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The analysis of thermal performance in second generation of nanofluids (hybrid nanofluids) attained much attention of the
researchers, scientists, engineers, and industrialists. These fluids have ultra-high thermal characteristics due to which their broad
applications could be found in many areas of technological world. Therefore, a novel analysis regarding the heat transfer is
conducted over a stretched surface by considering combined convection, thermal radiations, and magnetic field. The hybrid
nanofluid is synthesized by Cu-Al,O; guest hybrid-nanomaterial and host liquid H,O. The hybrid flow model is solved nu-
merically and decorated the results over the region of interest. It is drawn that the velocity drops by increasing the strength of Cu-
Al,O; fraction and applied Lorentz forces. Furthermore, the thermal performance of Cu-Al,O3/H,0 augmented against stronger
thermal radiations, volumetric fraction, and magnetic field effects.

1. Introduction

Hybrid nanofluids are a new generation of nanofluids with
ultra-high thermal performance than conventional nano-
fluids. Hybrid nanofluids are composed by binary mixture of
nanoparticles of various metallic, nonmetallic, carbide, and
CNT nanomaterials suspended in the host liquid. Thermal
conductivity of the nanoparticles is an important part in the
composition of nanofluids that improves the heat transport
rate of the nanofluids significantly. The advancement in the
nanofluids became very famous among the researchers and
engineers due their superior heat transport mechanism.
Thus, investigators and engineers paved their attention on
such significant nanofluids and studies from different

aspects. The nanofluids almost determined the problems of
manufacturers and engineers about to huge amount of heat
transfer for different manufacturing processes. Hence, the
researchers investigated the influences of nanofluids on the
flow characteristics under different conditions. The appli-
cations of these fluids are broadly found in medical, mi-
croelectronics, momentum, sailing buildings, microfluidics,
civil engineering, for the detection of cancer cells in human
bodies, paint industries, aerodynamics, chemical engineer-
ing and cooling of building, etc.

Keeping in view the broad applications of this new
generation of the nanofluids, researchers paid much at-
tention to investigate the flow characteristics more specifi-
cally thermal performance. Therefore, Takabi et al. [1]
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worked on laminar convection flow of the nanofluid
(composed by Cu-Al,O3) and discussed significant results
regarding heat transport by altering various flow quantities.
Takabi and Shoshouhmand [2] explained the heat transfer in
the hybrid nanofluid (Cu-Al,Os/water). Suresh et al. [3]
described the influence of hybrid nanofluid (Cu-AlLOj/
water) in heat transference. Morain [4] organized an ex-
perimental study for thermal performance in the hybrid
nanoliquid. They synthesized the fluid mixture by adding
nanoadditives of Cu and aluminum oxides in the host liquid.
They chose water as a host fluid and then performed the
analysis over the synthesized hybrid nanoliquid. Suresh et al.
[5] explored the influence of Cu - Al,O;/water hybrid
nanofluids regarding the heat transfer. Another study for
turbulent flow is conducted by Suresh et al. [6] by using the
same hybrid nanoliquid. Some other imperative analysis on
the heat transport mechanism in the hybrid nanoliquid
under certain flow assumptions and conditions are reported
in [7, 8].

Ahmad and Khan [9] examined the behaviour of heat
and mass transfer in the fluid over a surface with elasticity
characteristics and provided a comprehensive detail about
the flow regimes. They analyzed the model numerically.
Kumar and Bandari [10] worked in the melting temperature
transference of nanofluid and stretching surface. The model
comprised the effects of Brownian motion and thermo-
phoresis and then investigated the alterations in the heat and
mass transfer due to these physical parameters. Khan and
Pop [11] organized and discussed a laminar flow over a
stretchable surface and explored the flow characteristic over
a semi-infinite domain. Mohimanianpour and Rashidi [12]
performed the analysis of steady-state flow behaviour under
boundary-layer approximation theory (BLAT) and dis-
cussed the results in brevity. They tackled the nonlinear
problem via HAM and decorated the results. Bhargava et al.
[13] studied combined convection effects in micropolar
fluid. They modeled the problem over a porous surface
which is stretchable.

