, Vﬂ S (O, 1],
and
OFy \ ! . IF  OF,
"oy ! 7
or | Ur sr—omor | oF °

o v L= % v oy \ o

(E.9)

(E.10)

(E.11)

(B.12)

(E.13)

(E.14)



thus,

dvg 1 OF 0Fy 0
ag | _ 1 Qv v
dv' | = TOF R OF or L 2E) (E.15)
ap v v Jvy vy op
Next, from (E.8) we can see that that
OF
1—— . E.1
£y >0 (E.16)
In addition for 8 = 1 we have that
a n—1
—ag
OF | _ via _<o. (E.17)
0 lo=1 1+ (v + a0) =L 4 K
0+ o)+ do
Then, from (D.8), (E.16) and (E.17),
OF 0F, OF
1—E—Ea—yo>0, fOI‘ﬂ—l. (E18)

Moreover, we know that Fy and F' are continuously differentiable with re-

OF OF, OF
spect to 5 € (0, 1], therefore, 1-=— 222" g continuous respect to 8 € (0, 1],
dv  Ov Jyy
thus, from the inequalities (E.13) and (E.18), we have that
OF 0OF, OF
1= 28 T S, vge(0,1]. E.19
ov ov Oy ' pe(01] ( )

Therefore, by the relationships (D.8), (E.11) and (E.19),

OFy OF

wi v 9B

dﬂ_l_ﬁ_F_%ﬁ_F<O’ (E.20)
v ov iy

oF

av* EX

W_I_G_F_%G_F<O’ (E.21)
v ov Oy

so the functions v/ (8) and v* () are strictly decreasing with respect to 5 € (0, 1].
Because the influence coefficients v§(8) and v*(3) are continuously differen-

tiable with respect to 5 € (0, 1], and the exterior equilibrium (p(8, vo, V), 90(8, vo, V), q(8, vo,V))



is continuously differentiable with respect to 8 € (0,1] and vy, v > 0 (by Theo-

rem 1), then, the equilibrium

®"(8),90(8),¢"(8)) = (p(B, v5,v7), 90 (B, v5,v*), a(B, v5, V7)) (E.22)

is continuously differentiable with respect to 8 € (0,1]. Moreover, since 7(p, q)
is continuously differentiable with respect to any p,q > 0 (as we can see from
equation (26)), then, 7*(8) = w(p*(8), ¢*(5)) is also continuously differentiable
with respect to 8 € (0,1].
Next, since p*(8) = p(B, v§,v*), we can apply the chain rule to obtain
dp* Jp Op % Op @

a5 =95 "o ds T ov a5 (5:23)
Now, consider the function
F(p,ﬂv Lo, V) = [QO(pa ﬁv Lo, V) + Nq(pa V)] - G(p) = 07 (E24)
where, for our particular case,
_p-b
q(pv V) - I/+(l7 (E25)
(p — bo) + Bnrog(p, v)
V) = , E.26
qo(p,ﬁ,VO,V) (l—ﬂ)VQ—Fao ( )
1+ Bro n
or _ 9 n@—G’(p): via L M Lk
dp  Op Op 1-Bw+a v+a
n (E.27)
1+(V0+a0)1/—|—a
= + K > 0.
(1 — ﬂ)l/o + ap
In addition,
or _ 9w
o3 0p
_ nvoq(p, v)[(1 — B)vo + ao] + vol(p — bo) + Brnvog(p, v)) (B.28)
[(1 = B)ro + aol? '
_ vol(p — bo) + n(v0 + ao)q(p, V)] S0
(1= B)ro + aol? ’
oo
(91/0 - BVQ
_ Bnap. 00— B+ o] (LB bo) + g )] o

[(1 — /J))I/o + a0]2
_ Bnagg(p,v) — (1 = B)(p — bo)
(1= B)vo + aol? ’




or % dq Bnyg dq dq

w o "o T U=Pwmtaar  "ow
_ nlwta) p-—b <0
(1= PBwy+ap (v+a)? ’

Therefore, by the implicit function theorem,

’rl(l/o + ao)
(1 — ﬂ)Uo + ag ov

or or or
O _ 08 O _ O Op_ oy
o oI oy O v Ol
Ip Ip dp
then, from equalities (E.23) and (E.31),
or | Or du o0 dv
P =75 = ar
ap

and from the equalities (E.28) and (E.29), we can see that

or  OU dvg _ wl(p™ —bo) +n(vg + ao)q(p®, v*)]

28 By dp (1= B + a0’

+

praog(p*,v*) — (1 = B)(p* —bo) s

[(1 = B)wg + aol?

