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The crossing numbers of graphs were started from Turdn’s brick factory problem (TBFP). Because of its wide range of applications,
it has been used in computer networks, electrical circuits, and biological engineering. Recently, many experts began to pay much
attention to the crossing number of G\e, which obtained from graph G by deleting an edge e. In this paper, by using some
combinatorial skills, we determine the exact value of crossing numbers of K, 4, \e and K, ; ,\e. These results are an in-depth work
of TBFP, which will be beneficial to the further study of crossing numbers and its applications.

1. Introduction

The concept of crossing number was introduced by the
Hungarian mathematician Turan [1]. He encountered a
practical problem in Budapest brick factory, which named
“Turan’s brick factory problem”(TBEFP). In fact, TBFP is to
determine the minimal number of crossings among edges of
the complete bipartite graph K, ..

In the past five decades, it turned out that the crossing
numbers have strong practical significance. And they can be
widely used in various fields, such as the VLSI circuit layout
[2], the identification and repaint of sketch [3], and auto-
matic generation of ER diagram in software development [4]
(see [5, 6]). One of important applications is to find the best
location for a new electrical substation so that every two
substations are directly connected and to do without
overlapping power lines. Rach [7] has applied the crossing
number to solve a problem of locating electrical substations
in the city of Glencoe, MN.

With the depth of research, the crossing numbers of
graphs have been investigated extensively in the mathe-
matical, computer, and biological literature, often under
different parameters, such as the parity [8], odd-crossing
number [9], regular graphs [10], chromatic number [11], and
genus [12]. For more results and its properties about

crossing numbers, reader can refer to [13-16]. As for the
complete bipartite graphs K, ,,, Kleitman in [17] proved that

cr(Km)n) = [% L

m,n>

m—-1 n n-1
— 1=l = Z(m,n),
2 27 2 (1)

m<6,m<n.

Recently, the crossing numbers of complete multipartite
graphs attracted much attention. In 1986, Asano [18] ob-
tained the crossing numbers of graphs K ;,, and K, ;. In
2008, Huang and Zhao in paper [19] established that the
crossing number of graph K , , is equal to n(n — 1). In 2020,
the crossing numbers of graphs K, ,,, as well as K, ; ,0T
have been proved in [20].

While studying the crossing number of the primal graph
G, many experts also began to follow with interest the
crossing number of G\e, which is obtained by deleting an
edge e from G. This is an interesting problem worthy of
consideration. For G, it is a complete graph or complete
bipartite graph. Ouyang in [21, 22] as well as Chia in [23],
independently, established the precise values of crossing
numbers of certain graphs G\e: (1) K,\e for n<12, (2)
K,..\e for m=3,4and n>1.

Very recently, Huang and Wang in [24] by applying the
method of edge-labeling, which is new and different from
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those used in [22, 23], have proved that
cr(K,,,\e) = (n—1)(n~-2). In the present paper, We at-
tempt to study the crossing number of graph G\e, where G is
a complete tripartite graph. Using Huang’s result and some
combinatorial skills, we establish exact value of crossing
numbers of K, 4, \e and K, ,\e.

Terms and definitions involved in the paper follow as
those in [24]. Given a simple graph G, the crossing number
denoted by cr (G) is the minimum number of crossings in
any good drawing of graph G. The good drawing with
minimum number of crossings is called the optimal
drawing. For a vertex v € V(G), E, is used to represent all
edges which is incident with v. The responsibilities of v,
denoted rp, (v), are defined to be the sum of crossings of all
edges incident to v in the drawing D.

2. Crossing Number of K, ,, \e

Let {X,Y,Z} be the vertex partition of the graph K, ,
where X = {x},Y = {y}, y5, ¥3, yuhand Z = {z}, z,, ..., z,,}.
Let XY, XZ, and YZ be the subgraphs of K , , induced by
XUY, XUZ, and Y U Z, respectively. Clearly, XY = K, ,.
Fori=1,2,...,n,let E_ bethe subgraph of K, , , induced by
five edges incident with the vertex z;. We will easily get the
following formula:

Kiu,=XYUXZUYZ

=XYu([‘J Ezi>. @

i=1

Lemma 1 (see [19]). cr(K,,,) = Z(5,n) +2[n/2] = n(n -
1) for any n>1.

