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-is paper contributes to the goal of finding an efficient compression solution for post-training quantization from the perspective
of support region choice under the framework of low-bit uniform quantization. -e decision to give preference to uniform
quantization comes from the fact that support region choice is the most sensitive in the uniform quantization of nonuniform
sources (e.g., Laplacian sources). -erefore, in this paper, we analyse in detail how the choice of the support region influences the
performance of two-bits uniform quantization, measured with signal to quantization noise ratio (SQNR), and the accuracy of the
compressed neural network (NN) model. We provide experimental and theoretical results for a few significant cases of two-bits
uniform quantizer design, where we assume that Laplacian source models the distribution of weights in our fully connected NN.
We opt for Laplacian distribution since it models well weights of NNs. Specifically, we analyse whether it is possible to apply the
simplest uniform quantization in trained NNmodel weight representation with a bit rate of R� 2 bit/sample while preserving the
accuracy of the model to a great extent. Also, our goal is to determine whether the choice of the key parameter of two-bits uniform
quantizer (support region threshold) equally reflects on both, SQNR and accuracy. Moreover, we extend our analysis to the
application of layer-wise two-bits uniform quantization in order to examine whether it is possible to achieve an additional
improvement of the accuracy of our NN model for the MNIST dataset. We believe that the detailed analysis of post-training
quantization described and conducted in this paper is very useful for all further research studies of this very current topic,
especially due to the fact that the problem regarding post-training quantization is addressed from a particularly important
perspective of choosing the support region.

1. Introduction

Although neural networks (NNs) have made significant
improvements in various real-world solutions, in some
scenarios, their usage might be limited or impeded in edge
devices with constrained resources, such as IoT sensors and
mobile devices [1]. To overcome the aforementioned po-
tential problems with NNs and mitigate aggravating cir-
cumstances, various enhancement techniques, such as
clipping, pruning, knowledge distillation, and quantization,
have been proposed [1–4]. Relying on a plethora of previous
conclusions about quantization for traditional network

solutions [5–14] and considering the benefits of low-bit
presentations [15–30], further enhancements of NNs are
intuitively motivated by the application of quantization.
Quantization is significantly beneficial for NN imple-
mentation on resource-limited devices as it can enable fitting
the whole NN model into an on-chip memory of edge
devices so that the high overhead occurred by the off-chip
memory access can be mitigated [2]. Numerous papers have
confirmed that the growing interest in NN optimization is
indeed directed towards the utilization of quantization
methods during various training phases (e.g., see [1, 21, 29]).
It is shown that quantization, as an important compression
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technique, can dictate the entire NN performance, especially
in the most rigorous case with aggressive bit reduction for
extremely low-bit NN, such as in binarized neural networks
[15, 16, 23–27, 29]. Although numerous previous papers
have given general guidelines on the utilization of different
possible quantization methods for NNs [1–4, 13, 15–36],
there are many intriguing directions for future research,
even in the case of the most exploited uniform quantization
model [3, 4, 17–21, 31, 32].

In recent years, a few new quantizer models and
quantization methodologies have been proposed in
[1, 27, 34–36], with a main objective, to enable quantized
NNs to have acceptable accuracy as with using the initial
single-precision floating-point (FP32) format. Since in NNs
the low-bit quantization implies that floating-point NN
parameters are presented with a much lower number of
discrete values, reducing the inevitable quantization error is
a really great challenge. An even greater challenge is to
achieve this goal if simple low-bit quantizer models are used,
such as the simple one with low complexity as the two-bits
uniform quantizer (UQ), which is the subject of this paper.
In very recent related previous works, [31, 36], the goal was
to achieve the highest possible signal to quantization noise
ratio (SQNR) with the utilized quantizer for NN weight
compression. In contrast, in this paper, the predominant
goal is not only to achieve the highest possible SQNR but
also to maintain a high QNN (quantized neural network)
model’s accuracy and derive firm conclusions on the effects
of different two-bits UQ parameter choices on both SQNR
and accuracy, in the case when the MNIST database is
brought to the input of the fully connected (FC) NN. Since
the support region was recognised as the most striking
parameter of a quantizer design [7–13, 36–40], in this paper,
we pay special attention to the choice of this parameter for
our two-bits UQ, and we show how this choice is of great
importance in preserving accuracy with the application of
post-training quantization. Post-training quantization is
especially convenient as there is no need to retrain the
network, while the memory size required for storing the NN
model weights can be significantly reduced [1, 40]. We
provide the experimental and theoretical results for the
quantizer in question, where we assume the Laplacian source
to model the distribution of weights in our FC NN, as it
provides a good model for NN weight distribution
[15, 18, 19, 31, 33, 36, 40]. -e choice of the key parameter of
our two-bits UQ, that is the support region width (Rg
width), is the most sensitive in the uniform quantization of
nonuniform sources (e.g., Laplacian sources) [7–10],
[14, 37, 38, 40]. -erefore, this paper evaluates the influence
of this choice on the quantization performance, measured
with SQNR, and the accuracy of the compressed NN model.

In brief, the following contributions are offered in this
paper:

(i) An analysis of the influence of the two-bits UQ’s
key parameter choice on the SQNR and resulting
accuracy of the QNN model for the MNIST
dataset for a few significant cases of two-bits UQ
design

(ii) -e answer to the question whether the choice of the
key parameter of two-bits UQ equally reflects on
both, SQNR and QNN accuracy

(iii) -e answer to the question whether it is possible to
apply the simplest uniform quantization to repre-
sent the weights of a trained NN model with a bit
rate of R� 2 bit/sample while preserving the ac-
curacy of the model to a great extent

(iv) An analysis of a further accuracy improvement
achievable by the completely novel approach based
on the layer-wise uniform quantization (LWUQ) of
weights in NNs for the given framework of the
paper

