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In this article, we study the impact of some system parameters on an industrial system consisting of two nonidentical parallel units
with one repairer. *e active unit may fail due to essential factors such as aging or deterioration, or due to external phenomena
such as Poisson shocks occurring at different time periods. Whenever the value of a shock is greater than the specified threshold of
the active unit, the active unit fails. *e article assumes that the repairman can make one of two decisions at the beginning of
system operation: either he takes a vacation when the two units are operating normally, or he remains in the system to monitor it
until the first failure of the system. If a failure occurs in either unit during the repairman’s absence, the failed unit must wait until
the repairman is called back to work. We assume that the value of each shock is i.i.d. with a known distribution. *e length of the
repairman’s vacation, the repair time, and the recall time are arbitrary distributions. Various reliability measures were calculated
using the supplementary variable technique and the theory of Markov vector processes. Sensitivity and relative sensitivity analyses
were also performed for the system parameters. Finally, numerical calculations and graphical analyses were performed to validate
the derived indices.

1. Introduction

*e economic progress of any country depends to a great
extent on the development of the industrial and mechanical
fields. *is progress leads to the emergence of new technical
skills that help in solving problems that may arise in these
complex industrial systems. However, despite all these kinds
of help, consumers want cost-effective and highly efficient
industrial systems. *erefore, system designers and re-
searchers in this field face a great challenge to develop many
systems and increase their efficiency, reliability, and safety.

In the past, many research studies have been done to
explain the concept of reliability, to increase the efficiency of
many industrial systems, and to analyze the cost of different
redundant systems under the effect of some constraints such
as the periods of time when the system is on or off, the
different types of faults affecting this system, the different
types of repair of these units, the different types of leave for
repairmen, etc. Reliability measures such as mean time to

failure are effective measures when analyzing engineering
models. *e applications of reliability were introduced in
many papers in literature (see, for example, [1]). Lin et al. [2]
explained that the maintenance of an offshore wind turbine
accounts for more than 30% of the total cost of its life cycle.
According to Ren et al. [3], preventive maintenance based on
a predetermined period is considered as a more advanced
approach. Optimizing the selection of the specified interval
can help, in turn, to optimize the preventive maintenance
strategies. Preventive maintenance brings various advan-
tages such as avoiding unplanned maintenance, combining
maintenance and repairs, and optimizingmaintenance tasks.

Most research in the past focused on three types of
classical random shock models: cumulative shock models,
extreme shock models, and δ-shock models. In this context,
we present some research papers that deserve to be men-
tioned. For example, Lam and Zhang [4] studied a shock
model for the maintenance problem of a repairable system.
Li and Zhao [5] presented complex systems containing n
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i.i.d. units with the δ-shockmodel. Recently, El-Sherbeny [6]
studied the behavior of the repairable cold standby system
under the effect of Poisson shocks. In discussing the above
research, we have found that the failed device is repaired
immediately, but, in reality, the failed device may not be
repaired immediately for various reasons. In discussing the
above researches, we have found that the failed device is
repaired immediately, but in reality, the failed device may
not be repaired immediately because the multiple leaves for
the technician or he is busy repairing another device. *is
happens in medium or small factories because they may not
be able to afford to hire a full-time repair technician to take
care of their equipment. Instead, a technician may have to
take care of many types of equipment, and he may not be
able to repair a failed piece of equipment as soon as it fails.
For this reason, the reliability theory has been studied with
vacation [7–13]. *erefore, the vacation concept was first
presented in the model analysis of queuing systems in [14],
and the types of vacation policies are defined as follows:
single vacation and multiple vacations. For a comprehensive
and excellent study of the latest results for a variety of leave
models, including some applications [15], Ke andWang [16]
studied a machine repair problem with different vacation
policies, both based on a queuing theory viewpoint.

In the current research, the deterioration to the system
from the first shock can be neglected, and the system fails
once the shocks accumulate to a certain level. However, the
concept of the policy of optional leave of repairers with the
effect of Poisson shocks for any repairable system has not
appeared in the previous literature. *erefore, in light of the
above observations, we have analyzed here a repairable
system with optional vacations for a repairman in starting
the system work under the effect of Poisson shocks on active
units using the supplementary variables technique. Suppose
that the system could be subjected to shocks that follow a
Poisson process, and the technician has the choice of either
staying in the system to monitor the two units until one fails
or taking leave when the two units are operating normally.
Note that analyzing the behavior of the system is not a
simple task when most of the time the system follows the
general distributions.*emethod of supplementary variable
helps to solve the partial differential equations associated
with the description of the dynamics of motion between the
different states of the system. Using the ergodicity of the
investigated process and the method of supplementary
variables, we obtain explicit expressions of the reliability
metrics such as reliability function, steady-state availabili-
ties, mean time to system failure, the steady-state probability
that the repairman is on vacation, the steady-state proba-
bility that the system is waiting for repair, and steady-state
failure frequency.

*is article is designed as follows: Section 2 introduces
more details about the system and assumptions of the system
description. In Sections 3 and 4, the state equations of the
system are constructed to derive the steady-state availability
before first failure and the mean time to first failure using the
supplementary variable technique method. *e numerical
examples are presented in Section 5. In Section 6, sensitivity
and relative sensitivity analyses of the reliability

characteristics are performed. *e conclusions are sum-
marized in the last section.

2. Description of the System and Assumptions

*e system which consists of two nonidentical units and a
single repairman under Poisson shock is subjected to the
following assumptions:

(i) A1: in the initial period, both devices operate at high
efficiency, and a repairman has the choice of either
staying in the system or taking a vacation.

(ii) A2: the system is exposed to shocks continually.*e
arrival of shocks is considered as a Poisson process
S(t), t≥ 0{ } with strength λi > 0. *e magnitude of
each shock Y, independent random variable with
distribution function F.

