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)is paper presents a mixed H2/H∞-based robust guaranteed cost control system design of an active suspension system for in-
wheel-independent-drive electric vehicles considering suspension performance requirements and parameter variation. In the
active suspension system model, parameter uncertainties of active suspension are described by the bounded method, and the
perturbation bounds can be also limited; then, the uncertain quarter-vehicle active suspension model where in-wheel motor is
suspended as a dynamic vibration absorber is established. )e robust guaranteed cost mixed H2/H∞ feedback controller of the
closed-loop active suspension system is designed using Lyapunov stability theory, in which the suspension working space,
dynamic tire displacement, and the active control force are taken as H∞ performance indices, the H2 norm of body acceleration is
selected as the output performance index to be minimized, and then a comprehensive solution is transformed into a convex
optimization problem with linear matrix inequality constraints. Simulations on random and bump road excitations are
implemented to verify and evaluate the performance of the designed controller. )e results show that the active suspension with
developed robust mixed H2/H∞ controller can effectively achieve better ride comfort and road-holding ability compared with
passive suspension and alone H∞ controller.

1. Introduction

Due to air pollution and the lack of fossil fuels, electric
vehicles have developed rapidly in the world. )e emerging
in-wheel motor-driven electric vehicle (IWMD-EV) has
become a promising vehicle architecture due to its advan-
tages of low fuel consumption, less environmental pollution,
clean electric power supply, and advanced vehicle dynamics
control [1–3]. IWMD-EV uses hub motors to drive four
wheels directly, which makes it easier to realize independent
control and quick response of wheel torque, and provides
greater flexibility and traffic mobility for the vehicle dynamic
control (VDC) system. In order to improve the ride comfort
and handling stability of vehicles, a great deal of research
studies have been carried out on the VDC system in recent
years, such as direct yaw moment control (DYC), active

front steering system (AFS), traction control system (TCS),
and regenerative braking system (RBS) [4–9].

Most of the above studies are focused on the lateral and
longitudinal VDC systems, while optimization, design, and
application of topology are still open and immaturate, and
few research on the vertical vibration control of the IWMD-
EV active suspension system is carried out [10–13].In
practice, the suspension system of IWMD-EV mounts and
integrates the motor, wheel hub, and speed reducer together,
which causes the increase of unsprung mass of IWMD-EV.
It will lead to the deterioration of the ride comfort of the
vehicle and even affect the active safety. )erefore, it is
necessary to develop an advanced suspension topology based
on IWM with a dynamic-damper mechanism. In addition,
special attention should be paid to the active control of the
IWMD-EV active suspension system.
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Robust control has been proved to be able to deal well
with model uncertainties and external disturbances in
practical engineering systems [14–27]. For instance, the
work in [23] addressed the adaptive event-triggered neural
control for nonaffine nonlinear multiagent systems. )e
unknown nonlinear function is approximated by radial basis
function neural networks, and the unmodeled dynamics is
also dealt with a dynamic signal. )e integral barrier Lya-
punov function-based adaptive control is adopted to solve
the full state constraint problems for switched nonlinear
systems [24].)e distributed observer-based event-triggered
bipartite tracking control is designed for stochastic non-
linear multiagent systems with input saturation, and a novel
distributed reduced-order observer is constructed to esti-
mate unknown states [25]. Some scholars have applied
robust controller to active suspension dynamics systems,
such as sliding mode control, fuzzy control, H∞ control, and
other nonlinear adaptive robust methods [14–19, 26–28]. In
[14], an integral terminal sliding mode control method with
strong robustness is designed for the multivariable nonlinear
suspension system affected by model uncertainty, time-
varying parameters, road roughness excitation, and other
factors so that the system could converge quickly in a finite
time away from the equilibrium point. )e work in [15]
presents the adaptive fuzzy control for active suspension by
considering time delay and unknown nonlinear dynamics, A
predictor-based compensation scheme is developed, and a
fuzzy logic system is constructed to address the two issues,
respectively. )e transient suspension response can be en-
hanced via the parameter estimation error-based finite-time
adaptive method. In study [16], a sufficient condition for the
design of sliding motion asymptotically stable is proposed,
which can be transformed into a convex optimization
problem, and an adaptive sliding mode controller is de-
veloped to ensure the reachability of the specified switch
surface. Because H∞ control can well deal with the hard
time-domain constraint problem of the suspension system,
that is, on the premise of considering multiple constraint
output indexes, it can maximize the suppression of vertical
vibration, so the application of this method can better
improve the ride comfort of suspension. For instance, the
study in [17] introduced the auxiliary function-based inte-
gral inequality method and reciprocally convex approach
into the H∞ controller design of the active half-vehicle
suspension system with time-varying input delay, and the
controller can achieve good performance. )e research in
[18] designed a robust H∞ controller for the electro-
rheological (ER) suspension system with sprung mass and
time constant of the ER damper uncertainties, which
achieved the expected performance. In [19], a multiobjective