Lemma 2 (see [24]). cr(Ks,\e) = (n—1)(n-2) for any
n>1.

Lemma 3 (see [13, 25]). cr((S;UK,) +nK,)=Z(5,n)
+|n/2] for any n>1.

Lemma 4. For an edge e in complete tripartite graph K , ,,
then

'Z(s,n)ﬂg,eexy,

cr(Kiae) <] 2Gm+2(15 -1T+1)ecxz ()

Z(S,n)+[; —[g +1leeYZ

Proof. Let D be an optimal drawing of K5, having Z (5, n)
crossings due to Zarankiewicz [17]. In the drawing, we place
the vertices of K5, at coordinators (0,i) and (j,0) where
-2<i<3,-|n/2] < j<[n/2], and i, j# 0. Then, we join (0, 1)
to (j,0) with straight line segment.

Next, we join the edges of K, , = {xy;,1<i <4} as shown
in Figure 1, and an optimal drawing of the complete
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tripartite graph K, 4, is obtained. Let us denote the drawing
by D'. It is not difficult to see that crpy (K 4,,) = cr (K, 4,)
= Z(5,n) + 2|n/2]. In the following, we obtain the graph
K4, \e together with its drawing from D'.

(i) If e € XY. By deleting the edge e = xy, from Dr,
then a drawing of K, ,,\e,, is obtained. We can
easily check that there are |n/2] crossings on the
edge of xy,. Therefore, we can verify that

cr(KM,n\exy) <Z(5,n)+ 2[; —[g =Z(5,n) +[g-
(4)

(ii) If e € XZ. Then, by deleting the edge of e = xz[,,),
we can obtain a drawing of K, 4, \e,,. Likewise, the
responsibility of the edge xz[,,; is 2([n/2] - 1). So,
we can obtain that

Cr(KlA,n\exy) SZ(S,H) +2|_§ — 2([; — 1)
(5)
n n
= Z(5,n)+2<[5 _[E + 1>‘

(iii) If e € YZ. In the optimal drawing of K;,, which
have Z (5,n) crossings given by Zarankiewicz, we
reconnect the edges of K, = {xy; 1<i<4}, as
shown in Figure 2. And then, by deleting the edge
ofe = y,z;,adrawing of K, 4, \e,, is obtained. Let
us denote the drawing by D'. Then, one can verify
that the responsibility of the edges K, , and y,z,
is n and 2([n/2] - 1) + 1, respectively. Therefore,
we have

cr(KlA,n\eyz)SZ(S, n) +n—2<[g - 1) -1
(6)
n _n
= Z(S,T’l)'f‘l_i —I—E + 1.

Combined with the above three cases, this completes the
proof. O

Theorem 1. For any edge e, in complete tripartite graph
K4, where e, € XY, then

cr(Kya\ey,) = Z(5.n) +Lg. 7)

Proof. 1t is not difficult to know that K, 4 ,,\e,, contains a
subgraph that is isomorphic to (S3UK,) + nK;. And it was
shown from Lemma 3 that ¢r((S;UK,) +nK,) = Z(5,n)
+|n/2]. Thus, cr (K1,4,n\exy) >cr((S3UK,) +nK,) = Z(5,n)
+|n/2]. The reverse inequalities are confirmed by Lemma 4.
This completes the proof. O

Theorem 2. For any edge e, in complete tripartite graph
K4 where e, € YZ, then
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FIGURE 2: A good drawing of K 4, \e,.

er(Kiae,e) = Z(5,m) +15 =[5 + 1 (8)

Proof. At first, according to Lemma 4, we have
Cr(K1,4,n\eyz) <Z(5,n)+|n/2| — [n/2] + 1, and Theorem 2
is true if the equality holds. For n=1 since K, 4;\e,, is
planar graph, therefore, cr (KM,I\e},Z) =0=2(5,1)+[1/2]
—[1/2]+1=0 is true. Now, we suppose that
Cr(KlA,m\eyz) >Z(5m)+|m/2] —[m/2] + 1 for any posi-
tive integer 2<m<n— 1.