To the best of the authors’ knowledge, a similar analysis
of the influence of the three-bits UQ’s key parameter choice
on the SQNR and resulting accuracy of the QNN model
trained on the MNIST dataset has only been recently
conducted in [40]. However, the analysis presented in this
paper outputted completely different formulas for the
simpler design and performance assessment of the two-bits
UQ. Moreover, as an additional unique contribution of this
paper, we propose a layer-wise adapted model of a two-bits
uniform quantizer. We should highlight that due to
completely different conclusions regarding the accuracy of
QNN that can be derived for different bit rates, it is of
importance to separately analyse and address the research
question regarding the problem of the support region
choice and its influence on the performance of the QNN
model, for the particular bit rate. In other words, the
mentioned problem of selecting the support region of UQ
is more prominent in the two-bits case, when compared to
the three-bits case addressed in [40], which makes the
analysis for the two-bits case presented in this paper
particularly significant. Namely, in this paper, we will show
that the performance of the QNN model trained on the
MNIST is highly dependent on the support region choice,
whereas in [40], a weak influence of the support region
choice on the performance of the QNN model has been
ascertained, while a slightly higher accuracy preservation of
the original NN model has been achieved. In order to still
benefit from the one-bit compression over the quantization
model from [40] and to improve the performance of the
QNN model addressed in this paper, we also propose a
completely novel approach based on the layer-wise adap-
tation of the two-bits uniform quantizer and consider the
resulting performance of the QNN model determined
theoretically and experimentally for the given framework of
the paper. We will show that with the layer-wise adaptation
of the two-bits UQ, the performance of the QNN model
comparable to one of the three-bits UQ from [40] can be
achieved, whereas in this paper, the original weights of the
trained NN, stored in the FP32 format, are compressed
with a higher compression factor compared to [40]. In
particular, in this paper, we provide 16 times the com-
pression of the originally trained weights, while the same
weights stored in the FP32 format are compressed about 10
times in [40].
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-is paper is organized as follows: Section 2 describes a
symmetrical two-bits UQ design and derivation of formulas
for its theoretical performance assessment, when the input
data are modelled by a Laplacian distribution, and for its
experimental performance assessment when the real NN
weights are uniformly quantized. In addition, a concise
formulation of layer-wise uniform quantization is presented
in Section 2. -e description of the post-training quanti-
zation procedure and the main results obtained in the case of
applying UQ and LWUQ are presented and discussed in
Sections 3 and 4, respectively. Finally, in Section 5, we
provide a summary of the paper’s goals and conclude our
research results.

2. Symmetrical Two-Bits UQ Design for the
Laplacian Source and Its Layer-Wise
Adjusted Version

Quantization specifies mapping a presumably random input
to a discrete set of N quantization levels (representation
levels). To express the error produced by the quantization
process, mean squared error (MSE) distortion is a com-
monly used measure [37, 40]. -e ultimate goal in quan-
tization is to minimize the error between the quantized
(QN(X)) and original data (X), for a given N, that is, for a
given number of bits required to represent the data R� log2N
(bit rate R) [37].

D � E X − QN(X)( 
2

 . (1)

However, the goal in compression is to minimize the bit
rate for reducing the memory footprint and computation
requirements, which simultaneously increases the quan-
tization error [2, 37]. Due to these conflicting require-
ments, quantization is a very intriguing area of research. As
already mentioned, and highlighted in [40], the choice of
the quantizer model itself and its support region (key
parameter of every quantizer) affects the amount of
quantization error. In particular, the choice of this key
parameter is the most sensitive in uniform quantization of
nonuniform sources (e.g., Laplacian sources) [7–10],
[14, 37, 38, 40], which is why the influence of this choice on
the performance of both, the quantizer and the QNN
performance, is analysed in depth.

Firstly, we specify the key parameter of an N-level
symmetrical quantizer QN. During the quantization pro-
cess, the amplitude range of an input signal is divided into a
granular regionRg and an overload regionRo (see Figure 1
drawn for the symmetric two-bits UQ). In the case of
symmetric quantizer, as the one we design in this paper,
and as the one we addressed in [40], these regions are
separated by the support region thresholds, denoted by
−xmax and xmax, respectively. -e granular region Rg is
defined by

Rg � 

−1

i�−N/2
Ri ∪ 

N/2

i�1
Ri

� −xmax, xmax .

(2)

And it consists ofN nonoverlapping quantization cells of
limited widths, where the ith cell is defined as

Ri � x ∣ x ∈ −xmax, xmax  , QN(x) � yi ,

Ri ∩Rj � ∅, i ≠ j,
(3)

while Ri 
−1
i�−N/2 and Ri 

N/2
i�1 denote the granular cells

in the negative and positive in amplitude regions, which are
symmetrical. In symmetric quantization, the quantizer’s
main parameter set is halved since only the positive or the
absolute values should be determined and stored [37, 40].
-e symmetry also holds for the overload quantization cells,
that is, for a pair of cells of unlimited width in the overload
region, Ro, defined as

R0 � x|x ∉ −xmax, xmax , QN(x) � yN/2,

x> 0∨QN(x) � y−N/2, x< 0.
(4)

In low-bit quantization, a very small number of bits per
sample is used to represent the data being quantized (less
than or equal to 3 bit/sample) [37, 40]. If the quantization
cells are of equal widths, then the quantizer is uniform,
which is the case with the low-bit uniform quantizer we
address here and the one from [40]. -e code book of our
two-bits UQ, Y ≡ y−2, y−1, y1, y2  ⊂ R, contains N� 4
representation levels, while in [40], the number of repre-
sentation levels is doubled. -ese representation levels are
denoted by yi (see Figure 1) and specified as the midpoint of
the ith cell by

yi �
xi−1 + xi( 

2
, y−i � −yi �, i ∈ 1, 2{ }, (5)

where the cell borders are equidistant and specified by

xi � iΔ, x−i � −xi, i ∈ 0, 1, 2{ }, (6)

while Δ stands for the step size of our two-bits UQ and is
given by

Δ �
2xmax

N

�
xmax

2
.