(iii) A3: when a shock occurs, it affects the active units
(A, B). *e active units will fail when the magnitude
of a shock exceeds a threshold. *e threshold of
units is a non-negative random variable τi with a
distribution function ξ i.

(iv) A4: when any unit fails with the existence of the
repairman in the system, it will be repaired im-
mediately. Once the repairman is done repairing the
failed units, the repairman has the choice to either
stay at the system or take a vacation, and then, he
returns from vacation if at least one unit is failing.
*e repair rule is ‘‘first-in-first-out’’. If a unit fails
while the other is being repaired, the recently failed
unit must wait for repair, and the system has to stop
working.

(v) A5: shocks are the main reason for units to fail, and
the system fails only if both the units fail.

Based on the preceding assumptions, we can conclude
that the failure probability of units, given the shock value y,
ξi(y) � P(τi ≤ y). Since the magnitude of a shock is a
random variable Y, the conditional failure probability of
units is a random variable ξi(

Y) (i � 1, 2), and their
probability distribution can be written by

Pi(y) � P ξi(
Y)≤y 

� P Y≤ ξ−1
i (y) 

� F ξ−1
i (y) , 0≤y≤ 1, (i � 1, 2).

(1)

According to the above assumptions A2 and A3, the
probability that single shock causes unit (A or B) to fail is

ri � P Y> τi  � 
∞

0
P τi < y|Y � y dP(Y≤ y)

� 
∞

0
ξi(y)dF(y), 0≤y≤ 1, (i � 1, 2).

(2)

3. System Analysis

*e states of this system Ω(t) at time t as a following:
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(i) S0: at any time t, unit A is active, unit B is active,
and the repairman has the choice to either stay at
the system or take a vacation.

(ii) S1: at any time t, unit A is active, unit B is being
repaired, the repairman is still in the system, and
the system is working.

(iii) S2: at any time t unit A is being repaired, unit B is
active, the repairman is still in the system, and the
system is working.

(iv) S3: at any time t, unit A is active, unit B is active, the
repairman chooses to take a vacation, and the
system is working.

(v) S4: at any time t, unit A is still repaired from above
S2, unit B is waiting for being repaired, and the
system is down.

(vi) S5: at any time t, unit A is active, unit B is waiting
for repair, the repairman is on vacation, and the
system is working.

(vii) S6: at any time t, unit A is waiting for repair, unit B
is active, the repairman is on vacation, and the
system is working.

(viii) S7: at any time t, unit A is still waiting for repair
from S6, unit B is waiting for repair, the repairman
is on vacation, and the system is down.

(ix) S8: at any time t, unit A is waiting for being repaired,
unit B is under repair, and the system is down.

(x) S9: at any time t, unit B is still waiting for repair
from S5, unit A is waiting for repair, the repairman
is on vacation, and the system is down.

*e state space is E � S0, S1, S2, S3, S4, S5, S6, S7, S8, S9 ,
where the working state is U � S0, S1, S2, S3, S5, S6  and the
down state is D � S4, S7, S8, S9  as shown in Figure 1.
According to the above assumptions, and Ω(t), t≥ 0{ } is not
a Markov process, we using the supplementary variables as a
following:

(i) X1(t) is time to make a vacation decision.
Ω(t) � S0 

(ii) X2(t) is the elapsed vacation time.
Ω(t) � S5, S6, S7, S9 

(iii) Y1(t) is the elapsed repair time of unit A being
repaired at time t. Ω(t) � S2, S4 

(iv) Y2(t) is the elapsed repair time of unit B being
repaired at time t. Ω(t) � S1, S8 

State space is as follows: Ω∗ � (0, u),{

(1, y), (2, x), 3, (4, x), (5, z), (6, z), (7, z), (8, y), (9, z)}

where u, z, x, and y are explanatory values of
X1(t), X2(t), Y1(t), and Y2(t), respectively. Subject to

Q0(t, u) � ρ Ω(t) � 0, X1(t)≤ u( ,

Qi(t, z) � ρ Ω(t) � i, X2(t)≤ z( , (i � 5, 6, 7, 9),

Qi(t, x) � ρ Ω(t) � i, Y1(t)≤ x( , (i � 2, 4),

Qi(t, y) � ρ Ω(t) � i, Y2(t)≤y( , (i � 1, 8),

(3)

where ρ(E) is the probability of event E.

ρi(t, w) �
d
dw

Qi(t, w), (i � 0, 1, 2, 4, 5, 6, 7, 8, 9),

ϕi(t) � ρ(s(t) � i), (i � 0, 1, 2, 4, 5, 6, 7, 8, 9).

(4)

From here, we can formulate the differential equations
that represent this system by using the probability argu-
ments and limiting transitions as follows:

ρ0(t + Δt, u + Δt) � ρ0(t, u) 1 − λ1r1 + λ2r2 + φ(u)( Δt(  + oΔt.

(5)

When Δ t tend to zero, we get

z

zt
+

z

zu
+ λ1r1 + λ2r2 + φ(u) ρ0(t, u) � 0. (6)

In the same style, we get the following:

z

zt
+

z

zy
+ λ1r1 + μ2(y) ρ1(t, y) � 0, (7)

z

zt
+

z

zx
+ λ2r2 + μ1(x) ρ2(t, x) � 0, (8)

d
dt

+ λ1r1 + λ2r2 ϕ3(t) � 
∞

0
ρ0(u, t)φ(u)du, (9)

z

zt
+

z

zx
+ μ1(x) ρ4(t, x) � λ2r2ρ2(t, x), (10)

z

zt
+

z

zz
+ λ1r1 + α(z) ρ5(t, z) � 0, (11)

z

zt
+

z

zz
+ λ2r2 + α(z) ρ6(t, z) � 0, (12)

z

zt
+

z

zz
+ α(z) ρ7(t, z) � λ2r2ρ6(t, z), (13)

z

zt
+

z

zy
+ μ2(y) ρ8(t, y) � λ1r1ρ1(t, y), (14)

z

zt
+

z

zz
+ α(z) ρ9(t, z) � λ1r1ρ5(t, z). (15)