0

b

%

_ 5" —bo) +na(p*, ) [15? + ao (v + )]

(1= B)vg + a0l

(1 - B)(p* — bo) */
+ (1= 5)1/3 +a0]2(—1/0 ).

Now, we are going to analyze the sign of v + B’

First, from the equality (D.8), we can see that

dFy n n

v [n+(v+a)K]? <2

Lan
n

(E.30)

(E.31)

(E.32)

(E.33)

(E.34)



Second, from the identities (D.9) and (E.11), we have that

n—1
OF B OF (1—5)—/3aoy+a
vy w B _ 2
© a0 (- B+ e
,— 1
+£ o |:1+(1/0+ao)z+a:|
Vo n—1 2
{1400t a0 410 - w0 + i}
n—1 n—1 (E-35)
(l—ﬁ)—ﬂaoy_‘ra—Fﬂ|:1+(l/0+a0)’/+a:|
- 2
{1—‘1-(1/04—(10)3_'_(1 +[(1—5)V0+GQ]K}
n—1
_ 1+ﬁV0V+a -
-1 2 ’
{14 00t a2 g 410 - w0 + i}
And third, from the equalities (D.10) and (E.35), we get
n—1
OF OF 6 OF [(1—ﬁ)V0+a0](V0+ao)(y+a)2
_+_7__:
ov Buo 140 0[3 n—1 2
{1 0o )2y 10 - B+ el |
n—1
1+ﬂ]/01/—|—a
+ — .
{1+(V0+ao)z+a+[(1—5)V0+QO]K} _—
E.36
—1 n—1
L oy + [0 B+ el +a0) s

{1+ (vo + ag) — L, (1 —ﬁ)uo+a0]K}

v+a
2(nfl)2
V+a+(l/0+ao) (v +a)?

n—1 2
v+a

n—1

1+ 2(1/0 + ao)

< =1

{1 + (vo + ao)



Then, using the relationships (E.19), (E.20), (E.34), (E.35) (E.36), we obtain

OFy OF
o+ 50 =4+ 5 G
v ov ay
(12200, onor
0 v dv vy dv 0B
ST _F_omor
v dv vy
S S N YU U
_1_3_F_%3_F_ v v \dvy v} 9B
v v Oy
o [ L (2 28]
1_3_F_%8_F v ovy v§ 0B
v Jdv Oy
v [ oF OF B OF
‘1_£_ﬁ@£1(%+%'%%ﬂ>&
ov dv Jyg

Finally, applying the inequalities (E.20), (E.37), and the assumption A5, to
(E.33), we can see that

OF 0T dvg _ vi(p” —bo) +ng(p® v*)[5? + a0 + Bvg')]
o Oy dp (1= B)vg + ap)?

(1 - B)(@" — bo)
(1= B)g + a0l
Therefore, applying the inequalities (E.21), (E.27), (E.30) and (E.38), to

(E.32), we obtain

(E.38)

+ (—12") > 0.

or | or dvs | or d
p(B) = — o  Ovy dB  Ov dj <0, (F.39)
or
op
which proves that p*(53) is strictly decreasing with respect to 8 € (0, 1]l

Appendix F. Proof of Theorem 5

Theorem 5. Under assumptions A4, A5 and A6, the exterior equilibrium
(p°(8).45(8),q%(B)) and the function 7¢(8) are continuously differentiable with
respect to 3 € (0,1]. Moreover, the function p°(B) is strictly decreasing for all
B8 € (0,1].



Proof: From Theorem 1 we have that the exterior equilibrium (p©(8), ¢5(5), ¢°(8)),
1

corresponding to the influence coefficients (1§, v¢) = e % , is continuously
differentiable with respect to 8 € (0, 1]. Moreover, since 7(p, q) is continuously
differentiable with respect to any p,q > 0 (as we can see from equation (26)),
then, 7¢(8) = w(p°(B), ¢°(B)) is also continuously differentiable with respect to
B e (0,1].