(7)

y-1 y1 y2

-xmax = x-2

Δ Δ Δ Δ

g

x-1 x0 = 0 x1 x2 = xmax

y-2

o

Figure 1: Granular region Rg and overload region Ro of the
symmetric two-bits UQ.
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We recall that xmax denotes the support region threshold
of our two-bits UQ, and it is the key parameter of the
quantizer in question. From (5)–(7), one can conclude that
xmax completely determines the cell borders xi and the
representation levels yi of the two-bits UQ. In other words,
the quantizer in question is completely determined by the
support region threshold xmax. -erefore, similarly as in
[40], we introduce the following notation of our transfer
characteristic of the symmetric two-bits UQ, QUQ(x; xmax)
(see Figure 2, where the characteristic of the symmetric two-
bits UQ is presented for xmax � xmax

[J] � 2.1748. -e notation
[J] comes from the name of the author of [37]).-e choice of
this important parameter, xmax, will be examined in the rest
of the paper.

Let us assume that, as in [40], the unrestricted Laplacian
probability density function (pdf) of zero mean and variance
σ2 is

p(x) �
1
�
2

√
σ
exp −

�
2

√
x

σ
 . (8)

-e cell borders and the representation levels of our UQ
are symmetrical in relation to the mean value. To determine
the total distortion of our symmetrical two-bits UQ, com-
posed of the granular and the overload distortion,
DUQ

g � DUQ
g + DUQ

o , we begin with the basic definition of
distortion, given by (1) [37], where the granular distortion
DUQ

g and the overload distortion DUQ
o of our symmetric two-

bits UQ are defined as

D
UQ
g � 2

2

i�1


xi

xi−1

x − yi( 
2
p(x)dx ,

D
UQ
o � 2

∞

x2

x − y2( 
2
p(x)dx .

(9)

Foremost, in order to simplify our derivation, let us
define x3 �∞, where x3 denotes the upper limit of the in-
tegral in (9). -e total distortion of our two-bits UQ is then

D
UQ

� 2
3

i�1


xi

xi−1

x
2
p(x)dx − 4 

2

i�1
yi 

xi

xi−1

xp(x)dx + y2 
∞

x2

xp(x)dx⎛⎝ ⎞⎠ + 2 
2

i�1
yi

2


xi

xi−1

p(x)dx + y2
2


∞

x2

p(x)dx⎛⎝ ⎞⎠.

(10)

By further reorganization of the last formula, we have
that

D
UQ

� II − 4 

2

i�1
yiI

II
i + y2I

II
3

⎛⎝ ⎞⎠ + 2 

2

i�1
yi

2IIIIi + y2
2IIII3⎛⎝ ⎞⎠,

(11)

where for the assumed pdf given by (8), we derive

II � 2
3

i�1


xi

xi−1

x
2
p(x)dx � σ2,

IIIi � 
xi

xi−1

xp(x)dx �
1
2

xi−1 +
σ
�
2

√ exp −

�
2

√
xi−1

σ
  − xi +

σ
�
2

√ exp −

�
2

√
xi

σ
  , i � 1,2,3,

IIIIi � 
xi

xi−1

p(x)dx �
1
2

exp −

�
2

√
xi−1

σ
  − exp −

�
2

√
xi

σ
  , i � 1,2,3.

(12)

-e substitution of equations (13)–(15) in equation (12)
yields

D
UQ

� σ2 + y1
2

−
�
2

√
σy1 + y2 − y1(  y2 + y1 − 2x1 −

�
2

√
σ(  exp −

�
2

√
x1

σ
 . (13)
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By taking into account (5)–(7), the total distortion of our
symmetrical two-bits UQ for the Laplacian pdf of zero mean
and arbitrary variance σ2 as an input can be expressed as

D
UQ

� σ2 +
xmax

2

16
−

�
2

√

4
σxmax 1 + 2 exp −

�
2

√
xmax

2σ
  .

(14)

As in numerous papers in the field of quantization (for
instance, [4, 6–9, 11–14, 31, 40]), we are interested in
conducting an analysis for the variance-matched case, where
the variance of the input signal and the variance for which
the quantizer is designed match. -erefore, we further as-
sume the unit variance, σ2 �1, resulting in formula for the
distortion of our symmetrical two-bits UQ with the input
specified by the Laplacian pdf with zero mean and unit
variance:

D
UQ

|σ2�1 � 1 +
xmax

2

16
−

�
2

√

4
xmax 1 + 2 exp −

�
2

√
xmax

2
  .

(15)

Let us further define the theoretical SQNR as

SQNRUQ
th � 10 log10

σ2

D
UQ

 , (16)

which will be calculated for σ2 �1. -eoretically obtained
values will be compared with the experimentally determined
SQNR, obtained for the real weights of the trained NN,
defined as

SQNRUQ
ex � 10 log10

1/W 
W
j�1 w

2
j

1/W 
W
j�1 wj − w

UQ
j 

2
⎛⎜⎝ ⎞⎟⎠, (17)

where wj, j� 1, 2, . . ., W denote the weights represented in
FP32 precision, wj

UQ, j� 1, 2, . . ., W are the weights
quantized by our symmetrical two-bits UQ, and W is the
total number of weights. We note that in order to distinguish
between the theoretical and experimental results we use x for
the signal/data being quantized and taken into calculation of

the theoretical SQNR value, while we use w for the data (NN
model weights) being quantized and taken into calculation
of the experimental SQNR value.

Finally, we can define the quantization rule for our
symmetrical two-bits uniform quantization of weights.
-erefore, we define the transfer characteristics of our
symmetrical two-bits UQ as

Q
UQ

x; xmax(  �
sgn(x)( |x|/Δ⌊ ⌋ + 1/2)Δ, |x|≤xmax,

sgn(x) xmax − Δ/2( , |x|>xmax,


(18)

while by taking into account (7), we can eventually define the
quantization rule for our symmetrical two-bits uniform
quantization of weights as

w
UQ
j �

sgn wj 
2 wj





xmax
+
1
2

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦⎛⎝ ⎞⎠
xmax

2
, wj



≤xmax,

sgn wj 
3xmax

4
 , wj



>xmax.

⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

(19)

By observing (18)–(22), one can anticipate that setting a
suitable support region threshold value is crucial for achieving
the best possible performance of the given quantization task.
Even in this simple case of two-bits uniform quantization, xmax
cannot be analytically determined to provide the minimal
distortion. More precisely, xmax determined by Jayant [37] is a
result of numerical distortion optimization, while Hui analyti-
cally obtained the following equation for xmax of symmetricalN-
level asymptotically optimal UQ, designed for high bit rates and
an input signal with the Laplacian pdf of zero mean and unit
variance [6]:

xmax
[H]

�
�
2

√
ln(N). (20)

Let us highlight here that numerous papers have paved the
frameworks on how to interpret the impact of the number of
quantization levels and the support region widths on both
distortions, the granular and the overload, and at the same time
on the SQNR [6, 11–13, 18–20, 38]. -e problem is that for the
fixed number of quantization levels, with the decrease of the xmax
value, the granular distortion is reduced at the expense of the
overload distortion increase. Namely, the shrinkage of Rg can
cause a significant granular distortion reduction, while at the
same time, it can result in an unwanted but expected increase of
the overload distortion inRo. -erefore, as highlighted in [40],
tuning the value of xmax is one of the key challenges when heavy-
tailed Laplacian pdf is taken into consideration. In the following
sections, we will show that tuning the value of xmax is also of
great importance in image classification tasks, as the one we
describe in this paper.

Let us also specify the transfer characteristic and the
quantization rule for our second novel quantizer model, that
is LWUQ, composed of M UQs adjusted in terms of the
support region threshold to the amplitude dynamic of
weights at each of M layers:

-2 -1 0 1 2
-2

-1

0

1

2

x 

Q
U

Q
 (x

; x
m

ax
)

[J]

Figure 2: Transfer characteristic of the symmetric two-bits UQ,
QUQ(x; xmax

[J]).
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Q
UQLi x; x

Li

max  �

sgn(x)
2|x|

x
Li

max
  + 1/2 

x
Li

max
2

, |x|≤x
Li

max

sgn(x)
3x

Li

max
4

 , |x|>x
Li

max

⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

, Li � 1, 2, . . . , M,

w
UQLi

j �

sgn wj 
2 wj





x
Li

max

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ +
1
2

⎛⎝ ⎞⎠
x

Li

max
2

, wj



≤x
Li

max

sgn wj 
3x

Li

max
4

 , wj



> x
Li

max

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

, Li � 1, 2, ..., M.

(21)

-e second quantizer model is addressed in the paper
with the goal to determine whether an additional layer-wise
adjustment of the support region can provide an im-
provement in terms of accuracy and SQNR. -e difference
between LWUQ and UQ lies only in the layer-wise ad-
justment of the support region threshold, so in the last two
equations, we have x

Li
max, which denotes the support region

threshold of the UQ adjusted to the amplitude dynamic of
weights at each of M layers (Li, i� 1, 2, . . ., M) of our NN
model. Accordingly, we can specify the experimental SQNR
for each of M layers as

SQNR
UQLi
ex � 10 log10

1/WLi


WLi

j�1 w
2
j

1/WLi


WLi

j�1 wj − w
UQLi

j 
2

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠,

Li � 1, 2, . . . , M,

(22)

and for all layers as

SQNRLWUQ
ex � 10 log10

1/M 
M
Li�1 1/WLi


WLi

j�1 w
2
j

1/M 
M
Li�1 1/WLi


WLi

j�1 wj − w
UQLi

j 
2

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠, (23)

where WLi
denotes the number of weights of the layer Li.

3. Post-Training Two-Bits
Uniform Quantization

-is section describes the practical application of our post-
training quantization. As alreadymentioned and highlighted
in [40], post-training quantization is especially convenient as
there is no need for retraining the NN, while the memory
size required for storing the NN model weights can be
significantly reduced. We evaluate the performance of the
compressed QNN model by comparing its accuracy before
and after weight compression/quantization. As the originally
trained weights are typically stored as 32-bit floating-point
values, we have a large potential space for data compression
by means of quantization. However, as already mentioned,
the choice of the support region width (Rg width) is the
most sensitive in the uniform quantization of nonuniform
sources [7–10], [14, 37, 38, 40], e.g., Laplacian sources, which
is why this choice is the topic of our research. For the ex-
perimental evaluation of the post-training two-bits UQ
performance and its adjusted layer-wise version, we have
performed weight compression of a three-layer FC NN
model (shortly, our NN model). -e NN model has been

trained on the MNIST dataset for handwritten digit rec-
ognition, consisting of 60,000 images of handwritten digits
from 0 to 9 [41]. We have created the block diagram (see
Figure 3) to depict our experimental evaluation process.

-e NNmodel training and evaluation are implemented
in the TensorFlow framework with Keras API, version 2.5.0
[42], while the code is implemented in Python programming
language [43]. By default, TensorFlow stores all the variables
with 32-bit precision, where each of 669,706 model pa-
rameters is represented and stored by using 32 bits.-emain
goal of our experiment is to provide the answer to the
question whether it is possible to apply the simplest two-bits
UQ to represent the trained NN model weights with such a
smaller bit rate of R� 2 bit/sample while preserving the
accuracy of the model to a great extent. Specifically, we
examine the performance of two-bits UQ for a few signif-
icant cases of its design. Our goal is also to derive con-
clusions on how the key parameter of two-bits UQ affects its
performance and QNN model performance. Moreover, we
extend our analysis to the layer-wise two-bits UQ case to
examine whether further performance improvements of the
utilized two-bits uniform quantization are possible.

-e first step in the process shown in Figure 3 is to load
the training and testing data into the framework. -e
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MNISTdataset consists of 60,000 training and 10,000 testing
black and white images, with pixel values in the range of
[0–255]. Each image has the dimensions of 28× 28 pixels
[41]. After loading, the images have been reshaped (flat-
tened) into 1-dimensional vectors of 784 (28∗ 28) elements,
which is the shape accepted by our NN. Additionally, the
inputs have been normalized to the range [0–1], by dividing
each of the image samples with the maximum possible
amplitude value of 255. Finally, the training and validation
sets are prepared to be loaded into the NN model for
training.