control with wheelbase preview information is presented for
vehicle active suspension, in which disturbances of the front
wheel are used as preview, and the solution is derived
through cone complementarity linearization. )e research
[26] proposed the codesign problem of decentralized dy-
namic event-triggered communication and active suspen-
sion control of IWMD-EV. )e T-S fuzzy active suspension
model is established, and a novel decentralized dynamic
event-triggered communication mechanism is also devel-
oped. In [27], the problem of event-triggered scheduling and
control for active suspension over the resource-constrained
controller area network (CAN) is addressed. Two new dy-
namic event-triggered schedulers (DETSs) are developed to
orchestrate the transmissions of sensor data packets.

It is worth noting that, different from some published
studies that aimed at traditional vehicle suspension, the
main contribution of this work is to research a mixed H2/
H∞-based robust guaranteed cost strategy of the active
suspension system for in-wheel-independent-drive electric
vehicles (IWMD-EV) rather than traditional vehicle sus-
pension, where motor, the wheel hub, and speed reducer of
IWMD-EV are mounted and integrated so that vehicle ride
comfort will be deteriorated; meanwhile, designing the
mixed H2/H∞ robust guaranteed cost controller for such an
active suspension system of IWMD-EV in Figure 1 is seldom
treated; therefore, these theoretical design and results have
the essential difference. )e structure of this paper is
arranged as follows: In Section 2, a quarter car suspension
model of IWMD-EV is established. Section 3 presents the
mixed H2/H∞ robust guaranteed cost controller design. )e
simulation results are provided in Section 4. Finally, Section
5 gives the conclusion.

2. Active Suspension System Model

Since the main research objective is to design the control
strategy of the active suspension system of IWMD-EV, we
only consider the vertical motion of the active suspension
system, and the lateral dynamics (sideslip, yaw, and roll)
behaviour of the vehicle is ignored. As shown in Figure 1
[29], although the quarter-car model is relatively simple, it
can feature the fundamental characteristics of the suspen-
sion system. It is noted that the half-vehicle suspension
model or the whole vehicle suspension model can also
describe vehicle vertical motion, pitch motion, and roll
motion whereas it can be often used to analyze vehicle
handling stability and study vehicle integrated suspension
control.

According to the laws of dynamics, the quarter-car active
suspension model can be described as

Zsms + ks Zs − Zu( 􏼁 + cs
_Zs − _Zu􏼐 􏼑 − Fa � 0,

Zumu − ks Zs − Zu( 􏼁 − cs
_Zs − _Zu􏼐 􏼑 + kt Zu − Zr( 􏼁 − kh Zh − Zu( 􏼁 − ch

_Zh − _Zu􏼐 􏼑 + Fa � 0,

Zhmh + kh Zh − Zu( 􏼁 + ch
_Zh − _Zu􏼐 􏼑 � 0,

(1)
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where ms, mu, and mh represent the sprung mass, the wheel
mass, and the in-wheel-motor mass, respectively; ks and cs

are the stiffness and damping of the suspension, respectively;
kh and ch denote the stiffness and damping of the damping
system between motor and wheel; kt is the tire stiffness; Fa is
the active control force; Zs, Zu, Zh, and Zr denote the
vertical displacement of the vehicle body, wheel, motor, and
road, respectively; the superscripts _ and€ stand for velocity
and acceleration, respectively.

