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In this paper, we present a newly emerging approach for the use of the oedometer test for the determination of some important
mechanical properties of an elastic-plastic soil using the Mohr–Coulomb yield criterion and an associated fow rule. Analysis of
the oedometer test is performed in low strains.Te identifcation of constitutive parameters is carried out by means of the Newton
optimization procedure used to solve inverse problems.Te consolidation test problem is solved using new equations proposed in
this paper. Te solution of the problem according to the equations developed in this paper was validated by the numerical
modeling of an oedometric test by following the requirements and the experimental protocol from the Plaxis Finite Element code.
Te method has been validated through Plaxis’ software, making it reliable. Te sensitivity study of the model with respect to its
parameters was carried out. Laboratory results analysis over nine samples of the southern Cameroon soils are compared to those
computed analytically. Te major parameters are Young’s modulus, Poisson’s ratio, the internal friction angle, the cohesion, and
the dilatancy angle. Te mechanical properties of those soils obtained from the proposed model are very close to, or almost
identical in some cases with values obtained in the laboratory. Te practical validation and the application of our method have
been successfully applied on the lateritic soils of Cameroon. Te compressibility curves reconstituted from the proposed the-
oretical solution are superimposed on those resulting from laboratory tests with low dispersions.

1. Introduction

Te soils behavior law are built from laboratory tests. Te
basis tests for these laws are the oedometric and the triaxial
test [1]. Given the complexity of the behavior of soils, the
difculties encountered to determine their properties and
the technical and professional requirements (deadlines,
appropriate equipment, costs, etc.), engineers often use a
perfectly plastic elastic model based on the Mohr–Coulomb
criterion for the analysis of geotechnical structures [2].

Te consolidation test makes it possible to simulate the
stress that the ground has undergone in its history and that it
will undergo under the loading of the work to be carried.Te
principle of this test is to measure the settlement W of a

cylindrical soil test and subjected to a uniaxial compression
σz increasing by preventing any lateral deformation
εx � εy � 0. Te two lower and upper faces of the sample are
drained. Generally, the test is performed on saturated
samples. During the test, we measured for each bearing the
stress σz and the settlement as a function of time. For the
whole of the test, we plot the oedometric curve, volume
variation, or more specifcally variation of the voids ratio
index e as a function of the decimal logarithm of the stress.
By simplifying, one obtains a frst straight line of low slope
and a second right of much higher slope. Te intersection of
the two lines is the maximum preconsolidation stress σp

′ that
the soil has known in its history. Tis test allows to know the
initial state of the soil. Te slopes of the two straight lines Cg
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and Cc account for the compressibility of the soil, respec-
tively, in the overconsolidated domain and in the normally
consolidated domain [3–5]. Te entire test protocol is de-
scribed in French Standard Institution XP 94-090-1 of
December 1997.

Te Mohr–Coulomb model is characterized by fve
parameters: E, ], Φ, Ψ, and c. Tese parameters are usually
obtained on a triaxial test in Consolidation Isotropic
Drained (CID) or undrained (CIU) on a soil sample by
exploiting the experimented curves obtained as a result of
this test. Young’s modulus E is extracted from the graph (q,
εz); (i.e: q� σzz − σyy: deviatoric stress of triaxial test). It
adjusts the slope of the elastic part of the curve. For Finite
Element Software applications, E50 is generally considered.
Poisson’s ratio ] is determined from the CID or CIU tests, by
calculating the initial slope in the graph (εv, εz). Indeed,
εv/εz � 1 − 2]. Te value of dilatancy is determined from
these tests, by calculating the slope of the ascending curve in
the graph (εv, εz). Indeed, εv/εz � 2 sinψ/1 − sinψ [2]. Te
internal friction angle Φ and shear strength c are deduced
from the graph (p, q).

In this paper, we develop a method for determining these
same parameters from an oedometric test on a various soil
(mixture of sand and clay or lateritic soil) sample meeting
the Mohr–Coulomb criterion, with associated fow rule
(Φ�Ψ). Such a method has not been developed anywhere in
the world. Te motivations for this approach come from the
fact that in most developing countries, Geotechnicals lab-
oratories and Engineering’s ofces often do not have triaxial
equipment for laboratory testing under real stress condition;
they are generally limited to performing direct shear tests.
Knowing the value of a triaxial test in a drained or undrained
condition and information on a test specimen of soil sub-
jected to this test, we have initiated research in this area.Tat
of exploiting the oedometric test (all geotechnical labora-
tories have an oedometric cell) to quickly determine by the
inverse method the parameters of the Mohr–Coulomb
model of a soil sample under drained conditions. Te ap-
proach leading to this method is developed as follows.

2. Empirical Relations between Current
Geotechnical Parameter

Diferent analytical and empirical relations have been
proposed in the literature in order to link the geotechnical
characteristics of soils. Authors have shown that these re-
lations depend both on nature and stress state of the soil,
although this last point is less considered in the proposed
relations. In the following, diferent approaches proposed in
the literature are presented in order to obtain Young’s
Modulus of the soil as a function of the dynamic cone re-
sistance. One drawback of such relations is that it is not
always defned at which deformation level Young’s Modulus
is obtained. Chua and Fernandes [6, 7] proposed an ana-
lytical solution to calculate the elastic modulus of a medium
from a 1-D model for penetration analysis of a rigid pro-
jectile into an ideally locking material. A relation between
the penetration index and the elastic modulus is therefore
obtained for diferent soil natures. Te results from Chua

and Fernandes [6, 7] are transposed to the Panda dynamic
cone penetrometer by Haddani et al. [7, 8], which are
presented in Table 1. Bellotti et al. [6, 9] presented relations
for the secant Young Modulus obtained from a calibration
chamber for an average axial strain of 0.1.

