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Engineers strive to realize the goal of control in the best possible way based on a given quality criterion when developing control
system. Te well-known optimal control problem requires fnding a solution as a function of time. Such a function cannot be
directly used to control a real object because its application corresponds to an open-loop control system and engineers usually
complete it with a feedback stabilization system. Hence, there is an obvious need to reformulate the optimal control problem so
that its solution can be directly applied to real objects. Te paper presents a new extended statement of the optimal control
problem. An additional requirement for the control function is introduced to give the system describing the control object
properties that will ensure the stability of solutions.Te desired control function must provide for the optimal trajectory given the
properties of the attractor in the neighbourhood. Te solution to the extended optimal control problem can be directly used to
control a real object. Te paper presents a computational machine learning approach to solving the extended problem of optimal
control based on the application of a synthesized optimal control technique. Examples of the practical solution to the stated
problem are given to illustrate the efciency of the approach, where the solution to the conventional optimal control problem is
compared with the proposed extended one in the presence of perturbations in models and initial conditions.

1. Introduction

Te conventional optimal control problem [1] is stated in the
following form.

_x � f(x, u),

x(0) � x0,

x tf  � xf
,

J � 
tf

0
f0(x, u)dt⟶ min ,

(1)

where x ∈ Rn, u ∈ U⊆Rm, m≤ n, tf is not given, but is
limited, tf ≤ t+, U is a compact set, t+ is a given positive
number.

In this problem (1) it is necessary to fnd a control
function:

u � v(t) ∈ U, (2)

such that, if it is inserted into the model equations, then the
following system is obtained as follows:

_x � f(x, v(t)), (3)

and, the partial solution x(t, x0) of this system (3) from the
given initial condition x(0) � x0 will hit the terminal con-
dition x(tf, x0) � xf, tf ≤ t+ with the optimal value of the
quality criterion

J � 
tf

0
f0 x t, x0 , v(t) dt � min

u∈U
. (4)

Further, the optimal control problem statements (1) and
(2) have changed many times. Diferent types of state
constraints were introduced into it [2–4], such as the

Hindawi
Mathematical Problems in Engineering
Volume 2022, Article ID 1932520, 12 pages
https://doi.org/10.1155/2022/1932520

mailto:e.shmalko@gmail.com
https://orcid.org/0000-0002-0149-9638
https://orcid.org/0000-0003-2057-9016
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2022/1932520


terminal state equality constraint [5], inequality phase
constraints [6], and dynamic phase constraints in the task for
a group of objects [7]. One more direction is optimal control
under uncertainty to control the systems under uncertain
infuences optimally [8]. But anyway, in all formulations of
the problem, it remains in common that control is sought as
a function of time (2).

Te application challenge is that the optimal control in
the form of a function of time (2) cannot be directly applied
to a real object because of the existing uncertainties.
Sometimes they are not very signifcant and practically do
not afect the value of the functional, but more often, on the
contrary, the quality of control can signifcantly decrease or
even not reach the goal at all [9]. Optimal control (2) is open-
loop, and any disturbance of the object will lead to the fact
that the goal may not be reached and the value of the cri-
terion may not be optimal.

Te Bellman problem statement difers signifcantly
from the optimal control problem statement. Tis problem
statement generally leads to the solution of another problem,
the control general synthesis problem, when control is
sought as a function of state u � v(x, t), which is the
feedback control principle. But the main challenge here is
that the continuous-time nonlinear optimal control problem
is solved through the Hamilton–Jacobi–Bellman equation,
which is a nonlinear partial diferential equation. Even in
simple cases, the HJB equation may not have global analytic
solutions. In the general formulation, the synthesis problem
does not yet have a general solution method. In this feedback
case, it is necessary to look for an optimal control function
that puts the object into a terminal state from a set of initial
conditions. Te dynamic programming method, as the main
numerical approach for the Bellman problem statement does
not fnd such a function but instead fnds a set of control
vectors for a set of state vectors. Various numerical methods
based on dynamic programming have been proposed in the
literature [10, 11], including modern adaptive dynamic
programming techniques [12, 13] and reinforcement
learning [14, 15] that approximate the needed function using
machine learning techniques, but still the solution is
searched from one initial state, and in this case, this solution
is not much diferent from the solution in the form of a
function of time [16]. However, the main drawback of
dynamic programming methods today is still the compu-
tational complexity required to describe the value function
which grows exponentially with the dimension of its
domain.