Let D be an optimal drawing of graph K, ,,\e,,, which
satisfies crp (K 4,\e,,) = cr (K 4,\e,,) = c. Without loss of
generality, wesay e, = y,z,. By deleting the edges of E, from
drawing D, the graph K , , , is obtained. Hence, we get that

rp(z1)<c- C”(K1,4,n-1)- 9)

Likewise, for any i = 2,3, ..., n, we have the following that

p (zi) <c- Cr(KlA,n—l\eyz)' (10)

Otherwise, by deleting the edges of E, for any
i=2,3,...,n, we obtain the graph which is isomorphic to
Kisn1\ey, and has less than cr(K,,, ,\e,,) crossings.
Therefore, from (9) and (10), summing up for 1<i<n, we
can obtain that

2c= Z rp(b;) <c- C”(K1,4,n_1) +(n- 1)(c - C”K1,4,n—1\eyz)-
=1
(11)

Thus, we simplify and conclude that

Cr(KlA,n\eyz) =c> (n B 1)Cr(K1,4,n—1\eyz) + Cr(KlA,n—l).

n-—2
(12)




Finally, combining with inductive hypothesis and
Lemma 1, we have that

n o _n
cr(Kygn\e,.) 2 Z(5,n) +lo -l + 1 (13)
Thus, the proof of Theorem 2 is finished. O

Theorem 3. For any edge e, in complete tripartite graph
K, 4,» where e, € XZ, then

cr(Kpap\es,) = Z (5,m) + z([g 12+ 1). (14)

Proof. From Lemma 4, we can get that
cr(Kyy,\e ) S Z(5,n) +2(|n/2| — [n/2] + 1). Thus, Theo-
rem 3 is true; we need only to prove that
cry (Kygn\ex)2Z(5,n) +2(In/2] = [n/2]+1) for any
drawing ¢ of K, \e,,.

Without losing generality, we assume that under the
drawing ¢ of K, 4,\e,,, the clockwise order of these four
images ¢@(xy;) around ¢(x) is ¢@(xy,) — ¢(xy,)
— ¢(xy;) — ¢(xy,). And we assume e,, = xz,. Thus,
the graph K, \e,, has an additional (n-1) edges xz;
incident with x (2<i<mn). Let A, A,, A;, A, denote the sets
of all those images xz;, each of which places in the angle «; is
formed between ¢ (xy;) and ¢ (xy;,,), where the indices are
read modulo 4 (see Figure 3(a)). We note that
|A;| +|A,] + |A5] + |A4| = n— 1. Further more, we see that
in the plane R?, there exists a circular neighborhood around
@ (x) such that N (¢ (x), ) = {s € R*: ||ls — ¢ (x)|| <&}, where
€ is a positive number small enough such that for any other
edge y,z;(i=1,2,3,4;j=1,2,...,n) of K, 4,\e,, not in-
cident with x, (/)(yizj) NN (¢(x),¢) = &. Next, we divide
two cases to discuss. O

Case 1. assume (n— 1) is odd. Thus, we have |A,|#|A;| or
|A,|#|4,]. Otherwise, n—1= Y7 |A]=2(A,]+|A,]);
this contradicts the fact that (n — 1) is odd. Without loss of
generality, we assume |A,|#|A;], and more precisely, let
|A;|>|A;| +1. In the following, we produce the graph
K, \e together with its drawing ¢’ by three steps.

Step 1. Add a new vertex z,,, in some location of
¢ (xy2) NN (9(x), ).

Step 2. Forall 1 <i <4, delete the partition of ¢ (xy;) lying in
N (¢ (x),¢) (do not delete the vertex (z,,,)).

Step 3. Connect =z

{p(x),9(y1). ..
Figure 3(b).

w1 to each  vertex in
,9(y9} in such a way as described in
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F1Gure 3: A drawing ¢’ of K;,,,;\e obtained from ¢ (K, 4, \e,,).

Thus, we obtain a drawing ¢’ of the graph K5 ,,,,\e from

the drawing ¢ of K, 4, \e,,. It is easy to obtain that
cry (Kspn\e) = crp(Kpan\e ) + 2|4, | +[A,] +]A,],
< crq)(KM)n\exz) +n-—2.