We have created a flowchart, as shown in Figure 4, to
present the block diagram of our FC NN model. -e NN
model consists of M� 3 fully connected (dense) layers, with
2 hidden and 1 output layer. Both hidden layers consist of
512 nodes, where the first one accepts the input shape of
(784,). Hidden layers are followed by the rectified linear unit
(ReLu) activation, which directly forwards positive activa-
tion values, while setting the negative values to zero [44].-e
activation function is followed by a dropout regularization
with a factor of 0.2, which randomly sets outputs of 20% of
the total nodes in the layer to 0, which helps preventing the
network to overfit to the training examples. -e output of
the second hidden layer is fed to the output layer with 10
nodes, which matches the number of target classes. -e
dense layer is followed by the SoftMax activation, which
outputs probabilities that input belongs to any of 10 possible
classes. In total, the NN model consists of 669,706 trainable
parameters, which are quantized by utilizing the two-bits
UQ after the training is completed. -e training has been
conducted as in [40], in 10 epochs, with the batch size of 128,
which resulted in 469 iterations per epoch to complete the
training over all the training examples. -e validation set
accuracy after training amounts to 0.981, meaning that the
NN model made accurate predictions for 98.1% of the
images in the validation set. -e trained weights have been
quantized by using the two-bits UQ, and our NN model
performance has been evaluated with compressed/quantized
weights in order to represent the post-training two-bits UQ
performance, and the post-training performance of addi-
tionally adapted layer-wise two-bits UQ.

-e first step in processing the trained weights of the NN
model is applying normalization. Before being fed into the
quantizer, weight values are normalized to a mean value
equal to 0 and a standard deviation equal to 1, similarly as
presented in [40, 45, 46]. Let us highlight that the weight
normalization has been introduced in [46] to replace the
batch normalization. Although both normalization methods
are reparameterization methods, they are different from
each other in that the object of batch normalization is the
input of NN and that of the weight normalization is the
weight vector [45]. -e performance of these two normal-
ization methods has been compared in [45], and it has been
shown that the convolutional NNwith weight normalization
has a better performance than that with batch normalization.
In particular, it has been shown that the weight normali-
zation has a smaller loss between the construction pictures
and original pictures.

-e weight normalization process adjusts the weight’s
distribution making quantizer’s input more suitable, while
the reversibility of the process, that is, denormalization after
quantization, assures us that we do not introduce additional
errors into the process. In other words, the weight nor-
malization is being reversed after the quantization process
and before loading the quantized weights back into the
model so that quantized weights could go back to the
original range of values. After the quantized weights are
loaded back into themodel, we can evaluate the performance
of both two-bits UQ and the QNN model’s accuracy.
Similarly, we can evaluate the performance of LWUQ and
the corresponding compressed NN model’s accuracy.

MNIST dataset

NN model training

Weights quantization

Input loading and pre-
processing

Accuracy
evaluation

Accuracy
evaluation

SQNR
evaluation

Figure 3: Block diagram for the experimental evaluation of the
post-training quantization performance.

Dense layer (512)

ReLu activation

Dropout (0.2)

Dense layer (512)

ReLu activation

Dropout (0.2)

Dense layer (10)

SoftMax activation

Output

Layer 1

Layer 2

Layer 3

Input (784,)

Figure 4: -ree-layer FC NN model for handwritten digit
recognition.
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4. Numerical Results and Analysis

In this section, we analyse the accuracy of the presented NN
model after applying uniform quantization to its weights
(compressed NN model), where UQ is designed for the bit
rate of R� 2 bit/sample. As already mentioned, with the
default precision of FP32, the NN achieves the accuracy of
98.1% on the MNIST validation dataset. Naturally, com-
pressing the weight representations from 32 to 2 bits per
sample unavoidably degrades the accuracy of our NNmodel.
To minimize the amount of degradation, we need to fully
utilize the available bit rate and keep the quantized weights
as close as possible to the original ones. -is intuitively
indicates that when applying quantization, we need to obtain
a high SQNR value to preserve the accuracy of our NN
model. In contrast, as NN model weights start from a
random distribution and do not have the exact and precise
end value, our anticipation is that in the observed case,
where only two bits are available, SQNR and accuracy do not
necessarily have to be highly related. -e previous statement
is examined and confirmed in the experimental application
process, which is described in the following study.

As mentioned, the performance of the quantizer is
observed by assessing its SQNR value in dB, while the
performance of the QNN model is evaluated by its accuracy
achieved on the validation set. Since, to the best of the
authors’ knowledge, there is not a direct relation between
SQNR and accuracy, we need to compromise and find the
best balance between the two. Assuming so, we intuitively
anticipated that the choice of the support region width (Rg
width) would have a high impact on the accuracy of the
model. To confirm the intuition, we have analysed multiple
choices of Rg width, that is, we have designed our two-bits
UQ for differentRg. Among many of the observed cases, we
have selected to present 4 different and the most intriguing
cases of two-bits UQ design, with the numerical results
presented in Table 1. -e observed cases differ in the choice
of Rg width of the implemented quantizer, which highly
impacts the performance of both, the QNN model and our
two-bits UQ. However, completely different conclusions
regarding the accuracy of QNN have been derived in [40]. In
particular, the problem of selecting the support region of UQ
to compress the weights of the trained neural network is
more prominent in the two-bits case, when compared to the
three-bits case addressed in [40], which makes the analysis
for the two-bits case presented in this paper particularly
intriguing. Namely, in this paper, we show that the per-
formance of the QNNmodel trained on the MNIST is highly
dependent on the support region choice. However, in [40], a
weak influence of the support region choice on the per-
formance of the QNN model has been ascertained, while a
slightly higher accuracy preservation of the original NN
model has been achieved, which amounts to about 1%
compared to the QNN model we address here. We should
also highlight once more that in this paper, we provide 16
times the compression of the originally trained weights,
while the same weights stored in the FP32 format are
compressed less (about 10 times) in [40]. -erefore, this
justifies and explains a slightly lower accuracy preservation

achieved here in comparison to the QNN from [40]. In the
following study, we show that with the layer-wise adaptation
of the two-bits UQ, the performance of the QNN model can
be additionally improved.