In this suspension system, the sprung mass ms is an
uncertain parameter due to the change of the vehicle load.
For the convenience of the following description, let

Ms0 �
1

ms0
,

Ms � Ms0 1 + αδM(t)( 􏼁,

(2)

where ms0 is thems nominal value of the sprung mass, and α
represents the perturbation of the uncertain parameter with
bound δM(t)< 1.

We choose the state variables of the active suspension
system as follows:

X1 � Zs − Zu, X2 � _Zs, X3 � Zu − Zr,

X4 � _Zu, X5 � Zh − Zr, X6 � _Zh.
(3)

In the process of active suspension system designing,
four performance indicators should be considered as
follows:

(1) Ride comfort. Vertical acceleration of the body can
be used as an evaluation index of ride comfort, which
is generally required to be minimized.

(2) Suspension working space (SWS). Due to the
structural limitation of the suspension itself, the
excessive suspension travel will lead to collision, so it
should be limited as

Zs − Zu≪ Smax. (4)

(3) Steering stability. To satisfy the steering stability of
the vehicle, it is required that the tires cannot leave
the road in the process of driving. Obviously, only
the dynamic load of the tire is less than the static load
that satisfies the requirements. Otherwise, it may
result in vibration of the driver seat in the vertical
direction and cause the wheels to lift off the ground.
)at is,

kt Zu − Zr( 􏼁<Mg, (5)

where

M � ms + mu + mh. (6)

(4) Active control force. )e output control force of the
actuating motor cannot be infinite and should be
limited as

Fa

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌≪Famax. (7)

We consider that H∞ control is good at the suppression
of the energy bounded interference and has a good ro-
bustness, while H2 control has a significant effect on sup-
pressing the white noise interference and has a good
dynamic characteristic. )erefore, we take the body accel-
eration (BA) €Zs as H2 index and take the other three
performances including the suspension working space,
dynamic tire displacement(DTD), and the active control
force as the H∞ index, that is,

z2 � Zs,

z∞ �
Zs − Zu

Smax

kt Zu − Zr( 􏼁

ms + mu + mh( 􏼁g

Fa

Famax
􏼢 􏼣

T

.

(8)

Combined with the above derivation and equation, the
state space expression of the open loop suspension uncertain
linear system is obtained as
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Figure 1: Quarter-car active suspension of IWMD-EV [29]. (a). Mechanical structure. (b). Suspension model.
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_x(t) � (A + ΔA)x(t) + B1w(t) + B2 + ΔB2( 􏼁u(t),

z2(t) � C2x(t) + D2u(t),

z∞(t) � C∞x(t) + D∞u(t),

⎧⎪⎪⎨

⎪⎪⎩
(9)

where A, B1, B2, C2, D2, C∞, and D∞ are known constant
matrices that describe the nominal system model of the

suspension; ΔA and ΔB2 are unknown real matrices of
appropriate dimensions that represent time-varying pa-
rameter uncertainties of the system model. )ese matrices
can be presented as follows:

A �

0 1 0 −1 0 0

−ksMs0 −csMs0 0 csMs0 0 0

0 0 0 1 0 0

ks/mu cs/mu cs/mu − cs + ch( 􏼁/mu kh/mu ch/mu

0 0 0 −1 0 1

0 0 0 ch/mh −kh/mh −ch/mh

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

ΔA �

0 0 0 0 0 0

−ksMs0αδM −csMs0αδM 0 csMs0αδM 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

B1 � 0 0 −1 0 0 0􏼂 􏼃
T
,

B2 � 0 Ms0 0 −1/mu 0 0􏼂 􏼃
T
,

ΔB2 � 0 Ms0αδM 0 0 0 0􏼂 􏼃
T
,

C2 � −ksMs0 −csMs0 0 csMs0 0 0􏼂 􏼃,

D2 � Ms0􏼂 􏼃,

C∞ �

1/Smax 0 0 0 0 0

0 0 kt/Mg 0 0 0

0 0 0 0 0 0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦,

D∞ � 0 0 1/Famax􏼂 􏼃
T
.