(15)

With the help of cr (K ,,1\e) = n(n — 1) by Lemma 2, we
have that

er)(KlA’n\exz) 2 Cr(P’ (KS,n+1\e) -n+2

>nn-1)-n+2 (16)

22(5,n)+2<[§ —rg + 1).

Case 2. assume (n—1) is even. We consider arbitrarily a
pair of numbers [A,| and [A;]| or |A,| and |A,]. Without
losing generality, we say |A;| and |A;|, again we say
|A;| <|A;]. Completely analogously to Case 1 above, we can
get a drawing ¢’ of graph K, ,\e such that

crq,r(KS)nH\e) = crq,(KM)n\exz) + 2|A1| +|A2| +|A4|

(17)

< crqj(KM’n\exz) +n-1.

Now, applying cr(Ks,,;\e) = n(n— 1), we obtain the
following that

crg(Kian\ess) 2 ery(Kspi\e) =+ 1
zn(n-1)-n+1 (18)
n n
2Z(5, +2< == —+1>.
(5,m) Lz [2
Thus, by the arguments derived in Cases 1 and 2, we have

shown that cry (Kygn\ex) 2 Z(5,n) +2(n/2] - [n/2] + 1)
for any drawing ¢ of K, ,\e,,. This completes the proof.
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Therefore, from Theorems 1-3, we can get the following
corollary immediately.

Corollary 1. For an edge e in complete tripartite graph K, 4,
then

i Z(S,n)+[g,e € XY,

cr(Kian\e) =4 Z(5,n) +2(Lg —rg N 1),ee Xz, (19)

Z(S,n)+[g —[g +1l,ecYZ.

3. Crossing Number of K, ;, \e

In graph K, ; , let {X,Y, Z} be the vertex partition, where
X={xpxh Y ={y,y,y:h Z={21,25. .., 2,}. We de-
note XY, XZ, YZ be the subgraphs of K, ;, induced by
Eyxy,Exz,Eyy, respectively. Clearly, XY =K,;. For
i=1,2,...,n let E, be the subgraph of K, ;, induced by
five edges incident with z;. We can easily get that

Ky, = XYUXZUYZ
(20)

= XYU (-61 EZ_>.
i= i
Lemma 5 (see [18]). cr(K,;,) = Z(5,n) +n for any n=1.

Lemma 6 (see [26]). cr(K,3\e + nK,) = Z(5,n) + |n/2] for
anynz1.

Lemma 7. For an edge e in complete tripartite graph K, 5 ,,
then

i Z(S,n)+[§,e € XY,

C”(Kz,a,n\e) SV -2n+2,ec€ XZ, (2D

\n2—2n+1,e€YZ.

Proof. Let D be an optimal drawing of K, having Z (5, n)
crossings due to Zarankiewicz [17]. In the drawing, we place
the vertices of Ks, at coordinators (0,i) and (j,0) where
-2<i<3,—-[1/2] < j<[1/2] and i, j #0. Then, we join (0,7)
to (j,0) with straight line segment.

Next, we join the edges of K, ; = {x,-y ,1<i<j< 3{}, as
shown in Figure 4, and thus an optimal drawing of the
complete tripartite graph K, 5 , is obtained. Let us denote the
drawing by D'. We «can easily check that
crp(Kys,) = cr(Ky3,) = Z(5,n) + n. In the following, we
obtain the graph K, 5 ,\e together with its drawing from D'.

(i) If e € XY. By deleting the edge e = x,y, from D',
then a drawing of K, ;,\e,, is obtained. It is easily

checked that there are [1/2] crossings on the edge of
X, ,. Therefore, we can verify that

cr(Kysaen) SZGm+n=[5 =Z(m +12. (22)

(ii) If e € XZ. We can get a drawing of K, \e,, by
deleting the edge e = x,z;,, from D'. Obviously,
the responsibility of the edge of x,zy,, is
2([n/2] - 1). So, we have

cr(Kzﬁ’n\exz) <Z(5n)+n- 2([; - 1) =n’ - 2n+2.
(23)

(iii) If e € YZ. The drawing of K,;,\e,, can be ob-
tained by deleting the edge e = y,z, from D'. We
note that the edge y,z, crosses with the edges
YZUx,y,) exactly 2([n/2] — 1) + 1 times. Thus,
we obtain that

cr(Kz,&n\eyZ)SZ(S,n) +n—2([g - 1) —l=n*-2n+1.