The heat transfer can be described magnetic effect of flow
over stretching sheet which is explained by Chakrabarti et al.
[14]. Ahmad [15] designed a flow model under the impacts
of magnetic field and unsteady effects. For mathematical
investigation, they utilized quasi-linearization technique and
performed the results. Rashidi et al. [16] reported the
parametric study and optimization of entropy generation in
unsteady MHD flow past a stretching rotational disk with
particle swarm optimization (PSO) algorithm, HAM, and
artificial neural network (ANN). Sheikholeslami et al. [17]
worked on the Lattice Boltzmann method to study the
magneto-hydrodynamic flow using Cu — water nanofluid.
Fang [19] presented MHD flow above a nonlinearly affecting
surface. Devi and Suriyakumar [20] combined the properties
of magnetic field on the Blasius and Sakiadis flow composed
by Cu and Al,O; nanoparticles. The effects of flow pa-
rameters in the flow model on the velocity, high tempera-
ture, skin friction coefficient, and local heat transfer were
explained comprehensively.

The second generation of nanofluids titled as hybrid
nanofluid took much attention of the researchers and
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scientists due to their ultra-high thermal performance
rate. These are extensively used in cooling systems and for
other industrial and technological purposes. In the view of
extensive uses of such fluids, Rashidi et al. [21] reported
the energy transport mechanism in the hybrid nanofluid.
The study is organized in lid driven cavity of square
shaped. In ordered to enhance the energy efficiency, they
plugged the influences of mixed convection on the square
boundaries and reported the significant results regarding
the heat transport mechanism. The analysis of non-
Newtonian fluids has their own importance in various
industries. In this regard, a study is conducted by Nazari
et al. [22]. They reported that, by enhancing the volu-
metric fraction and Darcy number, the heat transport rate
rises.

The investigation of two-phase nanofluid flow syn-
thesized by hafnium nanoparticles in the presence of slip
effects is discussed by Ellahi et al. [23]. The model is
tackled analytically and plotted the results for particles
phase and fluid phase with a comprehensive detail. A
study regarding the heat transfer by considering multiple
nanomaterials (MWCNTs, Cu, and Al,O3) in cavity is
explored by Goodarzi et al. [24]. The results are obtained
against various aspect ratios under the influence of natural
convection and conductive heat transport. Mixed con-
vection which is a combination of two physical phe-
nomena known as natural and forced convection
significantly alters the fluid behaviour and its tempera-
ture. In 2020, Yousefzadeh et al. [25] analyzed the fluid
dynamics under the impacts of mixed convection by
taking various heat transfer areas.

2. Description of the Problem

The study of heat transfer over a stretchable surface is or-
ganized for two different generation of the fluids known as
nanofluid (Cu-H,0) and hybrid nanofluid
(Cu-Al,05-H,0). The sheet is situated in the Cartesian
frame. The following assumptions are made during the
analysis of aforementioned fluids:

(i) The flow is steady, laminar, and incompressible
(ii) The surface is stretchable in unidirectional
(iii) The flow is two dimensional

(iv) The guest nanomaterial (Cu-Al,O3) and the host
liquid (H,O) are thermally compatible

(v) The surface is maintained at temperature T, and
velocity U,

(vi) The effects of thermal radiations, combined con-
vection, and magnetic field are taken during the
study

(vii) The surface is stretched with the velocity Uw = ax
and the temperature and velocity asymptotically
vanish at extreme position of the surface

Figure 1 elaborates the flow configuration of the fluids.
The basic constitutive relations for the particular flow are
described by the following equations [26]:
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Appropriate boundary conditions are presented as

aty =0,
u=U, = ax,
V=1, (4)
T=T,,

aty — oou — 0, T — T,

For the particular flow configuration, the velocity
components u, v and the stream function are defined as u =
oy/dy and v =-0y/Ox wherever y represents stream
function. Hence, we get the values of u, v as below:

u = axF'(n),

v = —\JavF (1).