E � 4qd∀qd ≤ 10[MPa],

E � 2qd + 20∀10≤ qd ≤ 50[MPa],
(1)

Correlations between the dynamic cone resistance (qd)
and the California Bearing Ratio (CBR) have been exten-
sively proposed in the literature. Some of these correlations
are presented in Table 2. According to Heukelom [7, 18], the
CBR and Young’s Modulus can be related by the following
simple linear relation:

E � A
∗CBR, (2)

whereA is obtained experimentally and depends on both soil
nature and the mean efective stress. Mohammed et al.
[7, 19] evaluated both in situ static cone resistance of dif-
ferent cohesive soils and Young’s Modulus by laboratory
tests. Te following relation has been proposed:

E � aq
n
c + bfc + cωn + dρd + e, (3)

where E is Young’s Modulus, qc is the static cone resistance,
fc is the frictional resistance, ωn is the natural water content,
ρd is the dry volumetric mass density, n is an integer (1, 2, 3),
and a, b, c, d, and e are regression constants. Simpler direct
relations have also been proposed by [7, 20, 21], as reported
by [7, 22, 23], according to the following expression:

E � B
∗
qc. (4)

Cassan [7, 23] proposed to link the static cone resistance
(qc) and the dynamic cone resistance (qd) for diferent soils
by a linear relation (equation (5)) Values of C for diferent
materials are summarized in Table 3.

qc � C
∗
qd. (5)

Empirical relations have also been proposed between the
oedometric deformation modulus (Eeod) and the static cone
resistance (qc). Buisman [7, 24] was the frst to propose a
linear relation (equation (6)) between Eeod and qc. Te value
of α (also called Buisman coefcient) for diferent soil na-
tures was largely studied by authors. Te recommended
values are summarized in Table 4.

Eoed � α∗qc. (6)

Te oedometric deformation modulus Eoed and Young’s
Modulus E are well defned on a linear elastic material by the
following relation:

E � Eoed
(1 + ])(1 − 2])

(1 − ])
. (7)

In order diferent direct relations that vary according to
the sites proposed in the literature (Table 5) between
compressibility index Cc and liquid limit of the soil [25]. Te
unit weight of soil c is determined by the following formula
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from the correlation between cone resistance qt and the unit
weight of soil [27–30]:

c

cw

� 0.27 logRf  + 0.36 log
qt

pa

  + 1.236, (8)

where cw unit weight of water (10 kN/m3), pa atmospheric
pressure (100 kPa); Rf � fs/qt.100%, where Rf friction ratio
between skin friction and cone resistance.

For granular soils, the angle of friction, φ drops with the
cone resistance, qc value [29], and the Standard Penetration

Table 2: Diferent direct relations proposed in the literature between the California bearing ratio (CBR) and the dynamic cone resistance
(qd).

Material Empirical relation Reference of author
Unknown logCBR � 2.62 − 1.27 logqd [7, 10]
Granular and cohesive soil logCBR � 2.56 − 1.16 logqd [7, 11]
Granular and cohesive soil logCBR � 2.55 − 1.14 logqd [7, 12]
Granular and cohesive soil logCBR � 2.45 − 1.12 logqd [7, 13]
Various soil types logCBR � 2.46 − 1.12 logqd [7, 14]
Aggregate base course logCBR � 2.44 − 1.07 logqd [7, 15]
Aggregate base course and cohesive logCBR � 2.60 − 1.07 logqd [7, 16]
Piedmont residual soil logCBR � 2.53 − 1.14 logqd [7, 17]

Table 3: Values of C from equation 4 proposed by [7, 23].

Material Above the water table Below the water table
Silt 1 1.2 to 3
Sandy clay 0.5 to 0.9 0.1 to 0.4
Sand 1 —
Sand and gravels 1 1 to 2.6

Table 4: Buisman coefcient (α) for diferent soil natures [7, 24].

Author reference Sand Clayed sand Compacted clay Soft clay Clayed silt Silt
[13] 1.5 2 to 5 2 to 5 5 to 10 — 1 to 2
[14] 1 to 2 2 to 4 3 to 5 — 2.5 to 4 —

Table 5: Diferent direct relations proposed in the literature between the compressibility of the soil [25]: compressibility index, air void ratio
index and WL: liquid limit.

Soil Empirical relation Reference of author
Transformed clay Cc � 0.007(WL − 7) [25] from Skempton (1994)
Clays Cc � 1.15(e0 − 0.35) [25] from Nishida (1956)
Brazilian clays Cc � 0.256 + 0.43(e0 − 0.84) [25] from Cozzolino (1961)
Sao Paulo clays Cc � 0.0046(WL − 9) [25] from Cozzolino (1961)
Marine Rio de Janeiro clay Cc � 0.013(WL − 18) [26] from Ortigao (1975)
New York clays Cc � 0.009(WL − 10) [25] from Terzaghi and Peck (1948)
Clays of low plasticity Cc � 0.75(WL − 0, 5) [25] from Sowers (1970)

Taipei clays and silts Cc � 0.54(e0 − 0.23) [25] from Moh and Kol (1989)
Cc � 0.007(WL − 7)

Clays Cc � 2.203pc∙e0[1− (0.4/e0)2] [25] from Pestana (1994)
Cc � a.WL/100[1(20/WL)2]

Table 1: Diferent direct relations between the dynamic cone resistance and the young’s modulus.