Since the original optimal control problem is much
easier than the Bellman synthesis problem, and there have
been accumulated a vast pool of solution methods both
direct and indirect ones, so it is tacitly accepted among
control specialists such a strategy that they frstly fnd the
optimal control, that is a partial solution to the equation (3),
which is the optimal program trajectory, and then stabilize
the movement of a real object along the optimal trajectory,
like in [17, 18]. Tere are many diferent approaches to solve
stabilization problem. In the work [19], based on the pro-
posed c-nonholonomic trajectory approach, the arbitrary
confguration stabilization control problem is solved under

input saturation. Te authors of [20] addressed the stabi-
lization problem by two-step design controller, on the frst
step, robust state feedback point-to-point stabilization
control is designed; in the second, the controller is modifed
so as to address the tracking problem for reference trajec-
tories. In these and other works on the synthesis of the
stabilization system, the reference trajectory is used and not
the optimal one, since most likely the optimality of the
trajectory will not be preserved when the stabilization system
is introduced.

Tere are several reasons for this. First, when con-
structing a motion stabilization system along a program
trajectory, some additional control resource may be re-
quired; however, they may simply not be enough, since all
control resources were involved in calculating the optimal
control. Second, the system for stabilizing the movement of
an object along a program trajectory will change the
mathematical model of the control object, and the optimal
control for the object without a stabilization system will not
be optimal for the object with a stabilization system. Tird,
the movement of the object along the optimal trajectory and
themovement of the object in the vicinity of this trajectory at
any amount of deviation from the trajectory can have
completely diferent values of the quality criterion, which is
clearly illustrated in a wonderful example by Young in [21].

Most importantly, the construction of these stabilization
systems does not follow in any way from the formulation of
the optimal control problem. When developing a stabili-
zation system, requirements are put forward that do not
follow from the initial formulation of the optimal control
problem and are not substantiated in any way from the point
of view of the problem.

As a result of the initial impractical formulation of the
optimal control problem, when an open-loop control is to be
searched, the optimal control problem in its conventional
mathematical statement is less and less solved when creating
new autonomous devices. Today we observe that mathe-
matical research on the optimal control problem is in-
creasingly moving away from the practice of their
implementation. Engineering approaches become much
more popular, but they are moving away from optimality,
paying much attention to stability. From what has been said,
it is clear that the problem of optimal control lacks some
condition or requirement for the control being developed,
which would provide the found optimal control with the
same property that the feedback system gives.

Te novelty of this work is in a new extended for-
mulation of the optimal control problem. It difers from
the classical formulations in that additional require-
ments are introduced, which in practice lead to the need
to build a stabilization system. An additional require-
ment for the optimal trajectory is introduced to give the
system describing the control object such properties that
will ensure the stability in the neighbourhood of solu-
tions. As a result, the controls found as a result of solving
the extended optimal control problem will have such a
qualitative property, which is also provided by the
feedback system, and in this case, they will be mathe-
matically justifed.
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Tus, to solve the proposed extended optimal control
problem statement, some stabilization system is to be in-
troduced into the object model, so the optimal control will
be calculated already for the newmodel of the control object,
which will include a stabilization system and ensure the
movement of the object along the optimal trajectory so that
the possible error does not grow over time.

Te presented optimal control problem in its extended
formulation can be solved by well-known analytical and
numerical methods that allow calculating the stabilization
system of an object and substituting it directly into the
model for further calculation of optimal control. In the
paper, we demonstrate one numerical approach that allows
solving the stated optimal control problem using machine
learning. Te approach is based on the application of
symbolic regression for stabilization system synthesis and
evolutionary methods for optimal control calculation. Te
examples are provided to demonstrate the correctness of the
proposed problem statement for diferent optimal control
tasks, including the uncertainties.

2. Extended Statement of the Optimal
Control Problem

Let us introduce the following extension to the optimal
control problem statements (1) and (2). In order to take into
account possible perturbations of the object or initial con-
ditions, we must formulate the optimal control problem in
such a way that all possible trajectories will be in some given
area from the optimal trajectory and reach the terminal state.

Tus, to solve the problem of optimal control (1), it is
necessary to fnd the control function in the following form

u � g(x, t) ∈ U, (5)

such that if this control function g(x, t) is inserted into the
right side of the mathematical model of the controlled
object, then the resulting system of equations

_x � f(x, g(x, t)), (6)

must have the following properties:

(a) the partial solution x(t, x0) of the system (6) from the
given initial condition x0 will hit the terminal
condition x(tf, x0) � xf, tf ≤ t+ with the optimal
value of the quality criterion.