Next, in the same way as in the proof of Theorem 4, we consider the functions

q0(p, B, v0,v), q(p,v) and ['(p, B, vp,v), given by (E.24), (E.25) and (E.26), and

define the implicit function

I“(p.p) =T <p,ﬁ,%,%>

(F.1)
= Bny =) +nq (p = )| - G =0
=190 pvaK,K qu p)=29,
where (similarly to the proof of Theorem 4)
1 1 n
+ e + ap T .
ore N7e F.2
= —L K> (-2)
b (1- B)E +ag
and
! (p—bo)+n ! + !
are K p 0 K agp ) g\ D, K
= 2 >0 (F.3)
op 1
(1- B)E +aog
Hence, by the implicit function theorem,
are
cl _ dpc _ B_ﬁ
dp

which proves that p°(3) is strictly decreasing with respect to 5 € (0, 1]l

Appendix G. Proof of Theorem 6

Theorem 6. Under assumptions A4, A5 and A6, the exterior equilibrium
(Pt (B),qb(B),q*(B)) and the function wt(B) are constant with respect to 3 €
(0,1].



Proof: From Theorem 1 we have that the exterior equilibrium (p*(53), ¢4(3), ¢*(3)),
corresponding to the influence coefficients (v§,v*) = (0,0), is continuously dif-
ferentiable with respect to 5 € (0, 1].

Again, in the same way as in the proof of Theorem 4, we consider the
functions qo(p, 8, vo,v), q(p,v) and T'(p, B, vy, v), given by (E.24), (E.25) and
(E.26), and define the implicit function

I'(p,8) =T (p,3,0.,0)

(G.1)
= lgo (p, 8,0,0) + ng (p,0)] — G(p) =0,
where (similarly to the proof of Theorem 4)
l+a n
ort 0%
— = —4+K>0 G.2
o9 w TE>0, (G.2)
and
ort
— =0. G.3
5 (G.3)
Hence, by the implicit function theorem,
ort
dp' EX
t/ b B
e =0 G.4
op

which proves that p! = pt(3) is constant with respect to 8 € (0, 1].
Substituting the values p' and v = v* = 0, in the expressions of qo(p, 3, 1o, )

and ¢(p, v) given by (E.25) and (E.26), we obtain

nt — b

%(8) = qo(p', 8,0,0) = pa—oo (G.5)
t_

0'(8) = alr',0) = L2, (G:6)

then, ¢f = ¢4(8) and ¢' = ¢'(B) are also constant with respect to 5 € (0,1],
which implies that 7t = wt(3) = w(pt, ¢*) is constant with respect to 8 € (0,1],
tooll



Appendix H. Proof of Theorem 7

Theorem 7. Under the assumptions A4, A5 and A6, the following inequali-
ties hold:

. c : * t
g%p (B) > gggp (B) >p". (40)

Proof: From the equations (E.24), (E.25), (E.26) and the assumption A4,

we have that
—b
T'(p, = Kp-T
(p. B,v0,v) A Fmta  vial P
—b
(p —bo) +n(vo + ao)p
- Vta Kp-T
(1—B)vo +ao
1+(I/0+(10)
V+a+[(

(1= B)vo +ao

(H.1)

=p

nb
bo+(Vo+a0)y+a
+T| =0,

(1= B)vo +ao

from which we can isolate p to obtain

nb
V+a
+T
(1 - /B)VO + ag ) (H2)

1
+(V0+a0)y+a
+ K
(1= B)vo + ao

bo + (vo + ao)

p(ﬂvl/()v’/) =

Now, we are going to prove that

. c . * t
Lim p (8) > llggp (B)>p", (40)

where

nb
bo + (5 + ao) ——
v*+a +T

1-08)v:+a
p*(8) = p(B, 1 (8),1(8)) = — L= A6 Fdo . @m3)
1+(V6<+0/0)V*—M
+K
(1 =By +ao




nb
1
1 K+a+T
c 11 (l_ﬁ)f—’—aO
p°(B)=p 57E»E = 1 m )
1+ (% +ao) 5
7 ta
1 + K
(1—5)?4'&0
b
bo—l—(lon—
— @ 47
a,
p'=p(B,0,0) = —27——
14+ ag—
— 2 K

ao

bo + (% —|—a0)

First, we are going to show that

g%p”(ﬁ) > lﬁiﬁ;p*(ﬂ)

In order to do that, we are going to introduce the notation

5 — lim
) éﬁ} v (8),

(H.4)

(H.5)

(H.7)

(H.8)

From the equations (30) and (31) of the consistency criterion for our particu-

1
lar case, we can see that v (3), v*(5) < T for all g € (0, 1], which, together with

the strictly decreasing behavior of v§(8) and v*(8) with respect to g € (0,1],

imply that the values 7§ and 7* exist.