-e layer-wise adaptation of Rg is also performed, and
the results are presented in Table 2. Specifically, two-bits
LWUQ is applied in NN weight compression, where Rg is
defined according to the statistics of each of the layer
weights. -e application of LWUQ is considered only for
Cases 1 and 2; as in these two cases, we determineRg of the
quantizer according to the statistics of the weights. We note
that it can be considered that the design of the quantizer in
question in Cases 3 and 4 depends only on the bit rate, which
in our analysis amounts to R� 2 bit/sample. By adapting
quantization to the individual layers, we are able to observe
the global and local information of the weights, similarly as
implemented in [47]. Moreover, we can pay extra attention
to both high and low weight values, which might not be
properly quantized by utilizing a single quantizer for the
whole NN.-erefore, we introduce the local quantization of
an individual layer, while utilizing global statistical pa-
rameters as in [48], with the purpose of reducing processing
time and preventing an increase in bit rate.

In the first two cases, two-bits UQ is designed according
to the statistical information of the original model weight
values. By observing the statistics of the trained NN weights,
we have found that the minimum and maximum weight
values in the original 32-bit representation amount to
xmin � −7.063787 and xmax � 4.8371024. In contrast, for
comparison purposes, Cases 3 and 4 implement the support
region threshold values from the literature [6, 37] deter-
mined for R� 2 bit/sample, which are not dependent on the
input weight statistics as it is in Cases 1 and 2. Along with the
experimentally obtained SQNR values, calculated by using
(16), Table 1 also presents theoretical SQNR values, calcu-
lated from (14) and (15), for our two-bits UQ designed for
differentRg widths and Laplacian pdf of zero mean and unit
variance. -e first case represents two-bits UQ symmetri-
cally designed for the maximum amplitude of our trained
model weights so that the support region is determined as
[−xmax, xmax], which in this case amounts to the range of
[−4.8371024, 4.8371024]. -is implies that Case 1 utilizes a
wider Rg when compared to Cases 3 and 4, as it includes
99.988% of the weight values. In other words, there is only
0.012% of the weight values outside Rg, meaning that they
are within the remaining range of [−7.063787, −4.8371024].
As this relatively large range holds such a small percentage of
input values, we can safely assume that designing Rg to
cover the whole range of weights values would not con-
tribute to the increase of the accuracy and SQNR. Among the
observed cases, QNN presented in Case 1 achieves the
highest accuracy during validation, equal to 96.97%, indi-
cating that by implementing two-bits UQ, we degrade the
accuracy of our NN model by only 1.13%. Considering that
the aforementioned accuracy is achieved while using only 2
bits per sample to represent the NN model weights, we can
conclude that this result is of great significance. Although
our proposal achieves the highest accuracy in Case 1, the
obtained SQNR value of 2.8821 dB is fairly small compared
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to Cases 3 and 4. -is confirms the premise that SQNR and
accuracy do not necessarily have to be highly related and that
the accuracy of the QNN depends on the proper choice and
definition of the support region of the quantizer in question.

One can notice that Case 2 is the least favourable one in
terms of SQNR and the model’s accuracy. -is is due to the
choice of overly wide Rg of the two-bits UQ, designed to
cover the range of [−xmin, xmin], which amounts to
[−7.063787, 7.063787]. Compared to Case 1, Rg in Case 2
includes 100% of the weight samples, while including an
extra portion of the range in which no weight sample falls to
[4.8371024, 7.063787], whichmakes it unnecessarily wide. In
addition, as the model weights tend to have Laplacian
distribution (see Figure 5), most of the weight samples are
symmetrically concentrated around zero, which makes the
middle of our support region the most important part for
quantization. In other words, by adjusting the width ofRg to
match the full range of weight values, we sacrifice the ac-
curacy in the area of Rg where most of the weight values lie
in. -is leads to a very large distortion introduced by the
quantizer in question and to SQNR with even a negative
value of −1.2402 dB. -is is followed by the theoretical
analysis as well, with the theoretical SQNR equal to about
−2 dB. Since the accuracy of our NN model in Case 2 is the
lowest one observed (94.58%), we can conclude that de-
signing Rg of the quantizer in question to include all the
weight samples, that is to cover the range [−xmin, xmin], as it
was assumed, for instance in [21, 29], is not a suitable so-
lution for post-training two-bits uniform quantization of
weights for our targeted application. However, a completely
opposite conclusion has been derived in [40] for Case 2,
where an additional bit has been utilized in the uniform
quantizer design. Specifically, in [40], we have determined
equal accuracies of the QNN in Cases 1 and 2 and concluded
that the choice of the support region threshold does not have
a strong impact on the performance of the QNN. -is again

proves that conclusions about the performance of QNN for
low bit rates (2 bits and 3 bits) should be carefully derived
and should be addressed as particular research questions,
where results must be compared to derive valid conclusions
and to enable tracing further research directions in this
intriguing research filed.

Cases 3 and 4 utilize the support region threshold values
from the literature, defined by Hui [6] and Jayant [37],
respectively. Case 3 utilizes analytically obtained equation
(19) for the support region threshold of symmetrical N-level
asymptotically optimal UQ, designed for an input signal
with the Laplacian pdf of zero mean and unit variance. As we
utilize the two-bits quantizer, the number of representation
levels (N� 2 R) amounts to N� 4, and the support region
threshold defined by (19) is equal to xmax

[H] � 1.9605. One
can notice that the defined Rg [−1.9605, 1.9605] is thus
much narrower compared to the previously defined ones as
it covers 94.787% of all the weight samples. -is makes a
positive impact on the obtained SQNR performance, which
reaches its maximum in this case and amounts to 8.7676 dB.
-e accuracy of the compressed NNmodel in this case is also
preserved in a great manner with 96.34%, resulting in a
degradation of 0.63%, compared to Case 1 and 1.76%
compared to the original model weights. Finally, Case 3 also
confirms that SQNR and model accuracy are not highly
related, as we get the highest experimental SQNR value (the
highest values are bolded), while accuracy is lower than in
Cases 1 and 4. Case 4 has similar performance characteristics
as the previous one, while implementing slightly wider Rg,
with the support limit threshold value of xmax[J]� 2.1748,
specified in [37]. -is value is determined for the UQ
designed by means of numerical optimization for the
Laplacian pdf with zero mean value and unit variance. In this
case, Rg includes 96.691% of the weight values, providing
the experimental SQNR value of 8.7639 dB. -e accuracy of
the NN model is slightly better compared to Case 3, with

Table 1: SQNR and model accuracy for application of different two-bits UQ designs.