(24)

Therefore, according to the above analysis, we have
completed the proof. O

Theorem 4. For any edge e, in complete tripartite graph
K3, where e,, € XY, then

cr(K2)3,n\exy) =Z(5,n) +Lg. (25)

Proof. 1t is not difficult to know that K, 3,\e,, is iso-
morphic to K, ;\e + nK,. And it was shown by Lemma 6 that
cr (Ky5\e +nK,) = Z(5,n) + [n/2]. Thus, cr (K2)3,n\exy) >
cr(K,3\e + nK ) = Z(5,n) + |n/2]. The reverse inequalities
are confirmed by Lemma 7. Hence, the proof is done. [J

Theorem 5. For any edge e,, in complete tripartite graph
K, 3, where e, € XZ, then

cr(Kz)M\exZ) =n’ - 2n+2. (26)

Proof. Without loss of generality, let e,, = x,z,,. Therefore,
according to (4), we note that

n-1
K2,3,n\exz =XYu <igl EZ,v) U Ezn

. (27)
ne
=K,;U ( 'Ul Ezv> UE, .

i= i n

At first, we can obtain by Lemma 7 that
cr(Kys,\e,,) <n* —2n+ 2. It is not difficult to know that
K,3,1\e,, contains a subgraph which is isomorphic to Kj;
and K, ;,\e,, contains a subgraph which is isomorphic to
K; 4. Thus, we have cr (K, ;,\e,,) =1 and cr (K, 3,\e,,) 22,
so the theorem is established for n =1 and 2. Now, we
suppose that n>3 and that cr (K, ;;\e,,) <k* — 2k + 2 for
any 3<k<n-1. We will derive contradiction to prove the
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FIGURE 4: An optimal drawing of K, ;..

reverse inequality. We assume to contrary that K, ; /e, , has
a good drawing D such that

ch(K2)3,n\exz) <n’—2n+1. (28)

In the subsequent proof process, we always deduce some
contradictions to (). We first have the following
claims. O

Claim 1. CrD(Ez,-’Ezj)Zl for all i,j=1,2,...,n—1, and
i#].

Proof.  Otherwise, without loss of generality, let
crp(E;,E, ) = 0. According to Lemma 5, cr(K,;,) =2
implies that crp(K,3,E, UE,)>2. As (E, UE, UE_ )
isomorphic to Ks3\e, and it was shown by Lemma 2 that
cr(Kss\e) = 2. Thus, crp (E, , E, UE, ) >2. The known fact
that cr (K;;5) = 4 implies that crp, (E,,E; UE; ) >4 for all
i=23,4,...,n— 1. Therefore, we have

n
ch(Km,n\exz) = ch<K2,3 U 183 E,VUE, UEZZ)
n
> ch(Km,n_z\exz) + ch(KL3 u 183 E,,E, UEZZ)
n—-2
22(5,n—2)+n—2—2{T +2+4+4(n-3)

=’ - 2n+2.
(29)

Clearly, this contradicts to (). O
Claim 2. crp(Ky3) +crp (Kys UL E ) <n—1.

Proof. ~ Otherwise, we have crp(K,3)+crp(Kys,
UL E,)2n. As UL, E, is isomorphic to K;,\e, and it was
proved by Lemma 2 that cr (K5, \e) = (n— 1) (n - 2). Thus,
we obtain

Z
1) (2)
FIGURE 5: Two drawings of <K,;UE, ).

n-1
CTD(K2,3,n\exz) = CrD<K2,3 U igl Ezl U Ezn>

n-1 n—-1
ZCTD(KZYS) + C”D(Kz,s’ igl E, UEzn) + ch(iiJ1 E. UEzn)

>n+(n-1)(n-2)

=n’-2n+2.
(30)
This also contradicts to ().
Furthermore, we have the following claim. O

Claim 3. There exists a vertex z;(1<i<n—1) such that
crp (K2,3,Ezi) =0.