Material Analytical relation
Crushed graves E � 67.80.55

qd

Salty soils E � 53.71nqd + 9.1
Clayed soils E � 35.91nqd + 21.2
Plastic clayed soils E � 23.21nqd + 12.5
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Test N60 value [31]. Several correlations can be identifed,
among corresponding to sand [29, 31]:

φ′ � tan− 1 0.1 + 0.38 log
qc

σv0′
  ,

φ′ � tan− 1 N60

12.2 + 20.3 σv0′ /pa( 
 

0.34

,

φ′ � 54 − 27.6034e
− 0.014. N1( )60( ),

φ′ � 27.1 + 0.3 N1( 60 − 0.00054 N1( 
2
60.

(9)

For a given clay, the angle of friction, φ drops with the
plasticity index, Ip value. Several correlations can be iden-
tifed, among which let us cite Fahri’s [31] corresponding to
French clays:

tanφ′ � 0.21 +
8

IP + 6
. (10)

Based on the plasticity Index, for normally consolidated
clays: on any given sites following correlation can be
identifed [31]:

cu � 0.11 + 0.0037IP( σv0′ . (11)

Based on Menard’s Pressuremeter test, the main cor-
relations between the Standard net limit pressure corrected
from the total horizontal stress acting in the soil at test
elevation (pl∗) and the undrained shear strength cu are given
as follows [32]:

cu �
pl
∗

5.5
for soft soils p1∗ < 50kpa( ,

cu �
pl
∗

10
+ 25for hardening soils p1∗ > 50kPa( ,

cu � 0.67 pl
∗

( 
0.75for all soils.

(12)

Te main correlations between Young’s modulus E and
Normalized Menard pressuremeter modulus EM are given
(Figure 1) as follows [33]:

k �
E

EM

. (13)

Te complete methodology adopted in this article is
presented in the following section.

3. Methodology

Te method consists in determining the analytical solution
of a soil sample subjected to an oedometric test (with a soil
satisfying theMohr–Coulomb criterion, with associated fow
rule). For a given soil sample, the game settings from
Mohr–Coulomb (E, v,Φ,Ψ, c) is injected into the solution to
obtain a compressibility curve (volume variation curve or
more specifcally, variation of the void ratio index e as a
function of the logarithm of the stress) theoretic equivalent

to the compressibility curve obtained following an oedo-
metric test. Te two curves are superimposed by minimizing
at maximum the gap between the points of curve experi-
mental and theoretical proposed. Such an approach is
commonly used in Civil Engineering. Tis is the case of
bituminous materials [34–36], the case of determination of
the shear wave velocity in saturated soft clay using mea-
surements of the liquid limit, plastic limit, and natural water
content [37], the case of the solution of the cone penetration
test using triaxial parameters [38–40], the case of the so-
lution of the expansion of a cylindrical cavity such as on a
pressure meter test [41–50], and the case of analytical so-
lution for estimation of undrained shear strength of soft soil
obtained by cylinder vertical penetration [51–54].

3.1. Resolution of the Inverse Problem. Te determination of
the parameter of the soil behavior model from the oedo-
metric test consists in the resolution of the inverse problem
following: fnd a parameter set (s) that minimizes the dif-
ference between the measurements of a real test and the
results obtained by integrating the behavior model expressed
by the following formula (14) [42, 55–57]:

s �
1
n



i�n

i�1

����������

δci − δmi( 
2



δmi
. (14)

δ mi et δci,, respectively, denote the laboratory mea-
surements and the integration result of the model for the
number n stress level Δσi. Te search for the minimum
requires the use of an optimization technique. Newton’s
method is used in this paper.Te implementation of the said
method requires solving the problem of a soil sample
governed by the Mohr–Coulomb criterion, under the
loading of an oedometer test. In this paper, the associated
fow rule is used. Te complete resolution of this problem is
developed in the following section.

3.2. Problem Description. A cylindrical specimen of a ma-
terial which follows the Mohr–Coulomb model is subjected
to one-dimensional compression. Tis cylindrical specimen
is pressed on one surface while all the other surfaces are
confned such that they have free-slip boundary conditions
(Figure 2). Tis oedometer test provides a direct test in this
regard because the postyielding stress state resides on one of
the edges of the Mohr–Coulomb yield surface.

All of the processes involved in loading and unloading a
natural soil deposit can be simulated in the laboratory. An
oedometer test subjects a cylindrical sample of soil to
conditions similar to the deposit of silt. Basically, the oed-
ometer consists of a very stif steel ring enclosing the soil
sample as depicted in Figure 2. Te sample is loaded ver-
tically through the loading cap by the applied load.

Te applied load is increased in increments and then
decreased again to simulate the processes of overburden
accumulation and removal that occurred in the natural soil
deposit. In most oedometer tests we would not attempt to
measure the horizontal stress applied to the sample by the
rigid ring, but it would be possible to do so if we wished and
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we could determine K0 (coefcient of earth pressure at rest)
directly. Results from oedometer tests are usually presented
in terms of the vertical stress and the void ratio index of the
soil. In most geomechanics texts the void ratio index is
denoted by e, but we have used e earlier to represent vol-
umetric strain. Typical data from an oedometer test are
illustrated in Figure 3. Te graph shows how the void ratio
changes as the applied load increases.Te load is represented
by the logarithm of the vertical efective stress. It is usually
assumed that uniform vertical stress is applied to the sample,
although this may not be exactly true. A more correct as-
sessment of the problem would suggest that we should use a
mixed boundary condition on all the sample surfaces.