(10)

)e uncertain matrices ΔA and ΔB2 can be expressed as

ΔA(t) ΔB2(t)􏼂 􏼃 � HδM(t) E1 E2􏼂 􏼃, (11)

where H, E1, and E2 are known real matrices of appropriate
dimensions which represent the structural information of
uncertain parameters, that is,

H � 0 1 0 0 0 0􏼂 􏼃
T
,

E1 � −αksMs0 −αcsMs0 0 αcsMs0 0 0􏼂 􏼃,

E2 � αMs0􏼂 􏼃.

(12)

And δM(t) is an unknown real time-varying matrix
satisfying

δT
M(t)δM(t)≤ I. (13)

We suppose the state feedback control law is

u(t) � Kx(t). (14)

By applying the control law (14), the open-loop system
(9) is transformed into the following closed-loop system:

_x(t) � Ac + HδM(t)Ec( 􏼁x(t) + B1w(t),

z2(t) � C2cx(t),

z∞(t) � C∞cx(t),

⎧⎪⎪⎨

⎪⎪⎩
(15)

where

Ac � A + B2K,

Ec � E1 + E2K,

C2c � C2 + D2K,

C∞c � C∞ + D∞K.

(16)

Let

4 Mathematical Problems in Engineering



􏽥Ac � Ac + HδM(t)Ec. (17)

)e closed loop system (15) can be reduced as

_x(t) � 􏽥Acx(t) + B1w(t),

z2(t) � C2cx(t),

z∞(t) � C∞cx(t).

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

(18)

Remark 1. We note that the parameter uncertainties of the
active suspension system can be described by the bounded
method. It is reasonable to make this compromise in most
cases; the reason is due to this bound that can be determined
in advance through experiments or estimations [5, 9, 14–19].
If the method cannot be used, parameter uncertainties of
active suspension can be dealt with advanced technology
such as adaptive strategy and other techniques
[9, 14–19],whereas making this characterization can greatly
simplify controller design.

3. Robust Mixed Controller Design

)e H∞ control method has good robust stability, but it is
conservative. If all the performance indicators of IWMD-EV
are considered as H∞ performance indicators, the BA of
vehicle may not reach the ideal effect. )e H2 control
method can obtain superior dynamic performance but with
poor robustness and stability. )erefore, we combine the
advantages of the two control methods to design the mixed
H2/H∞ guaranteed cost controller so that the active sus-
pension system of IWMD-EV not only has greater robust
stability but also meets better robust performance
requirements.

)e mixed H2/H∞ guaranteed cost control is to design a
state feedback control law (14) for the closed-loop system
(18) such that the following design criteria are satisfied as
follows:

(i) )e closed-loop control system (18) is asymptoti-
cally stable.

(ii) )e closed-loop transfer function Gz∞ω(s) from
ω(t) to z∞(t) satisfies

Gz∞ω(s)
�����

�����∞
< c∞, (19)

where

Gz∞ω(s) � C1 + D12K( 􏼁 sI − A + B2K( 􏼁( 􏼁
−1

B1 + D11,

Gz∞ω(s)
�����

�����∞
� sup

ω
σmax Gz∞ω(jω)􏽮 􏽯,

(20)

where σmax ·{ } denotes the largest singular value, and
c∞ is a prespecified positive scalar.

