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Distance based topological indices (TIs) play a vital role in the study of various structural and chemical aspects for the
molecular graphs. The first distance-based TI is used to find the boiling point of paraffin. The connection distance (CD) index is
a latest developed TI that is defined as the sum of all the products of distances between pair of vertices with the sum of their
respective connection numbers . In this paper, we computed CD indices of the different derived graphs (subdivision graph
S(G), vertex-semitotal graph R(G), edge-semitotal graph Q (G) and total graph T (G) obtained from the graph G under various
operations of subdivision in the form of degree distance (DD) and CD indices of the basic graphs including some other

algebraic expressions.

1. Introduction

A topological index (TI) is a function from the set of simple
graphs [ to the set of real numbers that assigns a unique
number to each graph G belonging to F. More importantly, it
remains constant for the isomorphic graphs that is if G, =
G, then TI(G,) = TI(G,). Many topological indices have
been introduced for the molecular graphs in the chemical
graph theory to predict the certain structural and chemical
properties such as vaporization, freezing point, boiling point,
volume, density, weight and physicochemical properties of
chemical bound [1]. Moreover, most rapidly growing fields of
science such as chemistry, mathematics and information
sciences provide effective research achievements in the last
decade and one of the combinations of these subjects is called
by cheminformatics which studies two relationships tech-
niques quantitative structures property relationships (QSPR)
and quantitative structure activity relationships (QSAR) for
the different molecular structures, see [2-4].

Wiener (1947) [5] was first scientist who laid the
foundation of chemical graph theory. In chemical graph
theory, atoms and bounds are taken as vertices and edges. He
discovered through his research work that there is a close

correlation between the sums of the distances among pairs of
vertices and the boiling points of paraffine. Almost, after
passage of three quarters of the 20th century (1972) [6]
discovered degree-based indices, (First and Second Zagreb
indices), which were utilized to calculate the total 7-electron
energy of molecules. After these developments, many TIs
were introduced which are found to be highly useful for the
study of different physicochemical properties of chemical
compounds. Degree distance index [7] and Gutman index
[8] are the most important distance-degree based TIs. Ali
and Trinajstic [9] (2018) restudied the first Zagreb con-
nection index (ZC,), second Zagreb connection index
(ZC,) and the modified first Zagreb connection index
(ZC7). Recently, Javaid et al. [10] defined a new distance-
based TI called by connection distance index as the sum of
all the products of distances between pair of vertices with the
sum of their respective connection numbers.

Yan et al. [11] defined the new graphs called as sub-
divided graph S(G), vertex-total graph R(G), edge-total
graph Q(G) and total graph T(G) with the help of the
subdivision-related operations S, R, Q and T respectively. Xu
et al. [12] have determined the degree distance index of the
derived graphs. Bahadur et al. [13] have determined Gutman
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index of derived graphs. In particular, on different families
of graphs for the result about degree based TIs, see [14, 15]
(line graph), [16, 17] (sum-graphs), [18, 19] (derived
graphs), [20, 21] (extremal graphs), [22, 23] (generalized
sum graphs), [24] (nanotube) and distance based TIs, see
[25-27].

In this paper, firstly, we have determined the exact values
of connection numbers of old (black) vertices and new
(white) for derived graph S(G) and bounded values of
connection numbers for {C;, C,}- graph of R(G), Q(G) and
T (G) were determined. Then, finally, bounded and exact
values of connection distance (CD) of derived graphs
{S(G),R(G),Q(G), T(G)} are determined by Theorems and
Corollaries. Section 2 consists of applications, Section 3
comprises some related definitions, Section 4 covers the
main results of connection distance index (CD) for the
derived graphs and Section 5 sum up our findings.

2. Applications

From the last two decades, the worth investing problem of
finding out the physicochemical properties of the molecular
structures is attracting the attention of chemists and
mathematicians continuously. The TIs have been used to:
predict the solubility of fullerene Cg, [28], find the ionic
liquids densities [1], optimize QSPR models (Simplex op-
timisation of generalized TIs) [29], manufacture the anti-
cancer drugs [30, 31], calculate molecular van der Waals
areas or volumes [32] and measure the vaporisation, sub-
limation, formation & combustion for the monocarboxylic
acids (C,H,O, — C,yH,,O,) [4]. Recently, International
Academy of Mathematical Chemistry checked thirteen
physicochemical properties of octane isomers (heat capacity
at T constant, heat capacity at P constant, density, boiling
point, entropy, acentric factor, enthalpy of formation,
octanol-water partition coefficient, enthalpy of vaporisation,
standard enthalpy of formation, molar volume and total
surface tension) with the help of the connection number-
based TIs and declared that the chemical capability of the
Zagreb connection indices is better than the ordinary Zagreb
indices for the entropy and acentric factor of the octane
isomers, for detail see [9]. In addition, Javaid et al. [33]
presents comparison of correlation coefficients between
different TIs and eleven physicochemical properties of oc-
tane isomers (boiling point, heat capacity, entropy, densi-
ty,mean radius, change in heat of vaporization, standard heat
of formation, acentric factor, enthalpy of vaporization and
standard enthalpy of vaporization) which shows that Gut-
man connection index is a very useful TI for the prediction
of entropy, acentric factor, enthalpy of vaporization and
standard enthalpy of vaporization.

3. Preliminaries

Throughout in this research paper, we take a simple and
connected graphs G with V(G) = {u;: 1<i<n} and E(G) =
{e;: 1<i<m} such that [V(G)| =n and |E(G)| = m. For
more basic notations of graphs, see [34, 35]. Now, we define
some most frequent used definition as follows
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e The number of vertices at distance one from a vertex u;
is called its degree and it is denoted by & (u;).

e Degree of an edge e =u;u, is given by
d(e;) = 8(uj) +6(uy) — 2, where 1<i<m for some
1<j,k<n.

e The distance between two vertices u;,u; € V(G) is
denoted by d (1, u;) and defined as the length of the
shortest path between both the vertices u; and u; for
1<i,j<n.

e The distance between two edges e; = u,u, and e; =
uu, is defined as dg(e;e;) = min{dG (uyu,),
dg (up, ug),dg (ug,u,),dg (ug, uy)}, where 1<i,j<m
and 1< p,g,r,s<n.

e The distance between one vertex u; and one edge e; =
u,u is  defined asdg(u;e;) = min{dg (u;,
u,),dg (u;, u,)}, where 1< j<mand 1<i, p,q<n.

e The number of vertices at distance two from a vertex u;
is called its connection number of u; and it is denoted

by 7(u;) for 1<i<n.