Te uniform stress approximation will be sufciently
accurate in an average sense. Tere are three segments of
more or less linear response in Figure 3. In the early stages of
loading, the graph is linear and this portion may be inter-
preted as primarily an elastic response (region A). In this

region, the soil particle structure is basically unchanged from
its original state and little if any fragmentation and rear-
rangement have occurred [58]. Te void ratio is decreasing,
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Figure 2: (a) A cylindrical of Mohr–Coulomb soil pressed (σ′z� − P); (b) boundary conditions.
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but this is primarily because of the elastic deformation of the
particles themselves. Te frst important particle fracture
corresponds to the point at which the graph becomes
nonlinear (region B). Te graph begins to steepen smoothly
at this point as more fractures and particle rearrangement
occurs. Te void ratio decreases more quickly as these ir-
reversible processes take place. A second region of linear
response then appears (region C). In this region, the soil
structure continues to evolve in the sense that fracture and
fragmentation lead to further particle rearrangement. Te
distribution of particle sizes is changing as more and more
particles are broken.

Finally, the applied load is reduced and unloading
commences. Once again we fnd an approximately linear
response, which we now identify as the elastic rebound of the
compressed soil skeleton (region D). If the applied load is
reduced to zero the void ratio index is permanently reduced
and some degree of volumetric strain is permanently locked
into the particle structure.

We can clearly see the region of inelastic response in
Figure 3. It begins when the frst particle fractures occur and
the loading curve begins to bend downward and it ends
when unloading commences. One of the main challenges
geomechanics poses to the theory of plasticity is how to
model this type of inelastic behaviour. An interesting point
about the oedometer test response or the response of natural
soil deposits described earlier, is that while there are sig-
nifcant shear stresses developed in the soil during loading,
the inelastic behaviour we observe is not directly related to
shearing. In fact, we could produce a similar inelastic re-
sponse in a test where the soil is subjected to a purely
isotropic stress. Te classical theories of plasticity relate
solely to inelastic response caused by shear [59]. Some
important changes are required to develop a theory that
encompasses behavior similar to that shown in Figure 3.

3.3. Analytics Solutions-Loading and Unloading Phase

3.3.1. Elastic Solution. Te vertical elastic deformation of a
soil column of height H, a function of the time and the
loading speed V in an oedometric mold is developed as
follows:

Δεz �
V.Δt

H − Vt
,

Δεy � Δεx � 0,

Δσz � (K + 2G)Δεz,

Δσy � KΔεz,

Δσx � σy.

(15)

3.3.2. Plastic Solution. Yield criteria Mohr-Coulomb plas-
ticity are defned as follows:

F
1

� σz − σyNϕ + 2c
���
Nϕ


,

F
2

� σz − σxNϕ + 2c
���
Nϕ


.

(16)

During plastic fow, the strain increments are composed
of elastic and plastic parts and we have the following
equation:

Δεz � Δεe
z + Δεp

z ,

Δεy � Δεe
y + Δεp

y,

Δεx � Δεe
x + Δεp

x.

(17)

Using the boundary conditions, we may write:

Δεe
z �

V.Δt
H − Vt

− Δεp
z ,

Δεe
y � − Δεp

y,

Δεe
x � − Δεp

x.

(18)

Te fow rule for plastic fow along the edge of the
Mohr–Coulomb criterion corresponding to σy � σx has the
form:

Δεp
z � λ1

zG
1

zσz

+ λ2
zG

2

zσz

,

Δεp
y � λ1

zG
1

zσy

+ λ2
zG

2

zσy

,

Δεp
x � λ1

zG
1

zσx

+ λ2
zG

2

zσx

,

(19)

where G1 and G2 are the potential functions corresponding
to F1 and F2:

G
1

� σz − σy.Nψ ,

G
2

� σz − σx.Nψ .
(20)

After substitution,

Δεp
z � λ1 + λ2,

Δεp
y � − λ1Nψ ,

Δεp
x � − λ2Nψ ,

(21)

where Nϕ � 1 + sinϕ/1 − sinϕ andNψ � 1 + sinψ/1 − sinψ,
(choice of drained or undrained parameters; using Φ′�φ′,
for drained condition or Φ�φ, for undrained condition).

By symmetry, we know λ1 � λ2:

Δεp
z � 2λ1,

Δεp
y � − λ1.Nψ,

Δεp
x � − λ1.Nψ.

(22)

Te stress increments are given as follows:
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Δσz � (K + 2G)Δεe
z + 2K.Δεe

y,

Δσy � (K + 2G)Δεe
y + K. Δεe

z + Δεe
y ,

Δσx � Δσy,

Δσz � (K + 2G).
V.Δt

H − Vt
− 2λ1  + 2Kλ1.Nψ ,

Δσy � (K + 2G)λ1.Nψ + K.
V.Δt

H − Vt
− 2λ1 + λ1.Nψ .