Two-bits UQ, accuracy (FP32)� 98.1%
xmin � -7.063787, xmax � 4.8371024
xmax

(H) � 1.9605, xmax
(J) � 2.1748

Case 1 Rg Case 2 Rg Case 3 Rg Case 4 Rg
[−xmax, xmax] [xmin, −xmin] [−xmax

(H), xmax
(H)] [−xmax

(J), xmax
(J)]

SQNRex
UQ (dB) 2.8821 −1.2402 8.7676 8.7639

SQNRth
UQ (dB) 1.9360 −2.0066 6.9787 7.0707

Accuracy (%) 96.97 94.58 96.34 96.74
Within Rg (%) 99.988 100 94.787 96.691

Table 2: SQNR and model accuracy for application of different two-bits LWUQ designs.

Two-bits LWUQ, accuracy (FP32)� 98.1%

(xmax
L1, xmax

L2, xmax
L3)� (4.5150, 4.8371, 3.6784)

(xmin
L1, xmin

L2, xmin
L3)� (−7.0638, −5.4354, −6.1979)

Case 1 Rg Case 2Rg
[−xmax

L1, xmax
L1]

[−xmax
L2, xmax

L2]
[−xmax

L3, xmax
L3]

[xmin
L1, −xmin

L1]
[xmin

L2, −xmin
L2]

[xmin
L3, −xmin

L3]
SQNRex

UQ L1 (dB) 3.1340 −1.7588
SQNRex

UQ L2 (dB) 3.4507 2.2826
SQNRex

UQ L3 (dB) 8.3642 4.6137
SQNRex

LWUQ (dB) 3.3145 −0.374
Accuracy (%) 97.26 93.55
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96.74%, while SQNR values are almost identical. -e ac-
curacy is still being lower than the one obtained in Case 1, by
a margin of 0.23%.

In Case 3, it is interesting to notice that experimental
SQNR is greater than the theoretically obtained one by a
margin of 1.7889 dB. As in Case 3, the theoretically deter-
mined SQNR value in Case 4 is lower than the experimental
one by a margin of around 1.8 dB, due to the similar
quantizer design in these two cases. -e reason is that in the
experimental analysis, the weights from a limited set of
possible values [−7.063787, 4.8371024] are quantized; while
in the theoretical analysis, the quantization of values from an
infinite set of values from the Laplacian source is assumed,
resulting in an increase of distortion, that is in the decrease
of the theoretical SQNR value. To confirm this conclusion,
one can notice that the wider the Rg, the smaller the de-
viation. -us, the smallest deviation of theoretical and ex-
perimental results can be observed in Case 2. It is possible to
minimize the deviation by scaling the Rg with a certain
constant, as performed in [31], where a constant is intro-
duced to scale Rg of the quantizer utilized in obtaining the
experimental results. We chose not to perform the adap-
tation of the Rg, as we analyse the importance of a proper
choice of Rg and its impact on both, the QNN model’s
accuracy and the obtained SQNR.

To further improve the performance of both, quantizer
and NN model, we consider LWUQ, whose performance is
presented in Table 2. By adapting Rg width of the quantizer
for each layer, we expectedly increase the obtained SQNR
value. In contrast, QNN model performance benefits the
layer-wise adaptation only in Case 1, where the accuracy is

increased by 0.29%, and a significant increase in SQNR is
provided. It should be pointed out that the same bit rate and
quantizer are used, with the difference lying only in applying
the adaptation of quantizer’s Rg for each layer. Case 2 is
already presented as an example for an unfavourable method
of choosing quantizer’sRg so that the layer-wise adaptation
even decreased the model performance (accuracy but not
SQNR) in this case.-is can be considered as a form of error
multiplication, as we apply rough quantization to the most
significant area of the weight distribution, which is further
emphasized by the layer-wise adaptation. -e performance
of a quantizer can be also assessed by observing the histo-
grams of the quantized weights, which is performed for both,
UQ and LWUQ, and is presented in the following study.

Figure 5 presents normalized histograms of all weights in
full precision (FP32) with symmetric two-bits uniform
quantizer characteristics and a merged normalized histo-
gram of weights in FP32 precision with its uniformly
quantized counterparts for Cases 1 and 4. Let us observe and
compare the merged histograms in both cases as they display
the most important information about the quantization
process. One can notice that in Case 4 (the top image), we
utilize all the representation levels in a large amount; while in
Case 1, we mostly utilize only 2 representation levels± y1.
From the histograms, we have determined that in Case 1,
98.0657% of all the weights are represented by± y1, while in
Case 4 that percentage amounts to 74.0703%. -erefore, in
Case 1, statistically, the most important part of the input
data, located around zero, is roughly quantized by utilizing
only 2 representation levels; while in Case 4, this is done by
utilizing all 4 available representation levels distributed in
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Figure 5: Normalized histogram of all weights (FP32); transfer characteristic of the symmetric two-bits UQ; merged normalized histogram
of weights FP32 and uniformly quantized (a) Case 4 (xmax

[J] � 2.1748) and (b) Case 1 (xmax � 4.8371024).
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the narrowerRg. Finally, presented histograms confirm and
explain why in Case 4 we obtain much higher SQNR values
of 8.7639 dB, compared to Case 1, where the obtained SQNR
amounts to only 2.8821 dB. Interestingly, Case 1 provides the
highest QNNmodel accuracy, confirming that accuracy does
not solely rely on the SQNR value but on the wise choice of
the Rg of the quantizer, as in Case 1.

Figure 6 presents the layer-wise analysis of the NNmodel
weights after quantization, as well as the transfer charac-
teristics of the two-bits UQ applied to each layer of our NN
model. Transfer characteristics of the quantizers are iden-
tical, as the two-bits UQ is not adapted to the individual
layers. By observing FP32 layer-wise histograms on the left,
one can notice that NNmodel weights have slightly different
probability distributions among different layers.-is finding
is in line with our intuition that adapting quantization
according to the individual layer statistics would in fact
increase SQNR obtained after quantization. -e idea of
adapting quantization to individual layers of the NN model

is exploited and presented in Figure 7. One can notice that in
this case, along with different distributions of the weight
samples among the layers, we have different transfer char-
acteristics of the uniform quantizers applied to different
layers, which defines the previously analysed LWUQ. As the
presented choice of Rg is Case 1, large exploitation of just 2
representation levels± y1 is still present, as shown in colour
on the rightmost histograms, while the SQNR is increased
compared to only applying two-bits UQ without layer-wise
adaptation, as shown in Table 2.