More details about aforesaid definitions can be obtained
from [9, 36, 37].
Some important and related TIs are the following:

Definition 1 (see [5]). Let G be a connected graph of order n,
then its Wiener index is

WG =y Y

u;u; €V (G)

dG(ui,uj), (1)
where 1<14, j<n.

Definition 2 (see [6]). Let G be a connected graph of order n,
then first and second Zagreb index are defined as

M, (G) = Z [6G () + 8G(uj)] = Z [56 ()’ (2)
uiujeE(G) u; €V (G)
M,(G) = Y [86(u)d6(u;)]; (3)

u,ujeE(G)

where 1<i, j<n.

Definition 3 (see [38]). Let G be a connected graph of order
n, then first and second Zagreb coindex are defined as

M@= Y [660u)+86(u;)]: (4)
uu; ¢ E(G)

M@= Y [66(u)dc(u)]. (5)
uu; ¢ E(G)

where 1<14, j<n.

Definition 4 (see [6]). Let G be a connected graph of order n
and size m, then edge version of Wiener index is defined as
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We (G) = Z

[dG(e,-,e-) + 1],
{e,-,ej}gE(G) ! (6)

where 1<i, j<m.

Definition 5 (see [35]). Let G be a connected graph of order
n, then the degree distance index of G is

DD@ =y ¥ {dlwow)(0w)+ o))l ()

u;u €V (G)

where 1<14, j<n.

Definition 6 (see [12]). Let G be a connected graph of order
n and size m, then the edge version of degree distance index
of G is

DD, (G)= )

{ei,e]-}gE(G)

[d.(ee;) +1][0(e;) +(e;))] (8)

where 1<i, j<m.

Definition 7 (see [8]). Let G be a connected graph, then the
Gutman index of G is

Gut(G)=% > Ad(w ;)8 (u)o(uy))} 9)

ui)quV(G)

where 1 <14, j<n.

Definition 8 (see [10]). Connection Distance index of a
graph G (denoted by C D (G)) is defined as

CD@ = Y dg(upu;)[re ) +16(w)]; (10)
{ui,uj}QV(G)

where 1<i, j<n or

CD@ =3 ¥ MuNEw@rr)

u,veV (G)

Definition 9 (see [10]). Gutman Connection index of a
graph G (denoted by GC(Q)) is defines as

GC(G) = Z dc(ui’uj)[TG (”i)TG(“J‘)]’ (12)

{u,-,uj}QV(G)

where 1<i, j<n or

GC@ =3 ¥ @unG@rml 3

u,veV (G)

Yan et al. [11] defined the four operations S, R, Q and T
on the graph G and obtained the four new graphs from G as
follows:

¢ S(G) is obtained from G if a new vertex w; is inserted
in every edge e; of G. The already existing vertices u; of
G are named as old or black vertices while new vertices
w; are also named new or white vertices.

e R(G) is formed by assigning a new vertex w; corre-
sponding to each edge e; of G and this new vertex w; is
connected with the end vertices of the respective edge e;.

® Q(G) is formed from S(G) if two white vertices w; and
w; are further joined together when corresponding
edges ¢; and e; have one common end vertex.

e T'(G) is formed from R (G) if two white vertices w; and
w; are further joined together when corresponding
edges e; and e; have one common end vertex.

4. Relation Between Connection Numbers
and Degrees

In order to determine connection numbers or bounded
values of connection numbers of derived graphs S(G), R(G),
Q(G) and T (G), we will develop Lemma 1 to Lemma 4.
Before to the proofs of these results, in particular we con-
sider Figure 1 and Figure 2 to present some trees, cycles and
graphs consisting of cycles of order 3 and 4.

Lemma 1. For a simple and connected graph G (i)
TS(G) (u,») = S(G) (ui) and (ll) TS(G) (wl) = 8(G) (uj)‘l'
0 () —2 = 8 (e;) where w; is a new vertex corresponding
to edge e; = ujuy.

Proof 1. On applying S-operation, subdivision graph S(G),
each vertex u; is connected with & g, (1;) = d; new (white)
vertices. So, 8 (4;) =d; new (white) vertices w; are at
distance one from old vertices ;. Further d; old vertices u;
are at distance two from u; in S(G) (which are at distance
one in G)

Also, each new vertex (white) w; corresponds to each
edge e; = u;uy is at distance one from u; and 1. So, number
of vertices at distance 2 from w; are § g, (u]-) =1+ 86 (uy) -
1 (see Figure 3 and Figure 4). Therefore 74, (w;) =
6(G) (uJ) + S(G) (uk) -2= 6(G) (ei).

Lemma 2. Let G be a simple and connected graph
(a) If G is a {C,,C,}- free graph, then

(i) Tr(q) () = 27 ) (u;) and
(ii) Trg) (Wy) = 2[8 () (u;) + &) ()] =4 = 2[§ )

(e)].

(b) If G is a {C;,C,}— graph, then

(i) Tr(c) (4;)<27 () (;) + 1, where r = max{r;} and
r; are number of C and C, cycles connected with
u; in G.

(ll) TR(G) (U)l)<2 [6(6) (I/l]) + 8(G) (uk)] —4—-s=2 [8(G)
(e;)] —s, where s = max{s;} and s; are number of
C; cycles connected with u; in G.

Proof 2. On applying R — operation, a new vertex w; is
joined with the corresponding vertices of edge e; = 1.
Case (a)
If G is a {C;,C,}— free graph, then the degree of each
vertex u; in R(G) is twice the degree u; in G i.e. dp(g) (1) =
205 (u;) (see Figure 5) . Then their connection number of
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FIGURE 1: Some trees and cycles.