(b) and for other partial solutions x(t, x∗), x∗ ≠ x0, the
following condition is true:
if for the given Δ> 0 and t′ < t+

x t′, x
∗

(  − x t′, x
0

 
�����

�����≤Δ, (7)

then for ∀δt, 0≤ δt< t∗ − t′

x t′ + δt, x∗(  − x t′ + δt, x0 
�����

�����≤Δ. (8)

(c) there is a η-neighborhood of the terminal state η≤Δ
such that, for any partial solution x(t, x∗) in Δ

-neighborhood the following conditions is
performed:
if t″ < t+

x t″, x
∗

(  − x t′, x
0

 
�����

�����≤ η, (9)

then ∀t, t″ ≤ t≤ t+

x t, x∗(  − x t, x0 
�����

�����≤ x t″, x∗(  − x t″, x0 
�����

�����, (10)

and ∃t≤ t+, when

x t, x∗(  − x t, x0 
�����

�����≤ ε1, (11)

where ε1 is a given accuracy of a terminal state
achievement.

Tis additional requirement means that the optimal
trajectory received as a result of the solution of the new
optimal control problems (1), (5)–(11), will have an addi-
tional special property. It will attract all the nearest partial
solutions: if the solution gets into some delta tube near the
optimal solution, then it will not leave this tube, and
moreover, in the vicinity of the target terminal point, it will
shrink towards it. Tus, the resulting optimal control will be
insensitive to certain model inaccuracies or perturbations,
which will make it possible to implement it directly on
board.

Let us notice that the optimal solutions stable, according
to Lyapunov [22] corresponds to this requirement. We can
even say that in the extended setting we are looking for an
optimal control that ensures the stability of motion
according to Lyapunov. However, the difculty lies in the
fact that there are no general recommendations or general
approaches on how to fnd such a solution. Existing works
mostly provide analysis rather than synthesis of such mo-
tions [23]. Most often, stability at a point is ensured, and not
stability of movement because the difculty here is that the
stability of movement must be ensured in time. Usually,
engineers make stability at a point located on the optimal
trajectory. However, stability must also be ensured
according to the quality criterion, because for example, you
can move to a point in a straight line or you can move in a
spiral. Both movements are stable, so the quality of the
movement must also be taken into account. So, compliance
with both stability and quality of movement is ensured by
the introduced requirements (7)–(11).

Note, that the solution of the general synthesis problem,
when it is possible to solve it for a certain class of models and
functionals, such as analytical design of optimal controllers
[24], backstepping [25] and others, is one of the ways to solve
this extended problem statement as well, fnding the optimal
control that satisfes the introduced additional requirements.
But there is still a need to develop some generic approaches.

Te extension of the optimal control problem requires
the development of new general approaches to its solution
for any generic nonlinear control object.

One of the promising techniques, that we propose, is a
two-stage approach to synthesized optimal control [26].
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Initially, a stabilization system is introduced into the model
of the controlled object, which will ensure the existence of a
stable position for the object. Next, the optimal control is
calculated for a stable plant so that the obtained solutions
will satisfy the requirements (7)–(11). Te method is based
on the application of machine learning methods, and
therefore, it is not tied to the type of object model and can be
considered a general approach. Moreover, it is computa-
tionally easier than the numerical solution of the general
synthesis problem.

Let us consider in more detail this synthesized approach
to solving the extended optimal control problem.

3. Synthesized Approach to the Solution of the
Extended Optimal Control Problem

Te approach is called synthesized because in the frst stage
the stabilization control synthesis problem is solved and
stability property is provided for the object in some domain:

_x � f(x, u),

X1⊆R
n
,

u � h x∗, x( ,

(12)

where control function h(x∗, x): Rn × Rn⟶ Rm has the
following properties:

h x∗, x(  ∈ U⊆Rn
,

∀x∗ ∈ X1,∃x x∗( such that,

f x x∗( , h x∗, x x∗( ( (  � 0,

det (A − λE) � (− 1)
n λ − λ1(  · · · · · λ − λn(  � 

n

j�1{ }

λ − λj  � 0,

λj � αj + i βj, j � 1, . . . , n,

αj < 0, j � 1, . . . , n, i �
����
− 1{ }


,

A �
zf x x∗( ,h x∗, x x∗( ( ( 

zx
,

E � diag 1, . . . , 1{ }√√√√√√
n

⎛⎝ ⎞⎠.

(13)

Te properties (13) indicate that ∀x∗ ∈ X1 for the system
_x � f(x,h(x∗, x)) there is always a stable equilibrium point
x(x∗) ∈ Rn, and the equilibrium point possesses attractor
properties, since near this point all solutions converges.

In the second stage, the following optimal control
problem is solved.