Then, we can calculate the difference

g?&pc(b’) - lgﬁ}p*(ﬂ)

1
bO + (? + aO) bO + (D())k + aO) nb

1
= +a ~ %
T K +T — 14 +az +T
_ % T ao _ Uy +ag
= i
1 1 1 74 -
+(K+a0)i+a +(V0+U,O)l~/*+a
K _— +K — +K
%‘Fao Vo +ao
b nb )
0 + 4T _ bo +~le T
++a ++a vy +a v*+a S
_ K 0 XK 1 0 2
B 1 1 ) S’
+—" 4K " 4k %

++a ++a vy +ay U*+a

(H.9)



where

1 nb
(3 JiCensent)
Vg + ao V*+a +a0 K"'“

1 nb
- + + K +7T,
+a0 —+a 1/0+a0 1/*+a

1 n n
Sy = ( 1 + 3 +K> ( + +K> > 0. (H.11)
?‘FQO f‘f‘a V0+a0 v +a

Now, we analyze the sign of Si:

1 n bo nb
S1=1|= += 1 + 1
1/0+a0 v +a E—Fao §+a
b nb 1 n

+K<10 + 5 )+< + = )T

% ta x+a vgt+ay V*+a

1 b nb
—I—KT—(l +1n ><~*0 +~n )

% T ao 7% ta vy +ag  U*+a

b nb 1 n
—K(~*O + = )—(1 + )T
1/0+a0 v*+a ?4’040 era

— KT

(H.10)

1 1 1 1
= —nb Tk 1 T ox 1
vita4 t+ap Vg t+ao g ta

+nb0 % 1 Tk 1
v +a?+ao V0+a0?+a

1 1 1 1
v¥4+a E+a vy + ag E"‘ao
1 1 1 1
r*+a % ta vy + ag % T ao
1 1
_na<b>(~__1_)
vr+a  #+a
1 1 1 1
-0 (e T - e T D)
vitag t+a Vyt+ao g ta

1 1
+ G(bo) ~ % 1
vy +ao 7% tao

Since the limits 7§ = %f% v§(8) and o* = %f% v*(f) exist, it is easy to see

that the equations (30) and (31) must hold for the values vy = &} and v = v*,

implying that

1
Ua Ut < — H.13
0,V < K’ ( )



therefore,

1 1
= > 5 ; (H.14)
vy + ag 7 T ao
1 1
—_— . (H.15)
v+a £+a
In addition, by the assumption A5 and A6, we have that
b—1b
G(b) > — 0 >0 (H.16)
0

which, together with the fact that G(p) is strictly decreasing with respect to p,

imply that
G(bg) > G(b) > 0, (H.17)
and
G(b) — f’*_ bo_ . (H.18)
vy +ag

Then, by the inequalities (H.14), (H.15), (H.17), (H.18), and the assumption
A5, we obtain

20055

~ % 7i
v +a 7 Ta

1 1 1 1
—n(b—bo) ~ % ~ % Tk 1
vVtavy+ag Vygtao g ta

+G(bo)< LR ) (H.19)

Uy +aop %-ﬁ-ao

b—b 1 1
i GO R N i
vy +ao vrta  w+a

+G(b0)< L1 )>0-

g +a % +ao

Therefore, applying the relationships (H.11) and (H.19) to (H.9), we get

. S1
im p(B) — limp*(8) = =% > 0. 2
Lim p (8) lim p (8) 5, 0 (H.20)

In other words, lim p* > lim p* ().
words, im () > limp*(5)
Now, we show that

lim p*(8) > pt. H.21
lim p (B)>p (H.21)



In order to do that, we calculate the difference

lim p* —pt
lim p (B)—p
~ % nb
bo+(Vo+a0)D*+a bo + ag—
— +7 — % 47
_ Vo +ao ag
= . n - n
L+ (75 +a0)=—— 1+ ag—
- v +a+K a g
vy + ag ao
bo nb by nb
+7 2L
B +ay Ur+a a0+a+TiRl
- T ~ Ry
- " g —4lig
vy tay V*+a 0o a

where

(H.22)