FIGURE 2: Some simple and connected {C;, C,}- graphs.
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FIGURE 4: S-operation of simple and connected {C;,C,}- graphs.
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FIGURE 5: R-operation of trees and cycles.

each vertex u; in R(G) is twice the connection number u; in
G ie. Tp(g (4;) = 27(G) (). Also u; and ;. are at distance
one from w;, but in R(G), degree of u; and u are also
doubled, then number of vertices at distance 2 of w; are

2[8(G)(u;) = 148G () — 1] = 2[6(G)(u )+ 6 ()] -
426G(e)—28G( .). Also for n>5, (SC (u) 2, 1¢, (u;) =2,
Tr(C,) (u;) =4, TR(C, y(w;) =4, =1 )(u)—ZT )(u)and
TR(C,) (w) =2[8, )(u )+dc, )(uk)] = 26¢ (ey),
i=1,2.

Case (b)

If G is a {C;,C,}~ graph, then consider d¢ (u;) =2,
5c3(“i) =2, Tc3(”i) =0, 7 (Q)(ui) =1, TR(CS)(wi) =3=
Tric,) (W) =27y (u) +1 and 1) (w;) = 2[d ¢,y (u))+
5(C3)(uk)] —5,= 26G (ei) -1i=1,2,3.

Oc, () =2,7¢,(u) = 1, 1c,)(u;) =3, T, (W) =4
= TR(CA)(u,-) = 27(c4)(”i) + 1 and TR(C4)(wi) = 2[8(C4)(uj) +
6(C4) (uk)] - 4 = 26(:4 (ei)’ l S 1, 2, 3, 4

Consider R (G,) graph in which two C; are connected by
a common vertex u3 as shown in Figure 6, then § ¢ ) (1;) = 2
76, (1) = 2, 7p6,) (W) = 5=Tg(g,) (1) = 27 ) (1) +1  for
i=1,2,45 and & )(u3) =4, 16 (43) =0,7x(g,)(u3) =

2= TR(g,) (u3) = 27 ) (43) + 2 as uy lies in two C; graphs.
Also TR(GI)(wi) =3= TR(GI)(wi) = 2[6(G1)(uf)+
Sl =5 = 265(e;) — 1 for i=1,4 and 7p(g,)(w;) =
72 Ty (W) = 2[0G,) (u)) + 8 (g, ()] =5 = 20 (e;) ~ 1,
fori=2,3,5,6

Consider R(G,) graph in which three C; are connected
by a common vertex u; as shown in Figure 6, then

FIGURE 6: R-operation of simple and connected {C;,C,}- graphs.

06,y (u) =2, Tg, (W) = 4, Tp(G,) (4;) = 9=TR(g,) () =
2T(G2)(ui) +1 for i=1,2,4,5,6,7 and 8(62)(u3) =6
TG, (u3) = 0, 7p(G,) (u3) = 3= TG, (u3) = 27(G,)(u3) + 3 as
u; lies in three C; graphs. Also 73, (w;) =3=
Tr(a,) (W) =28 (g, (u)) +8(g,) ()] =5 = 285 (e;) - 1 for
i=1,4,7 and TR(GI)(wi) =11 =>TR(G1)(LU1») = 2[8(G2)(xi)+
5(62)()’1')] -5=28;(e;)— 1, fori=2,3,5,6,8,9.

Consider R(Gj;) in which one C; and one C, are con-
nected by a common vertex u; as shown in Figure 6, then
8(63)(ui) =2 for i=1,2,4,5,6, Tcs(ui) =2 for i=1,2,
76, (1) =3 for i = 4,6, 7g, () =1 for i = 3,5, TreG,) () =
5=21,(u) + 1, for i=1,275 6, () =4 = 27(g,) (u3) +2,
as us lies in one C; and one C, graphs, g, (4;)=
7= ZT(G)(L{)+1 for i=4, 6TR(G)(u5) 3=21(, (u5)+1
Also TG, (w)=3= 206 G)(u1)+8(G (uy)]-5= 26G(e )—

L, Tp(g, y(w,)=7= 2[8(G (u2)+8 (u3)] 5 =268 (e;)—
G)(w3) 8=2[d(g, (u3)+5 (u4)] = 25(;(63),
G, (W) =4= 2[8(G (uy) + 6 g, (us)] 4 = 20 (ey).

Cons1der R(G,) graph in Wthh two C, graphs and one
path are connected by vertex u; as shown in Figure 6. As
5(04)(”;') =2 for i=1,2,4,6,8, S(Gl)(u3) =5 and

Splus) =1, 16 () =1, 15 (1) =4, 15 (u3) =3,
TG, (uy) =416, (us) = 1, TR(g,)(uy) =3 =27, (1)) + 1,
Trg,) () =9 =27, (1) + 1, Tp(g,) (U3) = 8 =27, (u3)+
2,7R(G,) (uy)=8= 2T G, ) (uy), TR(G4)(M5) =2 :21(G4)(u5),
TR(G, )(wl) 4= 2[6(G (u)+8)w)l-4 = 255(e),
Tr(g,) (W,) =10= 2[8(64 (uy) +5(G4)(u3)] -4 = 285(ey),
TR(G,) (w;)=10=2 [8(G4) (us) + 8(G4) (u)l-4 = 265(es)
TR(G4) ('LU4) =2=2 [8(G4) (l/l4) + 8(G4) (us)] -4 = 26G4 (64).

Consider a graph R(G;), in which one edge u,u; is
common in two C;—graphs as shown in Figure 6.



5(G5)(ui) =2 and TGs(ui) =1, TR(GS)(ul) =4 =27 )(ul) +
2 as N(u;) € two C; graphs, fori=1,4, §(g, (u) =3 and
g, () = 0, 7RG (1) =2 =27, (uy) +2 as N(u;) € Cy
graphs, for i=2,3, TR(G, y(wy) =5=2[8 G, ) (ug)+
06, (uy)] = 5=285_(e,), similarly we can get w,, w; and wy,
Treg,) (Ws) =5 =2[0g,) (1) + 8, (ug)] = 6=28¢_(e5) - 2,
as uyu; € two C; graph.

Now consider a graph R(Gg) in which one edge u,u; is
common in three C; —graphs as shown in Figure 6,
86y (u) =2 and 75 (u;) =2, TG (1y) =7 =27, (1)) +
3 as N(u,) € three C; graphs, for i = 1,4,5, § ¢ (u;) =4
and TG, (u;) =0, TR(G, y(u) =3 = 27, y(uy) +3as N(u) €
three C3 graphs, fori=2,3, 75(g, (wl) =7=2[0(,(u) +
0yl =5 = 285 (ey). Slmllarly, we can get ws;,w,,
ws, We, and wy, Tr(g,) (Wy) =9 =2[8g,)(u,) + 8 (g, (1y)] -
7 = 28, (e;) — 3, as uu; € three C; graph.