(iii) )e closed-loop transfer function Gz2ω(s) from ω(t)

to z2(t) satisfies

Gz2ω(s)
�����

�����2
≤ c2. (21)

If 􏽥Ac is asymptotically stable, then Gz2ω(s)2 can be
expressed as

Gz2ω(s)
�����

�����2
� sup

δM(t)

tr B
T
1

􏽥PB1􏽮 􏽯, (22)

where 􏽥P � 􏽥P
T ≥ 0 is obtained from the following Lyapunov

equation:

􏽥P􏽥Ac + 􏽥Ac
􏽥P + C

T
2cC2c � 0, (23)

where c2 represents the upper bound of H2 performance
index.

To design a controller that meets the above three con-
ditions, we introduce the following two lemmas:

Lemma 1 (See [20]). Given the appropriate dimensions
matrices Y � YT, D, and E, there is

Y + DF E + E
T
F

T
D

T < 0, (24)

for F satisfies FTF< I, if and only if there exists a positive
scalar ε such that

Y + εDD
T

+ ε−1
E

T
E< 0. (25)

Lemma 2 (See [21]). For any matrices X and Y with ap-
propriate dimensions, there is

X
T
Y + Y

T
X≤ βX

T
X + β−1

Y
T
Y, (26)

for any β> 0.

To design the mixed H2/H∞ robust guaranteed cost
control of active suspension, we present the main design
process of this controller via the following theorem.

Theorem 1. For system (18) and a given scalar c∞ > 0, 􏽥Ac is
asymptotically stable, and Gz∞ω(s)∞ < c∞ if and only if there
exist two positive scalars ε and β such that the following
inequality,

A
T
c P + PAc + P εHH

T
P + βc

−2
∞B1B

T
1􏼐 􏼑P

+ ε−1
E

T
c Ec + β−1

C
T
∞cC∞c + C

T
2cC2c < 0,

(27)

has a symmetric positive definite solution P. Furthermore, for
the allowable parameter uncertainty,

P≥ 􏽥P≥ 0, (28)

where 􏽥P is obtained from (23).

Proof. According to the strict bounded real lemma, if and
only if there exists a symmetric positive definite matrix Q

satisfying

Mathematical Problems in Engineering 5



􏽥A
T

c Q + Q􏽥Ac + c
−2
∞QB1B

T
1 Q + C

T
∞cC∞c < 0, (29)

then 􏽥Ac is asymptotically stable and Gz∞ω(s)∞ < c∞.
And if there is a positive scalar β, (32) can be equivalent

to

􏽥A
T

c Q + Q􏽥Ac + c
−2
∞QB1B

T
1 Q + C

T
∞cC∞c + βC

T
2cC2c < 0. (30)

By substituting (8) and letting P � β−1Q, inequality (29)
can be rewritten as

A
T
c P + E

T
c δ

T
MH

T
P + PAc + PHδMEc

+ βc
−2
∞PB1B

T
1 P + β−1

C
T
∞cC∞c + C

T
2cC2c < 0.

(31)

In the light of Lemma 1, the matrix inequality (31) holds
for all unknown real matrices δM satisfying δT

MδM < I if and
only if there exists ε> 0 such that

A
T
c P + PAc + βc

−2
∞PB1B

T
1 P + β−1

C
T
∞cC∞c

+ C
T
2cC2c + εPHH

T
P + ε−1

E
T
c Ec < 0.

(32)

Obviously, (32) is equivalent to (27).
Furthermore, let

J � εPHH
T
P + ε−1

E
T
c Ec − PHδMEc − E

T
c δ

T
MH

T
P. (33)

According to Lemma 2 and inequality (13) such that

PHδMEc + E
T
c δ

T
MH

T
P≤ ε−1

E
T
c Ec + εPHδMδT

MH
T
P

≤ ε−1
E

T
c Ec + εPHH

T
P.

(34)

)erefore, J≥ 0.
)en, by subtracting (23) from (32), we obtain

􏽥A
T

c (P − 􏽥P) +(P − 􏽥P)􏽥Ac + βc
−2
∞PB1B

T
1 P

+ β−1
C

T
∞cC∞c + C

T
2cC2c + J< 0.