_x � f x, h x∗, x( ( ,

x∗ ∈ X1 ⊆R
n
,

x(0) � x0,

x tf  � xf
,

J � 
tf

0
f0 x, h x∗, x( ( dt⟶ min

x∗∈X0
.

(14)

Here, it is necessary to fnd a control function as a
function of time

x∗ � v∗(t), (15)

such that the system

_x � f x, h x∗, x( ( , (16)

will have a partial solution x(t, x0) that from the given initial
condition x0 will reach the given terminal condition
x(tf, x0) � xf, tf < t+, with the optimal value of the given
quality criterion

J v∗(t)(  � 
tf

0
f0 x t, x0 , h v∗(t), x t, x0   dt⟶ min

x∗∈X0
.

(17)

Theorem 1. Let xf ∈ X1, ∃Δt and k points x∗,1, . . . , x∗,k such
that for the function

v∗(t) � ϑ((i − 1)Δ t − t)ϑ(t − iΔ t)x∗,i, i � 1, . . . k, (18)
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where

ϑ(a) �
1, if a> 0,

0, otherwise.
 (19)

A partial solution x(t , x0) � xf, and t≤ t+. Ten a so-
lution of the extended optimal control problem (1), (5)–(11)
in the class of functions (18) exists.

Proof. According to the condition of the theorem, the
function v∗(t) is a piecewise constant time function, which
at each interval switches the position of the stable equilib-
rium point x(x∗). If it were possible to fnd such intervals Δ t

and vector values x∗ at each interval that the partial solution
of the diferential equation (16) from the initial state x0 will
hit into the terminal xf, then this solution is always in the
area of attraction of a stable equilibrium point x(x∗).
Terefore, it satisfes the additional conditions (7) and (8) of
the extended optimal control problem, since the distance
between two any partial solutions of the diferential equation
located in the attraction region of the stable equilibrium
point decreases over time. And, the last point x∗,k ensures
the presence of the stability property of the terminal con-
dition and the fulflment of conditions (9)–(11).Tus, if such
a partial solution is the only one, it is the solution of the
extended optimal control problem. If there are several such
solutions, then the optimal solution is one that gives the
lowest functional value (17). Tis completes the proof.

Here, we assume that the feasibility of mathematical
models in practice is possible only when the error between
the model and the real object decreases over time [27]. Since
in our case the solution is always in the neighbourhood of a
stable equilibrium point, over time the distance between the
two solutions, true and erroneous, is reduced; therefore, this
solution of the optimal control problem has the property of
feasibility.

Note, that the frst task (12) of stabilization control
synthesis can be solved by various methods, depending on
the complexity of the object model, particularly analytical
methods of backstepping [25, 28] or analytical design of
aggregated controllers [29], or synthesis based on the ap-
plication of the Lyapunov function [30], as well as any
classical methods for linear systems like modal control [31].
Most of the known engineering methods today specify the
control function with an accuracy of the parameter values,
for example, methods associated with the solution of the
Bellman equation, like analytical design of optimal con-
trollers [24], as well as the use of various controllers, in-
cluding PID or PI controllers [32], as well as modern
artifcial neural networks [33–35] that are also the tech-
niques with the given structure and only parameters are
tuned. In the overwhelming majority of cases, the stabili-
zation synthesis problem is solved analytically or technically,
taking into account the specifc properties of the mathe-
matical model.

Today, modern numerical machine learning methods of
symbolic regression can be applied to fnd a solution for
generic dynamic objects [36, 37]. Further in the

computational example, we use these symbolic regression
methods for stabilization system synthesis.

As far as the additional requirement is satisfed then the
second task (14) of optimal control can be solved using both
direct and indirect approaches. Te direct approach reduces
the optimal control problem to a nonlinear programming
problem. Tis provides the transition from an optimization
problem in an infnite-dimensional space to an optimization
problem in a fnite-dimensional space. Another approach,
which is often called the indirect one, is to use the Pon-
tryagin maximum principle. As a result of using this
principle, the problem is transformed into a boundary-value
problem.

H x, x∗,ψ(  � − f0 x, h x∗, x( (  + ψT f x, h x∗, x( ( , (20)

where x∗ ∈ X1.
Optimal value x∗ is defned from maximum of Hamil-

tonian (20)

x∗ � argmax H x, x∗,ψ( ( . (21)

Next, we will consider a couple of examples to dem-
onstrate the importance of the introduced requirement for
the optimal control in the sense of its feasibility. □

4. Computational Examples

4.1. Example 1. Consider a well-known optimal control
problem, discussed by Pontryagin in [1].

_x1 � x2,

_x2 � u,
(22)

where

− 1≤ u≤ 1. (23)

Let the given initial and terminal conditions have the
following values

x(0) � x0 � [1; 1]
T
, (24)

x tf  � xf
� [0; 0]

T
, (25)

where tf is not given but it is limited tf ≤ t+ � 4.
Te goal is to hit to the terminal condition (25) from the

initial state (24) with the shortest time.