Finally, we compare the accuracy achieved in our
favourable case of the two-bits UQ, denoted by Case 1, to the
similar complexity and comparable post-training solutions
found in the literature (see Table 3). -e accuracy achieved
by utilizing our post-training solution is obviously higher
compared to the ones presented in [15, 20, 21, 31]. In [15],
the bit rate is only 1 bit per sample. In [20, 21], two-bits UQ
is utilized, with the difference in the definition of the
quantization step size (Δ� 2 xmax/(N− 1)) and in the Rg
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Figure 6: Normalized histogram of weights (FP32) from (a) layer 1, (b) layer 2, and (c) layer 3; transfer characteristic of the symmetric two-
bits UQ for Case 1; normalized histogram of FP32 and uniformly quantized weights from (a) layer 1, (b) layer 2, and (c) layer 3.
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choice with the quantization model we analyse here. -e
closest case for comparison is the one presented in [31],
where an adaptive two-bits UQ is presented. Our favourable
quantizer, denoted by Case 1, provided a higher accuracy of
the compressed NNmodel on the validation set, by a margin
of 0.71% and by a margin of 1% in the layer-wise case. Let us
highlight that in [31], the full precision accuracy is 96.86%,
while the full precision accuracy of our NN model is 98.1%.
As the depth of our NN is greater than that of MLP from
[31], it is not surprising that the accuracy of our NN model
with FP32 parameters is higher. However, our model has a

significantly greater number of parameters for quantization,
compared to the one from [31], which provides the op-
portunity of even further degrading the accuracy. Moreover,
this once more confirms the importance of the Rg choice.

According to the presented results obtained for the
considered research framework, one can conclude that the
accuracy of the compressed NN model greatly depends on
the choice of the support region of the quantizer in question.
Additionally, it has been confirmed that SQNR and com-
pressed NN model’s accuracy are not highly related, as the
performance of the quantizer alone does not affect the
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Figure 7: Normalized histogram of weights (FP32) from (a) layer 1, (b) layer 2, and (c) layer 3; layer-adapted transfer characteristic of the
symmetric two-bits UQ for Case 1 and (a) layer 1, (b) layer 2, and (c) layer 3; layer-wise FP32 and uniformly quantized weights from (a) layer
1, (b) layer 2, and (c) layer 3.

Table 3: Accuracy comparison of compressed NN models.

1-bit [15] 2-bits UQ [20] 2-bits UQ [21] 2-bits adaptive UQ [31] Our Case 1 Our layer-wise Case 1
Accuracy (%) 91.12 94.70 94.49 96.26 96.97 97.26
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accuracy degradation the most. Finally, by using two-bits
UQ to compress the NN model’s weights, we have managed
to significantly preserve the accuracy of the NN model,
which is degraded by 1.13%, while the weights are repre-
sented with a 16 times lower bit rate. Eventually, we have
ascertained that two-bits LWUQ can provide an additional
improvement of the accuracy of our QNN model for the
MNIST dataset.

5. Summary and Conclusions

In this paper, we have shown that even when aggressive two-
bits uniform quantization is utilized for post-training
quantization, the accuracy of NN that we have built can be
slightly degraded if we thoughtfully select the width of the
quantizer’s support region. -e impact on the accuracy has
been reported relative to the accuracy of the trained NN
model with weights represented in the FP32 format.We have
intuitively anticipated that the choice of the support region
width (Rg width) would have a high impact on the NN
model’s accuracy. To confirm the intuition, we have analysed
several choices of Rg width, that is, we have designed our
two-bits UQ for different Rg. We have uncovered defi-
ciencies of one common choice of the support region, and
we have driven a firm conclusion about the importance of
such a choice for the application described within the
framework of this paper. One interesting conclusion de-
rived for the given framework of the paper refers to the fact
that SQNR and compressed NN model’s accuracy are not
highly related and that the performance of the quantizer
alone does not dominantly affect the accuracy degradation.
We have practically shown that the accuracy of the com-
pressed NN model is very dependent on a proper choice
and definition of the support region and the step size of the
quantizer in question. Similar analyses and conclusions can
be easily carried out for some other datasets since it is well
known that weights in many NNs follow the Laplacian
distribution, which we assumed in our analysis. We have
shown that by using two-bits UQ to compress the NN
model’s weights, we have managed to significantly preserve
the accuracy of the NN model, which is degraded by 1.13%,
while the weights are represented with 16 times lower bit
rate. Moreover, we have ascertained that layer-wise two-
bits uniform quantization can provide an additional im-
provement of the accuracy of our compressed NN model
for the MNISTdataset. -e simplicity of our proposal along
with a great performance in post-training quantization
indicates that it can be practically exploited, with great
importance in edge computing devices for real-time clas-
sification tasks. Moreover, the research presented in this
paper opens a large space for future work and improve-
ments. While performing the layer-wise adaptation, we
have noticed that the distributions of weights vary across
different layers of the NNmodel, whereas in the case of our
NN model, the 3rd layer shows the greatest deviation from
the Laplacian distribution. -is opens a possibility to
perform layer-wise adaptation, not only of Rg but also of
the probability density function used to model the NN
model weights across different layers. While the step size of

a uniform quantizer is purely defined by Rg, such an
adaptation could be especially beneficial when utilizing
nonuniform quantization, where we can adjust the step size
according to the input data distribution.
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multiple region quantizer for Laplacian source,”Digital Signal
Processing, vol. 27, no. 15, pp. 150–158, 2014.

Mathematical Problems in Engineering 13

http://yann.lecun.com/exdb/mnist/
https://arxiv.org/abs/2103.13630
https://arxiv.org/abs/2103.13630
https://arxiv.org/abs/2011.14808
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