(35)

Since 􏽥Ac is asymptotically stable, and

J + βc
−2
∞PB1B

T
1 P + β−1

C
T
∞cC∞c ≥ 0. (36)

We can get P ̃≤ P directly from Lyapunov stability
theory. Hence, )eorem 1 has been proved.

Furthermore, the solution P guarantees the worst-case
H2 performance index satisfying

Gz2ω(s)
�����

�����2
≤ c2, (37)

where

c2 � tr B
T
1 PB1􏼐 􏼑. (38)

□

Theorem 2. For system (18) and a given scalar c∞ > 0, there
exists a feedback control law u(t) � Kx(t) such that the
design criteria (i) and (ii) are satisfied if and only if there exists
two positive scalars ε and β. A symmetric positive definite
matrix X and a matrix Y such that

W ∗ ∗ ∗

N1 −εI ∗ ∗

N2 0 −βI ∗

N3 0 0 −I

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

< 0, (39)

where

W � AX + B2Y( 􏼁
T

+ AX + B2Y + εHH
T

+ βc
−2

B1B
T
1 ,

N1 � E1X + E2Y,

N2 � C∞X + D∞Y,

N3 � C2X + D2Y.

(40)

Furthermore, if (32) has a feasible solution (ε, β, X, Y),
then the control law K � YX−1.

Proof. According to )eorem 1, there exists a feedback
control law (14) that satisfies the design criteria (i) and (ii) if
and only if there exists two scalars ε and β, and a symmetric
positive definite matrix is P such that the matrix inequality
(27) holds

By multiplying both sides of (21) by P−1, we obtain

P
−1

A
T
c + AcP

−1
+ εHH

T
P + βc

−2
∞B1B

T
1 + ε−1

P
−1

E
T
c EcP

−1

+ β−1
P

−1
C

T
∞cC∞cP

−1
+ P

−1
C

T
2cC2cP

−1 < 0.

(41)

Using the Schur complement [22], we yield

W ∗ ∗ ∗

N1 −εI ∗ ∗

N2 0 −βI ∗

N3 0 0 −I

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

< 0, (42)

where

W � P
−1

A + B2K( 􏼁
T

+ A + B2K( 􏼁P
−1

+ εHH
T

+ βc
−2

B1B
T
1 ,

N1 � E1 + E2K( 􏼁P
−1

,

N2 � C∞ + D∞K( 􏼁P
−1

,

N3 � C2 + D2K( 􏼁P
−1

.

(43)

Defining X � P−1 and Y � KP−1, the matrix inequality
(42) can be easily reduced to (39). )is proves )eorem
2. □

Theorem 2. provides the characterization of all controllers
that guarantee the realization of design criteria (i) and (ii),
while (39) provides a H2/H∞ guaranteed cost up bound
tr (BT

1 PB1). =erefore, we can use this representation to
design the desired mixed H2/H∞ guaranteed cost controller.
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Theorem 3. We consider system (8) and a given scalar
c∞ > 0, if following linear convex optimization problem

min
ε,β,X,Y,N

tr(N)

s.t.

(a).(32),

(b).
−N B

T
1

B1 −X

⎡⎣ ⎤⎦< 0,

(44)

has a set of possible solutions (ε, β, X, Y, N), then u(t) �

YX−1x(t) is the mixed H2/H∞ guaranteed cost control law of
the active suspension system, and the upper bound of H2
performance index is c2 � tr(N).

Proof. According to)eorem 2, the control law constructed
from any feasible solution of problem (39) satisfies the
design criteria (i) and (ii).

In the light of Schur complement lemma, the constraint
condition (b) of convex optimization problem (44) is
equivalent to

B
T
1 X

−1
B1 <N. (45)

So, minimizing tr(N) is equal to minimizing the upper
bound of H2 performance index c2. Due to the convexity of
the objective function and constraints, the optimization
problem (44) can achieve global optimality. )us, the proof
is completed.