(23)

During plastic fow, the consistency condition that
ΔF1 � 0 should be satisfed, which takes the following form:

Δσz − Δσy.Nϕ � 0. (24)

Solving for λ1, we get the following equation:

λ1 �
K + 2G − K.Nϕ .V.Δt/H − Vt

2(K + 2G) − 2K Nϕ + Nψ  + 2(K + G).Nϕ.Nψ
. (25)

3.4. Direct Oedometer Test Solution from the Applied Vertical
Stress. In most soil laboratories, the oedometer test is
carried out by vertical load bearing (loading-unloading
reloading). In this case, the vertical deformation of the soil in
the elastic zone is equivalent to the following expression
[60]:

Δεz �
(1 + ]).(1 − 2])

E(1 − ])
Δσz. (26)

In the plastic zone, the vertical deformation of the
specimen soil test which follows Mohr–Coulomb model has
expressed:

Δεz � 1 − 4]
1 − sinϕ
1 + sinϕ

  + 2(1 − ]).
1 − sin ϕ
1 + sin ϕ

 

2
⎡⎣ ⎤⎦.

Δσz

E
. (27)

Te limit of elasticity of the soil body in compression
corresponds to the following expression:

Pe �
2(1 − ])c. cos ϕ
1 − 2] − sinϕ

. (28)

According to the formula (26) and (28); the equation
(29), makes fnding the going their maximum elastic de-
formation in compression in the ground. Tis maximum
deformation in the elastic domain is described as follows:

Δεe
zmax �

(1 + ])(1 − 2])

E(1 − ])
Pe. (29)

Te slopes of the straight lines of the vertical stress curve
(Δσz) versus vertical deformation (Δεz) of the soil in the
elastic and plastic areas are expressed by the respective
following expressions: E(1 − ])/(1 + ])(1 − 2]) and E/[1 −

4](1 − sinϕ/1 + sinϕ) + 2(1 − ]).(1 − sinϕ/1 + sinϕ)2]

Using the formula (15), (18), (22), (26), (27), and (29),
the settlement W (elastic and plastic domain) of soil body at
z�H, is obtained by applying the following expression:

W � Δεz.H. (30)

For the unloading phase, the residual settlement Wr of
soil body is expressed by the relationships (31).

Wr � W − Wu, (31)

where E: Young’s modulus (MPa); G: Shear modulus (MPa);
K: Bulk modulus (MPa); v: Poisson’s ratio; c′: shear strength
in terms of efective stress (MPa); ∅′: Efective angle of
shearing resistance (°); Ψ′: Efective dilatance angle (°); N∅:
Passive Earth pressure coefcient; NΨ: Passive Earth pres-
sure coefcient depending of dilatance angle; Δt: incre-
mental time (s); t: Time of loading/unloading/reloading (s);
V: Loading speed (cm/s); H: initial height of specimen or
thickness of soil (cm); Wu: settlement of the soil body for the
unloading stress i: σi − u.

4. Verification and Validation of Elastic-Plastic
Solution of Oedometer Test

We compare the approximate solutions from the PLAXIS
Finite Elements code [61] with analytic solutions to a simple
problem of the oedometer test at loading, including plas-
ticity. Te following parameters are used for the oedometer
test for this verifcation: Young’s modulus of soil sample:
500MPa; Poisson’s ratio: 0.25; friction angle: 10°; dilatance
angle: 10°; shear strength (cohesion): 0.1MPa; Δt: 10 s; time:
1920 s; loading speed: 10− 5m/s; initial height of soil sample:
1m.

Te 2-D axisymmetry model of Plaxis at 252 elements
(15-node triangle) mesh size of the model is presented in
Figure 4.Tis model was carried out according to the Mestat
recommendations [2, 62]. Te stress (σz) is plotted against
the strain (εz) in Figure 5 for the solution of PLAXIS code
and the analytical solution.Tose two solutions show a good
agreement.

4.1. Analysis of the Sensitivity. Te analysis of the sensitivity
of the method with respect to its parameters makes it
possible to determine the parameters to be favored in the
optimization process and the infuence domain of each of
them. Figures 6(a)–6(d), illustrate the sensitivity of the
simulation of the oedometric test compared to
Mohr–Coulomb parameters.

It is found through Figure 6(a), that disruption of
Young’s modulus strongly afects the behavior of the soil
(curve σz, εz). Vertical deformations increase as Young’s
modulus decreases; on the other hand, the soil enters
plasticity rapidly when Young’s modulus increases while
keeping the other parameters. Tere is also a high degree of
sensitivity in the simulations with respect to Poisson’s ratio,
friction angle, and soil dilatancy angle (Figures 6(b) and

Mathematical Problems in Engineering 7



6(c)). Whatever the behavior domain (elastic or plastic), the
deformations increase rapidly with the increase of the values
of these parameters (φ, Ψ, ]). Figure 6(d) shows that the
curve is insensitive to the disruption of cohesion. In this
Figure 6(d), the three curves representing the cohesion efect
of the model for respective values of 50, 100, and 150 kPa are
superimposed. It is also observed that the compressive yield
strength is reached quickly for low values of the cohesion
and the slope of the curves in the elastic range is almost the
same.