(H.23)

(H.24)



Now, we analyze the sign of Ry:

1 b b b b
lﬁ::<—~+ﬁ)<~*0 + )+J{(~*O + = )
apg a vgt+ay V*+a Ugt+ay VU*+ta

+<i+ﬁ)T+KT
aq a

(it ) (508) ()
vy + ag v*4+a ag a ag a

1 1 1 1 1 1 1 1
=-nb|-= — —= +nby | —= ——=
a vy + ag agv* +a a vy +ag ag V* +a

1 1 1 1 (H.25)
) v (@ 7))
a UV'4a as Uy +ag
1 1 1 1
) (G 7))
a vV4a ap Vg +ap
1 1
=nG(b) <— — = )
a Vv*+a
1 1 1 1
—n(b—bo)(—~* - >
avy+ag ag V* +a
1 1
cotm (A1)
ap I/O + ap
Again, from the equations (30) and (31), it is easy to see that
vy, 0" >0, (H.26)
therefore,
1 1
— > — , (H.27)
ag vy + ag
1 1
-2z ) (H.28)
a U*+a
and, from inequality (H.16), we have that
b—b
G(b) — % >0. (H.29)
ao

Then, by the inequalities (H.17), (H.27), (H.28), (H.29), and the assumption



A5, we obtain

1 1
+Glbo) (% 7 +ao>
0 (H.30)
Y IO Ll N —
- ao a UVr+a
1 1
G(b — — >0
* (O)<a0 178+a0)

Therefore, applying the relationships (H.24) and (H.30) to (H.22), we get

Ry
limp*(B) — p' = == > 0. H.31
lim (B)—p s (H.31)

In other words, léirolp* (8) > p'M

Appendix I. Proof of Theorem 8
Theorem 8. Under the assumptions A4, A5 and A6, for any § € (0,1], if
m°(B) > 7*(B), then, it is satisfied that p*(8) < p°(B).

Proof: Let 8 € (0,1] such that 7#¢(8) > 7*(8).
“(B) = a(p*(B),v*(B)), given by

First, we substitute the value of ¢* = ¢

(E.25), in the expression of 7*(8) = w(p*(8), ¢*(B)), given by (26):

T™(8) = p*q —§aq2—bq :<p —b—gaq>q

p*—=b 1 p*—b|p"—0
v*+a 2a1/*+a} v +a (L.1)

1 *—b\?2
~ (e 5) (552)
2 v*+a

Similarly, we can get

= |:(V* +a)

c c c 1 c c 1 1 pc_b
T(B) = p°q —5aq2—bq —<?+5a) i : (1.2)



Now, suppose that p*(3) > p°(8), then,

w(8) - x8) = (v + 30) (f:;i)z— (Lol

1+a
K
2
1 c—b\? 11 c—
> (v +za) (2 A —+2a | b
2 v*+a K 2 i—i—a
K
v+ —a 1+1
_ 2 K% | . e
= (p°—b)
(v* +a)? 1+ 2 (13)
i K
-l_;’_ ’ *+1 _(*+ )2 i_;’_l
X a v 2a v*+a % 2a 2
= = 2 (pc_b)
(v* +a)? i—|—a
K
( 1 1/*) ( v+ 11/*(14— a)
K K 2 2K .
(v* + a)? (? + a)

which implies that 7¢(8) < 7*(8), contradicting the hypothesis 7¢(3) > ©*(3).
Therefore, the assumption p*(8) > p°(8) is false, i.e., p*(8) < p°(8), proving
the theoremM

Appendix J. Proof of Theorem 9

Theorem 9. Suppose that assumptions A4, A5 and A6 are true. If the rela-
tionship

(n—1)a
- >
n+ak — “o0 (41)

is valid, then, there exists the value B € (0,1) such that ﬂ'C(B) = 7*(B) and

p*(8) <p°(B)-
Proof: We see that the inequality (41) implies that

a > ao, (J.1)



since we consider n > 2.