)rough)eorem 2 and)eorem 3, the design of mixed
H2/H∞ guaranteed cost control law is realized, which not
only ensures the asymptotic stability of the closed-loop
system (18) but also satisfies Gz∞ω(s)∞ < c∞ when the

disturbance attenuation level c∞ is given; that is, the SWS
constraint, DTD constraint, and active control force have
certain safety constraints under external disturbance;
moreover, c2 is minimized; that is, the BA is minimized
under external disturbance. □

Remark 2. We note that perhaps this combination of the H2
method is not proposed for the first time, while this mixed
H2/H∞ guaranteed cost control method is particularly
designed for active suspension of in-wheel-drive electric
vehicles. Also, the proposed method can be extended to
other vehicle dynamics control systems when multicontrol
objectives in VDC systems are oriented by applying this
mixed H2/H∞ guaranteed cost control strategy and
framework.

4. Simulation and Analysis

)e nominal values of parameters for the active suspension
system in IWMD-EV are shown in Table 1. )e sprung mass
ms is an uncertain parameter with a range of [40 kg, 60 kg],
i.e., the perturbation value α � 0.16.

We use LMI toolbox of MATLAB to solve the mixed
H2/H∞ guaranteed cost state feedback control law for the
active suspension system. Figure 2 shows the relationship
between the disturbance attenuation level c∞ and the H2
guaranteed performance index c2 of the closed-loop sus-
pension system.

As can be seen from Figure 2, c2 increases gradually with
the decrease of c∞, and when c∞ approaches the minimum
value, c2 increases rapidly. Combining the two performance
indexes, when we take c∞ � 15, the corresponding c2 and
controller are as follows:

c2 � 8.6743,

K � 104 × 1.6538 −0.0158 −0.1448 −0.1399 −0.0001 −0.0000􏼂 􏼃,

K � 104 × 1.6538 −0.0158 −0.1448 −0.1399 −0.0001 −0.0000􏼂 􏼃.

(46)

For comparison, optimizing all outputs as H∞ perfor-
mance indexes, we design a constrained H∞ controller as

Kcon � 104 × 1.1293 −0.1084 9.6321 0.0748 −0.6461 −0.1400􏼂 􏼃. (47)

Here, we note that the constrained H∞ control for the
active suspension of IWMD-EV is only used to compare the
performance of the proposed controller, and the detailed
design process is omitted for brevity. Interested readers can
refer to related papers such as Refs [17–19] for H∞ design of
the suspension system. Besides, the solution time of pro-
posed mixed H2/H∞ guaranteed cost controller can be
executed offline, so the total computational load can be

tolerated for vehicle engineering application equipped with
advanced hardware and processor.

4.1. Power SpectralDensityAnalysis. To obtain the frequency
performance of the active suspension, power spectral density
(PSD) analysis is performed based on the data obtained from
random road simulation. )e results are shown in
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Figures 3–5. As can be seen from these figures, the BA power
spectral density of the mixed robust H2/H∞ guaranteed cost
controller for active suspension is the minimum at the full
frequency, which indicates that the corresponding controller
has a good performance of suppressing vertical vibration. In
the low frequency range of 0.1–5Hz, the DTD power spectral
density of the active suspension with mixed robust H2/H∞
guaranteed cost is also better than that of passive suspension
and constrained H∞ with active suspension. In terms of the
SWS, although the two active suspension systems are slightly
higher than the passive suspension in the low frequency
range of 0.1–2Hz, they are basically the same as the passive
suspension in the high frequency.)e power spectral density
analysis reveals that the designed mixed robust H2/H∞

guaranteed cost controller possesses better passenger
comfort and road holding ability.

4.2. Random Road Response. Firstly, the C-level road is
selected as the system input, that is,

_Zr(t) � −2πn0Zr(t) + 2πn0

��������
GZr

n0( 􏼁u
􏽱

· ω(t), (48)

where nc � 0.01m−1 is the lower cut-off space frequency;
ω(t) is the Gaussian white noise with an average of 0; Zr is
the vertical displacement of road surface; u � 20m/s denotes
the velocity of vehicle; Gzr

(n0) � 64 × 10−6m3 is the coeffi-
cient of road roughness.