*e boundary conditions are as follows:

ρ0(t, 0) � 
∞

0
ρ1(t, y)μ2(y)dy + 

∞

0
ρ2(t, x)μ1(x)dx + ε(t),

(16)

ρ1(t, 0) � 
∞

0
λ2r2ρ0(t, u)du + 

∞

0
ρ4(t, x)μ1(x)dx

+ 
∞

0
ρ5(t, z)α(z)dz,

(17)
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ρ2(t, 0) � 
∞

0
λ1r1ρ0(t, u)du + 

∞

0
ρ8(t, y)μ2(y)dy

+ 
∞

0
ρ6(t, z)α(z)dz,

(18)

ρ6(t, 0) � λ1r1ϕ3(t), (19)

ρ6 (t , 0 ) � λ 1 r1 ϕ3(t), (20)

ρ7(t, 0) � ρ9(t, 0) � 0, (21)

ρ4(t, 0) � 
∞

0
ρ7(t, z)α(z)dz,

ρ8(t, 0) � 
∞

0
ρ9(t, z)α(z)dz,

(22)



2

i�0

∞

0
ρi(t, m)dm + ϕ3(t)

+ 
9

i�4

∞

0
ρi(t, m)dm � 1, m � u, x, y, z.

(23)

*e initial conditions are as follows:



2

i�0

∞

0
ρi(t, m)dm + ϕ3(t)

+ 
9

i�4

∞

0
ρi(t, m)dm � 1, m � u, x, y, z.

(24)

Laplace transform can be defined as follows:

: Good state,
: Failed state

A0, Bwr

A0, B0

Awr, Bwr

AwR, Bwr

AR, Bwr

Awr, B0

Awr, BR

Ar, B0

A0, B0

A0, Br

λ1r1

λ1r1

λ1r1

λ1r1

λ2r2

μ1 (x)
φ (u)

μ1 (x)

μ2 (y)
μ2 (y)

λ2r2

λ2r2

λ2r2

s5 s9

s6

s2

s1
s8

s0

s4

s7s3

α (z)
α (z)

α (z)
α (z)

Figure 1: Transition diagram of the system.
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k
∗
(s) � L k(x){ } � 

∞

0
k(x)e

− sxdx, s> 0. (25)

*e ergodicity of the investigation process guarantees
the presence of the following steady-probability:
ϕi � limt⟶∞ϕi(t),, i � 1, . . . , 9. θi(m) � limt⟶∞ρi(t, m),

i � 1, 2, 4, 5, 6, 7, 8, 9, which follows the following relations:
ϕi � 

∞
0 θi(m)dm, i � 1, 2, 4, 5, 6, 7, 8, 9.

Taking the limit t⟶∞ in the equations (6)–(23), the
following equations are obtained:

d
du

+ λ1r1 + λ2r2 + φ(u) θ0(u) � 0,

d
dy

+ λ1r1 + μ2(y) θ1(y) � 0,

z

zx
+ λ2r2 + μ1(x) θ2(x) � 0,

λ1r1 + λ2r2( ϕ3 � 
∞

0
θ0(u)φ(u)du,

d
dx

+ μ1(x) θ4(x) � λ2r2θ2(x),

d
dz

+ λ1r1 + α(z) θ5(z) � 0,

z

zz
+ λ2r2 + α(z) θ6(z) � 0,

d

dz
+ α(z) θ7(z) � λ2r2θ6(z),

d
dy

+ μ2(y) θ8(y) � λ1r1θ1(y),

d
dz

+ α(z) θ9(z) � λ1r1θ5(z),

θ0(0) � 
∞

0
θ1(y)μ2(y)dy + 

∞

0
θ2(x)μ1(x)dx,

θ1(0) � 
∞

0
λ2r2θ0(u)du + 

∞

0
θ4(x)μ1(x)dx + 

∞

0
θ5(z)α(z)dz,

θ2(0) � 
∞

0
λ1r1θ0(u)du + 

∞

0
θ8(y)μ2(y)dy + 

∞

0
θ6(z)α(z)dz,

θ5(0) � λ2r2ϕ3,

θ6(0) � λ1r1ϕ3,
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θ7(0) � θ9(0) � 0,

θ4(0) � 
∞

0
θ7(z)α(z)dz,

θ8(0) � 
∞

0
θ9(z)α(z)dz,



2

i�0

∞

0
θi(m)dm + ϕ3 + 

9

i�4

∞

0
θi(m)dm � 1, m � u, x, y, z.

(26)

Steady-state availability is as follows:

Av(∞) � ϕ0 + ϕ1 + ϕ2 + ϕ3 + ϕ5 + ϕ6, (27)