5. Application of the Method on the Lateritic
Soil of Cameroon

Te methodology outliner is used to determine the me-
chanical properties of Cameroonian lateritic clays and sandy
clay (Figures 7 and 8). Te theoretical solution developed in
the previous section is used, the curves of compressibility of
soil are thus superimposed by comparing theoretical
Mohr–Coulomb parameters and those from triaxial and
oedometer tests on several nine samples of soil. Te load
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Figure 4: Mesh size and standard fxities of 2-D axisymmetry plaxis model.
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applied theoretical on soil samples is the same as that which
was applied in the laboratory when performing these
oedometric tests. Te theoretical curve of the behavior of
each soil specimen (curve σz, εz) is then transformed into a
compressibility curve by calculating the void ratio in the
specimen under each stress. Te voids ratio ei under each
stress σzi is obtained by applying the following formula:

ei �
H 1 − εz,i  − Wd/cs.s( 

Wd/cs.s( 
, (32)

whereH is the initial height of specimen, s is the inner area of
the cylindrical mold (specimen area), cs is the gravity spe-
cifc, and Wd is the weight of the dry soil slice constituting
the test specimen.

In a conventional triaxial test, the following expressions
are used to determine the parameters of Mohr–Coulomb: εv

� (εxx + εyy + εzz): volumetric strain of triaxial test; εzz: axial
strain of triaxial test; q� σzz − σyy: deviatoric stress of triaxial
test (MPa) and p′ � (σzz

′ + σxx
′ + σyy
′ )/3: efective mean stress

of triaxial test (MPa). Figure 9 clarifes the verifcation
process for our method step by step.

Table 6 illustrates the laboratory results on nine soil
samples (engineering properties of lateritic soil tested). Te
geotechnical properties of these nine application samples are

derived from the South of Cameroon. Te geological sub-
stratum of the plateau of South Cameroon consists essen-
tially of metamorphic and plutonic rocks of the Precambrian
age, dominated by calc-alkaline granites (Figure 7). Te
values of some geotechnical properties (determined
according to the French Standard Institution) of this soil are
gathered in Table 6. It is a reddish lateritic soil, classifed as a
fne grained soil (A-7-5 and A-2-7) in the AASHTO
(American Association of State Highway and Transportation
Ofcials) soil classifcation system [63], and sandy clay or silt
(A2 to B6) in the GTR (French “Guide des Terrassements
Routiers”) soil classifcation [64]. Table 7 and Figures 10 and
11, illustrate the laboratory results on soil samples (triaxial in
Consolidation Isotropic Drained (CID) and oedometer)
compared to those theoretically obtained from the method
developed in this paper. Nine soils body (lateritic clay and
sandy clay) are tested in a conventional laboratory tests
(oedometer and triaxial) and the integrating the soil be-
havior model, the diference between the parameter of the
laboratory test and the results obtained by integrating the
behavior model expressed by formula (14) using optimi-
zation technique is small (s< 0.2 for all nine case).

Tis study shows that the optimization methodology
operates correctly to determine the four remaining pa-
rameters of the Mohr–Coulomb model (because here
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Figure 6: Sensitivity of theMohr–Coulomb parameters. (a) Sensitivity of the young’s modulus of soil. (b) Sensitivity of the poisson’s ratio of
soil. (c) Sensitivity of the friction angle of soil. (d) Sensitivity of the cohesion of soil.
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Figure 8: Soil type—reddish lateritic clays.
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plot graph ei - Δσzi

Model

Input initial MC
parameters (E, ν, Φ, Ψ, c)
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Use equation 32 to
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εzi-experimental vesus εzi-model
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parameters

use elastic solution and
plastic solution to

calculate εzi - Δσzi of the
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and σ'P, Cc and Cg

End

Figure 9: Iterative procedure used and verifcation process for our method step by step.

Table 6: Engineering properties pl∗ of nine soils application.

Soil
body

Particles size distribution:
NF P 94-056 and NF P 94-

057

Specifc
gravity
NF P 94-

054

Void
ratio

Natural
water

content:
NF P 94-

050

Atterberg
limits NF P 94-

051

Triaxial test
(CID) NF P
94-074

oedometric test: NF P 94
-090-1 and NF P 94 -091

Soil classifcation
HRB (AASHTO)

American
Association of

State Highway of
Transportation
Ofcials M320

GTR
NF P
11
300<2mm

(%)
<80 μm
(%)

<2 μm
(%)

Gs
(g/cm3) e w (%) LL

(%)
PL
(%)

PI
(%)

C′
(kPa)

φ′
(°) e0

σp
′

(kPa) Cc Cg

A1 85 58 40 26.9 0.57 23.1 68 35 33 38 26.7 0.625 125 0.104 0.0053 A-2-7 (15) A3
A2 91.2 49 39.7 26.5 0.6 26.7 64 34 30 45 29.2 0.65 100 0.064 0.0048 A-7-5 (17) A3
A3 95 56 56 26.1 0.51 20.9 61 36 25 142 15.1 0.55 110 0.144 0.005 A-7-5 (18) A2
A4 47.6 34 21 26.5 0.5 25 66 35 31 29 31.2 0.625 125 0.19 0.0073 A-2-7 B6
A5 77.1 64 39.2 27 0.7 29 53 28 25 44 27.2 0.625 91 0.053 0.0053 A-7-5 (14) A2
A6 90.7 63 38.5 26.9 0.68 27 62 32 30 77 23.7 0.722 87.5 0.056 0.0096 A-7-5 (17) A3
A7 80.2 63 38.7 28 0.71 30.1 65 35 30 36 30.9 0.695 32.5 0.079 0.0102 A-7-5 (17) A3
A8 37.2 33 22.2 28.5 0.37 17.7 65 30 35 28 32 0.328 67.5 0.185 0.0063 A-2-7 (4) B6
A9 54.5 32 19.8 28.3 0.41 23.3 58 27 31 72 28.8 0.365 99 0.086 0.0059 A-2-7 (4) B6

pl∗ G s: gravity specifc, e: air void ratio index, LL� WL: liquid limit, PL: plasticity limit, PI: plasticity index,Cc: compression index,Cg: recompression index, c:
cohesion, φ: friction angle, w (%): natural water content in %, AASHTO: American Association of State Highway and Transportation Ofcials, GTR: French
guide road earthworks.