J � tf⟶ min. (26)

Initially, let us remind the conventional analytical so-
lution of this problem. Te optimal control function has the
following form.

u �
− 1, if t≤ 2.224,

1, otherwise.
 (27)

Te switching point was determined by the moment
when the zero extremal was reached. A value of the func-
tional (26) for the optimal solution is J � tf � 3.4496.
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Te Figure 1 shows the optimal trajectory.
Te Figure 2 presents the received optimal control.
Now, we are solving the extended optimal control

problem by the described two-stage approach.
For stabilization of the control object the following

control function describing proportional regulator was used.

u �

− 1, if u< − 1,

1, if u> 1,

u, otherwise,

⎧⎪⎪⎨

⎪⎪⎩
(28)

where

u � k1 x
∗
1 − x1(  + k2 x

∗
2 − x2( . (29)

k1, k2 are constant coefcients
When substituting the control function (28) and (29)

into the model equations (22) the following system is ob-
tained as follows:

_x1 � x2,

_x2 � k1 x
∗
1 − x1(  + k2 x

∗
2 − x2( .

(30)

Now, we should fnd an equilibrium point for this model.

x1 �
k1x
∗
1 + k2x

∗
2

k1
,

x2 � 0.

(31)

We check the stability of the system (30)

A �
0 1

− k1 − k2
 ,

det (A − λE) � det
− λ 1

− k1 − k2 − λ
  � λ2 + k2λ + k1 � 0.

(32)

As can be seen from (32) for any values x∗1 and x∗2 an
equilibrium point x � [ x1 x2]

T is always stable, if k1 > 0, and
k2 > 0. Terefore, let the coefcients will be k1 � 1, k2 � 1.

Now the optimal control problem (14) is to be solved. Let
us set the time interval Δ t � 0.25.

A number of intervals is equal

%%⌊
t
+

Δ%%⌋ � %%⌊
4

0.25%%⌋ � 16. (33)

It is necessary to fnd constant values that defne a new
control x ∗,i{ } � [x∗1 x∗2 ]T in every interval i � 1, . . . , 16.

Te following restrictions are set for values of the new
control − 2≤ x∗i ≤ 2, i � 1, 2.

Any nonlinear programming algorithm can be used to
search for the optimal control. In this work we used particle
swarm optimization (PSO) algorithm [38]. As a result, the
following optimal values of control were obtained as follows:

x
∗,1{ }

� [0.9431 − 0.7998]
T
, x
∗,2{ }

� [0.1545 − 1.0809]
T
,

x
∗,3{ }

� [− 2 2]
T
, x
∗,4{ }

� [− 1.5261 0.7152]
T
,

x
∗,5{ }

� [0.3168 − 0.1316]
T
, x
∗,6{ }

� [− 1.455 − 1.9509]
T
,

x
∗,7{ }

� [− 0.8441 − 1.3047]
T
, x
∗,8{ }

� [− 1.575 0.3634]
T
,

x
∗,9{ }

� [− 1.4611 0.7793]
T
, x
∗,10{ }

� [0.9639 0.2673]
T
,

x
∗,11{ }

� [− 0.9425 2]
T
, x
∗,12{ }

� [1.5517 1.5137]
T
,

x
∗,13{ }

� [− 0.9331 1.6894]
T
, x
∗,14{ }

� [0.4576 1.4966]
T
,

x
∗,15{ }

� [0.9763 2]
T
, x
∗,16{ }

� [− 1.4792 1.7747]
T
.

(34)

A new control function has the following form

u � k1 x
∗ ,i{ }

1 − x1  + k2 x
∗ ,i{ }

2 − x2 , (35)

where (i − 1)Δ t≤ t< iΔ t, i � 1, . . . , 16.
A value of the functional (26) for the found optimal

solution is J � tf � 3.4510. Te optimal trajectory is pre-
sented in the Figure 3. Te optimal control for the extended
statement of the optimal control problem is presented in the
Figure 4.

1
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x2

Figure 1: Optimal solution of the problem by conventional
approach.
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Figure 2: Optimal control for conventional solution of the
problem.
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Optimal points x ∗,i{ }, i � 1, . . . , 16 with optimal trajec-
tory on the plane x1, x2  are presented in Figure 5.