where

ϕ0 � C0V
∗
1 λ1r1 + λ2r2( ,

ϕ1 �
C0 a1 − λ1r1 V

∗
1 λ1r1 + λ2r2(   h

∗
1 λ2r2(  − 1(  + a2 H

∗
2 λ1r1( 

h
∗
1 λ2r2(  h

∗
2 λ1r1(  − 1(  − h

∗
2 λ1r1( 

,

ϕ2 �
− C0λ

2
1r

2
1V
∗
1 λ1r1 + λ2r2(  + a3 + a4 H

∗
1 λ2r2( 

λ1r1 + λ2r2(  h
∗
1 λ2r2(  h

∗
2 λ1r1(  − 1(  − h

∗
2 λ1r1( ( 

,

ϕ3 �
C0v
∗
1 λ1r1 + λ2r2( 

λ1r1 + λ2r2
,

ϕ5 �
C0λ2r2V

∗
2 λ1r1( v

∗
1 λ1r1 + λ2r2( 

λ1r1 + λ2r2
,

ϕ6 �
C0λ1r1V

∗
2 λ2r2( v

∗
1 λ1r1 + λ2r2( 

λ1r1 + λ2r2
,

C0 �
α λ1r1 + λ2r2( μ1μ2 h

∗
1 λ2r2(  h

∗
2 λ1r1(  − 1(  − h

∗
2 λ1r1( (  

a5
,

a1 �
−λ2r2 λ1r1 + λ2r2( V

∗
1 λ1r1 + λ2r2(  + v

∗
1 λ1r1 + λ2r2(  1 + h

∗
1 λ2r2(  v

∗
2 λ1r1(  − 1( (  

λ1r1 + λ2r2
,

a2 �
v
∗
1 λ1r1 + λ2r2(  1 − h

∗
1 λ2r2( v

∗
2 λ2r2( ( 

λ1r1 + λ2r2
,

a3 � λ2r2 −λ2r2V
∗
1 λ1r1 + λ2r2(  h

∗
2 λ1r1(  − 1(  + v

∗
1 λ1r1 + λ2r2(  1 − h

∗
2 λ1r1( v

∗
2 λ1r1( (  ,

a4 � λ1r1 −λ2r2V
∗
1 λ1r1 + λ2r2(  h

∗
2 λ1r1(  − 2(  + v

∗
1 λ1r1 + λ2r2(  1 + h

∗
2 λ1r1(  v

∗
2 λ2r2(  − 1( (  ,

a5 � αλ21r
2
1V
∗
1 λ1r1 + λ2r2(  −μ2 + μ1 h

∗
1 λ2r2(  − 1( (  − αλ22r

2
2V
∗
1 λ1r1 + λ2r2(  μ1 − μ2 h

∗
2 λ1r1(  − 1( ( ,

+ αμ2μ1 h
∗
1 λ2r2(  h

∗
2 λ1r1(  − 1(  − h

∗
2 λ1r1( ( v

∗
1 λ1r1 + λ2r2(  + λ2r2 μ1 μ2 −h

∗
1 λ2r2( +((( h

∗
1 λ2r2(  − 1( ,

h
∗
2 λ1r1(  αV

∗
1 λ1r1 + λ2r2(  + v

∗
1 λ1r1 + λ2r2(   − αv

∗
1 λ1r1 + λ2r2(  1 + h

∗
1 λ2r2(  − 1( ( h

∗
2 λ1r1( ,

v
∗
2 λ1r1(  − 1(  + αμ2v

∗
1 λ1r1 + λ2r2(  v

∗
2 λ1r1( h

∗
2 λ1r1(  − 1(  + λ1r1( αλ2r2V

∗
1 λ1r1 + λ2r2( ,
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μ1 h
∗
1 λ2r2(  − 2(  + μ2 h

∗
2 λ1r1(  − 2( (  − αμ2v

∗
1 λ1r1 + λ2r2(  1 + h

∗
1 λ2r2(  h

∗
2 λ1r1(  − 1(  v

∗
2 λ2r2 − 1( ( ( ,

+ μ1 μ2( h
∗
1 λ2r2(  − 1( h

∗
2 λ1r1(  − h

∗
1 λ2r2( (  v

∗
1 λ1r1 + λ2r2(  + αV

∗
1 λ1r1 + λ2r2(  ,

+αv
∗
1 λ1r1 + λ2r2(  v

∗
2 λ2r2( h

∗
1 λ2r2(  − 1( .

(28)

4. Mean Time to the First Failure (MTTFF)

In this section, we deduce the mean time to the first failure
(MTTFF) of the system.We assumed that t be the time to the
first failure of the system; therefore, the reliability function of
this system is calculated as follows: R(t) � P(τ > t). To
obtain the reliability function, we consider the failure states
{4, 7, 8, 9} of the system are absorbing states.

Let

L0(t, u) �
d
du

ρ S(t) � 0, X1(t)≤ u ,

Li(t, u) �
d
dz

ρ S(t) � i, X2(t)≤ z , i � 5, 6,

L1(t, y) �
d
dy

ρ S(t) � 1, Y2(t)≤y ,

L3(t) � ρ[S(t) � 3],

L2(t, x) �
d
dx

ρ S(t) � 2, Y1(t)≤ x .

(29)

In the same manner as previously mentioned in Section
3, we conclude the reliability function as follows:

z

zt
+

z

zu
+ λ1r1 + λ2r2 + φ(u) L0(t, u) � 0, (30)

z

zt
+

z

zy
+ λ1r1 + μ2(y) L1(t, y) � 0, (31)

z

zt
+

z

zx
+ λ2r2 + μ1(x) L2(t, x) � 0, (32)

d
dt

+ λ1r1 + λ2r2 L3(t) � 
∞

0
L0(u, t)φ(u)du, (33)

z

zt
+

z

zz
+ λ1r1 + α(z) L5(t, z) � 0, (34)

z

zt
+

z

zz
+ λ2r2 + α(z) L6(t, z) � 0. (35)

*e boundary conditions are as follows:

L0(t, 0) � 
∞

0
L1(t, y)μ2(y)dy + 

∞

0
L2(t, x)μ1(x)dx + ε(t),

(36)

L1(t, 0) � 
∞

0
λ2r2L0(t, u)du + 

∞

0
L5(t, z)α(z)dz, (37)

L2(t, 0) � 
∞

0
λ1r1L0(t, u)du + 

∞

0
L6(t, z)α(z)dz, (38)

L5(t, 0) � λ2r2L3(t), (39)

L6(t, 0) � λ1r1L3(t). (40)

*e initial conditions are as follows:

R0(0, u) � ε(u) �
1, u � 0,

0, u≠ 0.
 (41)