Now, we close our discussion by taking r = max{r;} and
s = max{s;}, then upper bound for connection number is
taken is taken as Ty () (4;) = 27(G) (1) + 7 and 713G (w;) =
2[8G) (x;) + 8 (y)] =4 =2[8 g (e;)]. And lower bound
for connection number is taken as 7y (g, (4;) = 27 G, (1;) and
Trie) (W) =2[0 ) (x)+ 8 () (y)]—4=s=2[5 (g (e))]-s. O

Lemma 3. For a simple and connected graph G,
(a) If G is a {C5,Cy}— free graph, then

(i) Tq6) () = &) () + 7 () () and
(ii) 1) (Wi) = T(6) (x;) + 7y (i)

(b) If G is a {Cs,C,}— graph, then

(i) 1) (U)<0 () () + T(G) (W) + 7 where
r = max{r;} and r; is the number of C; and C,
cycles connected with vertex u; .

(i) 1q(c) (W)<T (G (uj)‘+ T (U) +s whe‘re
s = max{s;} and s; is the number of C; cycles in
graph G connected with edge e;.

Proof 3

Case (a)

If G is a {C;,C,}— free graph, On applying first S-op-
eration, the connection number of u; becomes equal to §,,.
Then for Q-operation, further two new (white) vertices of
S(G) are also joined if their corresponding edges have a
common vertex between them. So connection number of u;
in Q(G) becomes equal to the sum of §,, and 7 (1;).

(For explanation from Figure 7, first consider a tree T
with nine vertices in which &) (w;) =1 for i=1,7,8,9,
Oy(u)=2 for i=2,3,45 71 (us) =414 1Y) =
1i=1,2,6,7(7)(4;) =3i=3,4, Ty (Us) = 4,7 (1) =
3i= 7,8,9. Then Tom (W) =2 = 8 (uy) + 7 (1)),
T (U) = 3 =081y (u,) + T(r) (), T (Us) =4 =

8¢r) (u3) + 71 (u3) = Tq(m) (u4) Tor (Us) = 6 = 87y (us) +
Ty (Us)s 1o (Ug) = 5= 01 (ug)+ 7 (ug), TQ ) (ug) =

4= 6(T) (u;) + T(r (I/l7) = TQ(r (us) (ug)
TQ(T) (wy) = 2= (”1) + T (uz) (wz) =

3 = 7(p) () + 77 (“3) TQ (ws) = 7(p) (u3) + T(T) (u4)

1 (103) = 6= T (4y)+ 1y (t5)s Topy (wg) = 5 =
T(T) (“5)+ T(T) (”6) o) (We) = 4 = 1) (ug) + 7(p) (17) =
Tom (W;) = 7oy (wg),  here  we  conclude 74
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FIGURE 7: Q-operation of trees and cycles.

(ui) = S(T) (Mi) + T(T)
Ty ()

(ui) and TQ(G) (Tl) = T(G) (Uj)+

Also for n>5, 8C (u) =2, ¢ (u;) =2, 19, () =4
(C)(w)— , =>TQ(C)(u)—8(C)(u)+TC)(u) and
TQ(G (LU) = T(G (u )+ T(G) (uk)

Case(b)
Consider dc (u) 2, Tc (u) =0 TQ(C3)(ui) -3
Toey (W) = 12 1o, (1) = 8¢, () + 7,y () + 1 and

TQ(c, y(w;) =7 (u ) + T (uk) +1,i=1,2,3.

5@ (u;) =2, Tc, (u) =1, TQ(C4)(ui) =4, TQ(C4)(wi) =3
= Ty (W) = S(C )(u )+ T, (u)+1 and 745 (W) =
T(G)(u )+T(G (uk) i=1,2, 3 4,

Consider Q(G,) graph in which two C; are connected by
a common vertex u; as shown in Figure 8, then § ¢ , (1;) = 2

Tg, (u;) =2, TQ(Gl)(ui) = 5 2TQ(G1)(ui) = 6(G1)(ui)+
Tg)w)+1 for i=1,2,45 and §)(u;)=4
76, (13) = 0, g G) (143) = 6= Tq(g,) (43) = 0 ) (1)) +

T (G, (u3) + 2 as uy lies in two Cj5 graphs. Also 74 ) (w;) =
3 = TQ(GI) (wl) * T(G) (u]) + T(G) (uk), but TQ(GI)(wi) =

G, (u3) — 1 whenu; and u, is of same degree and u; is their
thlrd vertex in C;, Also 74, ) (w;)<7(g) (u )+ 76 () +1
for i=1,4 and TQ(GI)(U)) =4=140,) (w) =1 (x)+
T (y;) +2, fori=2,3,5,6.

Consider Q(G,) graph in which three C; are connected
by a common vertex u; as shown in Figure 8, then
6(G yw) =2, 16 (W) =419, W) =7 =196, W) =

)(u)+T(G)(u)+1 for i=1,2,4,56,7 and
5( G,) (M3) =6, TG (U3) =0, TQ(Gz) (M3) =9= TQ(GZ)(u3) =
86, (u3) + T(GZ)(u3) + 3 as uy lies in three C; graphs. Also
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FIGURE 8: Q-operation of simple and connected {C;, C,}- graphs.

Q(Gs) ™

TQ(6y) (Wi) = 5= T, (W) # 7(g) (1)) + T () () for
i=1,4,7but TQ(GI)(wi) = 6(61)(143) — 1 when u; and u, is of
same degree and uj is their third vertex in C;, Also
To@) (W<t gy (x) + 7 (y)+1 for =147 and
TQ(Gl)(wi) =7 TQ(GI)(wi) =70 (u]-) + 7 (u) +3, for
i=2,3,56,8,9.