Table 7: Comparison of the parameters of soil obtained by conventional laboratory triaxial and oedometer tests and those obtained by our
theoretical method.

Soil body Parameter Test value M-C solution Error (%)

A1

σp
′ (bar) 1.25 1.3 − 3.85
C c 0.104 0.128 − 18.5
Cg 0.0053 0.007 − 18.5

E (MPa) 6.59 7 − 5.82
v — 0.42 —

c′ (kPa) 38 38 0
Φ′�Ψ′ (°) 26.7 28 − 4.64

A2

σp
′ (bar) 1.25 1.3 − 3.85
C c 0.064 0.0075 − 14.7
Cg 0.0048 0.005 − 6.77

E (MPa) 10.92 11 − 0.71

Mathematical Problems in Engineering 11



Φ′�Ψ′ for the associated fow rule). Figures 10 and 11
show the laboratory and theoretical compressibility
curves of the diferent samples tested. Te theoretical
solution is very close to the experimental solution, and the
diferences between these diferent curves are relatively
small. Analysis of the results of Table 7 and Figure 11

shows the essential parameters of the Mohr–Coulomb
model derived from the theoretical solution of the oed-
ometer test are almost identical to those obtained triaxial.
Te values of internal friction angle given by the labo-
ratory test for the samples A5, A6, and A7, are small
diferent from the values obtained for the other samples,

Table 7: Continued.

Soil body Parameter Test value M-C solution Error (%)
v — 0.42 —

c′ (kPa) 45 45 0
Φ′�Ψ′ (°) 29.2 29.2 0

A3

σp
′ (bar) 1.1 1.2 − 8.33
C c 0.144 0.155 − 7.1
Cg 0.005 0.006 − 16.1

E (MPa) 8.5 8 6.25
v 0.25 0.25 0

c′ (kPa) 142 132 7.58
Φ′�Ψ′ (°) 15.1 16 − 5.63

A4

σp
′ (bar) 1.25 1.25 0
C c 0.19 0.19 0
Cg 0.0073 0.007 1.39

E (MPa) 2.31 2.5 − 7.68
v — 0.44 —

c′ (kPa) 29 29 0
Φ′�Ψ′ (°) 31.1 32 − 2.81

A5

σp
′ (bar) 0.91 1 − 9
C c 0.053 0.058 − 8.62
Cg 0.005 0.005 0

E (MPa) 6.76 7 − 3.48
v — 0.47 —

c′ (kPa) 44 44 0
Φ′�Ψ′ (°) 27.2 30 − 9.33

A6

σp
′ (bar) 0.9 1 − 10
C c 0.056 0.05 12
Cg 0.0065 0.006 18.18

E (MPa) 6 6 0
v — 0.45 —

c′ (kPa) 77 77 0
Φ′�Ψ′ (°) 23.2 28 − 17.14

A7

σp
′ (bar) 0.325 0.36 − 9.72
C c 0.099 0.118 − 16.10
Cg 0.0102 0.009 13.33

E (MPa) 4.2 3.9 − 7.69
v — 0.47 —

c′ (kPa) 36 36 0
Φ′�Ψ′ (°) 31 34 − 8.82

A8

σp
′ (bar) 0.675 0.7 − 3.57
C c 0.185 0.195 − 5.13
Cg 0.0063 0.006 10.53

E (MPa) 2.03 1.85 − 9.73
v — 0.45 —

c′ (kPa) 28 28 0
Φ′�Ψ′ (°) 32 31 3.23

A9

σp
′ (bar) 0.99 1 − 13.57
C c 0.096 0.105 − 8.57
Cg 0.0059 0.007 − 10.94

E (MPa) 3.87 4 − 3.21
v — 0.41 —

c′ (kPa) 72 72 0
Φ′�Ψ′ (°) 28.8 29 − 0.69
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giving the impression that these laboratory results (A5,
A6, and A7) are erroneous.

Te analysis of the parameters summarized in Table 7
also shows that the shear strength values obtained by our
method are identical to those resulting from the triaxial test.
Te friction angle obtained by our method is slightly higher
than the friction angle resulting from the triaxial for the
majority of the samples. Te error related to the method
developed in this paper, supposed to describe all the phe-
nomena observed in the laboratory, depends on the
mathematical equations of the model and the uncertainties
of experimental measurements. Tis error is obtained from
the expression (33) and its values for the cases studied are
summarized in Table 7.

er− method(%) �
pexp − ptheo

ptheo
.100, (33)

with pth or pexp: theoretical or experimental parameter.
In the samples tested, the diference between the labo-

ratory values and the values obtained by our method in
terms of a single parameter is less than 19%.