Taking the Laplace transform of the equations (30)–(40),
as well as initial conditions, we have

d
du

+ s + λ1r1 + λ2r2 + φ(u) L
∗
0(s, u) � 0,

d
dy

+ s + λ1r1 + μ2(y) L
∗
1(s, y) � 0,

z

zx
+ s + λ2r2 + μ1(x) L

∗
2(s, x) � 0,

s + λ1r1 + λ2r2( L
∗
3(s) � 

∞

0
L
∗
0(u, s)φ(u)du,
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d
dz

+ s + λ1r1 + α(z) L
∗
5(s, z) � 0,

d
dz

+ s + λ2r2 + α(z) L
∗
6(s, z) � 0,

L
∗
0(s, 0) � 

∞

0
L
∗
1(s, y)μ2(y)dy + 

∞

0
L
∗
2(s, x)μ1(x)dx + ε(t),

L
∗
1(s, 0) � 

∞

0
λ2r2L

∗
0(s, u)du + 

∞

0
L
∗
5(s, z)α(z)dz,

L
∗
2(s, 0) � 

∞

0
λ1r1L

∗
0(s, u)du,

L
∗
5(s, 0) � λ2r2L

∗
3(s),

L
∗
6(s, 0) � λ1r1L

∗
3(s).

(42)

From the previous equations, we defined the reliability
function as follows:

R
∗
(s) � 

∞

0
L
∗
0(s, u)du + 

∞

0
L
∗
1(s, y)dy

+ 
∞

0
L
∗
2(s, x)dx + 

6

i�5

∞

0
L
∗
i (s, z)dz + L

∗
3(s),

(43)

and the mean time to the first failure of the system (MTTFF)
is given by

MTTFF � lim
s⟶0

R
∗
(s), (44)

where

L
∗
0(s) � 

∞

0
L
∗
0(s, u)du � L

∗
0(s, 0)V

∗
1 s + r1λ1 + r2λ2( ,

L
∗
1(s) � 

∞

0
L
∗
1(s, y)dy � L

∗
1(s, 0)H

∗
2 s + r1λ1( ,

L
∗
2(s) � 

∞

0
L
∗
2(s, x)dx � L

∗
2(s, 0)H

∗
1 s + r2λ2( ,

L
∗
3(s) �

L
∗
0(s, 0)v

∗
1 s + r1λ1 + r2λ2( 

s + r1λ1 + r2λ2
,

L
∗
5(s) � 

∞

0
L
∗
5(s, z)dz � L

∗
5(s, 0)V

∗
2 s + r1λ1( ,

L
∗
6(s) � 

∞

0
L
∗
6(s, z)dz � L

∗
6(s, 0)V2 s + r2λ2( ,

L
∗
0(s, 0) �

− ε∗(s) s + r1λ1 + r2λ2(  

−s + r2λ2 −1 + h
∗
2 s + r1λ1( v

∗
1 s + r1λ1 + r2λ2( v

∗
2 s + r1λ1( (  ,

+r1λ1 −1 + h
∗
1 s + r2λ2( v

∗
1 s + r1λ1 + r2λ2( v

∗
2 s + r2λ2( (  + s + r1λ1 + r2λ2(  r1λ1h

∗
1 s + r2λ2( ( ,

+r2λ2h
∗
2 s + r1λ1( V

∗
1 s + r1λ1 + r2λ2( }

,
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L
∗
1(s, 0) � r2λ2L

∗
0(s, 0) V

∗
1 s + r1λ1 + r2λ2(  +

v
∗
1 s + r1λ1 + r2λ2( v

∗
2 s + r2λ2( 

s + r1λ1 + r2λ2( 
  ,

L
∗
2(s, 0) � r1λ1L

∗
0(s, 0) V

∗
1 s + r1λ1 + r2λ2(  +

v
∗
1 s + r1λ1 + r2λ2( v

∗
2 s + r2λ2( 

s + r1λ1 + r2λ2( 
  ,

L
∗
5(s, 0) �

r2λ2L
∗
0(s, 0)v

∗
1 s + r1λ1 + r2λ2(  

s + r1λ1 + r2λ2( 
,

L
∗
6(s, 0) �

r1λ1L
∗
0(s, 0)v

∗
1 s + r1λ1 + r2λ2(  

s + r1λ1 + r2λ2( 
.

(45)

5. Numerical Analysis and Discussion

In this section, the usefulness of the proposed system is
demonstrated by examining the effects of the number of
shocks and other parameters on the system using the fol-
lowing numerical figures, taking into account that

V1(t) �
1 − e

−φt
, t> 0,

0, t≤ 0,

⎧⎨

⎩

V2(t) �
1 − e

− αt
, t> 0,

0, t≤ 0,

⎧⎨

⎩

Hi(t) �
1 − e

− μit, t> 0,

0, t≤ 0,

⎧⎨

⎩ ∀i � 1, 2.

(46)

*e study of the behavior of steady-state availability and
mean time to system failure for the number of shocks can be
clearly seen in Figures 2–9, respectively. Figures 2–5 show
the effects of both r1 and r2 on steady-state availability versus
the effects of various system parameters. Likewise,
Figures 6–5 discuss the same effects of both r1 and r2 on
mean time to system failure against various system pa-
rameters. *ese results are summarized as follows.

In Figures 2 and 6, we can clearly observe the effects of
the different cases of r1 and r2 on the steady-state availability
and mean time to system failure against μ1 ∈ [0, 1] at
(φ � 0.2, α � 0.1, λ1 � 0.4, λ2 � 0.5, μ2 � 0.5). *e steady-
state availability and the mean time to system failure are
increased when r1 � r2 � 0.2, and the curves start to de-
crease gradually when r1 � 0.2< r2 � 0.4 and r1 � 0.4> r2 �

0.2, respectively.
Figures 3 and 7 show the effect of r1 and r2 on steady-

state availability and mean time to system failure versus
μ2 ∈ [0, 1] at (φ � 0.2, α � 0.2, λ1 � 0.4, λ2 � 0.5, μ1 � 0.6).
*e steady-state availability and mean time to system failure
increase in the case of r1 � r2 � 0.2, while they decrease
regularly when r1 � 0.2< r2 � 0.4 and r1 � 0.4> r2 � 0.2.