Consider Q(Gj;) graph in which one C; and one C, are

connected by a common vertex u, as shown in Figure 8, then
0, (u;) =2 for i=1,2,4,56, 16 (n;) =2 for i=12,
TGs(ui) =3 for i=4,6, TG3(ui) =1 for i=3, TQ(G3)(L£1) =
5= 8(Gl)(ui) + T(G3)(”1) +1, TQ(G3) (US) =7= 6(G1) (ui)+
TG,y (U3) +2, as u3 lies in one C; and one C, graphs,
TQ(G3)(L£4) =6= G ) (1y) + TG, (ug) +1, 756 (u5)
8(G1)(u5) + T(G3)(u5) +1, . Also TQ(G )(wl) =3= )(U3)
1 when u; and u, is of same degree and wu; is their third
vertex in Cj, Also 7g,)(wy)<T(g) (1y) + 7(g) (1) + 1,
TQ(Gg) (wz) =5= T(G) (l/lz) + T(G) (1/[3) + 2, TQ(G3) ('LU3) =6=
T(G) (U4)+ T(G) (U3) + 2, TQ(G3) (LU4) =5= T(G) (U4)+
T(G) (us) + 1.

Consider Q(G,) graph in which two C, graphs and one
path are connected by vertex u; as shown in Figure 8. As
6(G4)(ui) =2fori=1,2,4, 6(61)(143) =5 and 8(G4)(u5) =1,

76, (u)) = 1, Tg, (uy) = 4 7g, (u3) =3, 7g, (uy) =
4;TG4(u5)— 1 TQ(G)(MI) =4 = 8(G)(u1)+T(G)(ul)+1
TQ(G4)(1/[2) 7=90 G, )(uz) + 7, (u)) + 1, 756 (u3) =10=

8(G4) (U3)+ T(G4 (u3) + 2 TQ (G,) (U4) = 6 (S (G,) (U4)+
T (6, (M) Tq(c,) (Us) =4 =0 g, (15) + 7 (g, (1s), Tq(q,) (W) =
6:T(G) (u1)+T(G) (u2)+1, TQ(G4) w2)= 9:T(G) (u2)+
T(G) (u3)+2’TQ(G4) (w3)= 9=T(G) (u3)+ T(G) (u4)+2,
TQ(G,) (wy)=6= TG (uy) + TG (us).

Now we consider a graph Q (Gj;), in which one edge u,u,
is common in two C; — graphs as shown in Figure 8 .

G (1) =2 and TG(u)—l LeYe (ul)—5—8 ) (uy)+
T(G)(u1)+2 as N(ul) € two C3 graphs, for i = 1,3,

Go(u;) =3 and TG, (u;) =0, TQ(G)(u)—S— SG)(u)+
T(GS)(ui)+2 as N(u,-) € C; graphs, for i=2,4,
To(6,) (W) =3 = 7(g) (uy) + 7(g) () + 2. Similarly, we can
get wy, w; and wy, Tog,) (Ws) = 7(g) (1) + T(g) (uy) + 2, as
u,u, € two C; graph.

Now we consider a graph Q (Gg) in which one edge u,u,
is common in three C; — graphs as shown in Figure 8,

G (u;) =2 and TG(u)—Z LeYe (ul)—7 e (u1)+
T(G)(u1)+3 as N(ul) € three C, graphs, for z—l 3,5,
6(G (u;) =4 and 7g, (W) =0, 1o, (u) =3= 6(G)(u)+
T(G5)(u ) +3 as N(u) € three C3 graphs, for i=2,4,
TQ(G4) (wl) = T(G) (ul) + T(G) (uz) +2 =6. Slmllarly, we can
get Wy, wy, wy, we, and wy, Tr(g,)(ws) =3 = TG (uy)+
T(g) (Uy) + 3, as u,u, € three C; graph.

Now, we close our discussion by taking, r = max{r;}
and s =max{s;}, 7 U)<O (w)+ 717G (4;)+r and
To(6) (W)ST () (U)) + T () () + 5. O

Lemma 4. For a simple, connected graph G,
(a) If G is a {C5,Cy}— free graph, then

(i) Tr) (w;) = 27 (G (4;) and
(ll) TT(G) (w,) = T(G) (l/l]) + T(G) (uk)'

(b) If G is a {C;,C,}— graph, then

(i) Tr(G) (4;)<27 ) (4;) + 7 where r = max{r;} and
vertex u; is connected with r; number of C5 and C,
cycles and

(ii) TrG) (W)ST (G (U)) + T(G) () +s  where s =
max{s;} and edge e; is connected with the s;
number of Cs cycles in graph G.

Proof 4. After applying T-operation on G, we get m new
vertices w; corresponding to each edge e; = uu; = x;y; for
Uj = x;, U =y

Case (a)

If G is a {C;,C,}- free graph, on applying first R-op-
eration, the connection number of u; becomes equal to 7,,.
Then for T-operation, further two new (white) vertices of
R(G) are also joined if their corresponding edges have a
common vertex between them. So connection number of u;
in T(G) becomes equal to the twice of 7,

(For explanation from Figure 9, first cons1der 8 py (1) =
1 fori=1,6, (‘)\p)(u)—2f0r1—234ST(P6 (u)—ll—
1,2,5,6,7(p)(u3) =2 = 7(p)(uy), 7p(p) (u) =2 for i=
1,2,5,6,Tr(p, (u3) = 4 = T (p,) (1y) Trp,) (Wy) =2 =
7p, (111) + 7((py) () = Tr () (W5), 1 (Wy) =3 =
ey (12) + T((p) (43) = Tr(g) (W) Tr(py (w3) =4 =
T((PE))(%) + T((Ps))(”‘l) here we conclude TT(Pn)(ui) =
ZT(PH)(ui) and 7(P,) (w;) = T(Pn)(uj) + T(Pn)(uk)

Also for n>5,6¢ (u;) =2, 1¢ (u;) =2, ()W) =4
Tr,) (W) =4, =1 (W) =27, (1) and 77 (W) =
TG (u]-) + 76 ().

Case

J



w, w2 Wy We

FIGURE 9: T-operation of trees and cycles.

Now consider ¢, (4;) =2,7¢ (4;) =0, T, (u;) =1,
TT(C3)(wi) =1= TT(C3)(ui) = 27(C3)(”i) +1and TQ(Q)(wi):
T(G) (u]-)‘l‘T(G) (uk)+1, i=1,2,3.

C4(”i) =2, Tc, (”i) =1, TT(C4)(”i) =3, TQ(c,) (w,») =3,
= Tqc,) (W) =21 () +1 and 77, (W) = 7(g) (u))+
T(C4) (uk) + 1, i= 1, 2, 3, 4.