6. Conclusion

Te method developed in this paper does not replace
conventional shear tests of soil. She is complementary in-
sofar as incertain projets, the number of shear tests carried
out is insufcient to really characterize the sequence
according to its spacial variability. In addition to deter-
mining settlement and consolidation parameters, it will also
be possible to determine shear parameters on the same
samples, reducing coats and waiting times for obtaining
laboratory test results. It will be possible to obtain direct
correlations between the shear and deformability parameters

(a) (b)

(c)

(d)

(e)

Figure 10: (a) Triaxial cell and soil body after triaxial shear test. (b) Triaxial shear test on soil body. (c) Typical test-pit. (d) Oedometric test
for soil sample. (e) Lateritic clays samples of after triaxial shear tests.
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Figure 11: Continued.
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on each soil sample tested. We have proposed in this paper,
the theoretical solution for obtaining the oedometric curve
compressibility of soil. Triaxial tests and oedometric tests
were conducted to compare the experimental compress-
ibility responses of soil with the theoretical solutions, which
is considered to be the verifcation of the theory. Te study
for the determination of the mechanical properties of soils
whose behavior can be described by an elastic model, per-
fectly plastic, using the Mohr–Coulomb model with an
associated fow rule was carried out. Te method developed
showed its reliability by comparing the solution obtained on
a soil sample to the solution of Plaxis Finite Element soft-
ware [60]. Te inverse problem for this determination was
solved by the optimization method works correctly for
determining the necessary parameters:

(i) Te study of the sensitivity of the method to its
parameters has shown that the parameters of major
infuences are respectively Young’s modulus,
Poisson’s ratio, the friction angle, and the dilatance
angle of the soils;

(ii) Te infuence of cohesion is relatively weak in the
conditioning of the method. In the last phase, the

method was applied to nine soils samples and its
results were compared to those obtained experi-
mentally in the laboratory;

(iii) Te diference between the laboratory values and
the values obtained by our method is less than 19%;

(iv) Te results obtained in this paper are in accordance
with the recent previous studies notably those of
Zoa et al., [56] and Zoa and Amba [55, 57], con-
cerning the infuence of all Mohr–Coulomb
parameters;

(v) Our method is a good approximation of conven-
tional laboratory tests and will probably be used by
practitioners, students, and civil and Geotechnical
Engineering researchers to calculate (numerical and
analytical) geotechnical structures [65].

Notation

c′: Shear strength in terms of efective stress
c: Cohesion
cu: Undrained shear strength
CBR: California bearing ratio
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Figure 11: Comparison of theoretical and laboratory compressibility curves on soil samples tested.
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Cc: Compressibility index
Cg: Recompression index
e: Voids ratio index
E: Young’s modulus
E50: Young’s modulus estimated at 50% of

deviatoric stress of triaxial test
EM: Normalized menard pressuremeter

modulus
fs: Skin friction
G: Shear modulus (MPa)
Gs: Gravity specifc
H: Initial height of specimen or thickness of

soil
Ip: Plasticity index
K: Bulk modulus
LL: Liquid limit
N60: Corrected standard penetration

resistance
NΦ: Passive earth pressure coefcient
NΨ: Passive earth pressure coefcient

depending of dilatance angle
pa: Atmospheric pressure (100 kPa)
pl∗: Standard net limit pressure corrected

from the total horizontal stress acting in
the soil at test elevation

p′� (σ′zz + σ′xx +
σ′yy)/3:

Efective mean stress of triaxial test

pth: Teoretical parameter
pexp: Experimental parameter
PI: Plasticity index
PL: Plasticity limit
q� σzz − σyy: Deviatoric stress of triaxial test
qd: Dynamic cone resistance
qc: Cone penetration resistance
qt: Total cone resistance
Rf: Friction ratio between skin friction and

cone resistance
S: Inner area of the cylindrical mold

(specimen area)
T: Time of loading/unloading/reloading
V: Loading speed (cm/s)
w: Settlement
wd: Weight of the dry soil slice constituting

the test specimen
wu: Settlement of the soil body for the

unloading stress
w (%): Natural water content
v: Poisson’s ratio
Ψ: Dilantance angle
Ψ′: Efective dilatance angle
Φ: Fiction angle
Φ′: Efective angle of shearing resistance
c: Unit weight of soil
cw: Unit weight of water (10 kN/m3)
cs: Gravity specifc
εv

� (εxx + εyy + εzz):
Volumetric strain of triaxial test

εx � εy: Lateral deformation for oedometric test

εzz: Axial strain of triaxial test
Δt: Incremental time
σz: Uniaxial compression
σp
′: Maximum preconsolidation stress.
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Travaux de Fondations, pp. 3–7, University of Toronto Press,
Montreal, 1965.

[27] En Iso 22476-1, “Geotechnical investigation and testing - feld
testing,” Part 1: Electrical cone and piezocone penetration test,
2013.

[28] En Iso 22476-12, “Geotechnical investigation and testing -
feld testing,” Part 12: Mechanical cone penetration test
(CPTM), 2009.

[29] P. K. Robertson, “Interpretation of cone penetration tests – a
unifed approach,” Canadian Geotechnical Journal, vol. 46,
no. 11, pp. 1337–1355, 2009.

[30] P. K. Robertson and K. L. Cabal, Guide to Cone Penetration
Testing for Geotechnical Engineering, p. 133, Gregg Drilling &
Testing, Inc, California, CA, USA, 2014.

[31] Asiri, Recommendations for the Design, Construction and
Control of Rigid Inclusion Ground Improvements, p. 317,
France, 2013.
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Géotechnique, vol. 63, no. 6, pp. 463–478, 2013.
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civil.

[40] S. Zhou, “Caractérisation des sols de surfaces à l’aide du
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