At frst glance, both obtained solutions for the con-
ventional optimal control problem and the extended optimal
control problem are very similar to each other. To compare
these solutions from the point of view of their feasibility, let
us check the obtained optimal controls (27), (28), and (35) in
the presence of uncertainties. For this we introduce per-
turbations into the initial conditions and right parts of the
model of the control object.

Temodel of the control object with perturbations in the
conventional problem statement has the following form:

_x1 � x2 + βξ(t),

_x2 � u + βξ(t),
(36)

where β is a constant value of perturbations level, ξ(t) is a
random function, which returns a random value from − 1 to
1 at every call.

Te model of the control object with perturbations in the
new extended statement has the following form:

_x1 � x2 + βξ(t),

_x2 � k1 x
∗
1 − x1(  + k2 x

∗
2 − x2(  + βξ(t).

(37)

For both of the models (36) and (37) the initial con-
ditions also were perturbed

xi(0) � x
0
i + β0ξ(t), i � 1, 2, (38)

where β0 is a constant level of perturbations for initial
conditions.

Te results of the computational experiments with small
perturbations β � 0.05 and β0 � 0.05 are shown in Table 1.

As can be seen from Table 1, in all experiments with
small perturbations, the values of the functional for the
conventional optimal control were about 4% worse than for
the new optimal control.

4.2. Example 2. Now, let us consider the optimal control
problem for a mobile robot moving on the plane with two
obstacles. Te mathematical model of the robot is described
by the following diferential equation system [39].

_x1 � 0.5 u1 + u2( cos x3( ,

_x2 � 0.5 u1 + u2( sin x3( ,

_x3 � 0.5 u1 − u2( ,

(39)

where the control is restricted − 10 � u−
i ≤ ui ≤ u+

i � 10, i � 1, 2.
Te initial condition is set x(0) � x0 � [0 0 0]T.
Te terminal condition is set x(tf) � xf � [10 10 0]T,

where the terminal time tf is not given, but it is limited,
tf ≤ t+ � 2.

Te obstacles are described by the following inequalities:

ϕi(x) � ri −

����������������������

x1 − x 1,i{ } 
2

+ x2 − x 2,i{ } 
2



≤ 0, (40)

where i � 1, 2, r1 � r2 � 2.5, x 1,1{ } � 2.5, x 2,1{ } � 2.5, x 1,2{ } �

7.5, x 2,2{ } � 7.5.
It necessary to fnd the optimal control taking into ac-

count the restrictions on the control values, such that the
control object from the specifed initial condition has
reached the defned terminal condition not hitting the given
obstacles in a minimum time.

Te goal functional includes penalties for violation of
phase constraints and for accuracy of achieving the terminal
conditions.

J1 � tf + p1 

2

i�1{ }


tf

0
ϑ ϕi(x)( dt + p2 x tf  − xf

�����

�����⟶ min,

(41)

where p1 � 3, p2 � 1, ϑ(a) is a Heaviside step function.
First, consider the solution of the optimal control

problem as searching for a control function as a function of
time. To solve the conventional optimal control problem the
direct approach is used. For this purpose, the time axis is
divided on intervals Δ t � 0.2.

1
0.8
0.6
0.4
0.2
0

-0.2
-0.4
-0.6
-0.8
-1

-1.2
0 0.2 0.4 0.6 0.8 1 1.2 1.4

x1

x2

Figure 3: Optimal solution for the extended statement of the
problem.
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Figure 4: Optimal control for the extended statement of the
problem.
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K � %%⌊
t
+

Δt%%⌋ � %%⌊
2
0.2%%⌋ � 10. (42)

Te control function for each control interval was
searched in the form of a piecewise linear approximation.

ui �

u
+
i � 10, if ui ≥ u

+
i ,

u
−
i � − 10, if ui ≤ u

−
i ,

ui, otherwise,

⎧⎪⎪⎨

⎪⎪⎩
i � 1, 2, (43)

where

uj � q i+(j− 1)K{ } − q i− 1+(j− 1)K{ } 
t − (i − 1)Δ t

Δ t
+ q i− 1+(j− 1)K{ },

(44)

where j � 1, 2, (i − 1)Δ t≤ t< iΔ t, i � 1, . . . , K, q � [q1
. . . q 2K{ }]

T is a vector of searched parameters.
It was necessary to fnd totally 2K � 20 parameters. To

fnd the optimal parameter vector, the PSO algorithm was
applied. During the search process the parameters were also
restricted − 20≤ qi ≤ 20, i � 1, . . . , 20.