Proof. If crp(K,3) =0, then the good drawing of K,
induced by D divides the plane into three quadrangular
regions w(y;,¥,), w(¥, ¥3), and w(y;, y;) depending on
which two of the vertices y,, ,, y5, and y, are placed on the
corresponding boundary. Thus, under the drawing of K, 5,
we have crp(K,3,E, )21 and crp(K,;,E, )21 for all
i=1,2,...,n—1. In other words, the edges of K, are
crossed at least n times by the subgraphs (U E, ); this
contradicts with Claim 2. ’
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If crp (K, 3) 21, combining together with Claim 2, we
can obtain that crp (K, 3, UIL'E, ) <n — 2. This forces that
there exists a vertex z;(1<i<n-1) such that
crp(Ky3, E;) = 0. Thus, Claim 3 is proved.

Now, we continue to prove the theorem. By Claim 3,
without loss of generality, we assume crp(K,3,E;) =0
Thus, there is a disk such that the five vertices of K, 5 are all
placed on the boundary of disk. We assume the vertex z;
placed in the external of the disk, and the edges of K, 5 are all
placed in the inner side of the disk. It is easy to obtain that
two drawing of (K,;UE, ) as shown in Figure 5.

In Figure 5, except for the region which marked with «,
each of regions contains at most two vertices of K, ; in its
boundary. Hence, we obtain that crp(K,3UE, ,E;)>3.
When z; is placed in the region «, we have
crp(Ky3UE, ,E;)>2, if and only if crpp (K, 3, E;) = 2 and
the equality crp (Ez »E;) =0 holds. This together with
Claim 1 implies that crp, (sz3 UE,,E,)>3.

Moreover, each region contains at most three vertices of
K,; in its boundary in Figure 5. Thus,
crp (K3 UE, ,E; ) >1.  Therefore, it follows from
crp (Ko UE, ) =1, CUL'E, ) = K5, \e, and the assump-
tion of the theorem that

n-1
ch(K2)3)n\exz) = ch<K2,3 UE, U igz E, U Ezn>

n—1 n-1
>crp(Ky3 UE, ) + ch<K2,3 UE,, U E, U Ezn> + ch( U E,U E)

(31)

>1+3(n-2)+1+(n-2)(n-23)

=n’ - 2n+2.

Clearly, this contradicts to (*).

In summary, the hypothesis is not true, and the proof is
done.

Using the method completely similar to Theorem 5, we
can get the following Theorem 6. Thereby, the proof process
of Theorem 6 is omitted here. O

Theorem 6. For any edge e,
K,3,, wheree, €YZ, then

cr( 2,3,,1\6},2) =n’-2n+1. (32)

in complete tripartite graph

Since K, 3, \e,, is isomorphic to K3, \e + 2K}, thus we
have the following corollary.

Corollary 2. cr(K;,\e +2K,) =n*—2n+1,n>1.

Together with Theorems 4-6, we can get the following
corollary immediately.

Corollary 3. For an edge e in complete tripartite graph K, 5 ,,

then
Z(S,n)+[g,eeXY,

CT(K2,3,n\e) 1wt -2n+2,e€ X2, (33)

An2—2n+1,eeYZ.

4. Conclusion

The problem crossing numbers of graphs are originated in a
practical application, whose theory has been widely applied in
many fields. However, determining the crossing numbers of
graphs are NP-complete. Because of its difficulty, the research
progress is slow. In this paper, according to the structural
characteristics of complete multipartite graph, using “drawing
restriction method,” “embedding method,” and “point degree
local modification method,” we determine the exact value of
crossing numbers of K 4, \e and K, ; ,\e. These results are an
in-depth work of TBFP, which will be beneficial to the further
study of crossing numbers and its applications.
Finally, we give some conjecture and open problems.

Conjecture 1. cr(Kg,\e) = Z(6,n) - 2|n—-1/2] forn>1.

Problem 1. For an edge e in complete tripartite graph K 5 ,,,
K, 4,»and K ;.. Then what are the precise values of crossing
numbers of K 5, \e, K, 4, \e, and K ,\e?
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