Let o = 13?011/6(/8) and 0¥ = II%JIB v*(B) be the same limits introduced in
F

(H.7) and (H.8) from the proof of Theorem 7.
From the equalities (30) and (31), we have that

~ % ~ % 1 1
Uy — V" = - —
0 ~*n LK 1~ uo—izao ~n—l LK
vt +a Q-8 +ay (1—=B)5+av*+a
S 1 1
n o —
_ + K 1 n 1—|—K
vt t+a ta U +a
1 -1
(~* + = +K>—<~ ‘ +K)
_\Yyta vV+ta v +a
B n 1 n—1
(5 + %) (e + o + )
v +a vgt+ay UV +ta
. . (J.2)
_ vy +ay Ut+a
B n 1 n—1
- +K — + = +K
v*+a vg+ay V' ta
_ —(%g — ") + (a — ao)
o - n 1 n—1
(7% + ao)(* +a) | = +K )| = + = + K
r*+a vg+ay V' ta
> (5 —v") _
N . n 1 n—1
(7% +ao)(7* +a) | = +K )| = + = + K
r*+a vg+ay UV ta
Then,
vt > (% = ") (1.3)

n 1
~ % % K
(75 + ao) (¥ +a)<17*+a+ ><ﬂ5‘+ao+

o +K>
r*+a

Since the denominator on the right-hand side of inequality (J.3) is strictly

positive, then, inequality (J.3) can only be true if

~ % ~
Vg >V,

(1.4)



Now, substituting the value of p*(3), given by (H.3), we get

b .
b0+(V0 +a0) *n
ta 1
(1 - B)vs +ao _p
1
+(VO+LL0) *+a+K
b | 0B +a
v +a v*+a
b
bo + (V§ + ao) n 1—%(1/5‘4—(10)L
V*+a_|_T b V*+G+K
(1-P8)¢+ao (1 -5 +ao
= n
1+ (W +ag)——
x v ta (J.5)
v*+a + K
( ) (1—/3)V6‘+a0
b — by

_ “- (1= B)vg +ao
1+ (v + ao)

vt +a
* + +K
(V a) (1—ﬁ)1/0 +(10

[(1 = B)vg + aolG(b) — (b — bo)
WA T a0) T + @)+ (- B T ol + O
[(1 = B)vg + ao]G(b) — (b —bo)
n(vg +ao) +{1+[(1—B)vg + a) K}(v* +a)
(

Substituting the relationship (J.5), in (I.1), we obtain

m(B) =
(V*Jr%a) < : [(1—5)V6‘+ao]G(b)—(b—bo)y*+a)>2. (J.6)

n(vg + ao) + {1+ [(1 = B)yg + aol K}(

Similarly, we can find that

QL+L0< [(1 = B) % + ao]G(b) — (b —bo) )2 (J.7)
"(% +ag)+{1+][(1 —ﬂ)% +aO]K}(% Ta))

To prove the assertion of the theorem, first, we are going to show that

(1) > 7°(1). (1.8)



Here, we introduce the notation
vy =15(1), (J.9)
7 =v*(1). (J.10)

By the relationships (J.6) and (J.7), proving inequality (J.8) is equivalent to

proving the following relationship:

(7 + o) [rmpras it

5 (J.11)
- <1 +1a) [ apG(b) — (b—byp) }
K 2 n(% +a0) + (1 + aoK) (% +a)] ’
which in turn is equivalent to showing that
(7" + 39)
(@5 + ao) + (1 + aoK)(7* + a)]? 112)
(% +39) '

[n(& +a0) + (14 agK) (% +a)]*

Next, define the function

7"+t (% —7") + 59

wH(t) =
{n[7g +t (& —75) + a0l + (1 + aoK)[7* +t (& — 7*) +a]}” (.13)
_ B
Py(t)*
where
P =7+t~ -7 ) +2a>0 (7.14)
B K 2" " '
_ 1 _
Py(t)=n {1/3 +t (? - 1/8) + ao}
X (1.15)
+ (1+aoK) [17*4—1? (E —ﬁ*) +a} > 0,
so proving (J.12) is equivalent to proving
Tl0) > wi(1). (J.16)

We can easily see that Pj(t), P»(t) and W!(t), are differentiable for each
€ [0,1], and W' (¢) is given by

P{(t)Po(t)* — 2P (1) Pa(t) Py(t) _ Pi(t)Pa(t) — 2Py (1) P4(1)
Py(t)* Py(t)?