(5)

In equations (2) and (3), py,p> (PCp)pas symbolizes
the density and heat capacity, g, denotes the dynamic
viscosity, g represents the gravity acceleration, and [Shnf
is thermal expansion. Now, for the hybrid nanofluids, the
expression for py, s, (PCplup> and (pP)y,s are reported
as

3
Ping ={(1=6,) (1 =¢)ps + (1= $2)b1pa } + boper
(PCp )y = (1= 9| (1= 8)(0C, ) + 41(oC, )., |
+¢,(pC,)
By ={(1=61) (1= 6,) (0B) s + 6, (1 - 6,) (PPt}
+ ¢, (pB)s2>
Oy _ T2 + 20— 2¢,(0y5 - 0,,)
Opp 0y +204p+ ¢y (0 - 0y)
(6)

The dynamic viscosity and thermal conductivity of hy-
brid nanofluid are described as

[’lhnf _ 1
B (1- ¢1)2.5 (1- ¢2)2'5,

((Ksz + 2A2) - ¢ (Az - Ksz))
(Ko +2A)+ 6, (A, -Ko) |

(k) 26K, K)
’ ((Ksl +2f) + ¢1(Kf - Ksl))

Here, ¢, and ¢, represent the fraction factor of the used
nanomaterials, respectively. Furthermore, K, K}, are the
thermal conductivities of the host and hybrid nanoliquid,
respectively. Suppose that the velocity and temperature of
the stretching sheet are described as

U, (x,0) = ax,

(8)
T,(x,0) =T, +bx,

where a, b, and ¢ are constants. The dimensionless stream
function F and dimensionless temperature 6 are described as

-
= —y)
Uy

y = \Javy xF (),

T-T,,
Tw_Too,

(40" \oT"

T="\3 ) oy
where # represents the similarity variable. Furthermore,
v (x, y) is the stream function and g, denotes the radiative
heat flux. Finally, the following hybrid-nanoliquid flow

model is obtained after incorporating the effective empirical
correlations and similarity equations:

(9)
0(n) =
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F" () - (1-¢,)*"(1- %)“H(l - ¢2)((1 ¢+ sbf“) + ¢, }{(F’ ()* = E(F" ()}

ri) Cer

g +204; = 2¢,(0y — o)

- (1 - ‘%51)2'5(1 - ‘/’2)2'5{

, (10)
O + 2037 + (pl(abf - C752) }

ME' () + (1 - 6,)° (1 - @)“{(1 - %)((1 —6)+ ("ﬁ)“) 6, ("‘”Sz}wcm ~o,

1 (Kpy/Kyp + RA(1+(6,-1))°)

(PP ¢ (PP ¢

= 0" (n) + F( () = 0. (11)

Pr (pCP)hn f

The transformed boundary conditions become

F(0) =0,

0(0) =1,
F'(0)=1, (12)
F' (1) — 0,

0(n) — 0, aty — oo,

C, = ZU;}zrw’
Pr
T,-T.)" (1)
Nu, = 0T = Too)
Ky

Here, Re is denoted the Reynolds number, Gr is denoted
the Grashof number, and A represents the buoyancy pa-
rameter given by the following expressions:

_ -1

Re, =U,xvs,

Gr, = gB; (T, — Too vy °, (14)
A= Gr Re’.

Moreover, Pr =v/oc; denotes Prandtl number and
M = o B}/ap ; is the magnetic interaction parameter for the
hybrid nanofluids. The skin friction coefficient is symbolized
Cy and heat transfer capacity that, said in the Nusselt
number Nu,, explains the following.Wherever 7, is rep-
resented the shear stresses and heat flux is denoted g,

ou
Tw = Hinf @ O»
=

aT
9w = -K n <_> .
s a)/ y=0

Applying transformation in the nondimensional ex-
pressions, we obtained the following expressions:

CyRe” =2((1- 1) ™ (1= ) *)F" (0),

16
M: _(Khnf>9,(0) ( )

(15)

3. Mathematical Analysis

Many physical phenomena can be modeled as a system of
highly coupled nonlinear differential equations over a
bounded or semi-infinite regions. Actually, such models are
very tedious due to high nonlinearity and impossible to
tackle in the form of closed solution. However, numerical
techniques are reliable under such circumstances. Therefore,
RK technique and its coupling with the shooting method is
applied on the model under consideration. The model is
described in (10) and (11) along with conditions defined over
the surface and away from it given in equation (12). Actually,
aforementioned technique works for the system of first-
order ODEs. In this regard, firstly, we fixed the following
transformations to get the desired system:

(V1> Y25 V3 Yas Vs> Vo) =(F)F”)F 0, 9’>9”)- (17)
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By inducing these transformations in the hybrid model
defined in (10) and (11), the following version is obtained:

= -a) - o= e(0-e) ol ) g2

Py

0 + 20, = 2¢,(0y — ;)
Og + 2005 + ¢1(0bf - 052)

+(1-¢,)(1 —</>2)“<

Py

My

J1=60 =02+ 01 (1=62)(0C,),/(0C,) , +2(pC,) /(6C, ), |

}-{(y{)2 —ylyz’}]

(18)

I _ _ (Pﬁ)sl (Pﬁ)SZ
1 {(1 ¢2)((1 ¢1) + ¢ (Pﬁ)f) +¢, (pﬁ)f}/l%l)’

Priy,yi}. (19)

5= (Ko /Ky + RA(1+ (6, - 1))

The model described in (18) and (19) is a desired system
on which the proposed numerical technique is applicable.
For said purpose, MATHEMATICA 10.0 code is generated
for the model and plotted the results for the preeminent flow
quantities.

4. Results and Discussion

This section is fixed to explore the results for the velocity and
temperature behaviour of the hybrid as well conventional
nanofluid. The results are decorated against the various
preeminent flow parameters over the desired region.

M is Magnetic parameter, A is the buoyancy parameter,
and Rd is the radiation parameter. Measure two dissimilar
kinds of nanoparticles, Cu and Al,O;. The boundary-layer
viscosity rises with the rise in velocity gradient and the
temperature gradient. Performances of resistance force such
as density and thickness of the hybrid nanofluid; as a result,
the particle viscosity and speed rise by the growth in other
production follow. The volume of nanoparticles increases
the thermal conductivity rises, as the case of this is increases
temperature.

Figure 2 shows the influence of ¢, on mix nanoparticles
Cu - ALO4/H,0 in the velocity profile.

At that time, velocity decreases as the volume fraction
increases. The presence of dense nanoparticles info to other
weakening the velocity boundary-layer thickness.

Figure 3 represents the velocity profile which the
magnetic parameter effect of hybrid nanofluid. Because of
the description, velocity of hybrid nanofluid decreases with
the varying of M. It obviously proves that right angles’
attractive field plays with the transportation occurrences. It
is main indication that the great oppositions continuously
particles of fluid, which effect to viscosity produced in hybrid
nanofluid. Figure 4 presents the velocity profile; the increase
of Rd is an increase in the velocity of hybrid nanofluid.
Because the viscosity and density decrease in the cause of this
is increase the velocity of hybrid nanofluid. Figure 4 shows
that the velocity of hybrid nanoparticles increases as the Rd
vary. We can say that if varying Rd, then the stretching sheet
of the nanoparticles and velocity is abtained. Figures 5 and 6
show that the varying A and 6,, increase the velocity of
hybrid nanofluid Cu - Al,O;/H,0. The boundary-layer
thickness will be increased.
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TaBLE 1: Thermophysical possessions of water hybrid nanofluids in addition nanoparticles [3, 5, 6].

Properties Pure water H,O Alumina (Al,O5) Copper (Cu)

p (kgim®) 997.1 3970 8933

C, (JIkgk) 4179 765 385

kK (Wm k1) 0.6130 40 401

B x 10°k! 21 0.850 1.670

o (s/m) 55% 1076 3.5% 106 59.6 x 10°
Figures 7 and 8 appear that the temperature profiles  Data Availability

0, and ¢, are varying; then, the heat transfer increases.
0, > 1 Then, the given solution is nonlinear and plot will
nonlinear plot. In this case, the solution of equation is
nonlinear. Figure 8 calculates the thermal conductivity
increases, and therefore, the thermal boundary-layer
thickness rises, as the nanoparticle volume fraction in-
creases. This case is in submission with the main pro-
poses of using hybrid nanofluid and furthermore
approves by physical performance; after the size increase
of nanoparticles, then ky,; and thermal boundary-layer
viscosity rise. Figure 9 shows temperature circulation,
and the heat transfer rises with rise in the attractive
factor due to description; the temperature boundary-
layer thickness rises. It observably shows that the right
angles attractive field be pitted against the moving
occurrences.

Figure 10 shows that decreasing of buoyancy parameter
changes the hotness transfer of the hybrid nanoparticles
which represent the temperature profile; however, increas-
ing A, the heat decreasing because the thermal conductivity is
reduction. If thermal conductivity reduced, then thermal
boundary layer reduced as well. Figure 11 clearly describes
that the radiation Rd increases as well as increasing the heat
transfer. Table 1 presents the thermophysical values of the
base liquid and nanoparticles.