In Figures 4 and 8, we can discuss the effects of pa-
rameters r1 and r2 on steady-state availability andmean time
to system failure against parameter α ∈ [0, 1] when
(φ � 0.2, λ1 � 0.4, λ2 � 0.5, μ1 � 0.6, μ2 � 0.5). *e steady-
state availability and mean time to system failure decrease in
the cases r1 � 0.2< r2 � 0.4 and r1 � 0.4> r2 � 0.2, but they
increase when r1 � r2 � 0.2.

*e effects of parameters r1 and r2 on steady-state
availability and mean time to system failure against

parameter φ ∈ [0, 1] at (α � 0.2, λ1 � 0.4, λ2 � 0.5, μ1 �

0.6, μ2 � 0.5) can be seen in Figures 5 and 9. From these
curves, it can see that the steady-state availability and mean
time to system failure increase when r1 � r2 � 0.2, while
they gradually decrease when r1 � 0.2< r2 � 0.4 and
r1 � 0.4> r2 � 0.2.

From Figures 2–9, we can come to the following
conclusion:

(1) In the steady-state availability, Av(∞) increase when
r1 � r2 � 0.2

(2) In the mean time to system failure, MTTFF increase
when r1 � r2 � 0.2

6. Sensitivity and Relative Sensitivity Analysis

In this section, we perform sensitivity and relative sensitivity
analysis of mean time to system failure (MTTFF) and steady-
state availability, Av(∞) along with changes in certain
values of the system parameters φ, λ1, λ2, μ1, μ2, and α.

6.1. Sensitivity and Relative Sensitivity Analysis for MTTFF.
We defined the sensitivity analysis for MTTFF via the dif-
ferentiation of (44) with respect to κ.

ηκ �
zMTTFF

zκ
. (47)

Moreover, relative sensitivity analysis for MTTFF de-
fined as

θκ � ηκ
κ

MTTFF
, (48)

where κ � φ, λ1, λ2, μ1, μ2, α.

6.2. Sensitivity and Relative Sensitivity Analysis for (Av(∞)).
We defined sensitivity analysis for Av(∞) via differentiating
(27) with respect to κ.

σκ �
zAv(∞)

zκ
. (49)

In addition, relative sensitivity analysis of Av(∞) can be
written in the form


κ

� σk

k

Av(∞)
. (50)
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*e results of the sensitivity analysis to the MTTFF
affected by each system parameter are shown in Tables 1–3.
From these tables, the order of the sensitivity analysis
influenced by each parameter can be derived as follows:

(1) In the case r1 � r2, we get λ1 > λ2 >φ> α> μ2 > μ1
(2) In the case r1 > r2, we get λ2 > λ1 >φ> α> μ2 > μ1
(3) In the case r1 < r2, we get λ1 > λ2 >φ> α> μ2 > μ1

Moreover, the signs of the sensitivity to MTTFF affected
by the parameters λ1, λ2 and φ are negative, which means
that increasing the parameter worsens the sensitivity to
MTTFF; the signs of the sensitivity to MTTFF affected by the
parameters μ1, μ2 and α are positive, which means that
increasing the parameter improves the sensitivity toMTTFF.

*e relative sensitivity is completed. *e results of rel-
ative sensitivity for MTTFF can be found in Tables 4–6.
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Figure 2: Steady-state availability versus rate μ1 when
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φ � 0.2, α � 0.1, λ1 � 0.4, λ2 � 0.5, and μ1 � 0.6.
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Figure 9: Mean time to system failure versus rate φ when α � 0.01, λ1 � 0.4, λ2 � 0.5, μ1 � 0.6, and μ2 � 0.5.

Table 1: Sensitivity of MTTFF when r1 � r2.

λ1 ηλ1 λ2 ηλ2 μ1 ημ1 μ2 ημ2 α ηα φ ηφ
0.1 −685.96 0.1 −654.43 0.1 13.2637 0.1 13.692 0.1 31.2202 0.1 −46.418
0.2 −169.461 0.2 −161.91 0.2 7.55393 0.2 8.00739 0.2 22.0348 0.2 −17.651
0.3 −74.1623 0.3 −70.987 0.3 4.87081 0.3 5.24772 0.3 16.379 0.3 −9.2242
0.4 −41.0233 0.4 −39.340 0.4 3.39947 0.4 3.70291 0.4 12.6511 0.4 −5.6555
0.5 −25.8214 0.5 −24.805 0.5 2.50653 0.5 2.75193 0.5 10.065 0.5 −3.8186

Table 2: Sensitivity of MTTFF when r1 > r2.

λ1 ηλ1 λ2 ηλ2 μ1 ημ1 μ2 ημ2 α ηα φ ηφ
0.1 −338.921 0.1 −587.30 0.1 7.59107 0.1 7.76191 0.1 13.8699 0.1 −24.243
0.2 −82.0465 0.2 −146.14 0.2 4.67982 0.2 5.31203 0.2 9.67936 0.2 −10.931
0.3 −35.3059 0.3 −64.545 0.3 3.17101 0.3 3.86245 0.3 7.1666 0.3 −6.1934
0.4 −19.3399 0.4 −36.049 0.4 2.28962 0.4 2.93438 0.4 5.5277 0.4 −3.9811
0.5 −12.1429 0.5 −22.902 0.5 1.73047 0.5 2.30465 0.5 4.39606 0.5 −2.7727

Table 3: Sensitivity of MTTFF when r1 < r2.