In the result, the following optimal parametric vector
was found.

q � [18.8104 11.7582 19.2111 14.1466 14.8751 15.7302 18.8598 19.6042,

19.9970 − 5.3989 17.9978 12.3394 − 1.3814 19.9329 18.0717 18.7211,

6.9416 3.8498 5.9905 19.6724]
T
.

(45)
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1.6
1.8
2

-1 0 1-2

Figure 5: Optimal points and optimal trajectory on the plane x1, x2 .

Table 1: Values of the functional (26).

Nos Classical optimal controls Extended optimal controls
1 3.8686 3.7436
2 3.9498 3.8231
3 3.9453 3.7926
4 3.8707 3.6789
5 4.0366 3.7042
6 3.962 3.8089
7 3.7992 3.7084
8 3.8492 3.7649
9 3.7649 3.7831
10 3.8192 3.7807
Mean 3.89786 3.75884
Standard deviation 0.073476 0.048339
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Te value of the functional (41) was J1 � 2.0044. Tra-
jectory on the plane x1, x2  is presented in the Figure 6. As
can be seen, a mobile robot reached the terminal position
without violating phase constraints.

Now, the extended optimal control problem is solved by
the synthesized optimal control method.

First, the control synthesis problem is solved. For this
purpose, a symbolic regression method of the network
operator [35] was applied. Te network operator matrix had
dimensions 24 × 24, and twenty elementary functions with

one argument and two functions with two arguments were
used. To synthesize a stabilization control system numeri-
cally, it was necessary to achieve the terminal position from
216 initial positions.Tis means that we take a certain region
of initial conditions and fnd such a feedback function that
will reach a given terminal position from various points in
this region.

As a result, the following control (43) was obtained,
where

u1 � A
− 1

+
��
C

3
√

+ exp − q3Δ3


  + sgn Δ3(  + μ(B),

u2 � u1 + sin u1(  + arctan(E) + μ(B) + H − H
3

+ sgn Δ1( ,

A � C + B − B
3
,

B � H + tanh(W) + Δ1,

C � tanh(D) + G
3

+ H + sin q3Δ3( ,

D � E + H − H
3

+ sgn q1Δ1(  + arctan q1(  + ϑ Δ3( ,

E � F +

���������������������

H + tanh(W) + Δ1 +
���
Δ13

3


+ sgn(B) + arctan q1Δ1( ,

F � H + tanh(W) + Δ1 +
���
Δ13


+ sgn H + tanh(W) + Δ1(  + W + sgn Δ1( 

�����

qi Δ1






,

G � H + tanh(W) + Δ1 +
���
Δ13


,

H � W + sgn sgn Δ1( q2Δ2( exp − q2Δ2


  + sin Δ1( ,

W � sgn Δ1( q2Δ2 + q3Δ3 + tanh q1Δ1( ,

Δi � x
∗
i − xi, i � 1, 2, 3,

μ(α) �
α, if , |α|≤ 1,

sgn(α), otherwise,


q1 � 14.72876, q2 � 2.02710, q3 � 4.02222.

(46)

On the second stage the control function x∗(t) is
searched. Tis control function is searched in the form of
piecewise constant function of time. Te time axis was di-
vided into K � 20 intervals and the vector
x∗ � [x∗1 x∗2 x∗3 ]T was found on criterion (41). It was
necessary to fnd 30 parameters. PSO was also used as

optimization algorithm. During the search, the following
restrictions on parameters were applied

− 12≤x
∗
1 ≤ 12, − 12≤ x

∗
2 ≤ 12, − 1.57≤x

∗
3 ≤ 1.57. (47)

In the result, the following solution was found

x ∗,1{ }
� [5.0847 1.220 1.57]

T
, x ∗,2{ }

� [11.5002 5.6125 − 1.5700]
T
,

x ∗,3{ }
� [12.0 3.0270 − 0.3734]

T
, x ∗,4{ }

� [6.9277 2.5522 1.57]
T
,

x ∗,5{ }
� [5.463 6.4091 0.8701]

T
, x ∗,6{ }

� [11.9407 7.1619 0.4311]
T
,

x ∗,7{ }
� [8.1942 7.4549 1.5687]

T
, x ∗,8{ }

� [12.0 4.6526 1.570]
T
,

x ∗,9{ }
� [12.0 7.5388 1.4516]

T
, x ∗,10{ }

� [12.0 6.9478 1.570]
T
,

(48)

Te value of the functional (41) for the found solution
was J2 � 2.00. Te trajectory on the plane x1, x2  is
presented in the Figure 7. As can be seen from the

Figure 7, the mobile robot has achieved the terminal
position without violating the given phase constraints. In
the Figure 7 small black squares are projections of the
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found vectors x ∗,i{ }, i � 1, . . . , 10 on the plane x1, x2 . Te
comparison of trajectories in the Figures 6 and 7 show that
the optimal control problem with such phase constraints
has two optimal solutions.