o (t) = . (Ja7)



where

Plt) = % 7 >0, (J.18)
Po(t) = n (% —,7;;> +(1+ aoK) (% —v*) > 0. (7.19)

Now, we are going to analyze the sign of Pl (t)Pa(t)* — 2Py (t)Pa(t) P}(t):

Pl(t)Py(t) — 2P, (t)Py(t) = (% —v*) {n {vg +1 (% —v;;) + ao]

+(1 + agK) {ﬁ*—i—t(%_;*) +a}}
-2 {5*4—15(%17*) +%a] {n <%173>

+(1 4 oK) (% _v*>] (7.20)

e[ ) o)

) (L)

—t <% —v*) [n <I—1( —v;ﬁ) +(1+agK) (% —v*)} .

Using the value of 7 given by (30) we find the identity
1 7" +a

n +K:n+(ﬁ*+a)K’
7" +a

(J.21)

—%
Vg =

so we can define a new function ! (7*) as follows:

[ )]

1
_17*(1 +(LOK) (E —17*)

=i rax ) ()
(27" +a) {% - HE—TM} } _ (1 + aoK) (% v*) (7.22)
n

- T TOR <{(,7* +a) +aoln + (7 + a) K1} (% _p*)

—(20" +a) {%[n + (T +a)K] — (7" + a)})
—7*(1+ aoK) (% _p*) o).



Then,
[n+ (7" +a)KJy' (7")

—n ({(v* +a) +aoln + (7 + a)K]} (% —a*>

(J.23)
(27" +a) {%[m (7" + a)K] — (7" + a)})
— 7" (14 apK) <% —3*) [n+ (7 + a)K] = n} (7°) + 3 (77),
where )
) =" +0) +aln+ 07+ KD (7
. (J.24)
— (20" 4+ a) {?[TH— T +a)K]— (7" +a)}

Py (%) = —7*(1 + aoK) (% —v*) n+ (7" +a)K] <O0. (J.25)

We can easily see that 1] (7*) is a quadratic polynomial of 7*, whose deriva-

tives are
1 f—x 1 —* 5% 7%
1 () =14 aK) <E_V ) —{@" +a)+a[n+ (T +a)K]|}
(J.26)

- 2{%[714— (T*+a)K]|— (" —|—a)}

17

1 (7)) = —2(1 + aoK). (J.27)

Making use of the Taylor series, we obtain

1

P = 0H0) + 91 O + 50l O

1
= zlao(n +aK) — (n —1)a] (J.28)

~on- 1)% +(n = Dao + a(l + aoK)| 7*
— (1 + agK)7**.
Now, from the assumption (41), we have that
ap(n+aK)—(n—1)a <0. (J.29)

Then, from the inequality (J.29), the equality (J.28) implies that

() < 0. (3.30)



Applying the inequalities (J.25) and (J.30), to identity (J.23), we get the

relationship
[+ (7 + a)K]L(7*) = nbL(77) + pA(7") < 0. (3.31)
Moreover, since [n + (7* + a)K] > 0, it must hold that
YT <0, (1.32)

thus, applying inequality (J.32) to equality (J.22), proves that

n [(ﬁé +ao) (% - v*) — (27" +a) (% — vg)]

X (3.33)
—7"(1 + aoK) <? —v*) < 0.
Therefore, from the relationships (J.20) and (J.33) we see that
Pl(t)Po(t) — 2Py (1) Py(t) < 0, (1.34)
which, together with (J.17) and (J.19), imply that
vty <0, Vtelo1], (J.35)

so the function W!(t) is strictly decreasing for all ¢ € [0, 1], then, the inequality
(J.16) is valid, which finally proves (J.8).
Second, we are going to prove that
lim 7* < lim7¢(5). J.36
lim 7" (5) < lim 7*(5) (J.36)
Again, making use of equations (J.6) and (J.7), we see that proving (J.36)

is equivalent to showing that

1 (7 + a0)G(b) = (b= bo) ’
(” i 2a> {nws +a0) + [+ (5 + ao) K](7* +a>}
11 (¢ + a0)G(b) — (b—bo)
- (E " 5“) {n% Fa) T 0T (T a) Kl +a>} '
Now, consider the function

2 = (s L (v0 +a0)G(b) — (b — bo) ’
vonn) = (30 T e i s i) O

) (3.37)