λ1 ηλ1 λ2 ηλ2 μ1 ημ1 μ2 ημ2 α ηα φ ηφ
0.1 −603.243 0.1 −323.82 0.1 7.56729 0.1 7.94314 0.1 14.1419 0.1 −24.669
0.2 −149.952 0.2 −78.680 0.2 5.00491 0.2 4.96722 0.2 9.93321 0.2 −11.018
0.3 −66.1384 0.3 −33.969 0.3 3.55372 0.3 3.39711 0.3 7.36809 0.3 −6.2125
0.4 −36.886 0.4 −18.651 0.4 2.65307 0.4 2.46889 0.4 5.68493 0.4 −3.9818
0.5 −23.4 0.5 −11.727 0.5 2.05599 0.5 1.87499 0.5 4.51999 0.5 −2.7679
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Table 4: Relative sensitivity of MTTFF when r1 � r2.

λ1 θλ1 λ2 θλ2 μ1 θμ1 μ2 θμ2 α θα φ θφ
0.1 −0.8978 0.1 −0.9107 0.1 0.07543 0.1 0.07756 0.1 0.1553 0.1 −0.1914
0.2 −0.8023 0.2 −0.8249 0.2 0.08129 0.2 0.08564 0.2 0.1939 0.2 −0.1651
0.3 −0.7172 0.3 −0.7466 0.3 0.07614 0.3 0.0814 0.3 0.1995 0.3 −0.1376
0.4 −0.6435 0.4 −0.6773 0.4 0.06939 0.4 0.07485 0.4 0.1941 0.4 −0.1167
0.5 −0.5804 0.5 −0.6168 0.5 0.06301 0.5 0.06843 0.5 0.1851 0.5 −0.1009

Table 5: Relative sensitivity of MTTFF when r1 > r2.

λ1 θλ1 λ2 θλ2 μ1 θμ1 μ2 θμ2 α θα φ θφ
0.1 −0.8022 0.1 −0.9521 0.1 0.05685 0.1 0.05852 0.1 0.09274 0.1 −0.1393
0.2 −0.6435 0.2 −0.9029 0.2 0.06709 0.2 0.07639 0.2 0.12014 0.2 −0.1386
0.3 −0.5267 0.3 −0.8547 0.3 0.06637 0.3 0.08069 0.3 0.1269 0.3 −0.1242
0.4 −0.4422 0.4 −0.8087 0.4 0.0627 0.4 0.07986 0.4 0.1258 0.4 −0.1101
0.5 −0.3804 0.5 −0.7657 0.5 0.05845 0.5 0.07705 0.5 0.12165 0.5 −0.0982

Table 6: Relative sensitivity of MTTFF when r1 < r2.

λ1 θλ1 λ2 θλ2 μ1 θμ1 μ2 θμ2 α θα φ θφ
0.1 −0.9434 0.1 −0.8249 0.1 0.0615 0.1 0.0635 0.1 0.1006 0.1 −0.1492
0.2 −0.886 0.2 −0.6775 0.2 0.0775 0.2 0.0756 0.2 0.1303 0.2 −0.148
0.3 −0.8309 0.3 −0.5644 0.3 0.07996 0.3 0.0751 0.3 0.1373 0.3 −0.1326
0.4 −0.7791 0.4 −0.4802 0.4 0.0778 0.4 0.07134 0.4 0.1358 0.4 −0.1175
0.5 −0.7313 0.5 −0.4171 0.5 0.0741 0.5 0.06669 0.5 0.1309 0.5 −0.1046

Table 7: Sensitivity of Av(∞) when r1 � r2.

λ1 σλ1 λ2 σλ2 μ1 σμ1 μ2 σμ2 α σα φ σφ
0.1 −0.866 0.1 −0.9143 0.1 1.5266 0.1 1.5465 0.1 2.2148 0.1 −0.7801
0.2 −0.5579 0.2 −0.5931 0.2 0.3709 0.2 0.3908 0.2 0.6829 0.2 −0.328
0.3 −0.3796 0.3 −0.406 0.3 0.1342 0.3 0.1465 0.3 0.3047 0.3 −0.1788
0.4 −0.2691 0.4 −0.289 0.4 0.05946 0.4 0.06741 0.4 0.1651 0.4 −0.1125
0.5 −0.1969 0.5 −0.2123 0.5 0.02968 0.5 0.03507 0.5 0.1009 0.5 −0.0773

Table 8: Sensitivity of Av(∞) when r1 > r2.

λ1 σλ1 λ2 σλ2 μ1 σμ1 μ2 σμ2 α σα φ σφ
0.1 −1.116 0.1 −1.0266 0.1 1.648 0.1 1.659 0.1 2.174 0.1 −0.8694
0.2 −0.5382 0.2 −0.6912 0.2 0.4158 0.2 0.4917 0.2 0.703 0.2 −0.3966
0.3 −0.2957 0.3 −0.4911 0.3 0.1438 0.3 0.2022 0.3 0.32301 0.3 −0.2261
0.4 −0.1766 0.4 −0.3624 0.4 0.05737 0.4 0.09857 0.4 0.1786 0.4 −0.1459
0.5 −0.1117 0.5 −0.2755 0.5 0.02385 0.5 0.05333 0.5 0.1108 0.5 −0.1018

Table 9: Sensitivity of Av(∞) when r1 < r2.

λ1 σλ1 λ2 σλ2 μ1 σμ1 μ2 σμ2 α σα φ σφ
0.1 −0.9978 0.1 −1.1862 0.1 1.653 0.1 1.664 0.1 2.224 0.1 −0.9014
0.2 −0.6701 0.2 −0.5786 0.2 0.4752 0.2 0.4392 0.2 0.7319 0.2 −0.4088
0.3 −0.4738 0.3 −0.3198 0.3 0.1879 0.3 0.159 0.3 0.339 0.3 −0.2323
0.4 −0.3482 0.4 −0.1913 0.4 0.08789 0.4 0.06727 0.4 0.1878 0.4 −0.1496
0.5 −0.2637 0.5 −0.1206 0.5 0.04537 0.5 0.03065 0.5 0.1166 0.5 −0.1043
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From these tables, we can see that the order of relative
sensitivity onMTTFF affected by each system parameter can
be ranked as follows:

(1) In the case r1 � r2, we get λ1 > λ2 >φ> α> μ2 > μ1
(2) In the case r1 > r2, we get λ2 > λ1 >φ> α> μ2 > μ1
(3) In the case r1 < r2, we get λ1 > λ2 >φ> α> μ2 > μ1
*e sensitivity for A(∞) can be obtained in Tables 7–9.