5. Conclusions

This work reported the study of heat transport phenomena
in Cu-Al,03/H,0 hybrid nanofluid by taking the effects of
thermal radiations, magnetic field, and varying volumetric
fraction. The flow situation is modeled over a stretched
surface via similarity equations. The resultant hybrid model
is accommodated via numerical technique and furnished the
results against the parameters. Form the analysis, it is ex-
amined that [18]

(i) The velocity of Cu-AlL,O3/H,O declines against
higher volumetric fraction of Cu-ALO; and
stronger Lorentz forces

(ii) The fluid temperature significantly augmented for

0,, and it vanishes asymptotically far from the
surface

(iii) The velocity rises due to mixed convection effects A,

and it opposes the fluid temperature.

(iv) Thermal radiations worked as catalysis in the study
regarding thermal transport which prominently
played positive role

The study is based on numerical technique and no data were
used in findings of the study.

Conflicts of Interest

The authors declare that they have no conflicts of interest.

Acknowledgments

Princess Nourah bint Abdulrahman University Researchers
Supporting Project number (PNURSP2022R52), Princess
Nourah bint Abdulrahman University, Riyadh, Saudi
Arabia.

References

[1] B. Takabi, A. M. Gheitaghy, and P. Tazraei, “Hybrid water-

based suspension of Al,O; and Cu nanoparticles on laminar

convection effectiveness,” Journal of ThermoPhysics and Heat

Transfer, vol. 30, no. 3, pp. 1-10. In press, 2015.

B. Takabi and H. Shokouhmand, “Effects of A1203-Cu/water

hybrid nanofluid on heat transfer and flow characteristics in

turbulent regime,” International Journal of Modern Physics C,

vol. 26, no. 4, Article ID 1550047, 2015.

[3] S. Suresh, K. P. Venkitaraj, P. Selvakumar, and
M. Chandrasekar, “Effect of Al203-Cu/water hybrid nano-
fluid in heat transfer,” Experimental Thermal and Fluid Sci-
ence, vol. 38, pp. 54-60, 2012.

[4] G. G. Momin, “Experimental investigation of mixed con-

vection with Al,O;/H,O& hybrid nanofluid in inclined tube

for laminar flow,” International Journal of Scientific &

Technology Research, vol. 2, pp. 195-202, 2013.

S. Sureh, K. Venkitaraj, p. Selvakumar, and M. Chandrasekar,

“Effect of Cu — Al,O5/H,0O hybrid nanofluid in heat transfer,”

Experimental Thermal and Fluid Science, vol. 38 9, pp. 54-60,

2012.

S. Suresh, K. P. Venkitaraj, M. S. Hameed, and J. Sarangan,

“Turbulent heat transfer and pressure drop characteristics of

dilute water based Al,Oj;, Cu hybrid nanofluids,” Journal of

Nano science and Nanotechnology, vol. 14, Article ID

25632572, 2014.

[7] S. Suresh, K. P. Venkitaraj, P. Selvakumar, and

M. Chandrasekar, “Synthesis of Al203-Cu/water hybrid

nanofluids using two step method and its thermo physical

properties,” Colloids and Surfaces A: Physicochemical and

Engineering Aspects, vol. 388, no. 1-3, pp. 41-48, 2011.

B. Takabi and S. Salehi, “Augmentation of the heat transfer

performance of a sinusoidal corrugated enclosure by

employing hybrid nanofluid,” Advances in Mechanical En-

gineering, vol. 6, Article ID 147059, 2014.

[2

[5

[6

[8



10

(9]

(10]

(11]

(12]

(13]

(14]

(15]

(16]

(17]

(18]

(19]

[20]

[21]

(22]

(23]

R. Ahmad and W. A. Khan, “Unsteady heat and mass transfer
magnetohydrodynamic (MHD) nanofluid flow over a
stretching sheet with heat source-sink using quasi-lineariza-
tion technique,” Canadian Journal of Physics, vol. 93, no. 12,
pp. 1477-1485, 2015.