To assess the feasibility of the obtained controls let us
introduce perturbations in the model

_x1 � 0.5 u1 + u2( cos x3(  + bξ(t),

_x2 � 0.5 u1 + u2( sin x3(  + bξ(t),

_x3 � 0.5 u1 − u2(  + bξ(t),

(49)

and in the initial conditions.

0 2 4 6 8 10
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x2
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Figure 6: Trajectory of the mobile robot on the plane x1, x2  with conventional optimal control.
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Figure 7: Trajectory of the mobile robot on the plane x1, x2  with synthesized optimal control.

Table 2: Values of the functional (45).

b b0 J1 σ(J1) J2 σ(J2)

0.05 0 2.2625 0.4417 2.0977 0.0630
0 0.05 2.9076 1.1029 2.4359 0.2942
0.05 0.05 3.9642 1.3065 2.312 0.2880
0.1 0 2.1824 0.2824 2.1218 0.0698
0 0.1 3.459 1.0014 2.4914 0.2993
0.1 0.1 4.4154 1.5939 2.4932 0.4659
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xi(0) � x
0
i + b0ξ(t), i � 1, 2, 3. (50)

Te results of the experiments are presented in Table 2.
Ten trials for each value of b and b0 were conducted. In
Table 2, J1 is a mean value of the functional (41) and σ(J1) is
its standard deviation for the perturbed model (49) and
initial condition (50) with the optimal control (43)–(45), J2
and σ(J2) are correspondingly a mean value of the func-
tional (41) and its standard deviation for model (44) and (45)
with the optimal control (43), (46), and (48).

So, two examples were considered. One is a classical
mathematical problem from Pontryagin’s monograph; the
other is a more applied example from the feld of motion
control of mobile robots. In both examples, the problem was
solved by the proposed method of synthesized control and
by the classical direct method. If we do not consider per-
turbations, then the results obtained by both methods are
comparable, both in the value of the functional and in the
shape of the trajectory. Next, the efciency of the obtained
controls was studied in the presence of perturbations. As we
can see from the examples, especially for the mobile robot,
the conventional optimal control is very sensitive to dis-
turbances, especially in the initial conditions. Tis means
that in this form, it is not suitable for implementation on real
objects. Tis is the main essence of the extended setting
proposed in the paper, that is, to search for optimal control
in a class of controls that are insensitive to certain pertur-
bations and would be realizable on board.

5. Conclusions

A new extended formulation of the optimal control problem
is presented in the paper. In the new formulation, it is
necessary to fnd a control function that should provide for
an optimal solution a special property so that the error due
to uncertainties does not growwith time. In other words, it is
necessary to solve the optimal control problem so that the
obtained solution is feasible, that is, it preserves the opti-
mality with some accuracy of the value of the functional
under certain perturbations. An extended formulation of the
optimal control problem allows one to mathematically de-
termine the requirements that a real systemmust satisfy, as is
provided in systems with feedback.

Now various, including engineering, approaches to the
creation of applied control systems can be tied to a common
mathematical formulation. In general, this is a question for
further research. It is possible to solve the problem of op-
timal control in the extended formulation using various
approaches, including various methods for synthesizing
optimal control, synthesizing a stabilization system, or, as
suggested in the paper, based on a synthesized optimal
control. Initially, the stabilization system synthesis problem
is solved and the object becomes stable relative to some point
of equilibrium in the state space.Te object is then optimally
controlled by moving the position of the stable equilibrium
point. Examples of solving a new extended optimal control
problem are provided. It has been experimentally shown that
the obtained optimal control is less sensitive to small

disturbances than the control obtained as a result of the
solution of the conventional optimal control problem. In the
future, the developed approach for solving the extended
formulation of the optimal control problem is planned to be
applied to more diverse and complex object models, such as
groups of objects.

In the future, the developed approach for solving the
extended formulation of the optimal control problem is
planned to be applied to more diverse and complex object
models, such as groups of objects. Concerning the proposed
method of synthesized optimal control, it is also necessary to
study each of the stages in more detail. For example, at the
frst stage, to solve the synthesis problem, one can investigate
the infuence of the choice of the quality criterion on the
quality of stabilization, or one can study the solution of the
optimal control problem at the second stage for a set of
initial conditions that should give a result more resistant to
perturbations.
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