In these tables, we can see that the order of sensitivity on
steady-state availability affected by each system parameter
can be ranked as follows:

(1) In the case r1 � r2, we get α> μ2 > μ1 > λ2 > λ1 >φ
(2) In the case r1 > r2, we get α> μ2 > μ1 > λ1 > λ2 >φ
(3) In the case r1 < r2, we get α> μ2 > μ1 > λ2 > λ1 >φ

Finally, the results of the relative sensitivity on steady-
state availability affected by each system parameter are listed
in Tables 10–12. *e order of relative sensitivity on steady-
state availability affected by each system parameter can be
ranked as follows:

(1) In the case r1 � r2, we get α> μ2≃μ1 > λ2 >φ> λ1
(2) In the case r1 > r2, we get α> μ2 > μ1 > λ1 > λ2 >φ
(3) In the case r1 < r2, we get α> μ1 > μ2 > λ2 >φ> λ1

7. Conclusion

*is article studies the reliability measurements and sensi-
tivity analysis of a system consisting of two nonidentical
parallel units and a single repairman. *e repairman might

take a vacation or not at the beginning of the system operation,
and the active units might be attacked by successive shocks.
Such a system can be considered as an extension of repairable
systems in the engineering industry. It is therefore difficult to
analyze because many random variables with general distri-
butions are involved. *e expressions for steady-state avail-
ability and mean time to system failure with general repair time
are derived from Laplace transform equations. Both sensitivity
analysis and relative sensitivity analysis were calculated for three
different cases of this system; the results are shown in
Tables 1–12. Finally, the numerical results explain the rela-
tionship between the derived reliability measurements and the
system parameters. From the numerical results and graphs, we
deduce the following:

(1) *e steady-state availability increases when r1 � r2

(2) *e mean to system failure increases when r1 � r2

Notations

h(t), H(t): p.d.f. and c.d.f. of the repair time.
v1(t), V1(t): p.d.f. and c.d.f. of the vacation time of a

repairman.
v2(t), V2(t): p.d.f. and c.d.f. of the recall time of a

repairman
Pi(t, x), Qi(t, x): p.d.f. and c.d.f. of the system are in state

i� 2,4 at period t and have an elapsed
repair time of x for unit A

Pi(t, y), Qi(t, y): p.d.f. and c.d.f. of the system are in state
i� 1,8 at period t and have an elapsed
repair time of y for unit B

Table 10: Relative sensitivity of Av(∞) when r1 � r2.

λ1 λ1 λ2 λ2 μ1 μ1 μ2 μ2 α α φ φ

0.1 −0.09758 0.1 −0.1037 0.1 0.2618 0.1 0.2667 0.1 0.3167 0.1 −0.1008
0.2 −0.137 0.2 −0.1469 0.2 0.1123 0.2 0.1184 0.2 0.1658 0.2 −0.0904
0.3 −0.1476 0.3 −0.1606 0.3 0.0589 0.3 0.0643 0.3 0.1051 0.3 −0.0767
0.4 −0.1456 0.4 −0.1598 0.4 0.0344 0.4 0.03882 0.4 0.07398 0.4 −0.0657
0.5 −0.1375 0.5 −0.1519 0.5 0.02128 0.5 0.0251 0.5 0.05579 0.5 −0.0571

Table 11: Relative sensitivity of Av(∞) when r1 > r2.

λ1 λ1 λ2 λ2 μ1 μ1 μ2 μ2 α α φ φ

0.1 −0.1365 0.1 −0.1181 0.1 0.3126 0.1 0.3269 0.1 0.3328 0.1 −0.117
0.2 −0.1456 0.2 −0.1762 0.2 0.1356 0.2 0.1639 0.2 0.1801 0.2 −0.1161
0.3 −0.127 0.3 −0.2026 0.3 0.06751 0.3 0.09598 0.3 0.1173 0.3 −0.1038
0.4 −0.1045 0.4 −0.2117 0.4 0.03542 0.4 0.06101 0.4 0.08403 0.4 −0.0918
0.5 −0.0843 0.5 −0.2108 0.5 0.01829 0.5 0.04081 0.5 0.06405 0.5 −0.0817

Table 12: Relative sensitivity of Av(∞) when r1 < r2.

λ1 λ1 λ2 λ2 μ1 μ1 μ2 μ2 α α φ φ

0.1 −0.115 0.1 −0.1469 0.1 0.3329 0.1 0.3261 0.1 0.3471 0.1 −0.1231
0.2 −0.1694 0.2 −0.1598 0.2 0.1617 0.2 0.1468 0.2 0.1902 0.2 −0.1217
0.3 −0.1934 0.3 −0.1409 0.3 0.09122 0.3 0.07618 0.3 0.1239 0.3 −0.1088
0.4 −0.2006 0.4 −0.1167 0.4 0.05571 0.4 0.04229 0.4 0.08889 0.4 −0.0961
0.5 −0.1986 0.5 −0.0941 0.5 0.03559 0.5 0.02391 0.5 0.06773 0.5 −0.0855
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Po(t, u), Qo(t, u): p.d.f. and c.d.f. of the system are in state
so at period t and have an elapsed
vacation time of u

Pi(t, z), Qi(t, x): p.d.f. and c.d.f. of the system are in state
i� 5,6,7 at period t and have recalling
time of z

φ(u): Vacation time distribution function
μ1(x): *e repair rate of unit A
μ2(y): *e repair rate of unit B
α(z): Call time distribution function
h∗(s): L.T (Laplace transform) h(t)
pi(t): *e probability of the system to be in

state i at time t.
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