Consider T'(G,) in which two C; are connected by a
common vertex 13 as shown in figure 10, then § ) (1;) = 2,
76, (W) = 2,174, (W) = 5=77G,) (1) = 27 (4;) + 1 for
i=1,2,4,5 and d,(u3) =4, 715 (u3) =0,77,(u3) =
2= 711G, (u3) = 27(G ) (u3) + 2 as uy lies in two C; cycles.
Also 176 (w;) = 3= 176, (W) #7(g) (1)) + TG (1), but
Tr,) (W) = 8,y (13) — 1 when u; and u, is of same degree
2 and wy is their third vertex in C;, Also 74, (w;)<
TG (u]-) +7(w)+1 for i=1,4 and TT(Gl)(w,-) =
4= 116 (W) = 76 (%)) + 7y () + 2, for i =2,3,5,6.

Consider T'(G,) in which three C; are connected by a
common vertex u; as shown in Figure 10, then § ) (1;) = 2,
TGZ (ui) =4, TT(GZ)(ui) =9 — TT(GZ) (ui) = 2T(G2) (l/li) +1
for i=1,2,4,5,6,7 and 8(62)(u3) =6, TG, (u3) =0,
Tr(G,) (U3) = 3= Tp(g,) (U3) = 27 (13) +3 as u; lies in
three C; graphs. Also 77,)(w) =5= 717, (w)+
T(G) (u]) + T(G) (uk) for i= 1,4,7 but TT(GI)(wi) =
d(,)(u3) — 1 when u; and u, is of same degree 2 and u; is
their third vertex in Cj,moreover 77 ) (w;)< 7(g,)(x;) +
Tgy(y)+1 for i=147 and 17,)(w)=7=
Tr,) (W) =7 (u)) + 7(g) () +3, for i = 2,3,5,6,8,9.
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F1GURE 10: T-operation of simple and connected {C;, C,}- graphs.

Consider T'(G;) in which one C; and one C, are con-
nected by a common vertex u; as shown in Figure 10, then
Oy (u) =2 for i=1,2,4,56, 16 (u) =2 for i=1,2,
TG3(ul-) =3 for i=4,6,1g, (us) = 1,TT(G3)(L£1) =5=
27, (u) + 1, 7pg, (u3) =4 =27 (u3) + 2, as us lies in
one C; and one C, graphs, 7r (g, (u,) =7 =27, (u,) + 1,
TT(G3) (1/[5) =3= ZT(G3) (U5) +1 Also TT(G3) (wl) =3=
8, (u3) — 1 when u; and u, are of same degree and u; is
their third vertex in C;, Also TT(Gl)(w1)<T(G3)(u1)+
Ty + 1, Tpg,)(wy) =5=14, (1) + 7@, (43) +2,
TT(G3) ('LU3) =6= T(G) (M4)+ T(G) (u3) + 2, TQ(G3) (U)4) =5=
T(GS)(u4) + T(G3)(u5) + 1.

Consider G, graph in which two C, graphs and one path
are connected by vertex u; as shown in Figure 10. As
O, (u) =2 fori=1,2,4, 8, (u3) =5 and § g, (us) = 1,
TG4(L£1) =1, TG4(u2) =4, 1g, (usy) =3, TG, (uy) =4,
76, (Us) = 1, Tp(g,) (1) =3=27g,) () + 1,77, (uy) = 9=
21 () + 1, Tr(g,)(u3) =8=27(G,(u3)+2, Tr(g, (uy)=
8=27(g,(us)s TG, (Us)=2=21)(Us),  Tr(g, (W)=
6=T@, (uy)+ T(@G,) (uy)+1, 1, (wy))= 9= T@G,) (uy)+
T(q, (43) +2, Tr6,) (W3) =9=7(g) (u3) + 1) (11y) +2,
TT(G4) ('LU4) =5= T(G4) (I/l4) + T(G4) (MS).

Now we consider a graph Gs, in which one edge u,u, is
common in two C; — graphs . §  (1;) = 2 and 7¢_(u;) = 1,
Tr,) (M) =3 =21, (u) +1, for i=13, §;,(u)=3
and 75 (4;) = 0,7 (g, (u;) =2 =27, (u;) + 2 as u; € two
C; cycles, for =24, 71py(w)=3=714, W)+
T(G,)(4y) +2. Similarly, we can get w,,w; and w,,
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Tr (g, (Ws) =2
graph.

Now we consider a graph G4 in which one edge u,u, is
common in three C; —graphs as shown in Figure 10,
6(G6) (ui) =2 and TGG (ui) =2, TT(G(,) (ul) =7= ZT(GG) (ul) +
3as N (u;) € three C, graphs, fori = 1,4,5,8 g, (1;) = 4and
g, (W) = 0,776 (1) = 3 =27 (u;) + 3 as N (u;) € three
C; graphs, for =24, 71p,(w)=5=714, W)+
T (G, (1) + 1. Similarly, we can get w,, w;, w,, we, and w,,
Tr,) (Ws) =3 = 7y (U) + TG, (1y) + 3, as uyu, € three
C, graph.

=T (g, (Uy) + T (g, (uy) +2, as uyuy € two C;

Now, we close our discussion by taking r = max{r;} and
s = max{s,}, T ) (U< 6y () + Ty () + 1 and
TT(G) (wi)ST(G) (M]) + T(G) (Hk) + S.

5. Connection Distance Indices of
derived graphs
Now, we will determine degree connection sum of derived

graphs S(G), R(G), Q(G) and S(G) by the following
theorems.

Theorem 1. If S(G) is subdivision graph of G, then

C D(S(G)) =2 DD(G) +2 DD, (G) + LM, + m(m - m+ Y Y [0 () + 86(e;)|do(use;). (14)
i=1 j=1
Proof 5. By O lemma 5. 75 (4;) =0 (1) and 75 (w;) =0, (u]-)
+086) () — 2 = 75(6) (&)
Also
ds(ui,uj) = ZdG(u,-,uj),
ds(wi,w;) = 2|dg(epe;) + 1],
ds(ui, wj) =2dg(ue) + 1,
CDES@G)= ) s<c( up) [7s6) () + 750 (1))
{fuvicv (G
1 & 1 &
=52 [Ts(u)”s( s(uorg) +5 2, [+ 25wy ds(wo ;)
i=1,j=1 Lj=1

+
N =
M= 5

I
—_
-

j=1

I
| —
M=

I

—
<.