Table 1: Nominal value of active suspension parameters.

Parameter Value Parameter Value
ms 320Kg mu 40Kg
ks 18000N/m mh 20Kg
kt 220000 N/m Ch 1000N · s/m
Cs 1400N · s/m kh 15000N/m
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200
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Figure 2: c2 − c∞, the relationship between c2 and c∞.
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Figure 3: Power spectral density analysis of body acceleration.
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Figure 4: Power spectral density analysis of suspension working space.
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Figure 5: Power spectral density analysis of dynamic tire displacement.
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Figure 6: Random road body acceleration responses of nominal suspension.
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)ree random road responses of nominal suspension
systems are illustrated in Figures 6–11. As shown in these
figures, both active suspensions achieve better body accel-
eration performance, and the mixed robust H2/H∞ guar-
anteed cost controller is better than the constrained H∞
controller. Compared with the passive suspension, the
suspension working space of the two active suspensions is
slightly worse but still within the acceptable range. )is is
because the SWS and the BA are a pair of contradictory
performance. )e dynamic tire displacement performance
of the two active suspension is similar, which is smaller than
that of the passive suspension.

4.3. Bump Road Response. )e bump road excitation is
selected as the second input road; it can be described as

Zr(t) �
h

2
1 − cos

2πu

L
t􏼒 􏼓􏼒 􏼓, (49)

where v is the vehicle velocity; L and h are the length and
height of the bump, respectively. Here, we take v � 45km/h,
L � 5m, and h � 0.1m.

Figures 12–14 are the simulation results of the three
performance indicators of the nominal suspension and
Figures 15–17 are the simulation results of the perturbation
suspension with 40 kg variation of the sprung mass. As can
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Figure 7: Random road working space responses of nominal suspension.
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Figure 8: Random road dynamic tire displacement responses of nominal suspension.
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be seen from these figures, the BA and the DTD perfor-
mances of two active suspensions are much better than the
passive suspension, and the mixed robust H2/H∞ guaran-
teed cost control suspension has the best performance.
Although the SWS performance of two active suspensions is

deteriorated, it remained within the constraint range (less
than ±0.1m). In addition, the response of the perturbation
model shows that the mixed robust H2/H∞ guaranteed cost
controller has good robustness compared with alone H∞
controller.

0 1 2 3 4 5 6 7 8 9 10
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Mixed H2/H∞
Constrained H∞

-1

-0.5

0

0.5

1

BA
 (m

/s
2 )

Figure 9: Random road body acceleration responses of suspension with parameter variation.
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Figure 10: Random road working space responses of suspension with parameter variation.
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Figure 11: Random road dynamic tire displacement responses of suspension with parameter variation.
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Figure 12: Bump body acceleration responses of nominal suspension.
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Figure 13: Bump working space responses of nominal suspension.
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Figure 14: Bump dynamic tire displacement responses of nominal suspension.
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Figure 15: Bump body acceleration responses of suspension with parameter variation.
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Figure 16: Bump working space responses of suspension with parameter variation.
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Figure 17: Bump dynamic tire displacement responses of suspension with parameter variation.
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5. Conclusions

In this paper, a mixed H2/H∞-based robust guaranteed cost
controller for the IWMD-EV active suspension system
considering performance requirements and parameter
variations is proposed. In the design process, the uncertain
quarter-vehicle active suspension model is established; we
regard the vertical body acceleration as the H2 performance
index and set other requirements output as the H∞ per-
formance index. )en, the proposed controller is designed
using with Lyapunov stability theory. )e proposed con-
troller is simulated and compared with the constrained
robust H∞ controller. )e results show that the proposed
controller has good ride comfort and handling stability
performance. In the future, we will further research and
compare the effects of different advanced control methods
for the active suspension system of IWMD-EV. In addition,
we will expand the application of the proposed control
method in other vehicle control fields, such as vehicle lateral
dynamics and the active steering system.
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