2



where v, v € [0, %], so proving (J.37) is equivalent to proving
T2 (i, %) < U2 ifi. (J.39)
K'K

It is easy to see that W2 (v, v) is differentiable for all vg,v € |0, %]

Next, define the differentiable function

(o + ag)G(b) — (b —bo)

Wi ,V) = , J.40
o(0,¥) n(vo+ao) + [1 4 (vo + ag) K|(v + a)’ (740)

which, due to inequality (H.16), satisfies
WQ(Z/Q, V) > 0. (J41)

Using equation (J.40), we can rewrite the expression of ¥?(vy,v), given by

(J.38), as follows:
B2 (v, v) = <u + %a) (Wo(vo, )% (7.42)

Then, by the chain rule

T =2 (v 3a) Wato) G (7.3
where Wy _ G {n(vo+ap) + [1 + (vo+ ap)K](v+a)}
vy {n(vo + ao) + [1 + (vo + ag)K](v +a)}?
(%0 + a)G() — (b — bl + (v + )] -

 {n(vo + ao) + [1+ (vo + a0) K] (v + a)}2
~ GO)(v+a)+ (b—bo)n+ (v +a)K]
-~ {n(vo +ao0) + [1 + (vo + ao)K|(v + a)}?
Applying inequalities (J.41) and (J.44) to equation (J.43) gives us the rela-

> 0.

tionship
ow?
0 140

which proves that W% (v, v) is strictly increasing with respect to vy € [0, &] for

>0, (J.45)

all v € [0, ).

In the same manner, we define the differentiable function

o v+ 30)
W) = G e T B rap > > 040




Using equation (J.46), we can rewrite the expression of ¥?(vy,v), given by

(J.38), as follows:
U2 (vg,v) = [(vo + ag)G(b) — (b — bo)|*W (vo, v). (J.47)

Again, by the chain rule

(()8\11!/2 = [(vo + ag)G(b) — (b — bo)}Q%, (J.48)
where
ow _ {n(vo +ao) + [1 + (vo + ao) K](v + a)}?
v {n(vo +ap) +[1+ (vo + ao)K](v + a)}*
2 (v + 2a) {n(vo + ao) + [1 + (1o + ao) K](v + a) }[1 + (1o + ag) K]
{n(vo +ao) + [L + (o + ao) K](v + a)}*
n(vo + ao) + [L + (v + ag) K](v + a) — 2 (v + 3a) [1 + (vo + ag) K]
{n(vo +ao) + [1 + (v + a0)K|(v + a)}? (7.49)

B n(vg +ag) — v —v(vy + ag)K
{n(vo + ao) + [1 + (vo + ao)K](v + a)}3
(g =) +ag)K + (n—1)(vo +ag) —
{n(vo +ao) + [1 + (vo + ao) K](v + a)}?
(£ —v)(vo+ ag)K + (vo —v)
{n(vy +ao) + 1+ (vo + ag)K](v +a)}?

>

Then, we can see that

ow (% = V)0 + ao)K + (v — ) .
ov = {n(vy+ao) +[1+ (vo 4+ a0)K](v +a)}? >0, Vv =>v. (J.50)

Applying inequalities (H.16) and (J.50) to equation (J.48) gives us the rela-

tionship
ow?
ov
which proves that W2(vg,v) is strictly increasing with respect to v € [0, vg] for
all vy € (0, ).

Finally, from inequalities (H.13), (H.26) and (J.4), we have that 0 < 7* <

>0, V>, (J.51)

vy < T then, by the strictly increasing behavior of ¥?%(v,v) with respect to
vy € (0, %] and v € [0, 1], we can conclude that

\112(y5‘,~*)<x1:2<11< ><\112<[1{ ;) (J.52)



so inequality (J.39) is valid, which finally proves (J.36).

Therefore, since the functions 7*(3) and 7°(8) are continuous for all g €
(0,1], and the inequalities 7*(1) > 7°(1) and g%ﬂ'*(ﬂ) < l,é% 7¢(B) are valid,
by the Intermediate Value Theorem we can grantee the existence of a value
3 € (0,1) such that 7*(3) = 7¢(f).

Finally by Theorem 8, for this value 3, it must hold that p*(8) < p¢(B),
which finishes the proofll