I

1

+
N | =
R
Mz

Il
—_

-

Il
—

M§

>

i=1

D(G) +2 DD, (G) +

[0 (

N\'—‘

1

-
Il

=2 DD(G)+2 DD, (G) + = i(i%

i=1

+

M=
M§

i

I
—

-~

I
—

1
=2 DD(G) +2 DD, (G) + m’ +on(M,

>3 [rs ) + () s w
[0 () + () e () + %

[‘SG( D) +06(e;) ] [2dg(uire

) [86 (1) + 8(e;) o (us ;).

2 [oote) vaafe)oldcfenes) +1)

15
)+ 1), =

) 8a(e)] + 3 3 0 () + 8ol

~2m) + Z i (8 () +86(e;)do(us ;).

=2DD(G)+2 DD, (G) + LM, +m(m - n)+zn:i[86(ui)+8G(ej)]dG(ui,ej).
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Theorem 2. IfG be a {C;,C,}— graph and R(G) is an vertex-
semitotal graph of G, then

M=
NgE
(%)

Q
—~~
S
\./
Q
Q
A
v
+
N
M=
M=
Q.
Q
—
=
\A('h
N—r
+
3
™M
~
Q
—~~
=
SN—
+
-
l\)‘§,
S

+
i=1 j=1 i=1 j=1 i=1
(b)C D(R(G))22C D(G) +2 DD, (G) + 2m +n) (M, —2m) + ¥ ¥ 76 (u;)d(upe;) s Y dg (epe;)
i=1 j=1 i,j=1
£ 3 b (w)do(ue;) - >3 Y da(ue;) +m Y w6 () - sm(2m + )
i=1 j=1 i=1 j=1 i=1
Proof 6. (a) For upper bounds, we take by lemma 2, Also  dp(uu;) =dg(u;uy), for u,u; € V(G).
Trie) () =27y (w) + 1 and 13 (w) = dp(w,w)) =dg(eye;) +2, for e,e; € E(G).
3 (uj) +086) (u) —2 =65 (e). dg (ui,wj) =dg(u;, ej) + 1, for u; € V(G) and ej € E(G).
C D(R(G)) = Z dR(G)(ui, I/l]) [TR(G) (ui) + TR(G)(uj)],
{u,-,uj}QV(G)
1 & 1 &
=3 2 [7r () + 75 (1) | dg (o u;) + 5 i:§:1 [7r (w;) + Tp(w; ) |dg(ws w))
1 &8 ,
P ALICHRSACHILACRT
i=1 j=1
) 1 &
< ZE Z [ZTG (w)+r+ ZTG(L{j) + r]dG(ui,uj) +5 Z [25(; (e;) + 28G(ej)] [dG(ei,ej) + 2]
ij=1 i,j=1
l n m
*5 ZZ[ZTG(”1)+T+25G( )][dc( )+1]
i=1 j=1
= 3 [rau) # o))+ 3 i)+ 3 (8o 8] [denes) 1
i,j=1 i, j=1 ij=1
n m n m (17)
+ Z [50 (e;) + 50( )] + Z Z TG (”i)dc(”i’ ej) + Z O (ui)dG(ui,ej)
it =k

S do(une) + Y S ra) LYY+ 3 Y 0q(er)

j=1 i=1 j=1 i=1 j=1 i=1 j=1

+
=
M: =

I
—_

i

N
—
\
I
—
-
I
—
I

N
—_
-
I
—_
I
—
-
I
—
I
—_
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For lower bounds, by lemma 6. 73, (4;) = 27(G) (1) and 1) (w;) =[0G (u;)
+8(G) (up) —2] —s=05(e;) —s.

C D(R(G)) = Z dR(G)<ui, u]) [TR(G) (ui) + TR(G)(uj)]

-3 i (100 + 7)) Jbn(ito0)) + 5 Y (e (wy) + 7a(w;)]dn(wpw;) +

M| —
R
NgE

Il
—
.

Il

[TR () + TR(wj)]dR(”i’wj)

1

%i[zm(umm( o (uu;) + %Z:[zac(e ~s+204(e;) - 5] [do(ene;) + 2]

i,j=1 i,j

m

Z Z [ZTG (u;) + 28G(ej) - s] [dc(ui,ej) + 1].

n
+
i=1 j=1

_ z (6 () + (s, de (o) + 3 [66 (e) + 06(e;)] [da(ene;) + 1]

i,j=1 i,j=1

=2C D(G) +2 DD, (G) +2m(M, - 2m) —s » dg(e;e;) - 2sm’
ij=1

+Zn:iTG(“ ( )+Zn:i8G )dG(ui,ej)—

(YA
M=
™M=

Q
Q

—
=
‘N
N—

+
3
B

S
~—
=
N—

|
w
\a
=

+
X

3
=
|
[y}

3

\/

I\
—_
-

=2C D(G) +2 DD, (G) + (2m + n) (M, — 2m) + ZZTG Y (s )sm(2m+g>
j=1

i=1

i,j=1

- Z dg(e,e;) + ;JZ{(SG (ui)dG(ui,ej) —% Z Z dG(ui,ej) +m Z 76 (u;).

(18)

C D(R(G)) = 2C D(G) +2 DD, (G) + (2m + n) (M, - 2m)
If G is {C5,Cy}— free graph, then connection distance

index (CD)of R(G) can also be determined by taking r = 0 + i 7o (u))d (u- el)
and s = 0 in Theorem 2. . G \Mi)bg\Hi€;

M=

I
—

-

I
—_

Corollary 1. If G be a {C;,C,}~ free graph,then *,

M=
Ms

8 (u; )dc( ')+m§TG ()

Il
—

-

Il
—_

(19)

Theorem 3. If Q(G) is an edge-semitotal graph of G, then
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C D(Q(G)) =D D(G) +C D(G)+2rW(G)+2mn+nZTG ) +rr’ +25W, (G)

i=1

1 m
ty 2 [ral) + 760+ 7(x) + wo(y)][dolene;) +1]
i= 1
" (20)
1 n m n m
£303 [0 () + 76 ()] [do ) + 1]+ T Y Y [d(une) +1
i=1 j=1 i=1 j=1
1 n m
23S ol 5o [do(ene) 1]
i=1 j=
Proof 7. By To avoid confusion, we take edge e; = x;y; = uju for

some j and k, then 1qq) (W)<T () (X;) + T () (y;) + 5. Also
lemma 7. 1 (G) (u)<86 () + 16 () + 7 and
To(e) (W)ST (g (Mj) + 7 () +s.

dQ(u,—,uj) = dG(u,-,uj) +1
dQ(wl w]) = dG(el ej) +1
dQ(u, wj) =dg(use) +1
CD(Q(G) = " }Z do () [Tai) (1) + 7o) (15)]:
- % iz;ﬂ[rQ () + 7o (u;) | do(upu;) + %t ZJI[TQ(“’I‘) + TQ(wj)]dQ(wi’wj)"% ;;[TQ(” ) + 1(w)) Jdo(u w;).