K. Kishore and S. Bandari, “Melting heat transfer in boundary
layer stagnation-point flow of a nanofluid towards a
stretching-shrinking sheet,” Canadian Journal of Physics,
vol. 92, no. 12, pp. 1703-1708, 2014.

W. A. Khan and I. Pop, “Boundary-layer flow of a nanofluid
past a stretching sheet,” International Journal of Heat and
Mass Tmnsfer, vol. 53, no. 11-12, pp. 2477-2483, 2010.

M. M. Rashidi and S. A. Mohimanian Pour, “Analytic ap-
proximate solutions for unsteady boundary-layer flow and
heat transfer due to a stretching sheet by homotopy analysis
method,” Nonlinear Analysis Modelling and Control, vol. 15,
no. 1, pp. 83-95, 2010.

R. Bhargava, L. Kumar, and H. S. Takhar, “Finite element
solution of mixed convection micropolar flow driven by a
porous stretching sheet,” International Journal of Engineering
Science, vol. 41, no. 18, pp. 2161-2178, 2003.

A. Chakrabarti and A. S. Gupta, “Hydromagnetic flow and
heat transfer over a stretching sheet,” Quarterly of Applied
Mathematics, vol. 37, no. 1, pp. 73-78, 1979.

M. M. Rashidi, M. Ali, N. Freidoonimehr, and F. Nazari,
“Parametric analysis and optimization of entropy generation
in unsteady MHD flow over a stretching rotating disk using
artificial neural network and particle swarm optimization
algorithm,” Energy, vol. 55, pp. 497-510, 2013.

T. Hayat, M. Awais, and A. Alsaedi, “Magnetohydrody-
namic stretched flow of maxwell fluid in presence of
homogeneous-heterogeneous chemical reactions by three
different approaches,” Journal of Computational and Theo-
retical Nanoscience, vol. 11, no. 4, pp. 953-957, 2014.

T. Fang, “Magneto hydrodynamic viscous flow over a non-
linearly moving sur-face closed-form solutions,” Eur. Phys.
J. Plus, vol. 129, pp. 1-18, 2014.

K. Vajravelu, “Hydromagnetic convection at a continuous
moving surface,” Acta Mechanica, vol. 72, no. 3-4,
pp. 223-232, 1988.

M. M. Rashidi, M. Sadri, and M. A. Sheremet, “Numerical
simulation of hybrid nanofluid mixed convection in a lid-
driven square cavity with magnetic field using high-order
compact scheme,” Nanomaterials, vol. 11, 2021.

S. Nazari, R. Ellahi, M. M. Sarafraz, M. R. Safaei, A. Asgari,
and O. A. Akbari, “Numerical study on mixed convection of a
non-Newtonian nanofluid with porous media in a two lid-
driven square cavity,” Journal of Thermal Analysis and Cal-
orimetry, vol. 140, no. 3, pp- 1121-1145, 2020.

R. Ellahi, F. Hussain, S. A. Abbas, M. M. Sarafraz,
M. Goodarzi, and M. S. Shadloo, “Study of two-phase new-
tonian nanofluid flow hybrid with hafnium particles under the
effects of slip,” Inventions, 2020.

H. Goodarzi, O. A. Akbari, M. M. Sarafraz, M. M. Karchegani,
M. R. Safaei, and G. A. S. Shabani, “Numerical simulation of
natural convection heat transfer of nanofluid with Cu,
MWCNT, and AI203 nanoparticles in a cavity with different
aspect ratios,” Journal of Thermal Science and Engineering
Applications, vol. 11, Article ID 061020, 2019.

S. Yousefzadeh, H. Rajabi, N. Ghajari, M. M. Sarafraz,
O. A. Akbari, and M. Goodarzi, “Numerical investigation of
mixed convection heat transfer behavior of nanofluid in a
cavity with different heat transfer areas,” Journal of Thermal
Analysis and Calorimetry, vol. 140, no. 6, pp. 2779-2803, 2020.

Mathematical Problems in Engineering

[24] N.S.Wahid, N. M. Arifin, N. S. Khashi, I. Pop, N. Bachok, and

M. E. H. Hafidzuddin, “MHD mixed convection flow of a
hybrid nanofluid past a permeable vertical flat plate with
thermal radiation effect,” Alexandria Engineering Journal,
vol. 140, p. 378, 2020.