<3 2 [96) +60) o 8o() ) # ] [defoen) + 1]
+% ‘ 12 [TG(xi) +16(y) +s+ TG(xj) + TG(J/j) +$] [dG(eixej) N 1]

i=1,j

+% gé[%(”t‘) + 1 (w) +r+ TG(xj) + Tc(yj) + s] [dc(ui,ej) + 1],
=3 2 oot 8ol o)+ 3 [rolu) +vo)] (e

n

[elon)]+ 3 [80t)+ 8

n
i=1,j=1 i=1,j=1

+
<
—

. Z, [re (1) + 76(u;)] + Z, - ij (6 () + 76 (7) + 16(x;) + 16(;)] [Ao(eve;) + 1] + ]Z [do(ene;) +1]
233 (o0 ) + ro)][douner) + 1]+ CEL Y S [ag(uwpey) 4 1]+ 2 3 S (o) + 7o(r,)] [dones) + 1)

—_

1

—_
]
—_
-
]
—
il
—
-
I
—_

j=

=D D(G)+C D(G) +2rW (G) + 2mn + HZTG (u;) + m + 2sW,(G)
i=1

2 [+ 7600+ 7o(x) + 76(y))[de(ene) +1]

[dG( )+ 1] +

[\.)I»—-
H
—

i

(r+s)

[0 () + 76 ()] [dc(ui,ej) + 1] >

T
=
[\/]§
M=
Mz
N =
=
Mz

]
—
.

1]
—

> [76(x) + 76(v;)][do(ese;) + 1].

(21)

i

]
—
.
I
—
]
—
-
]
—
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If G is {C5,C,}— free graph, then connection distance  Corollary 2. If G is a {C;,C,}— free graph, then
index (CD) of Q(G) can also be determined by taking r = 0
and s =0 in Theorem 3.

C D(Q(G)) =D D(G) +C D(G) +2mn + ”Z 76 (u;) +% Z [TG (%) +15(y;) + TG(xj) + TG(yj)] [dG(e,-,ej) + 1]

i=1 i=1,j=1

3" (86 (8) + 7o )] [d () + 1]+ 3 [ra() + 7a(r,)] [dene;) + 1]

(22)

T
R
Mz

I
—_
-
Il
—_
I
—_
-
I
—_

Theorem 4. If T = T'(G) is an total graph of G, then

C D(T(G)) =2C D(G)+2rW(G)+25W6(G)+ii [76 ()] [de(upe;) + 1] + % Y [z (%) + 76 (3:) + 76(x;) + 76(¥;)]

i=1 j=1 i=1,j=1

[dalener) + 1]+ 523 S [l +1]+3 3 Dlral) + 7o) ey + 1]

i=1 j=1

_
Dngh

i

.

(23)

Proof 8. To avoid confusion, we take edge e; = x;y; = uuy Also
for some j and k. By lemma 4, 7 (w;)<7(g) (x;)+
T (y) + s and 17, (w;) = 215 (w;) + 1

dp (u,v) =dg(u,v),
dT(w w; ) dG( ) +1,
dT(u w; ) dg(ue;) +1,

CD(TG) = Y dpWv)[rre @)+ 16 (W)
{uv}cv(Q)

3 3 lert sl o} S vt oo )

i=1,j=1 i=1,j=1

Z [TG (x)+15(y;) +s+ TG(xj) + TG(yj) + 5] [dG(ei,ej) + 1]



14

Mathematical Problems in Engineering

+s ) [dg(ene;) + 1]+ 2. ) [ra(w)][de(une;) +1]

i,j=1 i=1 j=1
Y Y (o) +1]+5 3 Y [rax,) + 7o) [da(are;) +1] @1
in1j=1 i=1 j=1
= 2C D(G) + 2rW (G) + 2sW, (G) + Z i [76 ()] [de(upe;) + 1]
i1 j=1
1 m
+ 3 Z [TG( Y+16(y) + TG(xj) + TG()/])] [dc(el,e ) + 1]
i=1,j=1
(r+35) & &
98 S ) ] 115 3 o) ) el 1)
i=1 j= i=1 j=
If G is {C;,C,}— free graph, then connection distance  Corollary 3. If G is a {C;,C,}~ free graph, then
index (CD) of T'(G) can also be determined by taking r = 0
and s = 0 in Theorem 4.
CDIT@)=2D@) +5 Y [ra(x) +76() + 76(x,) + 76(7,)] [da(ene) +1]
i=1,j=1
(25)

NgE
[\/]§

(76 ()] dg(use;) +

Il
—

[

Il
—

6. Conclusion

In previous section, first of all, connection numbers of old
(black) vertices and new (white) were determined for de-
rived graph F(G) where F € {S,R,Q,T} (by Lemma 1,
Lemma 2,Lemma 3 and Lemma 4 ) . It was found that exact
values of connection numbers for {C;, C,}- free graph and
S(G) were determined. Bounded values of R(G), Q(G) and
T (G) for {C;,C,}- graphs were determined. Then, finally,
exact and bounded values of connection distance (CD) of
derived graphs {S(G), R(G), Q(G), T (G)} were determined
by Theorems and Corollaries. International Academy of
Mathematical Chemistry declared better reports for the
chemical capability of the Zagreb connection indices than
the ordinary Zagreb indices for the entropy and acentric
factor of the octane isomers.

Data Availability

The whole data are included within this article. However, the
reader may contact the corresponding author for more
details on the data.

5 3 [ra(;) + 7o) [da(es

i=1

] + ej)+ 1].

l\)l'—'
_

-
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